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Preface

This volume contains the papers selected for presentation at IPCO 2002, the
Ninth International Conference on Integer Programming and Combinatorial Op-
timization, Cambridge, MA (USA), May 27-29, 2002. The IPCO series of con-
ferences highlights recent developments in theory, computation, and application
of integer programming and combinatorial optimization.

IPCO was established in 1988 when the first [IPCO program committee was
formed. IPCO is held every year in which no International Symposium on Math-
ematical Programming (ISMP) takes places. The ISMP is triennial, so IPCO
conferences are held twice in every three-year period. The eight previous IPCO
conferences were held in Waterloo (Canada) 1990, Pittsburgh (USA) 1992, Erice
(Ttaly) 1993, Copenhagen (Denmark) 1995, Vancouver (Canada) 1996, Houston
(USA) 1998, Graz (Austria) 1999, and Utrecht (The Netherlands) 2001.

In response to the call for papers for IPCO 2002, the program committee
received 110 submissions, a record number for IPCO. The program committee
met on January 7 and 8, 2002, in Aussois (France), and selected 33 papers for
inclusion in the scientific program of IPCO 2002. The selection was based on
originality and quality, and reflects many of the current directions in integer
programming and combinatorial optimization research.

Starting with the Copenhagen 1995 meeting, IPCO proceedings have been
published by Springer in the Lecture Notes in Computer Science Series. The
volume numbers are LNCS 920 (Copenhagen 1995), LNCS 1084 (Vancouver
1996), LNCS 1412 (Houston 1998), LNCS 1610 (Graz 1999), and LNCS 2081
(Utrecht 2001). We are grateful for the help and support of Alfred Hofmann,
Executive Editor at Springer, in publishing the current volume.

William J. Cook
Andreas S. Schulz
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A Faster Scaling Algorithm
for Minimizing Submodular Functions*

Satoru Iwata

Department of Mathematical Informatics
University of Tokyo, Tokyo 113-0033, Japan
iwata@sr3.t.u-tokyo.ac.jp

Abstract. Combinatorial strongly polynomial algorithms for minimiz-
ing submodular functions have been developed by Iwata, Fleischer, and
Fujishige (IFF) and by Schrijver. The IFF algorithm employs a scaling
scheme for submodular functions, whereas Schrijver’s algorithm exploits
distance labeling. This paper combines these two techniques to yield a
faster combinatorial algorithm for submodular function minimization.
The resulting algorithm improves over the previously best known bound
by an almost linear factor in the size of the underlying ground set.

1 Introduction

Let V be a finite nonempty set of cardinality n. A set function f on V is sub-
modular if it satisfies

FOO+F(Y) 2 ((XNY)+ F(XUY), VX, Y CV |

Submodular functions are discrete analogues of convex functions [12]. Examples
include cut capacity functions, matroid rank functions, and entropy functions.

The first polynomial-time algorithm for submodular function minimization
is due to Grotschel-Lovédsz—Schrijver [7]. A strongly polynomial algorithm has
also been described by Grotschel-Lovasz—Schrijver [8]. These algorithms rely on
the ellipsoid method, which is not efficient in practice.

Recently, combinatorial strongly polynomial algorithms have been developed
by Iwata—Fleischer—Fujishige (IFF) [I1] and by Schrijver [13]. Both of these al-
gorithms build on the first combinatorial pseudopolynomial algorithm due to
Cunningham [2]. The IFF algorithm employs a scaling scheme developed in ca-
pacity scaling algorithms for the submodular flow problem [59]. In contrast,
Schrijver [I3] achieves a strongly polynomial bound by distance labeling argu-
ment similar to [1]. In this paper, we combine these two techniques to yield a
faster combinatorial algorithm.

Let v denote the time required for computing the function value of f and
M the maximum absolute value of f. The IFF scaling algorithm minimizes an

* This research is supported in part by a Grant-in-Aid for Scientific Research of the
Ministry of Education, Science, Sports and Culture of Japan.

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 118, 2002.
© Springer-Verlag Berlin Heidelberg 2002



2 Satoru Iwata

integral submodular function in O(n®ylog M) time. The strongly polynomial
version runs in O(n"ylogn) time, whereas an improved variant of Schrijver’s
algorithm runs in O(n7y + n®) time [4].

The time complexity of our new scaling algorithm is O((n*y + n®)log M).
Since the function evaluation oracle has to identify an arbitrary subset of V as
its argument, it is quite natural to assume « is at least linear in n. Thus the
new algorithm is faster than the IFF algorithm by a factor of n. The strongly
polynomial version of the new scaling algorithm runs in O((n%y+n")logn) time.
This is an improvement over the previous best bound by an almost linear factor
in n.

These combinatorial algorithms perform multiplications and divisions, al-
though the problem of submodular function minimization does not involve those
operations. Schrijver [I3] asks if one can minimize submodular functions in
strongly polynomial time using only additions, subtractions, comparisons, and
the oracle calls for function values. Such an algorithm is called ‘fully combinato-
rial.” A very recent paper [10] settles this problem by developing a fully combi-
natorial variant of the IFF algorithm. Similarly, we can implement the strongly
polynomial version of our scaling algorithm in a fully combinatorial manner. The
resulting algorithm runs in O(n8ylog?n) time, improving the previous bound
by a factor of n.

This paper is organized as follows. Section [2 provides preliminaries on sub-
modular functions. In Sect. [3, we describe the new scaling algorithm. Section €]
is devoted to its complexity analysis. Finally, in Sect. [, we discuss its extensions
as well as a fully combinatorial implementation.

2 Preliminary

This section provides preliminaries on submodular functions. See [6J12] for more
details and general background.

For a vector z € RY and a subset Y C V', we denote z(Y) = D uey T(u). We
also denote by = the vector in RY with = (u) = min{x(u),0}. For each u € V,
let ., denote the vector in IRY with y,(u) = 1 and y,(v) = 0 for v € V\{u}.

For a submodular function f : 2V — IR with f(f)) = 0, we consider the base
polyhedron

B(f)={e|xeRY, a(V)=f(V), VY CV:z(Y) < f(Y)} .

A vector in B(f) is called a base. In particular, an extreme point of B(f) is called
an extreme base. An extreme base can be computed by the greedy algorithm of
Edmonds [3] and Shapley [14] as follows.

Let L = (v1,---,vy,) be a linear ordering of V. For any v; € V, we de-
note L(v;) = {v1,---,v;}. The greedy algorithm with respect to L generates an
extreme base y € B(f) by

y(u) := f(L(w) = f(L(w)\{u}) .
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Conversely, any extreme base can be obtained in this way with an appropriate
linear ordering.

For any base € B(f) and any subset Y C V', we have 2= (V) < z(Y) <
f(Y). The following theorem shows that these inequalities are in fact tight for ap-
propriately chosen z and Y. This theorem is immediate from the vector reduction
theorem on polymatroids due to Edmonds [3]. It has motivated combinatorial
algorithms for minimizing submodular functions.

Theorem 1. For a submodular function f : 2V — IR, we have
max{z (V) |z € B(f)} =min{f(Y) | Y CV} .

Moreover, if f is integer-valued, then the maximizer x can be chosen from among
integral bases. a

3 A Scaling Algorithm

This section presents a new scaling algorithm for minimizing an integral sub-
modular function f:2Y — Z.

The algorithm consists of scaling phases with a scale parameter § > 0. It
keeps a set of linear orderings {L; | i € I} of the vertices in V. We denote v <; u
if v precedes v in L; or v = u. Each linear ordering L; generates an extreme base
yi; € B(f) by the greedy algorithm. The algorithm also keeps a base = € B(f)
as a convex combination x = ) . ; A;y; of the extreme bases. Initially, I = {0}
with an arbitrary linear ordering Ly and A\g = 1.

Furthermore, the algorithm works with a flow in the complete directed graph
on the vertex set V. The flow is represented as a skew-symmetric function ¢ :
V x V — RR. Each arc capacity is equal to §. Namely, p(u,v) + p(v,u) = 0
and —0 < ¢(u,v) < 6 hold for any pair of vertices u,v € V. The boundary d¢
is defined by dp(u) = Y, oy @(u,v) for u € V. Initially, ¢(u,v) = 0 for any
u,v € V.

Each scaling phase aims at increasing z~ (V) for z = x + 9p. Given a flow
¢, the procedure constructs an auxiliary directed graph G, = (V,A,) with
arc set A, = {(u,v) | v # v, p(u,v) < 0}. Let S = {v | 2z(v) < —4} and
T ={v | z(v) > d}. A directed path in G, from S to T is called an augmenting
path.

If there is an augmenting path P, the algorithm augments the flow ¢ along
P by p(u,v) := p(u,v) + 6 and p(v,u) := p(v,u) — ¢ for each arc (u,v) in P.
This procedure is referred to as Augment(yp, P).

Each scaling phase also keeps a valid labeling d. A labeling d : V — Z is
valid if d(u) = 0 for uw € S and v <; w implies d(v) < d(u) + 1. A valid labeling
d(v) serves as a lower bound on the number of arcs from S to v in the directed
graph Gy = (V, A;) with the arc set Ay = {(u,v) | i € I, v <; u}.

Let W be the set of vertices reachable from S in G, and Z be the set of
vertices that attains the minimum labeling in VAW. A pair (u,v) of u € W and
v € Z is called active for i € I if v is the first element of Z in L; and wu is the
last element in L; with v <; w and d(v) = d(u) + 1. A triple (¢,u,v) is also
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called active if (u,v) is active for i € I. The procedure Multiple-Exchange(i, u, v)
is applicable to an active triple (i, u,v).

For an active triple (4, u,v), the set of elements between v and w in L; is called
an active interval. Any element w in the active interval must satisfy d(v) <
d(w) < d(u). The active interval is divided into @ and R by Q = {w | w €
W,v <, w=;u} and R={w|weV\W,v =, w=<; u}.

The procedure Multiple-Exchange(i, u, v) moves the vertices in R to the place
immediately after v in L;, without changing the ordering in @ and in R. Then
it computes an extreme base y; generated by the new L;. This results in y;(q) >
yi(q) for ¢ € Q and y;(r) < yi(r) for r € R, where y; denotes the previous y;.

Consider a complete bipartite graph with the vertex sets ¢ and R. The
algorithm finds a flow £ : @ x R — IRy such that ) . &(q,7) = vi(q) — vi(q)
for each ¢ € Q and 3 . &(q,7) = yi(r) — yi(r) for each 7 € R. Such a flow can
be obtained easily by the so-called northwest corner rule. Then the procedure
computes n = max{£(q,r) | ¢ € Q, r € R}. If \;n < §, Multiple-Exchange(i, u, v)
is called saturating. Otherwise, it is called nonsaturating.

In the nonsaturating Multiple-Exchange(i, u,v), a new index k is added to
I. The associated linear ordering Lj is the previous L;. The coefficient A\ is
determined by A\x := \; — §/n, and then )\; is replaced by \; := 0/n. Whether
saturating or nonsaturating, the procedure adjusts the flow ¢ by ©(g,7) =
2(g,7) — N€(g,7) and @(r, ) = (r, @) + Ai€(q, ) for every (q,7) € Q x R.

Let h denote the number of vertices in the active interval. The number of
function evaluations required for computing the new extreme base y; by the
greedy algorithm is at most h. The northwest corner rule can be implemented
to run in O(h) time. Thus the total time complexity of Multiple-Exchange(i, u, v)
is O(h7).

If there is no active triple, the algorithm applies Relabel to each v € Z. The
procedure Relabel(v) increments d(v) by one. Then the labeling d remains valid.

The number of extreme bases in the expression of x increases as a conse-
quence of nonsaturating Multiple-Exchange. In order to reduce the complexity,
the algorithm occasionally applies a procedure Reduce(z,I) that computes an
expression of x as a convex combination of affinely independent extreme bases
chosen from the currently used ones. This computation takes O(n?|I|) time with
the aid of Gaussian elimination.

We are now ready to describe the new scaling algorithm.

Step 0: Let Ly be an arbitrary linear ordering. Compute an extreme base yq
by the greedy algorithm with respect to Lg. Put = := yg, Ao := 1, I := {0},
and ¢ := |z~ (V)|/n?.

Step 1: Put d(v) := 0 for v € V, and p(u,v) := 0 for u,v € V.

Step 2: Put S:={v| 2(v) < =6} and T := {v | z(v) > §}. Let W be the set of
vertices reachable from S in G,.

Step 3: If there is an augmenting path P, then do the following.

(3-1) Apply Augment(ep, P).
(3-2) Apply Reduce(z, I).
(3-3) Go to Step 2.
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Step 4: Find ¢ := min{d(v) | v € V\W} and Z := {v | v € VAW, d(v) = ¢}. If
¢ < n, then do the following.
(4-1) If there is an active triple (4, u, v), then apply Multiple-Exchange(i,u,v).
(4-2) Otherwise, apply Relabel(v) for each v € Z.
(4-3) Go to Step 2.

Step 5: Determine the set X of vertices reachable from S in Gy. If § > 1/n?,
then apply Reduce(x,I), § := §/2, and go to Step 1.

We now intend to show that the scaling algorithm obtains a minimizer of f.
Lemma 1. At the end of each scaling phase, z— (V) > f(X) —n(n +1)§/2.

Proof. At the end each scaling phase, d(v) = n for every v € V\W. Since
d(v) is a lower bound on the number of arcs from S to v, this means there
is no directed path from S to VAW in G;. Thus we have X C W C V\T,
which implies z(v) < ¢ for v € X. It follows from S C X that z(v) > —¢ for
v € V\X. Since there is no arc in Gy emanating from X, we have y;(X) = f(X)
for each 7 € I, and hence z(X) = >_,.; A\wi(X) = f(X). Therefore, we have
27 (V)=2"(X) 4+ 2= (V\X) > 2(X) — 0| X| = §|V\X| = 2(X) + Ip(X) —nd >
F(X)—n(n+1)d/2. O

Lemma 2. At the end of each scaling phase, = (V) > f(X) — n?J.

Proof. Since z = x+ 9p, we have (V) > 2~ (V) —n(n—1)§/2, which together
with Lemma [ implies 2= (V) > f(X) — n?4. O

Theorem 2. At the end of the last scaling phase, X is a minimizer of f.

Proof. Since § < 1/n? in the last scaling phase, Lemma [2] implies = (V) >
f(X) — 1. Then it follows from the integrality of f that f(X) < f(Y") holds for
any Y C V. O

4 Complexity

This section is devoted to complexity analysis of the new scaling algorithm.

Lemma 3. Each scaling phase performs Augment O(n?) times.

Proof. At the beginning of each scaling phase, the set X obtained in the previous
scaling phase satisfies 2= (V) > f(X) — 2n2?§ by Lemma[2. For the first scaling
phase, we have the same inequality by taking X = ). Note that z= (V) < 2(Y) <
fY)+n(n—1)d/2 for any Y C V throughout the procedure. Thus each scaling
phase increases 2~ (V') by at most 3n?4. Since each augmentation increases 2~ (V)
by 4, each scaling phase performs at most 3n? augmentations. ad

Lemma 4. Each scaling phase performs Relabel O(n?) times.

Proof. Each application of Relabel(v) increases d(v) by one. Since Relabel(v) is
applied only if d(v) < n, Relabel(v) is applied at most n times for each v € V in
a scaling phase. Thus the total number of relabels in a scaling phase is at most
n?. O
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Lemma 5. The number of indices in I is at most 2n.

Proof. A new index is added as a result of nonsaturating Multiple-Exchange.
In a nonsaturating Multiple-Exchange(i, u, v), at least one vertex in R becomes
reachable from S in G, which means the set W is enlarged. Thus there are at
most n applications of nonsaturating Multiple-Exchange between augmentations.
Hence the number of indices added between augmentations is at most n. After
each augmentation, the number of indices is reduced to at most n. Thus |[I| < 2n
holds. a

In order to analyze the number of function evaluations in each scaling phase,
we now introduce the notion of reordering phase. A reordering phase consists of
consecutive applications of Multiple-Exchange between those of Relabel or Reduce.
By Lemmas [B] and ] each scaling phase performs O(n?) reordering phases.

Lemma 6. There are O(n?) function evaluations in each reordering phase.

Proof. The number of function evaluation in Multiple-Exchange(i, u, v) is at most
the number of vertices in the active interval for (i,u,v). In order to bound the
total number of function evaluations in a reordering phase, suppose the procedure
Multiple-Exchange(i, u, v) marks each pair (i, w) for w in the active interval. We
now intend to claim that any pair (i,w) of ¢ € I and w € V is marked at most
once in a reordering phase.

In a reordering phase, the algorithm does not change the labeling d nor delete
a vertex from W. Hence the minimum value of d in VAW is nondecreasing. After
execution of Multiple-Exchange(i, u, v), there will not be an active pair for ¢ until
the minimum value of d in VAW becomes larger. Let Multiple-Exchange(, s, t)
be the next application of Multiple-Exchange to the same index i € I. Then
we have d(t) > d(v) = d(u) + 1, which implies v <; u <; t <; s in the lin-
ear ordering L; before Multiple-Exchange(i,u,v). Thus a pair (¢, w) marked in
Multiple-Exchange(i, u, v) will not be marked again in the reordering phase.

Since |I| < 2n by Lemma [5, there are at most 2n? possible marks without
duplications. Therefore, the total number of function evaluations in a reordering
phase is O(n?). O

Theorem 3. The algorithm performs O(n*log M) oracle calls for the function
values and O(n®log M) arithmetic computations.

Proof. Since —2M < z=(V) for € B(f), the initial value of § satisfies § <
2M /n?. Each scaling phase cuts the value of § in half, and the algorithm termi-
nates when § < 1/n2. Thus the algorithm consists of O(log M) scaling phases.
Since each scaling phase performs O(n?) reordering phases, Lemmal[6 implies
that the number of function evaluations in a scaling phase is O(n?). In addi-
tion, by Lemma B] each scaling phase performs O(n?) calls of Reduce, which
requires O(n3) arithmetic computations. Thus each scaling phase consists of
O(n?) function evaluations and O(n®) arithmetic computations. Therefore, the
total running time bound is O((n*y + n%)log M). O



A Faster Scaling Algorithm for Minimizing Submodular Functions 7

5 Discussions

A family D C 2V is called a distributive lattice (or a ring family) if X NY € D
and X UY € D for any pair of X,Y € D. A compact representation of D is given
by a directed graph as follows. Let D = (V, F') be a directed graph with the arc
set F'. A subset Y C V is called an ideal of D if no arc enters Y in D. Then
the set of ideals of D forms a distributive lattice. Conversely, any distributive
lattice D C 2V with (), V' € D can be represented in this way. Moreover, we may
assume that the directed graph D is acyclic.

For minimizing a submodular function f on D, we apply the scaling algorithm
with a minor modification. The modified version uses the directed graph G, =
(V,A, U F) instead of G, = (V, A,). The initial linear ordering Ly must be
consistent with D, i.e., v =; w if (u,v) € F. Then all the linear orderings that
appear in the algorithm will be consistent with D. This ensures that the set X
obtained at the end of each scaling phase belongs to D. Thus the modification
of our scaling algorithm finds a minimizer of f in D.

Iwata—Fleischer—Fujishige [T1] also describes a strongly polynomial algorithm
that repeatedly applies their scaling algorithm with O(logn) scaling phases. The
number of iterations is O(n?). Replacing the scaling algorithm by the new one,
we obtain an improved strongly polynomial algorithm that runs in O((n%y +
n’)logn) time.

A very recent paper [I0] has shown that the strongly polynomial IFF algo-
rithm can be implemented by using only additions, subtractions, comparisons,
and oracle calls for function values. Similarly, the new strongly polynomial scal-
ing algorithm can be made fully combinatorial as follows.

The first step towards a fully combinatorial implementation is to neglect
Reduce. This causes growth of the number of extreme bases for convex combi-
nation. However, the number is still bounded by a polynomial in n. Since the
number of indices added between augmentations is at most n, each scaling phase
yields O(n3) new extreme bases. Hence the number of extreme bases through
the O(logn) scaling phases is O(n3logn).

The next step is to choose an appropriate step length in Multiple-Exchange,
so that the coefficients should be rational numbers with a common denominator
bounded by a polynomial in n. Let o denote the value of § in the first scaling
phase. For each i € I, we keep \; = u;0/0 with an integer ;. We then modify the
definition of saturating Multiple-Exchange. Multiple-Exchange(i, u) is now called
saturating if \;£(q,r) < ¢(q,r) for every (q,7) € @ x R. Otherwise, it is called
nonsaturating. In nonsaturating Multiple-Exchange(i, u), let v be the minimum
integer such that v€(g,r) > (g, 7)o /0 for some (¢,7) € Q x R. Then the new
coefficients A\ and A; are determined by ur := p; — v and p; := v. Thus the
coefficients are rational numbers whose common denominator is ¢/§, which is
bounded by a polynomial in n through the O(log n) scaling phases. Then it is easy
to implement this algorithm using only additions, subtractions, comparisons, and
oracle calls for the function values.

Finally, we discuss time complexity of the resulting fully combinatorial algo-
rithm. The algorithm performs O(n?) iterations of O(logn) scaling phases. Since
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it keeps O(n?®logn) extreme bases, each scaling phase requires O(n°logn) oracle
calls for function evaluations and O(n°logn) fundamental operations. Therefore,
the total running time is O(n®ylog® n). This improves the previous O(n?7ylog? n)
bound in [10] by a factor of n.
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Abstract. The independent path-matching problem is a common gen-
eralization of the matching problem and the matroid intersection prob-
lem. Cunningham and Geelen proved that this problem is solvable in
polynomial time via the ellipsoid method. We present a polynomial-time
combinatorial algorithm for its unweighted version that generalizes the
known combinatorial algorithms for the cardinality matching problem
and the matroid intersection problem.

1 Introduction

The matching problem as well as the matroid intersection problem are two of the
most important combinatorial optimization problems for which polynomial-time
combinatorial algorithms exist, both detected by Edmonds [3/4/5]. Cunningham
and Geelen [2] proposed a common generalization of matching and matroid in-
tersection as follows. Let G = (V, E) be a graph, T, T» disjoint stable sets of G,
and R:=V \ (Th UTy). Let M; be a matroid on T;, for i = 1, 2.

Definition 1. An independent path-matching K in G is a set of edges such
that every component of G(V, K) having at least one edge is a path from Ty U R
to To U R all of whose internal nodes are in R, and such that the set of nodes
of T; in any of these paths is independent in M;, fori=1,2.

In the special case where M; and Mgy are free, i.e., all subsets of T; are
independent, ¢ = 1,2, we refer to an independent path-matching as a path-
matching. Figure [l shows an example, the thick edges form a path-matching.

The problem of maximizing the cardinality of an independent path-matching
is an NP-hard problem [2|. Instead, the independent path-matching problem is
defined as follows.

Definition 2. Let K be an independent path-matching.
An edge e of K is a matching-edge of K if e is an edge of a one-edge component
of G(V, K) having both ends in R, otherwise e is a path-edge of K.

* Supported by the European DONET program TMR ERB FMRX-CT98-0202.

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 920, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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Fig. 1. A path-matching

Define the corresponding independent path-matching vector ¥ € R such that,
foree E,
2 : e matching-edge of K;
wf =<1 : e path-edge of K;
0 : e no edgein K.

The size of K is v*(E) = YoecE Y& which is the number of path-edges of K
plus twice the number of matching-edges of K.

The Independent Path-Matching Problem
Find an independent path-matching in G of maximum size.

In the special case when R = V| the maximum size of an independent path-
matching is twice the maximum cardinality of a matching. Hence, we deal with
the matching problem. In the special case when R = @ and G consists of a
perfect matching joining copies 771,75 of a set T', we are left with the matroid in-
tersection problem: The independent path-matchings correspond to the common
independent sets of M7 and Mo.

Cunningham and Geelen [2] established a linear system of inequalities for
the corresponding polyhedron conv{y¥ : K independent path-matching} which
is totally dual integral. Via the ellipsoid method one obtains a polynomial-time
algorithm for the independent path-matching problem.

Frank and Szegd [6] algebraically proved the following min-max theorem.

Theorem 3. (Frank and Szegd)

max{y)* (E) : K independent path-matching}
=|R| + Xmént(rl(Tl NX)+r(TonNX)+ |RNX|—oddg(X)),
u

where a cut is a subset X C V such that there is no path between Ty \ X and
To\ X in G\ X and oddg(X) denotes the number of connected components of
G\ X which are disjoint from Ty U Ty and have an odd number of nodes.

We present the first polynomial-time combinatorial algorithm for the inde-
pendent path-matching problem. It generalizes the known combinatorial algo-
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Fig. 2. A matching-cycle

rithms for the cardinality matching problem and the matroid intersection prob-
lem and it provides an algorithmic proof of the above min-max theorem. It
answers an open question in the design of combinatorial augmenting path algo-
rithms and is a significant generalization of the augmenting path algorithms for
matching and matroid intersection.

2 A Combinatorial Algorithm

Edmonds’ matching algorithm [3] is based on the idea of augmenting along paths.
More precisely, let M be a matching in a graph G = (V, E). A path P in G is
M -augmenting if its edges are alternately in and not in M and both end nodes
are M-exposed. Berge [I] proved that a matching M in G is maximal if and
only if there does not exist an M-augmenting path in G. The basic idea of the
combinatorial algorithm for matching is to grow a tree of M-alternating paths
rooted at an exposed node. If a leaf of the tree is also exposed, an M-augmenting
path has been found. The main ingredient in constructing the tree is the method
of shrinking (and expanding) odd cycles.

Since we mix up path-edges and matching-edges in the (independent) path-
matching problem, we need a more sophisticated analogue to alternating odd
cycles in the matching problem, so-called matching-cycles.

Definition 4. A matching-path is an odd path in G on node set R of length
2k 4+ 1 that contains k matching-edges.

A matching-cycle is an odd cycle in G that consists of an even path in K
(which could be empty) and a matching-path.

Figure Pl shows a matching-cycle. It consists of an even path of length 4
between nodes v and w and a matching-path of length 7 with three matching-
edges.

As we shrink alternating odd cycles for the matching problem, we will shrink
matching-cycles for the independent path-matching problem.

For the matroid intersection problem, the method of augmenting along paths
leads also to a combinatorial algorithm. Let M; and M5 be two matroids on T’
and J a common independent set. Let Do(J) be the digraph with node set T
and arcs

(w,v) : veJwé¢d JU{w} ¢ My, JU{w}\{v}e M ;
(vyw) :+ veJwég¢ld JU{w} ¢ My, JU{w}\{v}e M .

A J-augmenting path is a dipath in Dg(J) that starts in a node w ¢ J with
JU{w} € Mz and ends in a node w’ ¢ J with J U {w'} € M;. Any chordless
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such dipath P leads to an augmentation J A P, [8]. Edmonds [4/5] and Lawler
[7)8] showed that a common independent set J is maximal if and only if there
does not exist a J-augmenting path.

The augmenting paths in the matroid intersection case are defined with the
help of an augmentation digraph. We define an augmentation digraph for any
independent path-matching in standard form.

Definition 5. An independent path-matching K is in standard form if any path
in K with more than one edge is a (Ty,Tz)-path.

Lemma 6. For any independent path-matching K of G there exists an inde-
pendent path-matching in standard form of size larger than or equal to the size
of K.

Proof. Let K be an independent path-matching. For any path P in K with
more than one edge which is not a (71, 7>)-path, let v € R be an end node of P.
Along P in the direction of v to the other end node of P delete every second
edge of P. The set of edges we are left with forms an independent path-matching
in standard form of size larger than or equal to the size of K. d

Let K be an independent path-matching in standard form. We define an
augmentation digraph D(K) with node set V, and an arc set that consists of

(i) graph-arcs corresponding to edges in G, and
(ii) matroid-arcs corresponding to the matroids M; and M .

We resort to this digraph in order to augment a non-maximal K or to verify
that K is maximal. We direct the (77, T%)-paths in K from Tj to Ts, the (T3, R)-
one-edge paths from T; to R, and the (R,T3)-one-edge paths from R to T,. For
i=1,2,1let J;:=KNT; € M, .

Definition 7. The augmentation digraph D(K) has node set V and an arc set
consisting of graph-arcs and matroid-arcs.

Graph-arcs are divided into ©-arcs (v, w)™ and ®-arcs (v,w)T and are defined
as follows:

(v, W)~ ¢ (v,w) path-arc of K, v €T orw € Ty;
(v,w)", (v,w)t : (v,w) path-arc of K, v,w € R;

(v,w)™, (w,v)” : vw matching-edge of K;

(v, w)*, (w,v)T : vw e E no edge of K, wv,w € R;

(w,v)* : vw € B no edge of K, vely orwelh.

Matroid-arcs are defined as follows:

(w,v) : ved,weTy\J, JJU{w} ¢ My, JyU{w}\ {v} € My ;
(vyw) : veEJyweTy\ Jo, JoU{w} & My, JoU{w}\ {v} € My .
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Fig. 3. A path-matching K and the augmentation digraph D(K)

In the case where both matroids are free, matroid-arcs do not occur.

In Fig.[3 we illustrate the construction of the augmentation digraph on a small
example. The thick lines in a) form a path-matching K in standard form of size
8 (which is non-maximal). In b) we have the augmentation digraph D(K), where

a &-arc (v,w)” is represented by V*===*Wand a ®-arc (v,w)" by vetmew.

Definition 8. w € R is exposed if no edge of K is incident with w.
w €V is a source node if it satisfies one of the following three conditions:

(Z) w € Ty \ Jo with Jy U {’LU} S MQ,
(1)) w € R is exposed,
(i) w € R and (w,v) is a one-edge-path in K for some v € Ts.

w €V is a sink node if it satisfies one of the following three conditions:

(Z) w e T1 \J1 with Jl U {U)} S Ml,
(i1) w € R is exposed,
(i) w € R and (v,w) is a one-edge-path in K for some v € Tj.

In the matching case, the only source and sink nodes are the exposed nodes.
For matroid intersection, only the source nodes and the sink nodes according to
(i) exist. In Fig. BIb), r is the only source node and s in the only sink node.

The source nodes are exactly the nodes in RUT5 for which there is no &-arc
in D(K) entering it, whereas the sink nodes are precisely the nodes in T3 U R
for which there is no &-arc in D(K) leaving it.

Definition 9. An alternating dichain is a dichain in D(K) whose graph-arcs
are alternately ®-arcs and S-arcs.
An alternating diwalk is an alternating dichain whose arcs are different.

The alternating dichain in Fig. 3] b) that starts in r with a &-arc, uses then
the &-arc corresponding to the matching-edge, and ends in s with a @-arc leads
to an augmentation.

Let W be a K-alternating dichain in D(K). For vw € E, let ¢V be the
number of times W contains the @-arc (v, w)t or the @-arc (w,v)" (if existent)
minus the number of times W contains the &-arc (v, w)~ or the &-arc (w,v)~
(if existent).

Definition 10. A K-alternating dichain W is feasible if ¥ + ¢V € {0,1,2}F.
The result of augmenting K along W is the edge set

KAW :={ee E: (4% +¢"), > 0}.
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Fig. 4. Shrinking could be “bad”

Each alternating diwalk in D(K) is feasible.

Lemma 11. Let W be a feasible alternating dichain in D(K) that starts with a
@-arc in a source node and ends with a ®-arc in a sink node. If K AW contains
no cycle of G, then K A’ W is a path-matching in G of larger size than K.
If W is in addition chordless w.r.t. matroid-arcs then K AW is an independent
path-matching in G of larger size than K.

Proof. Let W be a feasible alternating dichain in D(K) that starts with a ®-arc
in a source node and ends with a @-arc in a sink node. Since W is an alternating
dichain, K A W is the union of node-disjoint paths and cycles. All cycles are
in R, all inner nodes of paths are in R, and all paths are directed from 77 U R to
RUT; (because we have directed the path-edges for the augmentation digraph).
Hence, if K AW contains no cycle of G then K AW is a path-matching in G.
Since W contains more G-arcs than &-arcs, K A W is of larger size than K. If W
is in addition chordless w.r.t. matroid-arcs then, using the same argumentation
as for the augmenting paths in the matroid intersection case, the set of nodes
of T; in any of the paths in K AW is independent in M;, i = 1, 2. Consequently,
K AW is an independent path-matching in G of larger size than K. ad

For the matching algorithm, we shrink certain odd cycles that are detected
during the construction of the alternating tree. Similarly, for the independent
path-matching algorithm, we shrink certain matching-cycles that are induced
during the course of the algorithm. Roughly speaking, a K-alternating dichain W
induces a matching-cycle C' if it contains as subdichain the walk along the
matching-path of C. The definition in Definition is more strict. It covers
all cases of induced matching-cycles that need to be shrink and at the same time
it ensures that they can be detected in polynomial time.

We demonstrate on an example in Fig. M that by shrinking other matching-
cycles something bad can happen. The thick lines in a) form a path-matching K
in standard form, whereas the thick lines in b) form a path-matching K* of larger
size, i.e., K is non-maximal. The odd cycle C of length five is a matching-cycle.
In ¢) we have a K-alternating diwalk W in D(K). W contains as subdichain the
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Fig.5. An alternating diwalk (illustrated by dashed lines and @- and &-arcs) induces
a matching-cycle C'(v,w, M) according to (ii)

a) b)|® c)

Fig. 6. Bad alternating diwalk

walk along the matching-path of C. If we shrink C' we obtain the digraph in d)
where K is a maximal path-matching.

Definition 12. Let C(v,w, M) be a matching-cycle in G that consists of an
even path P(v,w) in K from v tow (in that direction) and the matching-path M
from v to w. We denote by M" the reversed matching-path from w to v.

An alternating diwalk W in D(K) induces the matching-cycle C(v,w, M)
according to

(i) if W contains the matching-path M from v to w or W contains the ©-arc
entering v and later the matching-path M™ from w to v.
Moreover, v is either a source node or the subdiwalk from the first node
of W to the &-arc entering v contains no arc of the matching-cycle.
(i) if the following conditions are fulfilled (see Fig.[3):
— W contains the matching-path M from v to w,
— the alternating diwalk W enters the matching-cycle the first time in a
node u that is an end node of a ©-arc of M, and
— there exists a node t in W such that the walk from t to u in W is a
matching-path and there is an even path P(t,v) in K from t to v.

Consider the example in Fig.[6l The thick lines in a) form a path-matching K
in standard form which is maximal. In b) we have a K-alternating diwalk start-
ing in source node r and ending in sink node s that induces a matching-cycle
according to (i). The augmentation along this diwalk would lead to the union of
thick lines in ¢) which includes an odd cycle.

As we shrink odd cycles to solve the matching problem, we shrink induced
matching-cycles to solve the independent path-matching problem. We consider
an example in Fig. [l The thick lines in a) form a path-matching K in standard
form of size 9. There is only one path-matching K™ of larger size illustrated by
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Fig. 7. Shrink and expand matching-cycle

thick lines in b). The augmentation digraph D(K) is pictured in ¢). It contains
only one source node r and only one sink node s = r. The augmentation structure
that we are interested in is the one given in f) where we have to use certain arcs
more than once (—2 or +2 means that the arc is used twice). If we try to find
an alternating diwalk starting in r and ending in s, we obtain an alternating
diwalk that induces a matching-cycle according to (i), namely, the odd cycle of
length 5 located at node r. We shrink this matching-cycle and obtain the new
digraph in d). It contains a “good” alternating diwalk: the one illustrated in e).
The expansion of this diwalk leads to the augmentation structure in f).

Let D' = (V, A’) be a subdigraph of D(K) and C = C(v,w, M) a matching-
cycle in D’. There is at most one S-arc (v',v)” in D’ entering C' and at most
one S-arc (w,w")” leaving C. Shrinking C leads to the following digraph D’ x C:
It has node-set (V \ V(C)) U{C} and @-arcs

A\ A{(@, )" € A2,y e V(O)}
U{(z,C)T 12 ¢ V(O),x #w, (z,y)t € A" for some y € V(O)}
U{(C,y)" 1y ¢ V(O),y#v, (z,y)" € A" for some x € V(O)}.

Similarly we define the set of ©-arcs of D' x C. There is at most one ©-arc in
D’ x C entering C' and at most one leaving C. Shrinking C' in G to obtain G x C'
is just the usual shrinking operation without parallel edges. G x C' has node set
T UR' UTs,. Let W be an alternating dichain in D(K) x C. The ezpansion of W
to obtain an alternating dichain in D(K) is a straightforward extension of the
expansion of odd cycles in the matching case.

Definition 13. Any digraph that we obtain from D(K) by a sequence of shrink-
ing operations of matching-cycles is a derived digraph of D(K).

A K-augmenting dichain is a feasible alternating dichain in D(K) that is
an expansion of an alternating diwalk W in some derived digraph D’ of D(K),
where W starts with a ®-arc in a source node, ends with a ®-arc in a sink node,
and does not induce a matching-cycle.

Lemma 14. Let W be a K-augmenting dichain. Then there exists a K -augmen-
ting dichain W* such that K AW?* does not contain a cycle.
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The proof of this lemma requires quite involved proof techniques and is very
lengthy. In order not to be beyond the scope of this paper, we refrain from
presenting the proof here, we refer to [9]. The proof is constructive and this
construction can be made in polynomial time.

We obtain

Lemma 15. An independent path-matching K in standard form is not mazimal
if a K-augmenting dichain exists.

Proof. Let K be an independent path-matching K in standard form and W
a K-augmenting dichain. Lemma [[4] implies the existence of a K-augmenting
dichain W* such that K A W™ does not contain a cycle. W.l.o.g. W* is chordless
w.r.t. matroid-arcs. Hence, using Lemma [T, K A W* is an independent path-
matching in G of larger size than K. Consequently, K is not maximal. a

Lemma [[5] suggests a possible approach to construct a maximal independent
path-matching. Repeatedly find an augmenting dichain and obtain an indepen-
dent path-matching of larger size using the dichain.

To find a K-augmenting dichain we use a construction similar to the construc-
tion of alternating trees rooted in exposed nodes for the matching algorithm. By
a sequence of shrinking operations of matching-cycles of D(K) we construct a
digraph D (a subdigraph of a derived digraph of D(K)). For all arcs in D there is
an alternating diwalk in D starting in a source node with a @-arc that uses this
arc and does not induce a matching-cycle. Certain matching-cycles are shrinked
to obtain D. As in the matching-case, we stop growing D if we detect a G-arc
that enters a sink node. Then D contains an alternating diwalk that starts with a
@-arc in a source node, ends with a @-arc in the sink node, and does not induce
a matching-cycle. If all possible @-arcs are checked and no sink node can be
reached in D via an entering ®-arc in D, then we will prove that K is maximal.

We first consider the case where both matroids are free, i.e., we deal with
the path-matching problem. A node v in D is &-reachable if v is a source node
or there is an alternating diwalk in D starting with a @-arc in a source node
and ending in v with a &-arc. v is @-reachable if there is an alternating diwalk
in D starting with a @-arc in a source node and ending in v with a ®-arc. v is
reachable if it is ©-reachable or @-reachable.

Algorithm 16. (Path-Matching Algorithm)

Input. K path-matching in standard form.
Output. K* mazimum path-matching.

1. Let AT (A~ ) be the set of ®-arcs (©-arcs) in D(K) and for v € V we denote
by s(v) the unique node (if it exists) such that (v,s(v))” € A™.

2. 8etV:=V, A:=02,D:=(V,A), A* := AT.

3. While there ezists (z,y)T € A* such that x is ©-reachable in D perform the
following steps:

(a) If (y,5(y))~ € A, goto (e).
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(b) If (z,y)t induces a matching-cycle (i.e., the alternating diwalk including
(x,y)T that starts with a ®-arc in a source node induces a matching-cycle
but the subdiwalk ending in x induces none), shrink the matching-cycle
and update. Goto (e).

(¢c) If y is a sink node, A := AU {(z,y)"}, D:= (V,A), goto 5.

(d) A=AU {(I’y)Jrv (y,s(y))"}, D= (V, A).

(e) A" := A"\ {(z,y)"}.

K is a mazimum path-matching. Return K* := K. Stop.

Find the alternating diwalk W in D that starts with a ®-arc in a source node,

ends with a &-arc in the sink node y, and does not induce a matching-cycle.

6. Expand W to a K-augmenting dichain W.

7. Transform W to a K-augmenting dichain W* such that K A W* does not

contain a cycle.

8. Replace K by a standard form of K AW™ and goto Step 1.

S

With 3.(a) we obtain that each node has at most one @-arc entering it. Since
each node also has at most one ©-arc entering it, we obtain the uniqueness of
alternating diwalks in D. This turns the algorithm polynomial.

In 3.(b) (z,y)" induces a matching-cycle C'. We shrink the matching-cycle.
This leads to updated sets V, A, V, AT, A=, and A*. We perform an additional
update which is as follows:

(a) If there are already @®-arcs in A entering the pseudonode, delete all from A.
If (before shrinking C) A contains a &-arc leaving C, then there is a @-arc
(a,b)™ entering C' on the unique alternating diwalk in D that starts in a
source node with a @-arc and contains this ©-arc. Add (a,C)" to A. Then
the ©-arc is again reachable. Add all ®-arcs in AT leaving or entering the
pseudonode to A*.

(b) If (z,y)" induces a matching-cycle C' according to (ii), we have to make sure

that we reach the pseudonode via an alternating diwalk in D that starts in
a source node with a @-arc and enters the pseudonode with a &-arc:
Let W be the alternating diwalk that induces the matching-cycle C' =
C(v,w, M) according to (ii). Let P(t,v) = (¢, v1,..., V2%, V2g+1,v) be the
even path from ¢ to v in Fig. B Then (vak41,v)” is the ©-arc entering the
matching-cycle and (vax11,C)~ € A. For z € V we denote by p(z) the unique
node in V (if it exists) such that (p(z),2)" € A. Set

A=A\ {(p(vai1),v2i41)T 11 =0,...,k}
U ({(t,vl)+} U {(’Z}Qi_l,vgi)i, (”Ugi,”UgH_l)Jr 1= 1, ey k})

Since t is ©-reachable, it follows that the pseudonode C' is ©-reachable.

If a sink node y is reached, then D contains an alternating diwalk W that
starts with a @-arc in a source node, ends with a @-arc (z,y)™ in the sink node y,
and does not induce a matching-cycle. We can find W by tracing back from y
in D (starting with (z,y)") until we reach a @-arc leaving a source node. We
then expand W to a K-augmenting dichain W. Using the construction in the
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proof of Lemma [[4, we next transform W in polynomial time to a K-augmenting
dichain W* such that K AW* does not contain a cycle. Lemma [I1] implies that
K AW is a path-matching in G of larger size than K.

If all possible @-arcs are checked and no sink node can be reached in D via
an entering @-arc, then K is maximal. To see this, let N be the set of nodes
in D that are reachable. Define

X :={v e NUJy:v is not &-reachable}.

Then X is a cut in G such that % (E) = |R| + | X| — oddg(X), see [9]. By the
min-max formula of Theorem B] this proves the maximality of K.

In case of general matroids there are some modifications necessary. For a ma-
troid M, J € M, and w ¢ J with JU{w} & M, let C(J,w) be the corresponding
circuit in J U {w} w.r.t M, ie.,

C(J,w)={veJ: JU{w}\{v} e M}uU{w}.

A node v in D is called ©-reachable if it is &-reachable or there is a node u
in D that is &-reachable such that (u,v) is a matroid-arc in D. Similarly for
@-reachability.

In the Path-Matching Algorithm replace (a) by (a’) and (d) by (d’):

(a”) If (y,5(y))~ € A, goto (e).
]fy cTy \Jl with J; U {y} ¢ My
If for all v € C1(J1,y) we have (v,s(v))” € A, goto (e).
(d,) Ify € 1UR, A=AU {({L‘7y)+7 (y78(y))_}
If s(y) e T /* add matroid-arcs leaving s(y) */

M :={(s(y),w) :w € Tp\ Ja, Jo U{w} & Mo,

s(y) € C2(J2,w), (s(y),w) € A},
A =AUM,

D := (V,A), goto (e).
/*yETl\Jl with J1U{y} g My,
add matroid-arcs leaving y and the succeeding ©-arcs */
N :={veCi(J1,y): (v,s(v))” € A}
A= AU{(,9)%, (5,0), (0, 5(0)~ v € N}.
While there is v € N such that s(v) € Ty and there is w € Ty \ Jo such that
JoU{w} & Mg, s(v) € Ca(J2,w), and (s(v),w) ¢ A

/* add matroid-arcs leaving s(v) */

M :={(s(v),w) :w € Tp\ Ja, Jo U{w} & Ma,
s(v) € Ca(J2,w), (s(v),w) & A},
A =AU M.
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Again, if all possible ®-arcs are checked and no sink node can be reached
in D via an entering ®-arc, then K is a maximum independent path-matching.
To see this, let N be the set of nodes in D that are reachable. Define

X :={v e NUJy:vis not &-reachable} U{w € Ty \ J2 : Jo U {w} & Ms}.
Then X is a cut in G such that
YF(E) = |R| +ri(Ty N X) + (T2 N X) + [RN X| — odde(X),

see [9]. By the min-max formula of Theorem [3] this proves the maximality of K.
Notice that this argument provides an algorithmic proof of the min-max theorem.

As a generalization of Berge’s augmenting path theorem for matchings and
Edmonds’ and Lawler’s augmenting path theorem for matroid intersection we
have the following characterization of maximal independent path-matchings via
augmenting dichains.

Theorem 17. An independent path-matching K in standard form is mazximal
if and only if there does not exist a K-augmenting dichain.

Proof. Let K be an independent path-matching in standard form. If a K-aug-
menting dichain exists, Lemma implies that K is not maximal. If K is
not maximal, the Independent Path-Matching Algorithm finds a K-augmenting
dichain. a

The Independent Path-Matching Algorithm is a combinatorial algorithm for
the independent path-matching problem that runs in (oracle) polynomial time.
It is a significant generalization of the known combinatorial algorithms for the
matching problem and the matroid intersection problem.
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Abstract. We present a polynomial time domain scaling algorithm for
the minimization of an M-convex function. M-convex functions are non-
linear discrete functions with (poly)matroid structures, which are being
recognized to play a fundamental role in tractable cases of discrete opti-
mization. The novel idea of the algorithm is to use an individual scaling
factor for each coordinate.

1 Introduction

Linear optimization problems on 0—1 vectors are NP-hard in general, much
more are nonlinear optimization problems on integral lattice points. It is vital to
identify subclasses of tractable, or polynomially solvable, problems by extracting
“good” structures.

In the linear case, network flow problems, such as the maximum flow prob-
lem and the minimum cost flow problem, are typical of tractable problems with
wide applications. These problems can be extended to the frameworks of ma-
troids and submodular systems. The submodular flow problem [6], which is an
extension of the minimum cost flow problem, is one of the general problems solv-
able in polynomial time. Many efficient algorithms for the problem are known
(e.g., [IIRITN]). In the nonlinear case, submodular functions and separable dis-
crete convex functions constitute classes of tractable nonlinear functions. The
development of combinatorial strongly polynomial time algorithms [I3JT5J28] for
submodular function minimization is a recent news. Separable discrete convex
functions also have appeared in many tractable cases (e.g., [ITJ12]).

Recently, certain classes of discrete functions, which include submodular
functions and separable discrete convex functions as special cases, were in-
vestigated by Murota [I9l20]. The framework introduced by Murota, “discrete
convex analysis,” is being recognized as a unified framework for tractable dis-
crete optimization problems with reference to existing studies on submodular
functions [5/10J16], generalized polymatroids [78I10], valuated matroids [3/4)22]
and convex analysis [27]. In discrete convex analysis, the concepts of L-/M-
convex functions play a central role. Submodular functions are a subclass of
L-convex functions. Structures of matroids and polymatroids are generalized to
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M-convex functions. A separable discrete convex function is a function with both
L-convexity and M-convexity (in their variants). Discrete convex analysis is not
only a general framework but also a fruitful one with applications in the areas
of mathematical economics and engineering [223125[26]. With the concept of
M-convex functions, the submodular flow problem is extended to the M-convex
submodular flow problem [21], which is one of the most general problems solv-
able in polynomial time [14]. As an application of the M-convex submodular
flow problem, an economic problem of finding a competitive equilibrium of an
economy with indivisible commodities can be solved in polynomial time [26].
L-convex function minimization and M-convex function minimization are fun-
damental and important problems in discrete convex analysis. The former is an
extension of submodular function minimization and the latter is an extension of
separable discrete convex function minimization over an integral base polyhe-
dron studied in [9TTIT2]. Moreover, the polynomial time algorithm [I4] for the
M-convex submodular flow problem needs M-convex function minimization at
each iteration.

This paper addresses the M-convex function minimization problem. A num-
ber of algorithms are already available for minimizing an M-convex function
f: Z"™ — TR. Since a locally minimal solution of f is globally minimal, a de-
scent algorithm finds an optimal solution, but it does not terminate in polyno-
mial time. Shioura [29] showed the “minimizer cut property” which guarantees
that any nonoptimal solution in the effective domain dom f can be efficiently
separated from a minimizer, and exploited this property to develop the do-
main reduction algorithm, the first polynomial time algorithm for M-convex
function minimization. Time complexity of the domain reduction algorithm is
O(Fn*(log L)?), where F is an upper bound of the time to evaluate f and
L = max{|z(u) —y(u)| | v € {1,...,n}, x,y € dom f}. Moriguchi, Murota
and Shioura [I7]18] showed the “proximity property” which guarantees that a
globally minimal solution of the original function f exists in a neighborhood of
a locally minimal solution of “scaled” function

fa(z) = f(a’ +az)  (xezm)

for an 2° € dom f and a positive integer o, where f, is not necessarily M-convex.
They also gave an O(Fn?log(L/n))-time algorithm for a subclass of M-convex
functions f such that f,, is M-convex for any 2° € dom f and any positive integer
«. Although their algorithm, being a descent algorithm, works for any M-convex
function, it does not terminate in polynomial time in general. This is because
M-convexity is not inherited in the scaling operation.

We develop an O(Fn? log(L/n))-time scaling algorithm applicable to any M-
convex function by exploiting a new property which is a common generalization
of the minimizer cut property and the proximity property. The novel idea of the
algorithm is to use an individual scaling factor «,, for each v € {1,...,n}.

2 M-convexity

Here we define M-convexity and review known results which are utilized in the
next section.
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Let V be a nonempty finite set of cardinality n, and IR, ZZ and ZZ,, be
the sets of reals, integers and positive integers, respectively. Given a vector z =
(z(v) v e V) e Z", its positive support and negative support are defined by

suppt(z) = {v € V| 2(v) >0} and supp (z) ={v eV |z(v) <0}

For v € V, we denote by yx, the characteristic vector of v defined by x,(v) =1
and x,(u) = 0 for u # v. For a function f : Z" — IR U {400}, we define the
effective domain of f and the set of minimizers of f by

dom f={xeZ" | f(zx) < 400},
argmin f = {z € Z" | f(z) < f(y) (e z")}.

A function f: ZY — R U {+oc} with dom f # 0 is called M-convez [T920]
if it satisfies

(M-EXC) Vz,y € dom f, Vu € supp™ (z — y), Jv € supp™(z — y) :

f@) + f(y) = f(@ = xu+ Xo) + FY + Xu = X0)-
We note that (M-EXC) is also represented as: for x,y € dom f,

f(@)+ fly) = max mi_n [ f(z = Xu+Xo) + [(¥+Xu = X0) ]
u€supp ™t (z—y) vEsupp~ (z—y)
where the maximum and the minimum over an empty set are —oo and 400,
respectively. By (M-EXC), dom f lies on a hyperplane whose normal vector is
the vector of all ones, that is, for any z,y € dom f, (V) = y(V) holds, where

2(V) = 2Lpev 2(v).

Remark 1. An ordinary convex function v : RY — IR can be characterized
by the following property: for any z,y € IRY and A € IR with 0 < X\ < 1,
() + ¥(y) = (&) + $(7) bolds, where & = 2 — A(w — y) and § = y + Az — ).
That is, two points Z and 7, which are obtained by approaching the same distance
from x and y to each other in a straight line, do not increase the sum of function
values. Unfortunately, two points on an integral lattice ZZ" may not approach to
cach other in a straight line on ZZ" . Property (M-EXC) extracts the essence of
the above characterization of ordinary convex functions. Fig. [l draw an example
of (M-EXC) with |V| =3, where 2’ =z — xu + Xv and ¥’ =y + Xu — Xo-

It is known that arg min f and dom f are an M-convex set, where a nonempty
set B C Z" is said to be an M-convex set if it satisfies

(B-EXC) Vzx,y € B, Vu € suppt(z — y), Jv € supp™ (z — y) :
T—=XutXo€B, y+xu—Xv€B.

An M-convex set is a synonym of the set of integer points of the base polyhedron
of an integral submodular system (see [10] for submodular systems). Thus, the
M-convexity is a quantitative generalization of the base polyhedron of an integral
submodular system.
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Fig. 1. An example of (M-EXC)

Lemma 1 ([19420]). For an M-convex function f, dom f is an M-convez set,
and if argmin f # 0 then it is also an M-convex set.

Proof. The assertion for dom f immediately follows from (M-EXC). Let = and y
be any points in arg min f. By (M-EXC), for any u € supp™ (x — y), there exists
v € supp_ (z — y) such that

f@)+ fy) = f@— xu+ Xo) + FY+ Xu— Xv)-

Since z,y € argmin f, we have £ — xu + Xu, ¥ + Xu — Xv € argmin f. Hence, if
argmin f # (), then it satisfies (B-EXC). O

Lemma [l implies the following property.

Proposition 1. Let f : Z" — RU {400} be an M-convex function. For u,v €
V and v1,v2 € ZZ, suppose that there exist x1,x2 € argmin f with z1(u) <y
and x2(v) > 72, where v2 < 1 if u = v. Then, there exists x, € argmin f with
Te(u) <1 and x.(v) > 7o.

Proof. If xo(u) < x1(u) then there is nothing to prove. Let z, be a point in
argmin f such that z, minimizes x,(u) among all points € argmin f with
x(v) > 72 and z(u) > x1(u). We prove that z.(u) < 1. Suppose to the contrary
that x4(u) > ~;. Since u € supp™ (z, — 1) and argmin f is an M-convex set,
there exists w € supp™ (z. — 1) such that 2’ = z, — xy + X € argmin f.
Obviously, ' (v) > 2 and z1(u) < 2'(u) < x.(u) hold. However, this contradicts
the definition of z,. O

M-convex functions have various features of convex functions. For example, a
locally minimal solution of an M-convex function is globally minimal. The next
theorem shows how to verify optimality of a given solution with O(n?) function
evaluations.

Theorem 1 ([19/20]). For an M-convex function f and x € dom f, f(z) <
f(y) for anyy € ZY if and only if f(z) < f(z — xu + Xo) for all u,v € V.
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Proof. The “only if” part is trivial. We prove the “if” part. Suppose to the
contrary that there is a point y with f(y) < f(z), and in addition suppose that
y minimizes || y — « || among such points. Since y # x and y(V) = x(V), there
exists an element u € supp™ (z — y). By (M-EXC), for some v € supp™ (z — y),

f@)+ f(y) > [z = xu+ Xo) + FY+ Xu — Xo)

holds. Since f(z) < f(x — Xu + Xv), We have f(y + xu — Xv) < f(y) < f(z).
Obviously, || (y + xu — Xv) — 2 ||<|| ¥ — || holds. However, this contradicts the
definition of 3. Hence we have f(z) < f(y) for any y € Z". O

The following properties, Theorems Bl and [B, play important roles in our
algorithm. The former is due to Shioura [29] and the latter is implicit in the
proof of the proximity theorem for M-convex functions in [T7/T8]. The minimizer
cut property, Theorem Bl suggests how to separate a given nonoptimal solution
from some minimizer, and serves as a basis of the domain reduction algorithm
n [29]. Both (a) and (b) of Theorem [ together with Proposition [ show that
some minimizer of the original function f exists in a neighborhood of a locally
minimal solution of a scaled function with respect to a fixed coordinate.

Theorem 2 (minimizer cut property, [29]). Let f : Z"V — R U {+o0}
be an M-convex function with argmin f # (. For x € dom f and v € V, the
following statements hold.

(a) If f(x — xo + Xu) = mingey f(x — xo + Xs), then there exists x, € argmin f
such that z(u) — xp(u) + 1 < z.(u).

(b) If f(x 4 xv — Xu) = mingey f(z+ Xo — Xs), then there exists x, € argmin f
such that z.(u) < z(u) + xp(u) — 1.

Theorem 3 (proximity property). Let f : Z" — IRU{+oc0} be an M-convex
function with argmin f # (. For x € dom f, v € V and o € Z ., the following
statements hold.

(a) If f(x) = mingey f(x — alxys — Xs)), then there exists x, € argmin f such
that x(v) — (n — 1)(a — 1) < z4(v).

(b) If f(x) = mingev f(z + alxw — Xs)), then there exists x, € argmin f such
that z.(v) < z(w)+ (n—1)(a—=1).

Here we show a new property, Theorem @l below, as a common generalization
of Theorems [2 and Bl A special case of Theorem H] with o = 1 is equivalent
to Theorem 21 Another special case of Theorem [ with u = v is identical with
Theorem [3

Theorem 4 (minimizer cut property with scaling). Let f be an M-convex
function with argmin f # 0. Forx € dom f, v € V and o € Z ., the following
statements hold.

(a) If f(x — alxy — xu)) = mingev f(z — a(xy — Xxs)), then there exists x,. €
argmin f such that x(u) — a(x,(u) — 1) — (n — 1)(a — 1) < 2, (u).
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(b) If f(z + a(xe — Xu)) = mingey f(z + a(xo — Xs)), then there exists x, €
argmin f such that z.(u) < z(u) + a(x,(u) = 1)+ (n — 1)(a — 1).

Proof. Here we prove the assertion (a) because we can similarly prove (b). It
is sufficient to consider the case where there exists x, € argmin f such that
Z4(u) is maximum. Let = & — a(xy — Xu). Assume that Z(u) > z.(u) and
kE=2Z(u) — x.(u).

CramM A: There exist wy, we, ..., wx € V\{u} and yo(=T),y1,...,yx € dom f
such that Yi = Yi—1 — Xu T Xw; and f(yl) < f(yl—l) for i = ]-7 27 RN k.

[Proof of Claim A] Let y;—; € dom f. By (M-EXC), for y;—1,2. and u €
supp™ (yi—1 — x«), there exists w; € supp™ (y;—1 — x) C V' \ {u} such that

f@e) 4+ fio1) = F(@e + Xu = X)) + F%ic1 = Xu + Xaw,)-

Since f(x*) < f(l‘* + Xu — Xwi)’ we have f(yi—l) > f(yi—l — Xu +Xwi) = f(yz)
CrLAamM B: For any w € V' \ {u} with yx(w) > Z(w) and f € Z with 0 < g <
yr(w) —Z(w) =1, f(@ = (B+1)(Xu — Xw)) < f(@ — B(Xu — Xw)) holds.
[Proof of Claim B] We prove the claim by induction on §. For 8 with 0 < 8 <
yp(w) —T(w) — 1, put 2’ =7 — B(Xu — Xw) and assume 2’ € dom f. Let j,. (1 <
J« < k) be the maximum index with w;, = w. Since y;, (w) = yx(w) > 2’ (w) and
supp ™ (y;. —') = {u}, we have f(z')+ f(y;.) = f(2'—XutXw)+f (Y. +Xu—Xw)
by (M-EXC). Claim A guarantees that f(y;,—1) = f(yj. + Xu — Xw) > [(¥;.),
and hence, f(z') > f(z' — Xu + Xw)-

The hypothesis of (a) and Claim B imply g, = yr(w) — Z(w) < o — 1 for
any w € V' \ {u}, because

f(rx\_,uw(Xu _Xw)) << f(jf— (Xu_Xw)) < f(&:\) < f(aj\_OZ(Xu_Xw))
holds for any w with p,, > 0. Thus, we have

Bu) — 2o (u) = F(u) —ye(u) = D {yr(w) = 2(w)} < (n = 1)(a - 1),

weV\{u}

where the second equality follows from Z(V) = yi (V). O

3 Proposed Algorithm

This section describes a scaling algorithm of time complexity O(Fn?log(L/n))
for the M-convex function minimization. It is assumed that the effective domain
of a given M-convex function f is bounded and that a vector 2° € dom f is
given.

We preliminarily show that L = max{|z(u)—y(u)| | u € V, z,y € dom f} can
be computed in O(Fn?log L) time. For z € dom f and u,v € V, the exchange
capacity associated with x, v and v is defined as

¢f(z,v,u) = max{a |z + a(xv — Xu) € dom f},
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which can be computed in O(FlogL) time by the binary search because 0 <
¢s(x,v,u) < L. For each w € V, define

ly(w) =min{z(w) | z € dom f}, wus(w)=max{z(w) |z € dom f}.

The values If(w) and uys(w) can be calculated by the following algorithm in
O(FnlogL) time.

function CALCULATE_BOUND(f, z, w)
input: f: M-convex function, z € dom f, weV ;
output: (Iy(w),us(w)) ;
£1: number V \ {w} from vy to v, ;
02: yi=z:=uxa;
£3: fori:=2 ton do {
t4: y =y + ey, w) (o = Xw)s 2= 24 (2w, 00) (X = Xo)
5.}
£6: return (y(w), z(w)).

The correctness of the above algorithm can be verified from the fact that dom f
satisfies (B-EXC) (see also [1029]).

Lemma 2. Values [f(w) and uy(w) for a fived w € V can be computed in
O(FnlogL) time by CALCULATE_BOUND, and L in O(Fn?log L) time.

Proof. We first show the correctness of CALCULATE_BOUND. Let y; denote the
point y defined at iteration ¢ of CALCULATE_BOUND. Suppose to the contrary
that I (w) < yn(w), i.e., there exists § € dom f with y(w) < y,(w). Since dom f
is an M-convex set, there exists v; € supp~ (y, —¥) such that ¢’ = Y, +Xv, —Xw €
dom f. By applying (B-EXC) for y/,y; and v; € supp™(y’ — y;), there exists
v e supp” (¥ —y;) with y; + X»; — Xo € dom f. Moreover, v must be equal to w
because supp~ (v’ — y;) C supp™ (yn — y;) U {w} = {w} holds by the definition
of y;. However, this contradicts the definition of é(y;_1,v;, w).

Time complexity immediately follows from the above discussion. a

For any two vectors a,b € Z", let [a, b] denote the set {z € Z" |a < 2 < b}

and f° be defined by
vy | flz) if z € la,b]
falz) = {—i—oo otherwise.

Condition (M-EXC) directly yields the next property.

Proposition 2. For an M-convex function f and a,b € Z", if dom f0 # ()
then f° is also M-convexr.

We go on to the main topic of describing our algorithm for minimizing f. The
novel idea of the algorithm is to use an individual scaling factor a,, € ZZ  for
each v € V. Besides the factors a, (v € V), the algorithm maintains a current
vector z € dom f, two vectors a,b € Z" and a subset V/ C V, and it preserves
the following four conditions:
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(c1) z € dom f N [a,b] = dom f2,

(c2) b(v) —a(v) < 2na, forv eV,

(c3) argmin f N [a,b] # 0, (i.e., argmin f° C argmin f),

(c4) there exists x, € arg Imnf such that z.(v) = z(v) for allv € V\ V.

These parameters are initially put as z := 2% V' :=V, a(v) := l;(v), b(v) :=
up(v) and q, = 2Med(wr()=ls )/} /2 for v € V. Thus, conditions (c1) to
(c4) are initially satisfied. At each iteration of the algorithm, interval [a,b] is
strictly reduced and V' is not increased. By (c4) and the fact that y(V) is a
constant for any y € dom f, the algorithm stops if |V’| < 1; then the current x
is a minimizer of f. The algorithm terminates in O(n?log(L/n)) iterations and
requires O(F'n) time at each iteration. Hence, the total time complexity of the
algorithm is O(Fn?log(L/n)).

Before entering into a precise description of the algorithm, we briefly explain
its typical behaviour. First, take v € V' arbitrarily, and find v € V’ minimizing
f(z—xu+Xv)- Here we explain what the algorithm does in the case where u # v.
Then, there exists x; € argmin f° with z;(u) < z(u) — 1 by (b) of Theorem
This inequality suggests that an optimal solution can be found by decreasing
x(u). Next find w € V/ minimizing f2(2 — @y (Xu — Xw))- When u can be chosen
as w attaining the minimum value, (a) of Theorem [3] guarantees that there exists
x5 € argmin f° with z(u)—(n—1)(c,—1) < z2(u). By Proposition[I} there exists
7, € argmin f° with z(u) — (n — 1)(a, — 1) < 24 (u) < 2(u) — 1 < z(u). Thus,
we can put a(u) := maxfa(u),z(u) — (n — 1)(ay, — 1)] and b(u) := z(u). Since
b(u) — a(u) < nay, the scaling factor a,, can be divided by 2 without violating
(c2). In the other case with w # u, we update a, b and x as b(u) := z(u) — 1,
=2 — ay(Xu — Xw) and a(w) := max[a(w), z(w) — (n — 1)(a, — 1)], where
the update of a is justified by (a) of Theorem [ This is a part of our algorithm
described below (see CASE2). A complete description of our algorithm is now
given in Fig.

In the sequel of this section, we show the correctness and the time complexity
of algorithm COORDINATEWISE_SCALING.

Lemma 3. COORDINATEWISE_SCALING preserves conditions (c1) to (c4).

Proof. As we mentioned above, conditions (c1) to (c4) are satisfied just after the
execution of line £03. We note that Proposition[d guarantees that f° is M-convex.
The while loop, which is lines £04 to ¢12, consists of three cases.

The first case at line 08 implies that there exists x, € argmin f with z,(v) =
x(v) by condition (c3), Proposition M and Theorem Blfor f°. Trivially, conditions
(c1) to (c4) are satisfied after the execution of line £09.

We next consider the second case at line £10. By (¢3) and (b) of Theorem
for f°, there exists x; € argmin f° C argmin f with x1(u1) < z(u;) — 1. Let us
consider function CASE2, in which we have either v € W, or u & W,,. Assume
first that u € W,. By (c3) and (a) of TheoremBlfor f, there exists zo € argmin f
with a(u) < z2(u), where a is the updated one. We note that the updated a and
b have a(u) < b(u). By Proposition [, there exists x, € argmin f with a(u) <

Zx(u) < b(u). Thus, (cl) to (c4) are satisfied. Assume next that u ¢ W,,. By (c3)
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algorithm COORDINATEWISE_SCALING(f, V, z°)
input: f : M-convex function with bounded dom f ¢ ZY, 2° € dom f ;
output: a minimizer of f ;

01 n:=|V|, V.=V, z:=2";

£02: for each v € V' do (a(v),b(v)) := CALCULATE_BOUND(f, z,v) ;
£03: for each v € V do a, := 2Mog2{(b(v)— ‘1(”))/"}1/2

£04: while [V'| >2 do {

£05: take v € V' ;

06 findwn € V' fi@ o =) = min oo+ X - xG) 5
07 finduz € V' fi(r = xo ) = min fa(e = X0+
£08: if f2(z) < fo(x + Xo — Xuy) and f7(z) < fo(z = Xo + Xup) then
09: {a(v) = bv) = a(v), V' =V \ {0} } 5

£10: else if f2(x) > fl(x + xv — Xu,) then CasE2(u1) ;

£11: else (f2(z) > f2(x — xv + Xup)) then CAaSE3(us2) ;

012: }

£13: return (z) ;

function CASE2(u) (3z1 € argmin f with z1(u) < z(u) — 1)
£1: W, = argmingecy- fc?(iE - OCu(Xu - Xs)) >

02: ifue W, then

£3: { a(u) := max[a(u),z(u) — (n — 1)(au — 1)], b(u) :=2z(u) };
4: else (u & W) {

£5: take w € Wy, b(u) :=z(u)—1, z:=2— au(Xu — Xw) ;

£6: a(w) := max[a(w), z(w) — (n — 1)(an — 1)] ;

07 UPDATE_FACTOR(w) } ;

£8: UPDATE_FACTOR(u) ;

£9: return ;

function CASE3(u) (Jz2 € argmin f with z2(u) > z(u) + 1)
01: W, = argmingev fo(z + ou(xu — X)) ;

£2: ifu e W, then

£3: {a(u) :=2z(u), b(u):=minb(u),z(u)+ (n—1)(aw —1)] };
4: else (u g Wy) {

05: take w € Wy, a(u) :=z(u)+1, z: =2+ auw(xu — Xw) ;
16: b(w) := min[b(w), z(w) + (n — 1)(cu — 1)] ;

£7: UPDATE_FACTOR(w) } ;

£8: UPDATE_FACTOR(u) ;
£9: return ;

function UPDATE_FACTOR(s)

£1: while as > 1 and b(s) — a(s) < nas do as = as/2;
02: if a(s) = b(s) then V' :=V'\ {s};

£3: return .

Fig. 2. A complete description of our algorithm
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and (a) of Theorem Ml for f°, there exists x5 € argmin f with a(w) < xo(w),
where a is the updated one. By Proposition [Il, there exists x, € argmin f with
a(w) < z.(w) and z,(u) < b(u) for the updated a and b, and hence, (¢3) holds.
Obviously, the updated a, b and x violate no other conditions at the end of
line £6. At lines £7 and ¢8, UPDATE_FACTOR reduces a,, and «, respectively,
preserving (cl) to (c4).

Similarly, the third case at ¢11 also preserves (cl) to (c4). O

Lemma 4. The while loop in lines £04 to 12 of COORDINATEWISE_SCALING
terminates in O(n?log(L/n)) iterations.

Proof. We divide the iterations of the while loop into three cases.

CLAIM A: The case at line 08 occurs at most n — 1 times.
[Proof of Claim A] Every time this case occurs, the set V' is reduced by one
element. Thus, this case occurs at most n — 1 times.

CLAIM B: The case of u € W, in CASE2 or CASE3 occurs O(nlog(L/n)) times.
[Proof of Claim B] In this case, a,, is greater than 1 from the hypothesis at line
£10 or ¢11 of COORDINATEWISE_SCALING. Hence, o, must be updated at line
£8 of CASE2 or CASE3 at least once because b(u) — a(u) < na,, for the updated
a and b. Thus, this case occurs at most [log(L/n)] times for a fixed u € V.

CraM C: The case of u ¢ W, in CASE2 or CASE3 occurs O(n?log(L/n)) times.

By Claims A, B and C, the while loop terminates in O(n?log(L/n)) itera-
tions. In the following, we prove Claim C.

[Proof of Claim C] We assume that for each s € V, the s-axis is marked by
“A” at ay intervals so that x(s) lies on a mark (see Fig. B). To prove Claim C,
we adopt two auxiliary vectors o/,b’ € Z" such that

b'(s) — z(s) and z(s) — a’(s) are divisible by a, (1)
b(s) = a'(s) + 205 > as [ (b(s) = a(s))/a ], (2)
a'(s) — 2as < a(s) <d(s) <xz(s) <V (s) <b(s) <V (s)+ 2as (3)

for any s € V. For instance, the situation of Fig. [J satisfies conditions (@) to (B).
We evaluate the number of the occurrences of the case in Claim C by using an
integral number 1 defined by

poy YO ()

seV

By (¢2) and @), (b'(s) — a'(s))/as < 2n holds. We will show that ¢ does not
increase if no scaling factors are updated, and that either v or a certain scaling
factor is strictly reduced except in one case, which does not occur consecutively
in a sense.
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We set a/(s) and b'(s) to be

)= x(s) — as[(2(s) —als)) /s, (5)
b'(s) = a(s) + as[(b(s) — x(s))/as ],

just after an update of a. Obviously, these a’(s), b'(s) satisfy conditions () to
B). We always put a/(s) := a(s) and b'(s) := b(s) when a; = 1, i.e.,

as=1 = d'(s) = a(s) and b'(s) = b(s). (6)

For a fixed element s € V, we describe how to modify a’(s) and b'(s) in CASE2.
The modification in CASE3 is similar. Values a’(s) and ¥’ (s) are modified when s
is selected as either u or w in functions CASE2 or CASE3. In the sequel, updated
values are denoted by a(s), b(s), a’(s), b'(s) and x(s), and that old values are
denoted by (old) a(s), (old) b(s), etc.

We first suppose that s is selected as u (e.g., see the modification from Fig. Bl
to Fig. H). We put b/(s) := x(s) and do not change a/(s). Obviously, () is
preserved and

a'(s) — 2as < als) (7)
b(s) =b(s)=as—1 (8)

hold. By (@) and (B), we have
b (s) —d'(s) +2as >b(s) —a(s) —as+1=(¢g—1)as +r+1,

where g = | (b(s) —a(s))/as| and r = (b(s) —a(s)) — gas. Since V' (s) —a’(s) 4+ 2a
is divisible by ay, a’(s) and b'(s) satisfy (). All inequalities in (@]) other than
a’(s) < x(s) are trivially satisfied. If z(s) < a’(s) then b(s) — a(s) < 2a; holds
by (@), @) and the equation z(s) = b'(s) = a/(s) — as, and hence, o must
be updated at least once at line ¢8 (and a/(s) and b'(s) are updated by (&]));
otherwise (3) is satisfied. Moreover, the integral number (b'(s) — a/(s))/as is
reduced at least by one when a; remains the same, by b'(s) +as = [(old) z(s)] <
[(old) ¥'(s)]. We note that the number of marks in [a(s),b(s)] \ [¢'(s), b (s)] is at
most one if s is selected as u, because of ([{), ([{) and (§).

We next suppose that s is selected as w and a,, < a,, (e.g., see the modifi-
cation from Fig. Blto Fig. B). We modify a’(s) and ¥'(s) as follows: a/(s) is set
to be as large as possible in such a way that a'(s) — 2as < a(s) < a'(s) < z(s)
and z(s) — d/(s) is divisible by ag; ¥'(s) is next set to be as large as possible
so that ¥'(s) < b(s), ¥'(s) — z(s) is divisible by «ag, and b'(s) — a’(s) does not
increase. If b(s) < b/(s) + as, then we have b(s) — a(s) < V'(s) — a/(s) + 3as by
a'(s) — 2as < a(s); otherwise, b/(s) — da/(s) = (old) (V'(s) — a’(s)) must hold by
the definition of b’(s). In either case, a’(s) and b/(s) satisfy ([@). Suppose to the
contrary that b'(s)+2as < b(s) holds. This inequality and (2)) imply a/(s) —as <
a(s). By a’(s) —as < a(s) and the definition of a’(s), we have a’(s) = z(s). Since
(old) a/(s) < (old) x(s) < z(s) = a'(s) and V' (s) — a'(s) = (old) (V'(s) — d/(s)),
we have (old) b'(s) < b'(s) < b(s) —2as. This contradicts the fact that (old) b’(s)
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a(s)
a’(s)
AT AT AT
a(s) b(s)
a’(s) z(s) = b'(s)
ATTTATTT AT T T AT AT AT ATTTATTAT

a(s) b(s)
a'(s) b'(s)  a(s)
LT Y v s

Fig. 6. A case where s = w, as = 4 and «, = 8 (inadmissible case)

satisfies (B). Thus, a’(s) and b’(s) satisfy ([I)), (@) and inequalities in (3)) except
for z(s) < b'(s). Moreover, b'(s) — a’(s) does not increase. If a’(s) and ¥'(s)
can satisfy an additional requirement z(s) < V/(s), then (@) can be satisfied.
In the other case, we have a; > 1 and b'(s) + a5 = x(s) because (@), ([B) and
b(s) < xz(s) <b(s) < (s)+2as hold. Inequalities z(s) — (n—1)(a, — 1) < a(s),
b(s) < b/'(s) +2as, V/(s) + as = x(s) and o, < a, yield b(s) — a(s) < nas, and
hence, as must be updated at least once (a’(s) and ¥'(s) are updated by (B)).
We finally suppose that s is selected as w and a, > a,, (e.g., see the modi-
fication from Fig. Blto Fig. ). Since «, is divisible by «,,, marks on the s-axis
remain the same. In the same way as the case where s = w and «a, < @,
we can modify a’(s) and ¥'(s) so that b'(s) — a/(s) does not increase and that
(M), @) and inequalities in [B]) except for z(s) < b(s) hold. If a’(s) and b'(s)
can be chosen to satisfy an additional requirement x(s) < '(s), then (B) can
be satisfied. Here we call the other case an inadmissible case. Since marks on
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the s-axis remain the same, the above modification guarantees that the num-
ber of marks in [(old)a(s), (old)b(s)] \ [(old)a’(s), (old)¥’(s)] must be precisely
two in the inadmissible case. We also have z(s) = b'(s) + a, < b(s) because
b'(s) < z(s) < b(s) <V (s)+2as and V' (s)—x(s) is divisible by a;. To satisfy (),
it suffices to increase b’ (s) by a;;. The number of marks in [a(s), b(s)]\[a’(s), V()]
is at most one after the inadmissible case, because b(s) < b'(s) + o, holds.

By the above discussion, the integral number v defined in () does not in-
crease if no scaling factors are updated. In particular, either ¢ or a certain scaling
factor is strictly reduced except in the inadmissible case. We now attach label
w to each iteration. We claim that, for a fixed s € V, the inadmissible case with
the same scaling factor as does not occur consecutively in the subsequence of
iterations labeled s. Hence, the case in Claim C occurs O(n?log(L/n)) times.

We prove the last claim. Suppose, to the contrary, that the inadmissible case
with the same scaling factor a, occurs at iterations ¢ and j (i < j) labeled s
and that s is not selected as w at iterations ¢ + 1 to j — 1. Although s may be
selected as w at iterations i + 1 to j — 1 in CASE2 or CASE3, marks on the s-axis
remain the same. After the modification at iteration i, [a(s),b(s)] \ [a/(s),b(s)]
contains at most one mark and this must be preserved just before iteration j.
However, this contradicts the fact that the inadmissible case occurs at iteration
J- ad

By Lemmas Bl and B, our main result is obtained.

Theorem 5. Suppose that f : Z" — R U {+o0} is an M-convex function with
a bounded effective domain and that 2° € dom f is given. Algorithm COORDI-
NATEWISE_SCALING finds a minimizer of f in O(Fn3log(L/n)) time, where F is
an upper bound of time to evaluate f and L = max{|z(u) —y(u)| |uv €V, z,y €
dom f}.

Proof. By Lemma B] if COORDINATEWISE_SCALING terminates then it finds a
minimizer of f. Lines £01 to 03 terminate in O(Fn?log L) time from Lemma [
Lemma [4] says that the while loop of COORDINATEWISE_SCALING terminates in
O(n?log(L/n)) iterations. Since the value f°(z) is evaluated in O(F) time for
any ¢ € Z" and function f is referred to at most 3n times per iteration, the
total time complexity is O(Fn3log(L/n)). O

Remark 2. For the sake of simplicity, both w; and uy are computed before line
208, and hence, f° is evaluated 3|V”’| times in each iteration. We can easily reduce
the number of evaluations of f° from 3|V’| to 2|V’| per iteration. We can also
replace constant n with variable |[V’|. These revision may improve execution time
of our algorithm.

4 Concluding Remarks

In this paper, we proposed an O(Fn?log(L/n)) time algorithm for M-convex
function minimization. We finally note that the algorithm can be extended to a
more general class of functions, called quasi M-convex functions.
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Murota and Shioura [24] introduced the concept of quasi M-convex functions
and generalized results on M-convexity to quasi M-convexity. A function f :
7Y — R U {+oo} with dom f # 0 is called quasi M-convex if it satisfies

(SSQM7) Va,y € dom f with f(z) # f(y), Yu € supp™ (z — y),
Jv € supp™ (z — y):

() f&—=Xutx0) = (@) 20 = f(y+xu—x0) = f¥) and
>

(i) f(y+xu—Xo) = f(¥) 20 = f(z —xu+Xo) — f(2)

Obviously, an M-convex function satisfies (SSQM7). Murota and Shioura [24]
show that Theorems [M and [ are extended to quasi M-convex functions. Fur-
thermore, we can verify that Theorem M is also extended to quasi M-convex
functions.

Let C be the class of functions f such that f satisfies (SSQM7) and arg min f
is an M-convex set. It is noted that the class C includes the semistrictly quasi
M-convex functions due to [24], which are defined by the property obtained from
(SSQM7) by eliminating hypothesis f(x) # f(y).

The key properties of M-convex functions stated in Propositions [I and
are shared by functions in C as follows. Since the set of the minimizers of any
function in C is an M-convex set, Proposition [I] is trivially extended to C. For
any f € Cand a,b € Z" | if argmin fN[a, b] # 0, then arg min f? is an M-convex
set and f? belongs to C, and hence, Proposition [ is also extended to C. Since
our algorithm, COORDINATEWISE_SCALING, relies solely on the above properties
and the fact that | and u with dom f C [I, u] are efficiently computable, it also
works with the same time complexity for a subclass of C such that [ and u are
efficiently computable.

0,
0.
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Abstract. Traditionally, flows over time are solved in time-expanded
networks which contain one copy of the original network for each dis-
crete time step. While this method makes available the whole algorith-
mic toolbox developed for static flows, its main and often fatal drawback
is the enormous size of the time-expanded network. In particular, this
approach usually does not lead to efficient algorithms with running time
polynomial in the input size since the size of the time-expanded network
is only pseudo-polynomial.

We present two different approaches for coping with this difficulty. First-
ly, inspired by the work of Ford and Fulkerson on maximal s-t-flows
over time (or ‘maximal dynamic s-t-flows’), we show that static, length-
bounded flows lead to provably good multicommodity flows over time.
These solutions not only feature a simple structure but can also be com-
puted very efficiently in polynomial time.

Secondly, we investigate ‘condensed’ time-expanded networks which rely
on a rougher discretization of time. Unfortunately, there is a natural
tradeoff between the roughness of the discretization and the quality of
the achievable solutions. However, we prove that a solution of arbitrary
precision can be computed in polynomial time through an appropriate
discretization leading to a condensed time expanded network of poly-
nomial size. In particular, this approach yields a fully polynomial time
approximation scheme for the quickest multicommodity flow problem
and also for more general problems.

1 Introduction

We consider flow problems in networks with fixed capacities and transit times on
the arcs. The transit time of an arc specifies the amount of time it takes for flow
to travel from the tail to the head of that arc. In contrast to the classical case
of static flows, a flow over time in such a network specifies a flow rate entering

* Extended abstract; information on the full version of the paper can be obtained via
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an arc for each point in time. In this setting, the capacity of an arc limits the
rate of flow into the arc at each point in time.

Flows over time may be applied to various areas of operations research and
have many real-world applications such as traffic control, evacuation plans, pro-
duction systems, communication networks, and financial flows. Examples and
further application can be found in the survey articles of Aronson [I] and Pow-
ell, Jaillet, and Odoni [1§].

Flows over time have been introduced about forty years ago by Ford and
Fulkerson [5l[6]. They consider the problem of sending the maximal possible
amount of flow from a source node s to a sink node ¢ within a given time 7. This
problem can efficiently be solved by essentially one min-cost flow computation
on the given network where transit times of arcs are interpreted as costs per
unit of flow. Ford and Fulkerson show that an optimal solution to this min-cost
flow problem can be turned into a maximal flow over time by first decomposing
it into flows on paths. The corresponding flow over time starts to send flow on
each path at time zero, and repeats each so long as there is enough time left in
the T time units for the flow along the path to arrive at the sink. A flow over
time featuring this structure is called temporally repeated.

A problem closely related to the problem of computing a maximal flow over
time is the quickest flow problem: Send a given amount of flow from the source to
the sink in the shortest possible time. This problem can be solved in polynomial
time by incorporating the algorithm of Ford and Fulkerson in a binary search
framework. Burkard, Dlaska, and Klinz [2] present a faster algorithm which even
solves the quickest flow problem in strongly polynomial time.

A natural generalization of the quickest flow problem and the maximal flow
problem considered by Ford and Fulkerson can be defined on networks with ad-
ditional costs on the arcs. Klinz and Woeginger [14] show that the search for a
quickest or a maximal flow over time with minimal cost cannot be restricted to
the class of temporally repeated flows. In fact, adding costs has also a consid-
erable impact on the complexity of these problems. Klinz and Woeginger prove
NP-hardness results even for the special case of series parallel graphs. Moreover,
they show that the problem of computing a maximal temporally repeated flow
with minimal cost is strongly NP-hard.

Another generalization is the quickest transshipment problem: Given a vector
of supplies and demands at the nodes, the task is to find a flow over time that
zeroes all supplies and demands within minimal time. Hoppe and Tardos [13]
show that this problem can still be solved in polynomial time. They introduce the
use of chain decomposable flows which generalize the class of temporally repeated
flows and can also be compactly encoded as a collection of paths. However, in
contrast to temporally repeated flows, these paths may also contain backward
arcs. Therefore, a careful analysis is necessary to show feasibility of the resulting
flows over time.

All results mentioned so far work with a discrete time model, that is, time
is discretized into steps of unit length. In each step, flow can be sent from a
node v through an arc (v, w) to the adjacent node w, where it arrives 7, ,,) time
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steps later; here, 7(, ) denotes the given integral transit time of arc (v,w). In
particular, the time-dependent flow on an arc is represented by a time-indexed
vector in this model. In contrast to this, in the continuous time model the flow
on an arc e is a function f. : Rt — IR*. Fleischer and Tardos [4] point out a
strong connection between the two models. They show that many results and
algorithms which have been developed for the discrete time model can be carried
over to the continuous time model.

In the discrete time model, flows over time can be described and computed
in time-expanded networks which were introduced by Ford and Fulkerson [5]6].
A time expanded network contains a copy of the node set of the underlying
‘static’ network for each discrete time step. Moreover, for every arc e in the
static network with integral transit time 7., there is a copy between all pairs of
time layers with distance 7, in the time-expanded network. Unfortunately, due
to the time expansion, the size of the resulting network is in general exponential
in the input size of the problem. This difficulty has already been pointed out by
Ford and Fulkersonl]. On the other hand, the advantage of this approach is that
it turns the problem of determining an optimal flow over time into a classical
‘static’ network flow problem on the time-expanded network. This problem can
then be solved by well-known network flow algorithms. A main contribution of
this paper is to provide a possibility to overcome the difficulties caused by the
size of time-expanded networks while still maintaining the latter advantage.

A straightforward idea is to reduce the size of time-expanded networks by
replacing the time steps of unit length by larger steps. In other words, applying
a sufficiently rough discretization of time leads to a condensed time-expanded
network of polynomial size. However, there is a tradeoff between the necessity to
reduce the size of the time-expanded network and the desire to limit the loss of
precision of the resulting flow model since the latter results in a loss of quality
of achievable solutions.

We show that there is a satisfactory solution to this tradeoff problem. An
appropriate choice of the step length leads to a condensed time-expanded net-
work of polynomial size which still allows a (1 + ¢)-approximate precision in
time, for any € > 0. This observation has potential applications for many prob-
lems involving flows over time. In particular, it yields a fully polynomial time
approximation scheme (FPTAS) for the quickest multicommodity flow problem.

To the best of our knowledge, this is the first approximation result for the
general time-dependent multicommodity flow problem. Moreover, the complex-
ity of the quickest multicommodity flow problem is still open. It has neither been
proved to be NP-hard nor is it known to be solvable in polynomial time. Apart
from this, we believe that our result is also of interest for flow problems, like the
quickest transshipment problem, which are known to be solvable in polynomial
time. While the algorithm of Hoppe and Tardos [13] for the quickest transship-
ment problem relies on submodular function minimization, the use of condensed

! They use the time-expanded network only in the analysis of their algorithm. The
optimality of the computed flow over time is proven by a cut in the time-expanded
network whose capacity equals the value of the flow.
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time-expanded networks leads to an FPTAS which simply consists of a series of
max-flow computations.

Moreover, our approach also works in the setting with costs and we can give
a bicriteria FPTASE for the min-cost quickest multicommodity flow problem.
Notice that already the single-commodity version of this problem is known to
be NP-hard [14].

We next introduce a geometrically-condensed time-expanded network satis-
fying the following property: For any point in time 6, every unit of flow which ar-
rives at its destination in a given flow at time 6, arrives there before time (1+¢)6
in a corresponding solution for this network. We use this to give the first FPTAS
for the earliest arrival flow problem when there are multiple sources and a single
sink. In contrast to Hoppe and Tardos’ FPTAS for the single-source, single-sink
problem where the amount of flow is approximately optimal at every moment of
time [12], we obtain optimal flows in approximately optimal time.

While our analysis shows that condensed time-expanded networks lead to
theoretically efficient (polynomial time) algorithms with provably good worst
case performance, these algorithms can certainly not compete with methods,
like the algorithm of Ford and Fulkerson, which solely work on the underlying
static network. On the other hand, such methods are only known for restricted
problems with one single commodity. For more general problems, like multicom-
modity flows over time, it is not even clear how to encode optimal solutions
efficiently. Complex time dependency seems to be an inherent ‘defect’ of optimal
solutions to these problems. Against this background, it is interesting to ask for
provably good solutions featuring a reasonably simple structure.

Inspired by the work of Ford and Fulkerson on maximal s-t-flows over time,
we show that static, length-bounded flows in the underlying static network lead to
provably good multicommodity flows over time which, in addition, can be com-
puted very efficiently. A length-bounded flow has a path decomposition where
the length of each flow-carrying path is bounded. Based on such a path decom-
position, we can construct a temporally repeated flow over time. Moreover, if we
start with a maximal length-bounded flow, the resulting flow over time needs at
most twice as long as a quickest flow over time. If one allows a (1+¢)-violation of
the length bound, a maximal length-bounded flow can be computed efficiently in
polynomial time. Therefore, this approach yields a (2 4 €)-approximation algo-
rithm for the quickest multicommodity flow problem with costs. In this context
it is interesting to remember that the problem of computing a quickest tempo-
rally repeated flow with bounded cost is strongly NP-hard [14] and therefore
does not allow an FPTAS, unless P=NP. We also present pathological instances
which imply a lower bound on the worst case performance of our algorithm and
show that the given analysis is tight.

The paper is organized as follows. In Sect. [ we give a precise description
of the problem under consideration and state basic properties of static (length-
bounded) flows and flows over time. In Sect.Blwe present a (2+¢)-approximation

2 A family of approximation algorithms with simultaneous performance ratio 1+ ¢ for
time and cost, for any € > 0.
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algorithm based on length-bounded flows. In Sect. @l we introduce time-expanded
networks and discuss the interconnection between flows over time and (static)
flows in time-expanded networks. Our main result on condensed time expanded
networks is presented in Sect. Bl Finally, in Sect. [f] and [ we discuss extensions
of this result to the corresponding min-cost flow problems and to earliest arrival
flows. In this extended abstract, we omit all details in the last two sections due
to space restrictions.

2 Preliminaries

We consider routing problems on a network N' = (V, A). Each arc e € A has
an associated transit time or length T, and a capacity u.. An arc e from node v
to node w is sometimes also denoted (v, w); in this case, we write head(e) = w
and tail(e) = v. There is a set of commodities K = {1,..., k} that must be routed
through network N. Each commodity is defined by a source-sink pair (s;,t;) €
V xV,i € K, and it is required to send a specified amount of flow d; from s;
to t;, called the demand. In the setting with costs, each arc e has associated cost
coefficients c.;, ¢ € K, which determine the per unit cost for sending flow of
commodity ¢ through the arc.

2.1 Static Flows

A static (multicommodity) flow  on N assigns every arc-commodity pair (e, 1)
a non-negative flow value z.; such that flow conservation constraints

Z Tei — Z Te; = 0 for all v € V '\ {s;,t;},

e€d— (v) ecdt(v)

are obeyed for any commodity i € K. Here, §*(v) and 6~ (v) denote the set of
arcs e leaving node v (tail(e) = v) and entering node v (head(e) = v), respec-
tively. The static flow z satisfies the multicommodity demands if

Z Tei — Z Le,i 2 dz 9
e€s (t;) e€st(t;)

for any commodity i € K. Moreover, z is called feasible if it obeys the capacity
constraints . < u., for all e € A, where z, := ZieK Zc,; is the total flow on

arc e. In the setting with costs, the cost of a static flow z is defined as

clz) = ZZC€>ixe7i . (1)

ecAieK

2.2 Flows over Time

In many applications of flow problems, static routing of flow as discussed in
Sect. [Z1] does not satisfactorily capture the real structure of the problem since
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not only the amount of flow to be transmitted but also the time needed for the
transmission plays an essential role.

A (multicommodity) flow over time f on N with time horizon T is given by
a collection of Lebesgue-measurable functions f.; : [0,7) — R* where f. ()
determines the rate of flow (per time unit) of commodity i entering arc e at
time 6. Transit times are fixed throughout, so that flow on arc e progresses at
a uniform rate. In particular, the flow f.,;(f) of commodity ¢ entering arc e
at time 6 arrives at head(e) at time 6 + 7.. Thus, in order to obey the time
horizon T, we require that f.;(0) =0 for 0 € [T — 7., T).

In our model, we allow intermediate storage of flow at nodes. This corre-
sponds to holding inventory at a node before sending it onward. Thus, the flow
conservation constraints are integrated over time to prohibit deficit at any node:

> fez— dG—Z/fH ydo > 0, 2)

e€d™ (v) e€dt (v)

for all £ € [0,T), v € V \ {s;}, and i € K. Moreover, we require that equality
holds in (@) for £ =T and v € V'\ {s;,t;}, meaning that no flow should remain
in the network after time 7'

The flow over time f satisfies the multicommodity demands if

/fez —7.) d§ — /fez a9 > d; | (3)

e€6—(t:) e€6+ (t;)

for any commodity i. Moreover, f is called feasible if it obeys the capacity
constraints. Here, capacity u. is interpreted as an upper bound on the rate of
flow entering arc e, i.e., a capacity per unit time. Thus, the capacity constraints
are fe(0) < ue, for all 0 € [0,T) and e € A, where fe(0) := >, fe,i(0) is the
total flow into arc e at time 6.

For flows over time, a natural objective is to minimize the makespan: the
time T necessary to satisfy all demands. In the quickest (multicommodity) flow
problem, we are looking for a feasible flow over time with minimal time horizon T’
that satisfies the multicommodity demands.

In the setting with costs, the cost of a flow over time f is defined as

chm/ foa0) d6 . (4)

ecAieK

The quickest (multicommodity) flow problem with costs is to find a feasible flow
over time f with minimal time horizon T that satisfies the multicommodity
demands and whose cost is bounded from above by a given budget B. A natural
variant of this problem is to bound the cost for every single commodity i by a
budget B;, that is, > . 4 cei fOT fe,i(6) d6 < B;, for all i € K. All of our results
on the quickest multicommodity flow problem with costs work in this setting
also.
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2.3 Length-Bounded Static Flows

While static flows are not defined with reference to transit times, we are inter-
ested in static flows that suggest reasonable routes with respect to transit times.
To account for this, we consider decompositions of static flows into paths.

It is well known that in a static flow = the flow (z.;)eca of any commod-
ity ¢ € K can be decomposed into the sum of flows on a set of s;-t;-paths and
flows on cycles. We denote the set of all s;-t;-paths by P; and the flow value of
commodity ¢ on path P € P; is denoted by zp;. Then, for each arc e € A,

Tei = E rpi -

PeP;:

ecP
We assume without loss of generality that there are no cycles in the flow decom-
position; otherwise, the solution x can be modified by decreasing flow on those
cycles.

The static flow z is called T-length-bounded if the flow of every commod-
ity ¢ € K can be decomposed into the sum of flows on s;-t;-paths such that the
length 7(P) := 3" . p 7. of any path P € P; with zp; > 0 is at most T

While the problem of computing a feasible static flow that satisfies the mul-
ticommodity demands can be solved efficiently, it is NP-hard to find such a
flow which is in addition T-length-bounded, even for the special case of a single
commodity. This follows by a straightforward reduction from the NP-complete
problem PARTITION. On the other hand, the length-bounded flow problem can
be approximated within arbitrary precision in polynomial time. More precisely,
if there exists a feasible T-length-bounded static flow = which satisfies the mul-
ticommodity demands, then, for any £ > 0, we can compute a feasible (1 +¢)T-
length-bounded static flow z’ of cost ¢(z’) < ¢(z) satisfying all demands with
running time polynomial in the input size and 1/e.

In order to prove this, we first formulate the problem of finding a feasible T-
length-bounded static flow as a linear program in path-variables. Let

Pl .= {(PeP;|7(P)<T}

be the set of all s;-t;-paths whose lengths are bounded from above by T'. The
cost of path P € P; is defined as ¢;(P) := ) cp Ce,i- The length bounded flow
problem can then be written as:

min Z Z ci(P)zp;

icK pepl
s. t. Z rp; > d; for alli € K,
PePl
Z Z Tpi < Ue foralle € A,
€K pePl:
ecP

xp; > 0 forallieK,PEPiT.
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Unfortunately, the number of paths in P} and thus the number of variables
in this linear program are in general exponential in the size of the underlying

network N. If we dualize the program we get:

max Zdizi — Zueye

€K ecA

s. t. Z(ye—i—ce’i) >z foralli € K, P € P!,
ecP
ZiyYe > 0 foralli € K, e € A.

The corresponding separation problem can be formulated as a length-bounded
shortest path problem: Find a shortest s;-t;-path P with respect to the arc
weights y. + c.; whose length 7(P) is at most T, that is, P € P{. While this
problem is NP-hard [10], it can be solved approximately in the following sense:
For any € > 0, one can find in time polynomial in the size of the network A
and 1/e an s;-t;-path P with 7(P) < (1 4+ )T whose length with respect to the
arc weights y. + c.; is bounded from above by the length of a shortest path
in P [L1JT5/17]. Using the equivalence of optimization and separation [9J], this
means for our problem that we can find in polynomial time an optimal solution
to a modified dual program which contains additional constraints corresponding
to paths of length at most (1 + &)7". From this dual solution we get a primal
solution which uses additional variables corresponding to those paths of length
at most (1+¢)T.

Notice that the method described above relies on the ellipsoid method and
is therefore of rather restricted relevance for solving length-bounded flow prob-
lems in practice. However, the FPTASes developed in [8I3] for multicommodity
flow problems can be generalized to the case of length-bounded flows: Those
algorithms iteratively send flow on shortest paths with respect to some length
function. In order to get a length-bounded solution, these shortest paths must
be replaced by (up to a factor of (1 + ¢)) length-bounded shortest paths.

3 A Simple (2 + €)-Approximation Algorithm

In this section we generalize the basic approach of Ford and Fulkerson [5l[6] to the
case of multiple commodities and costs. However, in contrast to the algorithm
of Ford and Fulkerson which is based on a (static) min-cost flow computation,
the method we propose employs length-bounded static flows.

Any feasible flow over time f with time horizon T' and cost at most B natu-
rally induces a feasible static flow 2 on the underlying network N by averaging
the flow on every arc over time, that is,

1 T
Teyi = T/O fe,,»(Q) do

for all e € A and i € K. By construction, the static flow « is feasible and it
satisfies the following three properties:
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S1 2 ED) 0 t1 0 to 2
3 3

Fig. 1. An instance of the quickest multicommodity flow problem containing three
commodities; commodities 1 and 3 have demand value 1, commodity 2 has demand
value 2. The numbers at the arcs indicate the transit times; all arcs have unit capacity.
A quickest flow with waiting at intermediate nodes allowed takes 3 time units and
stores one unit of commodity 2 at the intermediate node t; = s3 for two time units.
However, if flow cannot be stored at intermediate nodes, an optimal solution takes
time 4

(i) it is T-length-bounded;
(ii) it satisfies a fraction of & of the demands covered by the flow over time f;

(i) c(x) = (f)/T. '

Due to the fixed time horizon T, flow can only travel on paths of length at
most T in f such that property (f) is fulfilled. Property () follows from (B).
Finally, property (iii) is a consequence of (1) and (@).

On the other hand, given an arbitrary feasible static flow x meeting require-
ments (i), (i), and (i), it can easily be turned into a feasible flow over time g
meeting the same demands at the same cost as f within time horizon 27: Pump
flow into every s;-t;-path P given by the length-bounded path decomposition
of  at the corresponding flow rate xp; for T’ time units; then wait for at most T’
additional time units until all flow has arrived at its destination. In particular,
no flow is stored at intermediate nodes in this solution.

Lemma 1. Allowing the storage of flow at intermediate nodes in N saves at
most a factor of 2 in the optimal makespan. On the other hand, there are in-
stances where the optimal makespan without intermediate storage is 4/3 times
the optimal makespan with intermediate storage.

Proof. The bound of 2 follows from the discussion above. In Fig. [l we give an
instance with a gap of 4/3 between the optimal makespan without storing and
the optimal makespan with storing at intermediate nodes. a

Notice that the gap of 4/3 is not an artifact of the small numbers in the
instance depicted in Fig. [l It holds for more general demands and transit times
as well: For instance, scale all transit times and capacities of arcs by a factor
of ¢ and multiply all pairwise demands by a factor of ¢. The ratio of optimal
makespans for the problems without to with storage is still 4/3.

In contrast to Ford and Fulkerson’s temporally repeated flows, the flows
over time resulting from length-bounded static flows described above, do not
necessarily use flow-carrying paths as long as possible. However, we can easily
enforce this property by scaling the flow rate xp; on any path P by a fac-
tor T/(2T — 7(P)) < 1 and sending flow into the path at this modified rate
during the time interval [0,2T — 7(P)).

We can now state the main result of this section.
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Fig. 2. An instance with k& commodities showing that the analysis in the proof of
Theorem [I] is tight. All arcs have unit capacity and transit times as depicted above.
The demand value of every commodity is 1. A quickest flow needs T = k time units.
However, any static flow can satisfy at most a fraction of 1/k of the demands. In
particular, the makespan of the resulting flow over time is at least 2k — 1

Theorem 1. For the quickest multicommodity flow problem with costs, there
exists a polynomial time algorithm that, for any € > 0, finds a solution of the
same cost as optimal with makespan at most 2 + € times the optimal makespan.

Proof. Using binary search, we can guess the optimal makespan with preci-
sion 1+¢/4, that is, we get T with T* < T < (1+¢/4)T™*. If we relax property
to allow flow on paths of length at most (1 +¢/4)T < (1 + 3e/4)T*, a feasible
static flow meeting properties (i) to (fi) can be computed in polynomial time;
see Sect. 23l This static flow can then be turned into a flow over time with
makespan (1 +3¢/4)T* + (1 +¢/4)T* = (24 ¢)T™ as described above. O

In Fig. 2 we present an instance which shows that the analysis in the proof
of Theorem [T] is tight, that is, the performance guarantee of the discussed ap-
proximation algorithm is not better than 2.

4 Flows over Time and Time-Expanded Networks

Traditionally, flows over time are solved in a time-expanded network. Given a
network NV = (V, A) with integral transit times on the arcs and an integral
time horizon T, the T-time-expanded network of A/, denoted N7 is obtained by
creating T’ copies of V, labeled Vj through Vy_i, with the " copy of node v
denoted vg, # =0,...,T — 1. For every arc e = (v,w) in Aand 0 < 0 < T — 7,
there is an arc ey from vg to wg4,, with the same capacity and cost as arc e. In
addition, there is a holdover arc from vy to vg41, forallv € Vand 0 <6 < T—1,
which models the possibility to hold flow at node v.

Any flow in this time-expanded network may be taken by a flow over time
of equal cost: interpret the flow on arc ey as the flow through arc e = (v, w)
that starts at node v in the time interval [0, 6 + 1). Similarly, any flow over time
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completing by time T corresponds to a flow in N7 of the same value and cost
obtained by mapping the total flow starting on e in time interval [, 0+ 1) to flow
on arc eg. More details can be found below in Lemma 2] (set A :=1). Thus, we
may solve any flow-over-time problem by solving the corresponding static flow
problem in the time-expanded graph.

One problem with this approach is that the size of N7 depends linearly
on T, so that if T is not bounded by a polynomial in the input size, this is not
a polynomial-time method of obtaining the required flow over time. However,
if all arc lengths are a multiple of A > 0 such that [T/A] is bounded by a
polynomial in the input size, then instead of using the T-time-expanded graph,
we may rescale time and use a condensed time-expanded network that contains
only [T'/A] copies of V. Since in this setting every arc corresponds to a time
interval of length A, capacities are multiplied by A. We denote this condensed
time-expanded network by N7 /A, and the copies of V in this network by Voa
for p=0,...,]T/A] - 1.

Lemma 2. Suppose that all arc lengths are multiples of A and T/A is an inte-
ger. Then, any flow over time that completes by time T corresponds to a static
flow of equal cost in NT /A, and any flow in NT /A corresponds to a flow over
time of equal cost that completes by time T .

Proof. Given an arbitrary flow over time, a modified flow over time of equal value
and cost can be obtained by averaging the flow value on any arc in each time
interval [pA, (p+1)A), p=0,...,T/A—1. This modified flow over time defines
a static flow in N7 /A in a canonical way. Notice that the capacity constraints
are obeyed since the total flow starting on arc e in interval [pA, (p + 1)A) is
bounded by Au.. The flow values on the holdover arcs are defined in such a way
that flow conservation is obeyed in every node of N7 /A.

On the other hand, a static low on AT /A can easily be turned into a flow
over time. The static flow on an arc with tail in V, 4 is divided by A and sent
for A time units starting at time pA. If the head of the arc is in V, o for o > p,
then the length of the arc is (0 —p) A, and the last flow (sent before time (p+1)A)
arrives before time (o + 1) A. Note that if costs are assigned to arcs of N7 /A in
the natural way, then the cost of the flow over time is the same as the cost of
the corresponding flow in the time-expanded graph. ad

If we drop the condition that T'/A is integral, we get the following slightly
weaker result.

Corollary 1. Suppose that all arc lengths are multiples of A. Then, any flow
over time that completes by time T corresponds to a static flow of equal value
and cost in NT /A, and any flow in NT /A corresponds to a flow over time of
equal value that completes by time T + A.

5 An FPTAS for Multicommodity Flow over Time

Our FPTAS for flow over time will use a graph AT /A for an appropriately
defined A. We show below that, even when all arc lengths are not multiples
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of A, for an appropriate choice of A that depends on £ we may round the
lengths up to the nearest multiple of A, and suffer only a 1+ ¢ factor increase in
the makespan of our flow. Thus, our algorithm is simply to first round the arc
lengths, construct the corresponding condensed time-expanded network N7 /A,
solve the flow problem in this time-expanded graph, and then translate this
solution into a flow over time. We show below that this natural algorithm yields
an FPTAS for minimizing the makespan of flow over time problems.

In the last step of the sketched algorithm, we make use of the following
straightforward observation which will also be employed at several points during
the analysis of the algorithm.

Observation 1. Any flow over time with time horizon T in a network with
elongated arc lengths induces a flow over time satisfying the same demands within
the same time horizon in the original network.

5.1 Increasing the Transit Times

Our analysis starts with an optimal flow that completes by time 7%, and then
shows how to modify this flow so that it completes by time (1+¢)7T™ in a network
with elongated arc lengths. Throughout the proof we often use the following
freezing technique for modifying a given flow over time in a fixed network A: At
some point in time 6, we ‘freeze’ the flow in progress and ‘unfreeze’ it later at
time 6+ 6, thereby increasing the completion time of the flow by at most §. More
formally, freezing a flow in progress during a time interval [0, 6 + §) means that
no new flow is sent onto any arc during this interval; instead, at time 6, every
unit of flow which is currently traveling on some arc continues on its path at its
regular pace until it reaches the next node and then rests there for ¢ time units
before it continues its journey. The motivation for introducing such a freezing
period is that it provides free capacity which can be used to send additional flow
on an arc during the time interval [0, 6 + ¢).

Let f* be an optimal flow over time for network N with m arcs, n nodes,
and with commodities 1 < i < k associated with source-sink node pairs (s;,t;)
and flow demands d;. Let T be the completion time of this flow. The following
theorem contains the key result for the construction of our FPTAS.

Theorem 2. Let ¢ >0 and A < ﬁT*. Increasing the transit time of every
arc by an additive factor of at most A increases the minimum time required to
satisfy the multicommodity demands by at most €T*.

The rough idea of the proof is that, for each elongated arc e, its original
transit time can be emulated by holding ready additional units of flow in a
buffer at the head of the arc. Since the required amount of flow in this buffer
depends on the total flow that is traveling on the arc at any moment of time,
we first show that we can bound the maximal rate of flow into an arc, without
too much increase in the makespan.

For an arbitrary flow over time f, consider the flow on arc e of commodity 3.
This flow travels from s; to ¢; on a set of paths P ;(f), all containing arc e. For
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Je,i(0) fe,i(0)

Fig. 3. Modification of the flow over time f: The flow of commodity ¢ on arc e is
truncated at e,;. In the modified solution, the extra D flow units (shaded area on the
left hand side) are sent onto arc e while the flow in the remaining network is frozen
(shaded area on the right hand side)

any path P, let u(P) denote the minimum capacity of an arc ¢’ € P and |P| the
number of arcs on P. Define u. ;(f) := maxpep, () u(P).

Lemma 3. For any ¢ > 0, there is a flow over time f in the network N that
fulfills the following properties:

(i) It satisfies all demands by time (14 ¢/2)T*.
(ii) For any arc e and any commodity i, the rate of flow onto arc e of commod-
ity 1 1is bounded by

2
ealf) = P wei(f)

at any time.

Proof. The optimal flow over time f* obviously satisfies property ({l). We start
with the flow f := f* and carefully modify it until it also satisfies (). During this
modification we only delay but never reroute flow such that u. ;(f) and @, ;(f)
stay fixed and are therefore denoted by u.; and . ;, respectively.

An illustration of the following modification is given in Fig.[3. In any time
intervald I when f sends more than 1. ; units of flow of commodity ¢ onto arc e,
we truncate the flow at . ;. In order to compensate for the resulting loss of

D = / (Fos(0) — i1e) dO

I

flow units, we freeze the flow in N for D/, ; time units at the beginning of
time interval I and push D units of flow onto arc e (see the shaded area on the

3 It follows from the discussion in Sect. H (see Lemma[2]) that there are only finitely
many such intervals since we can assume without loss of generality that fJ; is a step
function.
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right hand side of Fig. B). Afterwards, the flow is unfrozen again. Due to this
freeze-unfreeze process, the D flow units arrive early (compared to the remaining
flow) at the head of arc e and are stored there until it is time to send them onto
another arc.

We repeat this freeze-unfreeze step for every commodity-arc pair. By con-
struction, the resulting flow f fulfills property () and satisfies all demands. Tt
thus remains to show that f completes before time (1 +&/2)T*. Notice that the
increase in the completion time of f compared to f* is exactly the additional
time added to the total flow schedule when the flow gets frozen due to some
arc e and some commodity 4. In the following we show that the total freezing
time caused by arc e and commodity ¢ is at most 5=-T", for any e and i.

Whenever the flow is frozen due to arc e and commodity ¢, the flow rate
of commodity 7 onto arc e is exactly @ ;; see Fig. Bl It therefore suffices to
show that a total of at most @ ;571" = mue ;T* flow of commodity i is sent
through arc e in the optimal solution f* and thus also in f. Consider all flow of
commodity ¢ on paths in P, ;. If we choose for each path P € P, ; an arc with
capacity u(P) < u.,, the total flow through the chosen arcs bounds the total
flow of commodity ¢ through arc e. Since we can choose at most m arcs and the
makespan of f* is T, this gives the desired bound of mu. ;7™ on the total flow
of commodity i sent through arc e. This completes the proof. a

With the aid of Lemma [3] we can now prove Theorem [2l

Proof (of Theorem[@). Let f be a flow over time in network A (with original
transit times). We start by modifying f as described in the proof of Lemma Blso
that it fulfills properties (i) and (). Let Ma be N modified so that the transit
time of every arc is rounded up to an integral multiple of A. We show how the
flow over time f can be modified to satisfy all demands in A4 by time (1+¢)7T™.
Although some flow units will be rerouted during this modification, the set of
paths P.; := P.;(f) remains unchanged, for any arc e and any commodity 4.
In particular, u.;(f) and . ;(f) stay fixed and are therefore denoted by wu.
and e ;, respectively.

The modification is done in m steps such that in each step the transit time
of only one arc e is increased at the cost of increasing the makespan by at
most 5=T™. Thus, the total increase of the makespan of f after m steps is at
most $7. Together with the prior modifications discussed in Lemma [3, this
implies that the resulting flow completes by time (1 + &)T*.

Each step has two phases. In the first phase, the transit time of arc e remains
unchanged but the demand satisfied by f is increased to d; + At ;, for all
commodities i. Then, in the second phase, the extra At ; units of flow from
the first phase are used to emulate the original transit time 7. on the elongated
arc e of length 7. + A. (It follows from Observation [l that it suffices to consider
the extreme case of increasing the transit time by exactly A).

Phase 1: For each commodity ¢, let P,; € P.; be an s;-t;-path with ca-

pacity u. ;. The additional At ; units of flow are routed through path P, ;: At

2km?
e

time 0, we freeze the current flow throughout the network for A time units
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and pump an extra Awum = Ad,; units of flow of commodity ¢ into the

first arc on this path. When this flow arrives at the next arc on path P, ;, we
2k

again freeze the current flow for A ;"2 time units and send this flow onto the
next arc, and so on.

Notice that the extra flow does not violate the capacity constraints since the
capacity of any arc on path P, ; is at least u. ;. Moreover, the extra units of flow

arrive at their destination ¢; before time

2km? 2km?

T(Pei)+ A < TP+ A

We add this flow to f. The makespan of f is increased by

2 3
2km < A 2km < €
€ - € - 2km

*

| Pei| A

Repeating this for all commodities i increases the makespan by at most 5=-7™.
Phase 2: Now, we increase the length of arc e to 7. + A and modify the cur-
rent flow over time f as follows. The point on arc e that is distance 7. from tail(e)
is called apex(e). For any commodity 4, the first At ; units of flow of commod-
ity ¢ traveling across arc e are stored in a special buffer as soon as they arrive
at head(e). The flow stored in the buffer at head(e) can then be used to emulate
the original transit time on arc e for any further unit of flow of commodity 1.

An illustration of the following argument is given in Fig. @l Any further
unit of flow of commodity ¢ arriving at apex(e) is instantly ‘replaced’ by a unit
of flow from the buffer. Then, after A time units, when the flow has traveled
from apex(e) to head(e), the buffer is refilled again. In other words, the flow in
the buffer is treated as newly arriving flow at head(e), and the flow reaching the
head enters the buffer. Thus, due to property (i) from Lemma[3 the choice of
buffer size At ; ensures that the buffer is never empty.

Notice that this modification of f does not increase its makespan. The result
of the modification is that exactly d; units of flow of commodity i arrive at
destination ¢; and At ; units of flow remain in the buffer at the head of arc e
in the end. Since the latter effect is undesired, we revoke it as follows: The A, ;
units of flow in the buffer are exactly those that arrive last at head(e). We can
simply delete them from the entire solution, that is, we never send them from s;
into the network. a

5.2 The FPTAS

As a consequence of Theorem 2] we can now give an FPTAS for the problem of
computing a quickest multicommodity flow over time:

Input: A directed network A with non-negative integral transit times and
capacities on the arcs, and commodities 1 < ¢ < k associated with
source-sink node pairs (s;,t;) and flow demands d;; a number ¢ > 0.

Output: A multicommodity flow over time satisfying all demands.
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tail(e) apex(e) head(e)

e | i,
.|

Fig. 4. In Phase 2, the flow in the buffer at the head of the elongated arc e is used to
emulate its original length 7.

0

Step 1. Compute a good lower bound L on the optimal makespan T™* such
that L is at legxst a constant fraction of T*.

Step 2. Set A := ;555 L and round the transit times up to the nearest
multiple of A.

Step 3. Find the minimal T = (A, ¢ € N, such that there exists a feasi-
ble flow satisfying all demands in the condensed time-expanded net-
work N7 /A.

Step 4. Output the flow over time that corresponds to the flow in N7 /A from
Step 3 (see Lemma [2] and Observation [T).

It follows from Theorem [2]land Corollary [[lthat the above algorithm computes
a solution with makespan T' < (1 +¢)T* + A < (1 + 2¢)T*. Moreover, it can be
implemented to run in time polynomial in n, m, and 1/e: Step [I] can be done in
polynomial time using the constant factor approximation algorithm from Sect. Bl
(see Theorem [). Step B is trivial and Step [B can be done in polynomial time
by binary search since £ € O(k*m*/?) by Theorem B and choice of A. Here, A
is chosen so that the size of the condensed time-expanded network N7 /A is
polynomial. Thus, Step ll can also be done in polynomial time.

Theorem 3. There is an FPTAS for the problem of computing a quickest mul-
ticommodity flow over time.
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6 Problems with Costs

Unfortunately, Theorem B] cannot directly be generalized to the quickest multi-
commodity flow problem with costs. The reason is that in our analysis we have to
reroute flow in order to show that there exists a reasonably good solution in the
condensed time-expanded network N7 /A (see proof of Theorem [Z). Since the
thick paths P. ;, which are used to route additional units of flow, might be rel-
atively expensive, the modified flow in the network with increased transit times
can possibly violate the given budget B. However, we can prove the following
bicriteria result. We omit the proof in this extended abstract.

Theorem 4. Given an instance of the quickest multicommodity flow problem
with costs and € > 0, one can compute in time polynomial in the input size
and 1/e a flow over time of cost at most (1 + ) B whose makespan is within a
factor of 1 + € of the optimal makespan.

7 Earliest Arrival Flows

For a single commodity problem, an earliest arrival flow is a flow that simul-
taneously maximizes the amount of flow arriving at the sink before time 6, for
all # = 0,...,T. The existence of such a flow was first observed by Gale [7] for
the case of a single source. Both Wilkinson [I9] and Minieka [16] give equivalent
pseudo-polynomial time algorithms for this case, and Hoppe and Tardos [12] de-
scribe an FPTAS for the problem. For multiple sources, an earliest arrival flow
over time can be computed in the discrete time model by using lexicograph-
ically maximal flows in the time-expanded network [I6]. However, due to the
exponential size of the time-expanded network, this does not lead to an efficient
algorithm for the problem.

Unfortunately, lexicographically maximal flows in condensed time-expanded
networks do not necessarily yield approximate earliest arrival flows. One problem
is that, in our analysis, the first units of flow on an arc are always used to fill
the buffer at the head of the arc and are therefore ‘lost’. As a consequence, the
first units of flow that actually arrive at the sink might be pretty late.

Another problem arises due to the discretization of time itself. Although we
can interpret a static flow in a time-expanded network as a continuous flow
over time, in doing so, we only get solutions where the rate of flow arriving at
the sink is constant (i.e., averaged) within each discrete time interval. While
this effect is negligible for late intervals in time, it might well cause problems
within the first time intervals. In the full version of this paper, we introduce a
geometrically-condensed time-expanded network to surmount this difficulty and
obtain the following result.

Theorem 5. For any € > 0, a (1 + ¢)-approximate earliest arrival flow in a
network with multiple sources and a single sink can be computed in time polyno-
mial in the input size and 1/e by computing a lexicographically mazimal flow in
an appropriate geometrically condensed time-expanded network.
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Abstract. We present an improved bound on the min-cut max-flow ra-
tio for multicommodity flow problems with specified demands. To obtain
the numerator of this ratio, capacity of a cut is scaled by the demand
that has to cross the cut. In the denominator, the maximum concurrent
flow value is used. Our new bound is proportional to log(k*) where k* is
the cardinality of the minimal vertex cover of the demand graph.

1 Introduction

In this paper we study the multicommodity flow problem on undirected graphs
and present a new bound on the associated min-cut max-flow ratio. Starting with
the pioneering work of Leighton and Rao [I1] there has been ongoing research
in the area of “approximate min-cut max-flow theorems” for multicommodity
flows. Currently, the best known bound for this ratio is proportional to log(k)
where k is the number of origin-destination pairs with positive demand. Our
new bound is proportional to log(k*) where k* is the cardinality of the minimal
vertex cover of the demand graph.

Throughout the paper, we assume that the input graph G = (V| E) is con-
nected and has positive capacity ¢, on all edges e € E. A (multicommodity)
flow is considered feasible if for all edges e € E total load on e (regardless of the
orientation) does not exceed c,.

1.1 Single Commodity Flows

Given two special nodes s, v € V, and a specified flow requirement ¢t € R,
the well-known min-cut max-flow theorem [5] implies that ¢ units of flow can be
routed from s to v if and only if the minimum cut-capacity to cut-load ratio p*
is at least 1, where

. . { Deed(s) Ce }
pr = min —_— .

SCV:seS,v¢gS t
It is possible to generalize this result to a collection of flow requirements that
share a common source node as follows: Given a source node s and a collection of
sink nodes v, € V'\ {s} for ¢ € Q, it is possible to simultaneously route ¢, € IR+
units of flow from s to v, for all ¢ € @ if and only if p* > 1 where

. . { Deed(s) Ce }
p* = min —_ 5.
SCV:seS EqEQ v ¢S tq
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This observation is the main motivation behind our study as it shows that a min-
cut max-flow relationship holds tight for network flow problems (with specified
flow requirements) as long as the sink nodes share a common source node. Note
that, since G is undirected, the min-cut max-flow relationship also holds tight
when there is a single sink node and multiple source nodes.

1.2 Multicommodity Flows

A natural extension of this observation is to consider multicommodity flows,
where a collection of pairs of vertices {sq,v,}, ¢ € Q together with a flow
requirement ¢, for each pair is provided. Let the minimum cut-capacity to cut-
load ratio for multicommodity flows be similarly defined as

p* = min { Zeeé(S) Ce }

scv 4€Q:|SN{sqv}|=1 ta

In the remainder of the paper we refer to p* as the minimum cut ratio. Clearly,
it is possible to simultaneously route ¢, units of flow from s, to v, for all ¢ € @,
only if p* > 1. But the converse is not true ([I4], [I6]) and a simple counter
example is the complete bipartite graph K 3 with unit capacity edges and unit
flow requirements between every pair of nodes that are not connected by an
edge.

For multicommodity flows, metric inequalities provide the necessary and suf-
ficient conditions for feasibility, (see [7], and [17]). More precisely, it is possible
to simultaneously route ¢, units of flow from s, to v, for all ¢ € @, if and only
if the edge capacities satisfy

z:wece > Zdz’st(sq,vq)tq

ecE qeQ

for all w € IRLE‘, where dist(u,v) denotes the shortest path distance from u to v
using w as edge weights. The set of all important edge weights form a well-defined
polyhedral cone. Notice that the above example with K5 3 does not satisfy the
metric inequality “generated” by w. = 1 for all e € E. It is easy to show that
the condition p* > 1 is implied by metric inequalities.

The mazimum concurrent flow problem is the optimization version of the
multicommodity flow feasibility problem, (see [20] and [14]). The objective now is
to find the maximum value of x such that « ¢, units of flow can be simultaneously
routed from s, to v, for all ¢ € Q). Note that x can be greater than one.

For a given instance of the multicommodity flow problem, let k* denote the
value of the maximum concurrent flow. Clearly * can not exceed p*. Our main
result is the following reverse relationship

1 *
> o og 17 7 (1)

*

where c is a constant and k* is the cardinality of the minimal vertex cover of the
demand graph. In other words, k* is the size of the smallest set K* C V such
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that K* contains at least one of s, or v, for all ¢ € Q. Throughout the paper,
we assume that £* > 1.

In literature, these bounds are often called “approximate min-cut max-flow
theorems”, as they relate the maximum (concurrent) flow of a multicommodity
flow problem to the (scaled) capacity of the minimum cut. As discussed above,
this bound is tight, i.e., p* = k*, when k* = 1.

1.3 Related Work

Starting with the pioneering work of Leighton and Rao [11] there has been
ongoing interest in the area of approximate min-cut max-flow theorems. The
first such result in [I1] shows that the denominator in (I is at most O(log |V|)
when ¢, =1 for all ¢ € Q. Later Klein, Agrawal, Ravi and Rao [I0] extend this
result to general t, and show that the bound is O(log C' log D) where D is the
sum of (integral) demands (i.e. D = > 515) and C is the sum of (integral)
capacities (i.e. C = ) . c.). Tragoudas [21] has later improved this bound to
O(log |V| log D) and Garg, Vazirani and Yannakakis [6] has further improved
it to O(log k log D), where k = |Q)|.

Plotkin and Tardos [19] present a bound of O(log® k) which is the first bound
that does not depend on the input data. Finally Linial, London and Rabinovich
[12] and Aumann and Rabani [1] independently improve this bound to O(log k).

Our result improves this best known bound to O(log k*). To emphasize the
difference between O(log k) and O(log k*), we note that for an instance of the
multicommodity flow problem with a single source node and |V| — 1 sink nodes,
k =|V|—1 whereas k* = 1. In general, k > k* > k/|V]|.

2 Formulation

When formulating a multicommodity problem as a linear program, what is meant
by a “commodity” can affect the size of the formulation significantly. This has
been exploited by researchers interested in solving these linear programs (see,
for example, [2] and [13]).

Given flow requirements ¢, for pairs of vertices {s;,v,}, ¢ € @, let T denote
the corresponding traffic matrix, where, Tj;, ;) = quQ : sq=k, vg=j tyforallk,j €
V.Let K ={k €V : 3,y T > 0} denote the set of nodes with positive
supply. The original linear programming formulation of the maximum concurrent
flow problem presented in Shahrokhi and Matula [20] defines a commodity for
each k € K to obtain a formulation with |K| commodities. Notice that this is
significantly more “compact” than the natural formulation which would have
|Q| commodities.

To find the smallest set of commodities that would model the problem in-
stance correctly, we do the following: Let GT = (V, ET) denote the (undirected)
demand graph where ET = {{i,j} € V. xV : Tj; jj +T};; > 0} and let K* C V
be a minimal vertex cover of GT. In other words, K* is a smallest cardinality
set that satisfies {i,j} N K* # 0 for all {i,j} € ET. We then modify the entries
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of the flow matrix 7" so that Tj; ;) > 0 only if k¥ € K*. Note that this can be
done without loss of generality since the capacity constraints in the formulation
do not depend on the orientation of the flow.

We next present the resulting multicommodity formulation with |K*| com-
modities.

Maximize &

Subject to
Soofh= > fh +kTry< 0 foralljeV, ke K*j£k
vi{j,v}eE vi{v,j}€E
Z ( J’?U + z]f;) < cgjoy forall {j,v} € E
ke K~

K free, fv > 0 forallke K* {jv}€FE ,
where variable fjfj denotes the flow of commodity £ from node ¢ to node j, and
variable k denotes the value of the concurrent flow. Note that in this formulation
(7) there are no flow balance equalities for the source nodes k € K*, (ii) the flow
balance equalities for the remaining nodes are in inequality form, and (¢i7) there
is no non-negativity requirement for k. Also note that using an aggregate flow
vector f, it is easy to find disaggregated flows for node pairs (k, j) with Tj;, ; > 0.
The disaggregation, however, is not necessarily unique.

As a side remark, we note that it is possible to further aggregate this for-
mulation to verify (or, falsify) that the maximum concurrent flow value x* is
at least 3 for a fixed 8 > 0. This can be done by introducing a new demand
node z* for every k € K* together with new edges (j, 2*) with capacity 5T},
for all j € V. Let & denote the value of the maximum concurrent flow for the
transformed problem and note that G > k. If 8 = &, then k* > [ for the original
problem. If, on the other hand, 8 > & then 8 > x* since k* can not exceed k.
Note that £* can be strictly smaller than .

The dual of the above linear program is:

Minimize Y ¢(ju} Wi

{jw}er
Subject to
k
DD T vf =1
keK* jEV
yr—yFtwge >0
L for all k € K*, and {j,v} € E
yj — Yy + W{jv} > 0
yr =0 forall k e K*
y; > 0 forall j €V, ke K* with j # k
W0} > 0 for all {j,v} € E ,
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where dual variables yF, for k € K* are included in the formulation even though
there are no corresponding primal constraints. These variables are set to zero in a
separate constraint. The main reason behind this is to obtain a dual formulation
that would have an optimal solution that satisfies the following properties.

Proposition 1. Let [j, @] be an optimal solution to the dual problem. Let i €
RV be the vector of shortest path distances using w as edge weights with
yf denoting distance from node k to j.

(i) Forany k € K* and j € V, with Ty, ;) > 0, yzf is equal to y}
(ii) For any {j,v} € E, wgj.} is equal to .
Proof. (i) For_any k—j Rath Fi = {{{C,vl},_{vl,vg}, .y {vp|=1,7}} we have
we > y¥, implying 3% > y*. If y* > y¥ for some k € K*, j € V with
ecP j j j j j
Tik 5 > 0, we can write 3y e e ey Tikg) Uy =0 > Dpere 2jev Tk ¥y =

1. Which implies that a new solution, with an improved objective function value,
can be constructed by scaling [§, @] by 1/0, a contradiction.

(ii) Clearly, wgj ,y > y) for all {j,v} € E. If the inequality is strict for some

e € E, then replacing y with § and all w(j ., by y% in the solution improves
the objective function value, a contradiction (remember that c; .3 > 0 for all
{j,v} € E). Note that this replacement maintains feasibility since § denotes the

shortest path distances and therefore |y;’f - y3“| <yl forallke K*and jveV.
O

As a side remark, we note that it is therefore possible to substitute some of the
dual variables and consequently it is possible to combine some of the constraints
in the primal formulation.

We next express the maximum concurrent flow value using shortest path
distances with respect to w.

Corollary 1. Let k* be the optimal value of the primal (or, the dual) problem.

Then,
Z Cgjwy dist(j,v)
o= {jv}€EE (2)
>N Ty dist(k,v)
keEK* veEV

where dist(j,v) denotes the shortest path distance from node j to node v with
respect to some edge weight vector.

3 The Min-Cut Max-Flow Ratio

We next argue that there exists a mapping @ : V — IRﬁ_ for some p, such that
[|P(u) — P(v)||1 is not very different from dist(u,v) for node pairs {u, v} that are
of interest. We then substitute ||@(u) — @(v)||1 in place of dist(u,v) in (Z) and
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relate the new right hand side of (2) to the minimum cut ratio. More precisely,
we show that for some oo = O(log |K*|)

Cluovt ||P(u) — D(v
% Z{u,U}EE {7}” ( ) ()Hl > lp*

1
K> — >
@ ZkeK* Evev T[k,v] I@(k) - @(1})”1 «

3.1 Mapping the Nodes of the Graph with Small Distortion

Our approach follows general structure of the proof of a related result by Bour-
gain [3] that shows that any n—point metric space can be embedded into /; with
logarithmic distortion. We state this result more precisely in Sect. [l

Given an undirected graph G = (V, E') with edge weights w, > 0, for e € E,
let d(u,v) denote the shortest path distance from v € V to v € V using w as
edge weights. For v € V and S C V let d(v,S) = minges{d(v, k)} and define
d(v,0) =0 =3",cy > ey d(u, j). Furthermore, let K C V with |K| > 1 be also
be given.

For any j,t > 1, let Qz be random subset of K such that members of Q;
are chosen independently and with equal probability P(k € QE) = 1/2¢ for all
k € K. Note that for all j > 1, Q§ has an identical probability distribution
and E[|Q%]] = |K|/2". For m = [log(|K|)] and L = 300 - [log(|V])], define the

following (random) mapping % : V — IRTL

PR() = ﬁ [d(v, Q1),- .., d(v,Q5),...,d(v,QF)]

Note that, by triangle inequality, |d(u, S) —d(v,S)| < d(u,v) for any S C V,
and therefore:

m L
@) — S @)l = DD il @) — d(v.@))
gﬁ Lom-duv) = d(u,v) (3)

for all u,v € V. We next bound ||®%(u) — #%(v)||; from below.

Lemma 1. Forallu € K andv € V and for some o = O(log | K|) the following
property

1

[@%(w) = " ()]s = — - d(u,v)

holds simultaneously with positive probability.
Proof. See Appendix A. O

An immediate corollary of this result is the existence of a (deterministic)
mapping with at most O(log | K|) distortion.
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Corollary 2. There exists a collection of sets Q; C K form>1i>1 and

L > j > 1 such that the corresponding mapping ®° : V — IRTL satisfies the
following two properties:
(i) d(u,v) > ||®P(u) — P (W)||y  for all u,v € V

(ii) d(u,v) < a ||®P (u) — @P (v)||; for allu € K and v €V,
where o = ¢ log | K| for some constant c.

3.2 Bounding the Maximum Concurrent Flow Value

Combining Corollary[{land Corollary 2] we now bound the maximum concurrent
flow value as follows:

* Z{u,v}eE Clu,v} dZSt(u7 ’U)
ZkEK* ZUEV T[k,’u] dZSt(]{}’ ’U)

Z{u,v}EE Clu,v} ||@D(u) - @D(U)Hl
T Ykers 2vev Tk a ||P(K) — 2P (v)]h

S (St ctuy 140 @) - v, Q)

2t Zle (Cker Zvey Tk ld(k, Q%) — d(v,Q1)])
>1, > fupen Cuy 40, Q%) — d(v, Q") "
ZkeK* > vev Tk 1d(k, Q%) — d(v, Q%)

for Q* = QZ* for some m > ¢* > 1 and L > j* > 1. Note that, we have
essentially bounded maximum concurrent flow value (from below) by a collection
of cut ratios. We next bound it by the minimum cut ratio.

First, we assign indices {1,2,...,|V|} to nodes in V so that d(v,, Q") >
d(vp—1,Q*) for all |[V| > p > 2, and let z, = d(v,, Q). Next, we define |V|
nested sets S, = {v; € V : j < p} and the associated cuts C, = {{u,v} € E :
{u,v}NS,| =1} and T, = {(k,v) € K* x V : |{k,v} N S,| = 1}. We can now
rewrite the summations in (H) as follows:

K

SRS

V]-1
1 Z{v1 v; }eE Hviv;} |z; — ;] 1 Z‘ (Tp+1 — Tp) Z{u,u}ecp Clu,v}

= X
. 1
@ Zv exc 2vyev Loiwy) |7 — 25 ZL:E (@p+1 = Tp) 2 (,0yer, Lkl

& u,v
> lX Z{u,v}eCP* {u,v} > l p*
O D hwyedy« Lkl a
for some p* € {1,...,|V|—1}.
1%
1, Dpuwgen oy lti—al 1 Sy (@p = @5 1) X pec, Cun)
@ ZU cK* ZUJEV loios] |20 =25 EWI (p — Tp-1) Z(k,v)eTp Tk o)
c u,v
> lX Z{u,v}eCP* {u,v} > l p*
o Z(k,v)GTp* T[k,v] a
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for some p* € {1,...,|V]}. We have therefore shown that:

Theorem 1. Given a multicommodity problem, let k* denote the mazximum con-
current flow value, p* denote the minimum cut ratio and k* denote the cardinality
of the minimal vertex cover of the associated demand graph. If k* > 1, then
p*
cllogk™ > — > 1

K‘/*

for some constant c.

3.3 A Tight Example

We next show that there are problem instances for which the above bound on
the min-cut max-flow ratio is tight, up to a constant. This result is a relatively
straight forward extension of a similar result by Leighton and Rao [I1].

Lemma 2. For any given n,k* € Z, withn > k*, it is possible to construct an
instance of the multicommodity problem with n nodes and k* (minimal) aggregate

commodities such that
*

P > e fog k7]

K-/*

for some constant c.

Proof. We start with constructing a bounded-degree expander graph G¥ with
k* nodes and O(k*) edges. See, for example, [15] for a definition, and existence
of constant degree expander graphs. As discussed in [L1], these graphs (with unit
capacity for all edges and unit flow requirement between all pairs of vertices)
provide examples with p*/k* > ¢ [log k*] for some constant c. Note that the
demand graph is complete and therefore the minimal vertex cover has size k*.
We next augment G¥* by adding n — k* new vertices and n — k* edges. Each
new vertex has degree one and is connected to an arbitrary vertex of G¥". The
new edges are assigned arbitrary capacities. The augmented graph, with the
original flow requirements, has n nodes and satisfies p*/k* > ¢ [log k*]. a

4 Geometric Interpretation

Both of the more recent studies (namely; Linial, London and Rabinovich [12] and
Aumann and Rabani [T]) that relate the min-cut max-flow ratio to the number
of origin-destination pairs in the problem instance, take a geometric approach
and base their results on the fact that a finite metric space can be mapped into
a Euclidean space with logarithmic distortion. More precisely, they base their
analysis on the following result (see [3], [12]) that shows that n points can be
mapped from I’ to I} with O(log n) distortion (where /f denotes IR® equipped
with the norm ||z||, = (320, |=4]%)1/% ).
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Lemma 3 (Bourgain). Given n points x1,...,2, € R", there exists a map-
ping @ : R" — IRP, with p = O(log n), that satisfies the following two properties:
(1) llzi — zjlloo = [|P(2i) — B(zj)[[1  for alli,j <n

(1) |Jzi — zjllo0 < a||@(2i) — P(xj)lly for alli,j <n
where a = ¢ log n for some constant c. a

Using this result, it is possible to map the optimal dual solution of the dis-
aggregated (one commodity for each source-sink pair) formulation to § with
logarithmic distortion, see [12] and [I]. One can then show a O(log k) bound by
using arguments similar to the ones presented in Sect. [3:2]

We next give a geometric interpretation of Corollary[2 in terms of mapping
n points from I to ¥ with logarithmic distortion with respect to a collection
of “seed” points.

Lemma 4. Givenn points x1,...,x, € R™, the first t < n of which are special,
t > 1, there exists a mapping @ : R™ — IRP with p = O(log n), that satisfies the
following two properties:

(@) lwi = zjllo0 = ||@(2:) = P(xy)lly for alli,j <n

where a = ¢ log t for some constant c.

(1) ||zi — zjl|oo < a||P(zi) — P(zj)|l1 foralli<t, j<n
Proof. See Appendix B. a

5 Conclusion

In this paper we presented an improved bound on the min-cut max-flow ratio for
the multicommodity flow problem. Our bound is motivated by a “compact” lin-
ear programming formulation based on the minimal vertex cover of the demand
graph. This result suggest that the quality of the ratio depends on the demand
graph in a more structural way than the size of the edge set (i.e. number of
origin-destination pairs).

We also note that in a longer version of this paper, we use the same approach
to show a similar bound on the maximum multicommodity flow problem.
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Appendix A: Proof of Lemma 1]

For any v € V and § > 0, let B(v,0) = {k € K : d(v,k) < 0} and B°(v,9) =
{k € K : d(v,k) < §}, respectively, denote the collection of members of K that
lie within the closed and open balls around v. We next define a sequence of §’s
for pairs of nodes.

For any fixed v € K and v € V| let

ts, = max {1, [log (maz{|B(u, d(u,v) /2)|, |B(v,d(u,v)/2)|} )|}
and define
0 t=20
6Ly =< max{0 >0 : |B°(u,0)| < 2" and |B°(v,8)| < 2!} &5, >t>0
d(u,v)/2 t=tr,

We use the following three observations in the proof:
1.m = [log(|K|)] > t&, >0,

2. max{|B(u,dt,)|,|B(v,8,)|} > 2 for all t < ¢t

)y Y uv » Y uv uv?

and,

3. max{|B°(u,d%,)|,|B°(v, 0!, )|} < 2! for all ¢ < ¢

? Y uv » Y uv uv -

For fixed u € K, v € V, and t > 0 such that ¢t < ¢}, rename v and v as Zmax

and Zother SO that |B(zmax, 6t,)| = [B(Zother, 8Ly)|. Using 2 > (1= 1)® > 1 for
any x > 2, we can write the following for any Q?H for L>j5>1:

(1- 2—(t+1))IB(zmax75;U)|

P(Q 0 Blema,8,) = 0)

IN

(1—2-(4D)2" <=3

—= )

t+1
P(Qt+1 n BO(Zothcry(Suv @) (1 2 (t+1 )lB (Zothex7 wv )l
(

1 _ 9—(+1) )2‘“

IV
=

and
uv?
similarly, Q;H N B°(Zother, 0551) = () implies that d(zother, Q§-+1) > i1 Using
the independence of the two events (since the two balls are disjoint) we can now
write:

Notice that Q5! N B(zmax, 0L,) # 0 implies that d(zmax, Q') < 4,

1
11

>

»M»—*

P(Q§+1 N B(2max, 0Ly,) # 0, Qt+1 N B®(Zother, 0551) = (2)) ( e—%)

and therefore,

1

<|d zothcr,Q ) (zmax,Q )| > 5t+1 _ 51& ) -
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or, equivalently,

1
P( |d(u, Q5Y) —d(v, Q51| = 655 — 4, > T
for all t < t7,.

Let X/, be a random variable taking value 1 if |d(u, Q5*!) — d(v, Q%"")| >
ottt — gt and 0 otherwise. Note that for any fixed v € K and v € V if
ijl X4 > [/22 (that is, at least one-half the expected number) for all ¢ < ¢,
then we can write:

m L
H@R(u)—@’R(v)Ih:f Z;Z d(u, Q}) — d(v, Q})]

1 - L i gi—1 _ L tyw 50
2w 2w Cwhw) = (ol o0
~d(u,v)

44m

To this end, we first use the Chernoff bound (see for example [15], Chapter 4)
to claim that

a 1 L
1yl L _L
P(ZX}?U<2X11> < e IXIXIT — e 88
7j=1
forany u € K, v eV and t <t}

»vs Which, in turn, implies that

L

L
P(fogv < — forsomeu € K, v e V,t <t ) < |K||V| [log(|K])] e L/88
j=1
where the right hand side of the inequality is 1ess than 1 for L > 88(3 - log(|V]).
Therefore, with positive probability, E Xt > % forall uw € K, v €
V and t < ¢}, which implies that, with p051tlve probability,
d(u,v)
2R () - SR (0)l|s = T
forallue K, veV. a

Appendix B: Proof of Lemma [4

Let G = (V, E) be a complete graph with n nodes where each node v; is associ-
ated with point x; for ¢ = 1,...,n. For e = {v;,v;} € E, let we = ||z; — ;|0
be the edge weight. Furthermore, let d(v;,v;) denote the shortest path length
between nodes v;,v; € V using w as edge weights. Note that

|z = @jlloe < ||z = k[l + (|2 — 2]l00
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for any ¢, j,k < n and therefore d(v;,v;) = ||z; — xj||oo for all i, j < n. We can
now use Corollary Pl to show the existence of a mapping &' : R™ — IR? with
g = O(log n log t) that satisfies the desired properties.

To decrease the dimension of the image space, we scale &' by v/ Lm to map
the points x1,...,x, to I3 with ¢ log ¢ distortion. More precisely, we use ¢ :
IR™ — IR? where &' (z) = v/ Lm &'(x). It is easy to see that:

() 10" (@) - & (@plls < \JU/Lm) S, S dlwn o) = d(wn,o)
= H'rl _xjHOO s

(@) (|9 (xi) = 2" (z;)ll2

Y

|9 (z:) — @' (25)[h = ¢ log t d(vi,v;)

=c logt ||zi — zj||eo -

We can now use the following two facts (also used in [12]), to reduce the
dimension of the image space to O(log n): () For any ¢ € Z, n points can be
mapped from 12 to 15, where p = O(log n) with constant distortion (see [8]), and
(ii) For any p € Z,, I5 can be embedded in I3 with constant distortion (see
[18], Chapter 6). O
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Abstract. Improving and extending recent results of Matuura and Mat-
sui, and less recent results of Feige and Goemans, we obtain improved
approximation algorithms for the MAX 2-SAT and MAX DI-CUT prob-
lems. These approximation algorithms start by solving semidefinite pro-
gramming relaxations of these problems. They then rotate the solution
obtained, as suggested by Feige and Goemans. Finally, they round the
rotated vectors using random hyperplanes chosen according to skewed
distributions. The performance ratio obtained by the MAX 2-SAT al-
gorithm is at least 0.940, while that obtained by the MAX DI-CUT
algorithm is at least 0.874. We show that these are essentially the best
performance ratios that can be achieved using any combination of pre-
rounding rotations and skewed distributions of hyperplanes, and even us-
ing more general families of rounding procedures. The performance ratio
obtained for the MAX 2-SAT problem is fairly close to the inapproxima-
bility bound of about 0.954 obtained by Hastad. The performance ratio
obtained for the MAX DI-CUT problem is very close to the performance
ratio of about 0.878 obtained by Goemans and Williamson for the MAX
CUT problem.

1 Introduction

In a seminal paper, Goemans and Williamson [5] used semidefinite programming
to obtain a 0.878-approximation algorithm for the MAX CUT and MAX 2-SAT
problems, and a 0.796-approximation algorithm for the MAX DI-CUT problem.
These algorithms solve semidefinite programming relaxations of the problems,
and then round the obtained solution using random hyperplanes. The normal
vector of this random hyperplane is uniformly distributed over the n-dimensional
sphere. Feige and Goemans [3] improved the last two of these results by obtain-
ing a 0.931-approximation algorithm for the MAX 2-SAT problem, and a 0.859-
approximation algorithms for the MAX DI-CUT problem. (A tighter analysis of
these algorithms is presented in Zwick [12].) The improved approximation ratios
are obtained by rotating the vectors obtained as the solutions of the semidefinite
programming relaxations before rounding them using a random hyperplane. The
normal of the random hyperplane used is again uniformly distributed over the
(n+1)-dimensional sphere. In their paper, Feige and Goemans [3] suggest several

* This research was supported by the ISRAEL SCIENCE FOUNDATION (grant no.
246/01).

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 67182, 2002.
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other techniques that may be used to obtain improved approximation algorithms
for these problems. One of these suggestions is that the normal of the random
hyperplane used to round the vectors should be chosen according to a distribu-
tion that is not uniform on the (n + 1)-dimensional sphere, but rather skewed
toward, or away, from vp. (In the relaxation of the MAX 2-SAT problem, the
vector vg is used to represent the value false.) Feige and Goemans [3], however,
do not explore this possibility. The first to explore this possibility were Matuura
and Matsui [§]9]. Overcoming technical difficulties that stand in the way of em-
ploying the skewed distribution idea, they obtain in [8] a 0.863-approximation
algorithm for the MAX DI-CUT problem, and in [9] a 0.935-approximation al-
gorithm for the MAX 2-SAT problem. In [9] they also show, partially relying on
results of Mahajan and Ramesh [10)], that these algorithms can be derandomized.

Matuura and Matsui [§]9] obtained their approximation algorithms by using
skewed distributions taken from a specific, easy to work with, family of skewed
distributions. We conduct a systematic search for skewed distributions that yield
the best performance ratios for the MAX 2-SAT and MAX DI-CUT problems.
As a result, we obtain further improved approximation ratios, namely 0.937
for MAX 2-SAT and 0.866 for MAX DI-CUT. These are essentially the best
performance ratios that can be used by using skewed distribution of hyperplanes
on their own.

We obtain further improved results, however, by combining the skewed hy-
perplane technique with pre-rounding rotations. For the MAX 2-SAT problem
we get an approximation ratio of at least 0.940. For the MAX DI-CUT problem
we get an approximation ratio of at least 0.874. These are essentially the best
ratios that can be obtained using any combination of pre-rounding rotations
and skewed distributions of hyperplanes, and even using more general families
of rounding procedures.

Hastad [6], using gadgets of Trevisan et al. [11], showed that for any € > 0,
if there is a (21 + ¢)-approximation algorithm for the MAX 2-SAT problem,
or a (% + €)-approximation algorithm for the MAX DI-CUT problem, then
P=NP. (Note that % ~ 0.95454 and that % ~ 0.92308. There are still gaps,
therefore, between the best approximation and inapproximability ratios for the
MAX 2-SAT and MAX DI-CUT problems. The gap for the MAX 2-SAT problem,
between 0.940 and 0.954, is quite small. The gap for the MAX DI-CUT is larger.
But, the ratio of 0.874 we obtain for the MAX DI-CUT problem is very close to
the best ratio, of about 0.878, obtained by Goemans and Williamson [5] for the
MAX CUT problem, which may be seen as a subproblem of the MAX DI-CUT
problem.

The rest of this paper is organized as follows. In the next section we formally
define the MAX 2-SAT and MAX DI-CUT problems and describe their semidef-
inite programming relaxations. We also briefly sketch there the approximation
algorithms of [5] and [3]. In Sect. B we discuss families of rounding procedures
that can be used to round configuration of vectors obtained by solving semidef-
inite programming relaxations. In Sect. d] we explain how to compute certain
probabilities that appear in the analysis of approximation algorithms that use



Improved Rounding Techniques 69

rounding procedures from the families defined in Sect.[3. In Sect. [l we describe
the computation of lower bounds on the performance ratios achieved by such
algorithms. In Sect. Blwe describe the essentially best approximation algorithms
that can be obtained using rounding procedures from the family SKEW. In
Sect. [ we describe our best approximation algorithms. These algorithms use
rounding procedures from the family ROT+SKEW. In Sect. [§] we show that
these algorithms are essentially the best algorithms that can be obtained using
rounding procedures from ROT+SKEW. We end in Sect. [ with some conclud-
ing remarks.

2 Preliminaries

An instance of MAX 2-SAT in the Boolean variables x1, ..., x, is composed of a
collection of clauses C1,...,C,, with non-negative weights w1, ..., w,, assigned
to them. Each clause C; is of the form z; or of the form z; V zp where each z;
is either a variable xj or its negation Zj. (Each such z; is called a literal.) The
goal is to assign the variables z1,...,z, Boolean values 0 or 1 so that the total
weight of the satisfied clauses is maximized. A clause is satisfied if at least one
of the literals appearing in it is assigned the value 1. (If a variable is assigned
the value 0 then its negation is assigned the value 1, and vice versa.)

It is convenient to let z,1; = Z;, for 1 < ¢ < n, and also to let zp = 0. Each
clause is then of the form z; V z; where 0 < 4,5 < 2n. An instance of MAX
2-SAT can then be encoded as an array (w;;), where 0 < ¢,j < 2n, where w;;
is interpreted as the weight of the clause x; V ;. The goal is then to assign the
variables z1, ..., 9, Boolean values, such that z,,; = Z; and such that the total
weight of the satisfied clauses is maximized.

The semidefinite programming relaxation of the MAX 2-SAT problem used
by Feige and Goemans [3] is given in Fig. [[] In this relaxation, a unit vector v; is
assigned to each literal x;, where 0 < i < 2n. As xg = 0, the vector vy corresponds
to the constant 0 (false). To ensure consistency, we require v; - Up4; = —1, for
1 < i < n. As the value of a solution of the SDP program depends only on the
inner products between the vectors, we can assume, with out loss of generality,
that vy = (1,0,...,0) € R""*. Note that as the ‘triangle constraints’ holds for
any 1 <4,j < 2n, and as v; = —Vp4y, for 1 <4 < n, we get that if vy, v; and v;
appear in a feasible solution of the SDP, then we have:

UO'Ui+UO'Uj+Ui'Uj>—1 5

—’UQ-UZ‘—’U()”UJ‘—F’UZ‘-’UJ‘Z—I R
—vo-vi—&-vowj—vi-ij—l R
UO'Ui—UQ'Uj_Ui'UjZ—l

We can strengthen the relaxation by adding the constraints v;-v;+v;-vg+v;-vp >
—1, for any 1 <4, 7,k < 2n, but we do not know how to take advantage of these
additional constraints in our analysis, so we do not know whether this helps.
An instance of MAX DI-CUT is a directed graph G = (V, FE), with non-
negative weights assigned to its edges. The goal is to find a partition of V into
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1
MaXZZwij(S_UO'Ui_'UO'Uj_’Ui"Uj)

4,7

Vo v +vo-v;tvicv; > -1, 1<4,5<2n
Vit Unti = —1 ) 1<i<n
vie R v =1 , 0<i<2n

Fig.1. A semidefinite programming relaxation of MAX 2-SAT

1
Max Zzwij(l‘FUO'Ui_UO"U]'_Ui'Uj)

3

vo Vi +vo-v;tvicv; > -1, 1<4,j<n
—vo- v —vo-v;+vi-v; >—1 , 1<4,5<n
—Vo Vi + Vo - V; — U -v; > —1 1<4,j<n
Vo v —vorv; —wirv; > —1 , 1<4,j<n

vi e R"M w0 =1 , 0<i<n

Fig. 2. A semidefinite programming relaxation of MAX DI-CUT

(S,V —5), where S C V|, such that the total weight of the edges that cross this
cut, i.e., edges u — v such that u € S but v € S, is maximized.

It is convenient to assume that V = {1,2,...,n}. An instance of MAX DI-
CUT can then be represented as an array (w;;), where 1 < i,j < n, where w;;
is interpreted as the weight of the edge i — j. Note that w;; > 0, for every
1 <i4,57 < n. We can also assume that w;; =0, for 1 <17 < n.

The semidefinite programming relaxation of the MAX DI-CUT problem used
by Feige and Goemans [3] is given in Fig. Here, there is a unit vector v;
corresponding to each vertex 1 < i < n of the graph, and there is also a vector
vg, corresponding to the side S of the directed cut. Again, we can add more
triangle constraints, but it is not clear whether this helps.

The approximation algorithms of Goemans and Williamson [5] solve weak-
ened versions of the SDP relaxations, they do not use the triangle constraints,
and then round the resulting solution using a random hyperplane. More specif-
ically, they choose a random vector r = (rg,71,...,7,) according a standard
(n+ 1)-dimensional normal distribution. The random variables r;, for 0 <1 < n,
are i.i.d. random variables distributed according to the standard normal distri-
bution. The normalized vector r/||r|| is then uniformly distributed on S™, the
unit sphere in IR, For a MAX 2-SAT instance, the literal z; is assigned the
value 0 if and only if v; and vy lie on the same side of the hyperplane whose
normal is r, or equivalently, if sgn(v; - ) = sgn(vg - ). For a MAX DI-CUT
instance, a vertex 7 is placed in S if and only if v; and vy lie on the same side of
the random hyperplane.

The approximation algorithms of Feige and Goemans [3] solve the SDP re-
laxations given in Fig.[Il and[2. Before rounding the resulting vectors, they rotate
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them using a rotation function f : [0, 7] — [0, 7] that satisfies f(7—60) = 7— f(9),
for 0 < 6 < 7. The vector v;, forming an angle 6; = arccos(vg - v;) with wvp, is
rotated, in the 2-dimensional plane spanned by vy and v;, into a vector v, whose
angle 0, = arccos(vg - v}) with vy satisfies ] = f(6o;).

3 Families of Rounding Procedures

Feige and Goemans [3] suggest the following very general family of rounding
procedures:

GEN: Let F:IR? x [~1,1] — {0,1} be an arbitrary function. Let r =
(ro,r1,...,7n) be astandard (n+1)-dimensional random variable.
For 1 <i<mn,let x; + F(vg-7,0; 7,00 - 0;).

For consistency, the function F should satisfy F(x,—y,—z) =1 — F(x,y, 2)
for every z,y € IR and z € [—1,1]. In the spirit of the RPR? rounding procedure
of Feige and Langberg [4], this can be further generalized to:

GEN*: Let F:R? x [~1,1] — [0,1] be an arbitrary function. Let r =
(ro,71,.-.,7n), where ro,r1,...,r, are independent standard
normal variables. For 1 <17 < n, let x; < 1, independently with
probability F(vg - 7,v; - r,vg - v;).

The basic random hyperplane rounding technique of Goemans and Williamson

[B] is of course a very special case of general family with

F(vg-r,v;-ryv9-v;) = [(vo-r)(v;-7r) <0],

where [a < b] gets the value 1 if a < b, and 0, otherwise. We can assume, without
loss of generality that vo = (1,0,...,0), and that 7o > 0. The expression for F'
is then further simplified to

F(UO‘Tan'TaUO"Ui) = [(vi-r) §0]~

To obtain their improved MAX 2-SAT and MAX DI-CUT algorithms, Feige
and Goemans [3] do not use the full generality of the GEN family. They use,
instead the following more restricted family:

ROT: Let f :[0,7] — [0,7] be an arbitrary rotation function. Let
0; = arccos(vg-v;) be the angle between vy and v;. Rotate v; into
a vector v} that forms an angle of 0, = f(6;) with vg. Round the

vectors vg, V], . . ., v}, using the random hyperplane technique of
Goemans and Williamson, i.e., let x; < [(vg - r)(v}-r) < 0], for
1 <7< n.

For consistency, the function f should satisfy f(m —60) = 7 — f(6). Feige and
Goemans [3] also suggest, but do not analyze, the following skewed hyperplane
rounding technique:
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SKEW: Let r = (ro,r1,...,7n) be a skewed normal vector, i.e.,
r1,72,...,T, are still independent standard normal variables,
but rg is chosen according to a different distribution. Again, let
x;  [(vo-7r)(v;-r) <0], for 1 <i<mn.

It may seem, at first sight, that SKEW is not a sub-family of GEN, as rqg
in SICEW is not a standard normal variable. We will see shortly, however, that
SKEW is indeed a sub-family of GEN, and it is not necessary, therefore, to
further generalize GEN by allowing rg to be chosen according to a non-normal
distribution.

Matuura and Matsui [8J9] take up the challenge of analyzing this technique,
in a slightly different form. They obtain some improved results but do not con-
sider all rounding procedures from this family, and hence do not exploit the full
power of SICEW. In Sect. [6] we obtain the essentially best algorithms for the
MAX 2-SAT and MAX DI-CUT problems that can be obtained using rounding
procedures for SICEW.

We obtained further improved algorithms, however, by considering combi-
nations of pre-rounding rotations and skewed hyperplane distributions. We de-
note the family of rounding procedures containing all these combinations by
ROT+SKEW. In Sect. [{lwe obtain the essentially best algorithms for the MAX
2-SAT and MAX DI-CUT problems that can be obtained using rounding pro-
cedures from this family. These are the best approximation algorithms that we
get for these two problems. We have not been able to improve these algorithms
using more general rounding techniques. Extensive numerical experiments that
we have conducted suggest that, at least for the MAX 2-SAT problem, no further
improvements are possible, even using rounding procedures from GENT.

Our next task will be to determine the form of the function F(z,y,z) that
corresponds to rounding procedures from the family ROT +SKEW. Before con-
tinuing, it would be convenient to present an equivalent formulation of GEN
(and GENT). We assume, as stated, that vg = (1,0,...,0). Any vector r =
(10,71, .- .,7n) € R"™! can thus be written as

T =17oUg + rt ,
where, 7+ = r —rgvg = (0,71,...,7,). Clearly, vy - 7= = 0. We can therefore
replace the three parameters vo-r, v;-r and vg-v;, by the three parameters rq, v; -7+
and vg - v;. As v; -7 = 1o +v; -7, we can easily move from one set of parameters
to the other. Instead of using an arbitrary function F'(vg-r,v; -7, vg - v;), we can,
therefore, use an arbitrary function G(rg, v; g - v;). Note that rg is now an
argument of G. By applying an appropriate function on ry we can get a random
variable distributed according to any desired distribution.

Let v} be the vector obtained by rotating the vector v;, with respect to vy,
using the rotation function f. Let g(z) = f(arccosz), for —1 <z < 1. Also let
x; = vo - v;. As v} lies in the 2-dimensional space spanned by vy and v;, we get
that v; = avy + Bv;, for some «, 5 € IR. By the definition of the rotation process,
we have § > 0. We can get two equations for a and (:
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vi-vl = (v + Bu;) - (aug + Buv;) = o® + %2+ 2aBz; = 1,
vo v = v (auo+ Bv;) = a+ Br; = g(x;) .

Solving these equations, keeping in mind that 5 > 0, we get that:

a = g(zi) — 1?’;(?") = cosf); — cot 0;sinb); ,
5 = 1 —g*(x;)  sinb;
N 1—2?  sing;

As
vl = (auo + Bu;) - (rovg + 1) = (a+ Bx)r + B -1t

the condition v} - r < 0 of ROT+SKEW is equivalent to:

o+ px;
J_<7 ﬂzr

vi-r < 5 70 = —cot@)sinf;rg = — cot f(0;)sinb;ro .
We can also define v;- = v; — (vg - v;). Clearly vy - v;- = 0, and therefore
v;-r+ = vt-rt. The above condition is, therefore, also equivalent to the condition

vt -t < —cot £(6;) sinb; ro.

This leads us to the definition of the following family of rounding procedures
that properly contains ROT +SKEW:

THRESH: Let r = (ro,7r1,...,7n), where 71,7r9,...,7, are independent
standard normal variables, and 7y is an independent random
variable distributed according to an arbitrary distribution.
(Without loss of generality, 7o assumes only nonnegative val-
ues.) Let 7+ = (0,71,...,7,). Let T : R x [-1,1] — IR be
a threshold function. Let x; < [v; - 7+ < T(ro,vo - v4)], for
1<y <n.

From the above discussion, we see that ROT +SKEW is just the sub-family of
THRESH obtained by requiring the threshold function 7' to be of the
form T(rg,z;) = roS(x;), i.e., multiplicative in rog. (We simply take S(z) =
—cot f(arccosz)v1 — 22, or f(f) = arctan(— Siégsea) ).)

Interestingly, our best rounding procedures for the MAX 2-SAT and the
MAX DI-CUT problems choose 1y according to a very simple distribution. They
just pick a fized value for ro! They fall, therefore, to the following sub-family
of THRESH.:

THRESH: Let r = (0,r1,...,r,), where ry,r9,...,7, are independent
standard normal variables. Let S : [-1,1] — IR be a thresh-
old function. Let z; + [v; -7 < S(vg - v;) ], for 1 < i < n.

In rounding procedures from THRESH ™, the normal vector r is chosen
in the n-dimensional space orthogonal to vy and r+ = r. THRESH ™ is the
sub-family of ROT+SKEW in which ry assumes a fixed value. Note that the
exact value assumed by rq is not really important. Let us represent a rounding
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procedure from ROT+SKEW using a pair (a, f), where a is the fixed value
assumed by rg, and f is the rotation function used. Then, it is easy to check that
the rounding procedure (aq, f1) is equivalent to the rounding procedure (asq, f2),
where cot f2(0) = ¢t cot f1(0). Thus, the choice of the fixed value assumed by 7o
is, in fact, arbitrary. In our best rounding procedures, the rotation functions
used are linear. The exact value assumed by ry does play a role in that case.
Note that the exact values assumed by rg are also important when no rotation
function is used, as is the case in Sect.

Our best algorithms for the MAX 2-SAT and MAX DI-CUT problems use
rounding procedures from the family ROT+SKEW. Our MAX 2-SAT algo-
rithm, however, is essentially the best algorithm that can be obtained using
any rounding procedure from THRESH. Our MAX DI-CUT algorithm is es-
sentially the best algorithm that can be obtained using any rounding procedure
from THRESH ™. At least for the MAX 2-SAT problem, we believe that no
better rounding procedure can be found even in GEN T, the most general family
of rounding procedures defined above. (This belief is supported by some numer-
ical experimentation. We will elaborate on this point in the full version of the

paper.)

4 Computing Probabilities

The analysis of most semidefinite programming based approximation algorithm
is local in nature. In the analysis of the MAX 2-SAT and MAX DI-CUT al-
gorithms that are presented in the next sections, we only have to evaluate the
probability that a certain clause is satisfied (in the case of MAX 2-SAT) or that
a certain edge is cut (in the case of MAX DI-CUT). Let prob(vi,vs), where
V1,V € R be the probability that the corresponding variables ;1 and zo
both receive the value 1 when the vectors v; and wvs are rounded using the
chosen rounding procedure. Then, the probability that a 2-SAT clause is sat-
isfied is 1 — prob(—wv1, —v2) and the probability that a directed edge is cut is
prob(—v1, v2).

To evaluate such a probability, it is enough to consider the projection of r on
the three dimensional space spanned by vy, v; and vy. Let ' = (rg,77,74) be the
projection of r on this space. It is easy to see that ro, 7], r5 are still independent
random variables, and that r{ and 7} are standard normal variables. We may
assume, therefore, without loss of generality, that vy, v; and vy lie in IR®. We may
also assume that v; = (ag,a1,0) and vy = (bo, by, bo), for some ag,ay,by € RT
and by, b; € IR. We also let r = (r9,71,72) and r+ = (0,71, 7).

Suppose now that the vectors v; and ve are rounded using a rounding pro-
cedure from GEN™T, the most general family of rounding procedures considered
in the previous section. Let G : R? x [—1,1] — [0, 1] be the rounding function
used. By definition, we then have:

prob(vy,ve) =
/0 {/ / G(z,a1y,a0)G(x, b1y + baz, bo)d(y)d(2)dydz| f(x)dx ,
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where ¢(y) = \/%e_xz/ 2 is the density function of a standard normal variable,

and f(x) is the density function of the random variable rqo. If 7o is a discrete
random variable that assumes the value s with probability pg, for 1 < k < 7,
then the outer integral is replaced by a sum:

prob(vy,ve) =

£ 00 IS
2m U [ Gy, ao)Gilsw. bry -+ boz. b)) )y
k=1 —00 J —00

If the rounding procedure belongs to THRESH, so that G(ro,v; - 7+, vg - v;) =
[v; -7 < T(rg,v0 - v;)], then we have a further simplification:

prob(vy. v2) Zpk I oy <o) 000z
bly + bQZ < T(Sk,bo)

Note that the conditions a1y < T'(sg,a0) and by + baz < T'(sg, bo), which are
equivalent to the conditions vy -7+ < T'(rg, vo-v1) and ve-r+ < T(rg, vo-v2), define
a wedge in the y-z plane, the plane perpendicular to vg. (Note that T'(s, ag) and
T(sk,bo) here are constant.) This wedge integral can be evaluated numerically.
It is not difficult to reduce it to single integration over the normal distribution
function @(z) = \/% I7 . o(y)dy.

When the rounding procedure is from the family SKEW, or SKEWHROT,
further simplifications are possible, and prob(vi,vs) can be evaluated using a
single integration, even if ry is a continuous random distribution. More details
would appear in the full version of the paper.

5 Computing Performance Ratios

In this section we describe the standard way in which we get a lower bound on the
performance ratio achieved by our algorithms. For concreteness, we consider the
MAX 2-SAT problem. The details for the MAX DI-CUT problem are analogous.

Let P(v;,v;) = 1—prob(—v;, —v;) be the probability that the clause x; vV z;
is satisfied by the assignment produced by the chosen rounding procedure. Let

V(’l)i7’l)j) = %(3—1}0 - Vg _'UO'UJ‘ — U; "Uj)

be the contribution of this clause to the value of the semidefinite program. As
shown by Goemans and Williamson [5], the performance ratio of the MAX 2-SAT
algorithm is at least
. P(Uiv Uj)
a = min ———
(vi,vj)ER V(Ui, ’l}j)
where 2 is the set of all (v;,v;) € IR? x IR® that satisfy all the constraints of

the semidefinite program. We evaluated such minimums numerically, using the
optimization toolbox of Matlab.
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To obtain an upper bound the performance ratio that can be obtained using
any rounding procedure from a given family, we select a finite set of configura-
tions C' = {(vi,v}) | 1 <i < t}. We then estimate, numerically, that maximum,
over all rounding procedures from the given family, of the minimum
a = mtinM .

i=1 V(vi,v})
This bounding technique is implicit in Feige and Goemans [3] and is described
explicitly in Zwick [12].

The computation of «, for a given rounding procedure, and of &, for a given
family of rounding procedure, are very difficult global optimization problems.
We have made extensive experiments to verify the numerical bounds that we
state in this paper. However, we cannot claim them as theorems. It is possible,
at least in principle, to obtain rigorous proofs for our claims using a tool such
as RealSearch (see [13]), but this would require a tremendous amount of work.

As mentioned, our best algorithms for the MAX 2-SAT and MAX DI-CUT
problems simply set 7 to be a constant. This may seem very surprising. We next
try to explain why this is not so surprising after all.

Let C be a set of t configurations used to obtain an upper bound of & on the
performance ratio that can be achieved using rounding procedures from a given
family. Consider now the search for rounding procedures that actually achieve
a performance ratio of at least & on each one of the ¢ configurations of the
set. Such optimal rounding procedures, for C, may choose ry according to an
arbitrary continuous distribution. However, we can discretize the problem and
assume that rg assumes only ¢ different values, where £ may be a huge number.
If ¢ is large enough, we loose very little in this process. Let us assume that rg
assumes the value s; with probability p;, for 1 <14 < /.

Let R;; be the ratio obtained for the j-th configuration when ry assumes
the value s;. To find the optimal probabilities in which the values s1, so,..., s
should be chosen, we solve the following linear program:

max o
s.t. a;ZfZORijpi s 1<j<t
dimoPi =1

This linear program has a basic optimal solution with at most ¢ of the p;’s are
non-zero. (Note that there are ¢ 4+ 1 variables and only ¢ + 1 inequalities other
than the inequalities p; > 0, for 1 < i < £. Thus, at least £ —t of these inequalities
must be satisfied with equality.)

Thus, we see that when C' is of size t, it is not necessary to let ry assume
more than t different values. The sets of configurations that we use to bound
the performance ratio that can be achieved are very small. For MAX 2-SAT, for
example, we use only two configurations.
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Table 1. (a) The probability distribution of ro used to obtain a 0.937-approximation
algorithm for the MAX 2-SAT problem. (b) The probability distribution of ro used to
obtain a 0.866-approximation algorithm for the MAX DI-CUT problem

(a) (b)

l prob. [ value ‘ l prob. [ value ‘
0.0430 | N(0,1) 0.0714 | N(0,1)
0.0209 | 0.145 0.0644 | 0.170
0.0747 | 0.345 0.3890 | 0.640
0.3448 | 0.755 0.4752 | 1.520
0.5166 | 1.635

6 Algorithms from SICEW

In this section we describe the essentially best approximation algorithms for the
MAX 2-SAT and MAX DI-CUT problems that can be obtained using rounding
procedures from SICEW.

6.1 A MAX 2-SAT Algorithm

To specify our algorithms, we only need to specify how the random variable rg
is chosen. The probability distribution of 7y used by our MAX 2-SAT algorithm
is given in Table [[{a). The distribution of ry is very discrete in nature. With a
probability of more than %, namely 0.5166, it assumes the fixed value 1.635. It
assumes each of three other values with smaller probabilities. Only with the rel-
atively small probability of 0.0430 it is chosen according to the standard normal
distribution. (If we want rg to assume only nonnegative values, we take, with
this probability, the absolute value of a standard normal variable.) This small
probability of assuming a standard normal distribution allows the algorithm to
easily achieve good approximation ratios on clauses which contribute very small
values to the overall value of the semidefinite program.

6.2 A MAX DI-CUT Algorithm

The probability distribution of 7o used by our MAX DI-CUT algorithm is given
in Table 0(b). Again, the distribution of 7o is very discrete in nature. With a
probability of almost %, namely 0.4752, it assumes the fixed value 1.52. It assumes
only two other values with smaller probabilities. Only with the relatively small
probability of 0.0714, rg is chosen according to the standard normal distribution
which again is needed to handle edges which have small values in the semidefinite
solution.

Numerical calculations shows that the performance ratio achieved using this
rounding procedure is at least 0.866. Again, more details would appear in the
full version of the paper.
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The approximation algorithm for MAX DI-CUT presented here, as most
other MAX DI-CUT approximation algorithms, is also an approximation algo-
rithm for MAX 2-AND.

7 Algorithms from ROT+SKEW

In this section we describe our best approximation algorithms for the MAX 2-
SAT and MAX DI-CUT problems. These algorithms use rounding procedures
from the ROT+SKEW family. These algorithms are essentially the best algo-
rithms that can be obtained using rounding procedures from this family, and
even from larger families.

7.1 A MAX 2-SAT Algorithm

To specify a rounding procedure from the ROT+SKEW family, we have to
specify a rotation function f and the distribution of ry. The rounding procedure
used by our best MAX 2-SAT algorithm has a very simple representation. The
‘random’ variable ry assumes the value 2 and the rotation function f is linear:

f(8) = 0.58831458 6 + 0.64667394 .

Numerical calculations show that the performance ratio achieved by this algo-
rithm is at least 0.9401.

The worst performance ratio of about 0.9401 is achieved on two config-
urations. It is convenient to represent a configuration (vi,v2) using a triplet
(Bo1, 002, 612), where 0;; = arccos(v; - v;) is the angle between v; and v;, for 0 <
1 < 7 < 2. The angles corresponding to the first of the these two worst configura-
tions (v1,vq) are roughly (1.401,1.401,2.294). The second configuration is then
just (—v1, —v2), which is roughly represented by the triplet (1.741,1.741,2.294).

7.2 A MAX DI-CUT Algorithm

The rounding procedure used by our best MAX DI-CUT algorithm has again
a fairly simple representation. The ‘random’ variable ry assumes the constant
value 2.5. The rotation function f is now a piecewise linear function defined by
the points given in Table

Numerical calculations show that the performance ratio achieved by this
algorithm is at least 0.8740.

8 Upper Bounds on Achievable Ratios

In this section we explain our claim that the approximation algorithm presented
in Sect. [[1]is essentially the best MAX 2-SAT algorithm that can be obtained
using a rounding procedure from ROT+SKEW, or even from THRESH. (We
also believe that it is essentially the best rounding procedure even from GEN T,
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Table 2. The piecewise linear rotation function used for the 0.8740 algorithm for the
MAX DI-CUT problem

0 | o) ]
0 0.88955971
1.24676999 | 1.42977923
1.30701991 | 1.45654677
1.36867009 | 1.48374672
1.39760143 | 1.49640918
1.44728317|1.51791721
1.50335282 | 1.54210593
w/2 w/2

but our evidence in support of this claim is less conclusive at this stage.) We
also explain our claim that the approximation algorithm presented in Sect.
is essentially the best approximation algorithm that can be obtained using a
rounding procedure from ROT+SKEW, or even from THRESH™.

We would like to stress that these claims are based on difficult numerical
computations, carried out using the optimization toolbox of Matlab. We do not
claim, therefore, that they are theorems.

Another point that should be explained is the following. Our analysis of the
various rounding procedures is very local in nature and it produces only lower
bounds on the actual performance ratios. We do not know whether these lower
bounds are tight. The local analysis of the MAX CUT algorithm of Goemans
and Williamson [5] was shown to be tight by Karloff [7] (see also [1] and [2]).
It is not known whether the analysis of the MAX 2-SAT and MAX DI-CUT
algorithms of Feige and Goemans [3] (see also [12]) is tight. When we say here
that a certain rounding procedure is essentially optimal, what we actually mean
is that no better lower bound on the performance ratio can be obtained, using
the local form of analysis, for any other rounding procedure from the family.

8.1 Upper Bound for MAX 2-SAT

Let C = {(v1,v2), (—v1, —v2)} be the set of the two worst configurations for the
MAX 2-SAT algorithm of Sect. [Z1l To show that no rounding procedure from
THRESH can be used to obtain a better approximation algorithm for MAX
2-SAT, it is enough to show that no rounding procedure can achieve a better
performance ratio even on the set of these two configurations.

A rounding procedure from THRESH is defined using a threshold function
T:Rx[-1,1] — IR and a distribution for ry. To ensure that the literals z; and
Z; are assigned opposite values, this function should satisfy T'(z, —y) = —T'(x, y).
As the set C contains only two configurations, it follows from the discussion in
Sect. [ that there is an optimal rounding procedure for it in which rg assumes
only two different values. Let us denote these two values by s; and s3. Let p be
the probability that ro gets the value s;.
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Let ©; = (0,0,012) and ©3 = (7 — 0,7 — 0,012) be the triplets correspond-
ing to the configurations (vi,v2) and (—vy, —v3). (We have § ~ 1.401 and
012 = arccos(2cosf — 1) ~ 2.294.) To determine the behavior of this round-
ing procedure on the configurations (vi,v2) and (—vy, —vy) we only need to
specify the values of the thresholds T'(s1,cos6) and T'(se2,cos6). (Note that
T(s;, —cosf) = —T(s;,—cosB), for i = 1,2.) The search for the best round-
ing procedure from THRESH is therefore reduced to the search for the optimal
setting of the three parameters T'(sq,cosf), T(sa,cos60) and p. (Note that the
values of s and sg are not important.) We have numerically searched for the best
setting of these three parameters and could not improve on the result obtained
using the algorithm of Sect. [T This algorithm is, therefore, the best algorithm
that can be obtained using any rounding procedure from THRESH.

A rounding procedure from GENT is characterized by a function G : IR? x
[—1,1] — [0,1] that satisfies G(x,—y,—z) = 1 — G(x,y, z). As before, we may
assume that an optimal rounding procedure for C assigns ry only two distinct
values s1 and s5. To determine the behavior of the rounding procedure on the
configurations (vy,v2) and (—vy, —v3) we have to specify p, the probability that
ro assumes the value s1, and the two univariate functions g (z) = G(s1,x, cos )
and go(z) = G(s2,z,cos6). We have attempted to improve the performance
ratio obtained for C' using functions g;(x) and g2(z) that are piecewise linear.
The attempt failed. This seems to suggest that no improvement can be obtained
using rounding procedures from GEN't. (We plan to elaborate on this point in
the full version of the paper.)

8.2 Upper Bound for MAX DI-CUT

The upper bound on the performance ratio that can be obtained for the MAX
DI-CUT problem using rounding procedures from the family THRESH™ is
obtained using similar ideas. Things are more complicated here, however, as we
need to use more configurations. To obtain an upper bound that almost matches
the performance of the MAX DI-CUT algorithm of Sect. [7-2] we need to use a
collection of six configurations.

For every k > 1, Zwick [12] describes a family Cy of k + 1 configurations
that are parametrized by k angles 04,05, . .., 0. For example, for k£ = 6, we have
Ce = {@17, Oag, O35, 6447 O3, Os2, 961}7 where Qij = (9“ Hj, arccos(@i + 9]' — 1),
for 1 < 4,5 <7, and 67 = 5. To obtain our best upper bounds we used the

values
0, = 1.24677 , 65 = 1.30703 , 63 = 1.36867 ,
0, = 1.39760 , 05 = 1.44728 , 65 = 1.50335 .

To specify a rounding procedure from THRESH™ we only need to specify a
threshold function S : [—1,1] — IR. To determine the behavior of this rounding
procedure on the configurations of Cg, we only need to specify six numbers,
namely S(cosf;), for 1 < i < 6. We have numerically searched for the best
setting of these six parameters and could not improve on the result obtained
using the algorithm of Sect. [[2 This algorithm is, therefore, the best algorithm
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that can be obtained using any rounding procedure from THRESH ™. We hope
to determine, in the near future, whether any improvements are possible using
rounding procedures from THRESH.

9 Concluding Remarks

We presented improved approximation algorithms for the MAX 2-SAT and MAX
DI-CUT problems using combinations of pre-rounding rotations and skewed hy-
perplane rounding. We showed that the performance ratios achieved by these
algorithms are essentially the best ratios that can be achieved using this tech-
nique. Obtaining further improved approximation ratios would require additional
ideas.

Our investigation also sheds some new light on the nature a general family
of rounding procedures suggested by Feige and Goemans [3].
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Finding the Exact Integrality Gap
for Small Traveling Salesman Problems*

Sylvia Boyd and Genevieve Labonté
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Abstract. The Symmetric Traveling Salesman Problem (STSP) is to
find a minimum weight Hamiltonian cycle in a weighted complete graph
on n nodes. One direction which seems promising for finding improved
solutions for the STSP is the study of a linear relaxation of this problem
called the Subtour Elimination Problem (SEP). A well known conjecture
in combinatorial optimization says that the integrality gap of the SEP is
4/3 in the metric case. Currently the best upper bound known for this
integrality gap is 3/2.

Finding the exact value for the integrality gap for the SEP is difficult
even for small values of n due to the exponential size of the data involved.
In this paper we describe how we were able to overcome such difficulties
and obtain the exact integrality gap for all values of n up to 10. Our
results give a verification of the 4/3 conjecture for small values of n, and
also give rise to a new stronger form of the conjecture which is dependent
on n.

1 Introduction

Given the complete graph K,, = (V, E) on n nodes with non-negative edge costs
ce P, ¢ #0, the Symmetric Traveling Salesman Problem (henceforth STSP)
is to find a Hamiltonian cycle (or tour) in K,, of minimum cost. When the costs
satisfy the triangle inequality, i.e. when c¢;; + cji > ¢y for all 4,5,k € V, we call
the problem the metric STSP.

For any edge set F C F and z € R”, let 2(F) denote the sum Y ecr Te-
For any node set W C V, let §(W) denote {uv € E : u € W,v ¢ W}. Let
8§ ={S CV,3<|S| <n-—3}. An integer linear programming (ILP) formulation
for the STSP is as follows:

minimize cx (1)

subject to: z(6(v)) =2 forallv eV, (2)
2(0(S)) >2 forall S €8, (3)
0<z,<1 foralleeFE, (4)

x integer. (5)

We use TOUR to denote the optimal solution value for ILP (). If we drop
the integer requirement (5) from the above ILP, we obtain a linear programming
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(LP) relaxation of the STSP called the Subtour Elimination Problem (SEP). We
use SUBT to denote the optimal solution value for the SEP. The associated poly-
tope, which is denoted by S™, is the set of all vectors z satisfying the constraints
of the SEP, i.e.

S" = {z € R¥ : z satisfies (2), (3), (4)} .

Note that despite the fact that there are an exponential number of constraints
(3), the SEP can be solved in polynomial time, since there is an exact polynomial-
time separation algorithm for each of its constraints [7].

The STSP is known to be NP-hard, even in the metric case [§]. One approach
taken for finding reasonably good solutions is to look for a k-approximation
algorithm for the problem, i.e. try to find a heuristic for the STSP which finds
a tour which is guaranteed to be of cost at most k * (TOUR) for some constant
k > 1. Currently the best k-approximation algorithm known for the metric STSP
is Christofides algorithm [6] for which k& = 3/2. Surprisingly, no one has been
able to improve upon this algorithm in over two decades. Note that for general
costs there does not exist a k-approximation algorithm unless P = NP [§].

A related approach for finding improved STSP solutions is to study the in-
tegrality gap a for the SEP, which is the worst-case ratio between TOUR and

SUBT, i.c.
o — max ( LOUR
o c>0 SUBT '

Value « gives one measure of the quality of the lower bound provided by the
SEP for the STSP. Moreover, a constructive proof for value a would provide an
a-approximation algorithm for the STSP.

It is known that for the metric STSP, « is at most 3/2 ([10], [11]), however,
no example for which this ratio comes close to 3/2 has yet been found. In fact,
a well-known conjecture states the following:

Congecture 1. For the metric STSP, the integrality gap for the SEP is 4/3.

If Conjecture [Mlis true, then it is best possible, for consider the metric STSP
example with costs ¢ shown in Fig. 1(a). In the figure, imagine the three hori-
zontal paths each have length k, and let the cost ¢, for edges uv € E not shown
be the cost of a cheapest u to v path in the figure. The optimal solution z* for
the SEP for this set of costs is shown in Fig. 1(b), where 2} = § for the dashed
edges e, 1 for the solid edges e, and 0 for all other edges. The optimal tour is
shown in Fig. 1(c). Thus this set of costs gives the ratio

TOUR 4k + 6
SUBT ~ 3k + 6

which tends to 4/3 as k — oo.

Note that not much progress has been made on Conjecture [Il in the past
decade. It has been verified for a very special class of cost functions in [2], and
recent results which are implied by the correctness of the conjecture can be found
in [I] and [4].
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i

(a) (b) (¢)

Fig. 1. An example for which a = 4/3

In this paper we examine the problem of finding the exact integrality gap for
the metric SEP for fixed values of n, where n is small. Note that many models
for this problem are too complex and too large to be practical to solve. In Sect. 2
we describe how we were able to overcome such difficulties by instead solving
a series of reasonably-sized LPs based on a related problem for a subset of the
vertices of the subtour elimination polytope S™. In Sect. 3 we describe how we
found the necessary set of vertices for our method, and also describe some new
structural properties for the vertices of S™ which we needed to use in order
to make our ideas work. Finally, in Sect. 4 we report our results, i.e. we give
the exact integrality gap for all values of n up to 10 which we found using our
method. These results not only provide a verification of Conjecture [Tl for n < 10,
but also give rise to a new stronger form of the conjecture which is dependent
on n. Such a formulation of the conjecture could be useful in an inductive proof
approach for Conjecture [II

2 Finding the Integrality Gap for Fixed n

For the metric STSP, we wish to solve the problem of finding the integrality gap
for the SEP when n, the number of nodes in the complete graph K,, = (V, E),
is fixed in size. We denote this integrality gap by «,, i.e.

e [ TOUR
n =T\ SUBT

for all metric STSPs on n nodes. Note that it is known that the SEP and the
STSP are equivalent problems for n < 5, and thus a,, = 1 for n <5.

We first note that for a particular metric STSP, if we divide all the edge costs
¢ € R” by the optimum tour value TOUR, then the new costs also satisfy the
triangle inequality, and the ratio TOUR/SUBT remains unchanged. Note the
new value of TOUR using this new cost function will be 1. Thus to solve our
problem, it is sufficient to only consider metric cost functions ¢ for which the
minimum tour value TOUR is 1, and we have

1
an = TR SUBT)’

TOUR=1 for ¢

or equivalently,
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o = min (SUBT) . (6)
TOUR=1 for c

This leads to the following quadratic programming model of the problem:

minimize cx (7)

subject to: = satisfies constraints (2)-(4) (8)
x(T)>1 forall T € T, (9)

cij +cjp >cy,  foralli,j,keV, (10)

ce >0 forall e € E, (11)

where T represents all the 0-1 incidence vectors of tours of K. Constraints (g])
simply ensure that vector x is in the subtour elimination polytope S™, while
constraints (@) and (I0) ensure that the minimum tour value is 1 for ¢ and our
cost vector ¢ is metric. Note that if the optimal solution for (7)) is k, then v, has
value 1/k. Also note that this model has an exponential number of constraints
of types (8) and ({@).

As the model above proved impractical to solve even for small n using the
tools available to us, we tried several other models in an attempt to get rid of the
quadratic objective function. One such model was a binary integer programming
model with an explosive number of both constraints and variables. We were able
to use this model to find «a,, for n = 6,7 and 8, but only through a great deal
of exhaustive work used to reduce the problem size by fixing different sets of
variables. It was clear that this method was impractical for n > 8.

We then found a way of modeling our problem as a series of LPs of a more rea-
sonable size (although still exponential) as follows. Let X = {z (1), Z(2),..., 2}
be a complete list of all the vertices of the subtour elimination polytope S™. We
know from polyhedral theory that for every cost function ¢ € IR¥, there exists
at least one vertex z* in X such that ¢ is minimized over S™ at x*, i.e. such that
SUBT = cz*. This provides a way of breaking our set of cost functions ¢ into
different sets (although these sets will not be disjoint). For each vertex z;y, let

C; = {c € R” : ¢ is minimized over S™ at z(;)} . (12)

So now we need to solve the following problem for each C, where z ;) is fixed
and is no longer a variable vector:

(min cx(; : c satisfies constraints (8), (@) and (II) ,c € C;) . (13)

If we let OPT; represent the optimal value of ([[3), then from (B) we have

1
— = min (OPT;). (14)
a, 1<i<p
Note that everything in model (I3]) is linear except the condition that ¢ € C;.
This condition can also be represented by a set of linear constraints using duality
theory, as we explain below.
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The dual LP of the SEP has variables y € RY,uelRF, and d € RS and is
defined as follows:

maximize 2-y —1-u+2-d (15)

subject to: y; + y; —uij—i—Z(dS:SGS,ijeé(S)) <g¢j; VijekE, (16)
ue >0 VeekFE, (17)

dg >0 VSe8. (18)

Given a feasible solution z* for the SEP, a feasible solution (y, u, d) for the
dual LP (3) is said to satisfy the complementary slackness conditions for x* if
it satisfies the following:

yityi—u+ Y (ds:S€8ijed(S) =c;  VijeEal>0, (19)

ue =0 Vee Bzt <1, (20)
ds=0 VSe8,z%((5)) >2.(21)

It follows from the theory of duality and complementary slackness that cost
function ¢ € C; if and only if there exists a feasible solution (y, u, d) for the
dual LP (&) which satisfies the complementary slackness conditions ([9), (20)
and (21 for x(;). Thus for each C; we can find OPT; by solving the following
LP, which has variables ¢ and (y, u, d):

OPT; = (min cx(; : ¢ satisfies (@) - (1) , and
(y,u,d) satisfy ([G) - @) for z(;)). (22)

Note that (22)) has an exponential number of variables and constraints. Nev-
ertheless, for small values of n we were able to solve [22)) using CPLEX in a
reasonable amount of time. For example, for n = 10, each of these LPs took
approximately one to two minutes to solve.

3 Finding the Necessary Vertices for S™

We need to avoid solving the LP (22) for OPT; for every vertex z(;) € X as the
size of X can be very large even for small n. Luckily we were able to find a much
smaller subset of vertices which was sufficient for finding «,.

Given a vertex x € S™, the weighted support graph G, = (Vi, E;) of x is

the subgraph of K, induced by the edge set E, = {¢ € F : . > 0}, with
edge weights z. for e € IRP*. Observe that many of the vertices of S™ will have
isomorphic weighted support graphs (such as all the vertices representing tours),
and thus will have the same objective value OPT; for LP (22)). This observation
led to the following steps for reducing the number of vertices we needed to
consider:
Step 1 Generate the set of all the vertices of S™. To do this we used a software
package called PORTA (POlyhedron Representation Transformation Algorithm)
[B], a program which, given an LP, generates all the vertices for the corresponding
polyhedron.
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Step 2 Reduce the set of vertices from Step 1 by finding the vertices within our
set with non-isomorphic weighted support graphs. To do this we used a software
package called nauty [9]. Note that this package deals with unweighted graphs,
but we were able to transform our weighted graphs such that this package could
be used for our purposes.

The above method worked for finding «,, for n = 6,7, however for n = 8,
PORTA was unable to generate all of the vertices for S™ even after running for
days. Thus for n > 8 we needed to exploit some properties of the vertices of S™
in order to aid PORTA in Step 1. These properties are described in the three
theorems below. The proofs of these theorems use ideas similar to those found
in [3].

Theorem 1. Let x be a vertex of S™. Then the number of edges in the support
graph G, of x is at most 2n — 3.

Proof. This result follows from a stronger result in [3] which says that the number
of edges in G is at most 2n — k — 3, where k is the number of nodes in G, which
have degree 3 and for which none of the corresponding incident edges e have
value z, = 1. O

Theorem 2. Consider z € RY such that for some node v we have Ty, = Ty =
1. Let & be the vector indexed by the edge set of K, \ {v} defined by

. ] 1 ife=uw,
Te= {xe for all other edges e . (23)

Then & is a vertex of S"~1 if and only if x is a vertex of S™.

Proof. We begin by showing that x € S™ if and only if # € S?~1.

Suppose that © € S™. The fact that = satisfies x(6({u,v,w})) > 2 implies
that x,, = 0. Therefore, since &, = 1, the sum of the x. values for edges
incident with v and edges incident with w did not change when & was created.
Thus the constraints () are satisfied by & for nodes u and w. For all other
constraints (@), (3) and @) for the SEP, it is clear that if = satisfies them, then
so does 2. Hence & € S"1.

Suppose that & € S~ 1. Vector x is essentially formed from & by taking edge
uw of value 1 in the support graph of & and adding a node v to split it into two
edges uv and vw, each with value z, = 1. Thus x(d(v)) = 2 for vector z. For
any S € 8 such that v € S and u,w € S, we have x(6(5)) > Zyy + Tpw = 2, and
thus all such cut constraints are satisfied by x. For all other constraints (), @)
and (H) for the SEP, it is clear that if & satisfies them, then so does x. Hence
x e S".

Now suppose that =z € S™ and x is not a vertex of S™. This implies that =
can be expressed as a convex combination of k distinct points of S™, k > 2. For
each of these k points 2/, we must have z!, = 2! = 1, since @y, = Xy = 1.
So for each point z’ we can form a corresponding point £’ which will necessarily
be in S”~! by the discussion above. By doing this we obtain & as a convex
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combination of k distinct points of S®~!, k > 2. This shows that & is also not a
vertex of §"1.

In a similar manner, we can show that if £ € S”~! is not a vertex of S"~!
then x is not a vertex of S™. This completes the proof. a

Theorem 3. Let x be a vertex of S™, n > 5. Then the mazimum degree in the
support graph G, of x is n — 3.

Proof. Suppose the theorem is not true, and for some vertex x of S™ there is
a node of degree greater than n — 3 in its support graph. Consider a counter
example G, with the number of nodes n as small as possible. We know that the
theorem is true for n = 5 since all vertices of S® correspond to tours. Hence we
can assume that n > 6.

Suppose that G, has a node v of degree 2, which implies that we have x,, =
Zow = 1. Thus by Theorem Rlwe could shrink this vertex = to a vertex & of S7~!
whose support graph would also contain a node of degree greater than n — 3.
This contradicts the fact that G, was a smallest counter example.

If G has no nodes of degree 2, then

2|B(Gy)| =D (da(v) v €V) 2 3(n—1)+ (n—2) =4n—5 ,

where d,(v) denotes the degree of node v in G.. However, by Theorem [l we have
that 2|E(G,)| < 4n — 6, so again we have a contradiction. O

We used Theorems [Mand Blto reduce the work for PORTA by first generating
all the non-isomorphic graphs on n nodes that contain 2n — 3 edges and have a
maximum degree of n — 3 (i.e. all the possible non-isomorphic support graphs
for vertices of S™), and then for each of these graphs G’ we ran PORTA on the
SEP problem constraints with the added constraints z, = 0 for each of the edges
e not appearing in G'.

Theorem [l implies that we can obtain any vertex of S™ which has a node of
degree 2 in its support graph by subdividing a 1-edge in the support graph of a
vertex of S"~1. Thus we obtained all the vertices with a node of degree 2 in the
support graph directly from our list of non-isomorphic vertices for S®~!, and
only used PORTA to search for vertices for which all nodes of the corresponding
support graph have degree at least 3. This meant that we could add the assump-
tion that our subgraphs for the support graphs have a minimum degree of 3 in
the above.

To summarize, we found «,, as follows:

Step 1’ Find all the non-isomorphic graphs on n nodes that contain 3n — 2
edges, and for which all nodes have a maximum degree of n — 3 and a minimum
degree of 3.

Step 2’ For each graph G’ from Step 1’, use PORTA to find all vertices of the
polytope defined by the constraints of the SEP plus the constraints z, = 0 for
all edges not appearing in G’. (Note that this polytope is a face of S™.) Let A
represent the union of all of these vertices found.
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Table 1. Integrality gap results

n Number of|an,
vertices

6 2 10/9

7 3 9/8

8 13 8/7

9 38 7/6

10 421 20/17

Step 3’ Find all the vertices of S™ which have a node of degree 2 in the sup-
port graph by directly generating them from the list of non-isomorphic vertices
created for S"~!. Let B represent this set of vertices.

Step 4’ Use the nauty software package to find the vertices in A U B with
non-isomorphic weighted support graphs.

Step 5’ For each vertex z(;) in the set of vertices from Step 4’, solve the LP
E2) to find OPT;. Let the minimum value for OPT; found be k. Then by (4,
ap, is 1/k.

4 Results and a New Stronger Conjecture

Using our method, we were able to find the exact value of «,, for all values of n
up to 10. The results are shown in Table 1. In column 2 of the table we list the
number of non-isomorphic vertices of S™ we found. Note that this also represents
the number of LPs (22)) that we needed to solve for each value of n. Column 3
contains the value of «,,, which is clearly less than 4/3 for all n < 10.

It surprised us that for each value of n, there was a unique vertex of S™ that
gave the maximum ratio «,,. Even more surprising was the definite pattern that
these vertices formed. The unique vertex z* of S™ which gave the maximum ratio
for each value of n is shown in Fig. 2, where 2 = 1 for solid edges e, z} = % for
dashed edges e, and x} = 0 for all the other edges. Note that the costs ¢ which
gave a, are shown on the edges, and for edges not shown the cost c;; was the
cost of a minimum cost i to j path using the costs shown.

By extrapolating the pattern of the vertices shown in Fig. 2, we developed
the following conjecture for the value of «,.

Conjecture 2. For all integers n > 3,

4n + 6
o
o 2L37J1+529 if n =0 (mod 3),
e 4 n|_
3 3 o —
an =9 3[2]213[2] 2 if n =1 (mod 3), (24)
Al +2(5] -4 .
2 - if n =2 (mod 3).
32 +3l5) -4
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Fig. 2. Vertices and costs which give a,,

Note that in the formulas in this new conjecture, «,, approaches 4/3 as n — oo.
Thus the correctness of Conjecture 2] would imply that Conjecture [l is true.
Also note that for each n we have found a set of costs for which the value in
ConjectureRlis tight, i.e. for which TOUR/SUBT = «,, as defined by the formula
in Conjecture 21
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Abstract. The comb inequalities are a well-known class of facet-induc-
ing inequalities for the Traveling Salesman Problem, defined in terms
of certain vertex sets called the handle and the teeth. We say that a
comb inequality is simple if the following holds for each tooth: either
the intersection of the tooth with the handle has cardinality one, or the
part of the tooth outside the handle has cardinality one, or both. The
simple comb inequalities generalize the classical 2-matching inequalities
of Edmonds, and also the so-called Chvdtal comb inequalities.

In 1982, Padberg and Rao [29] gave a polynomial-time algorithm for sep-
arating the 2-matching inequalities — i.e., for testing if a given fractional
solution to an LP relaxation violates a 2-matching inequality. We extend
this significantly by giving a polynomial-time algorithm for separating
the simple comb inequalities. The key is a result due to Caprara and
Fischetti.

1 Introduction

The famous Symmetric Traveling Salesman Problem (STSP) is the A'P-hard
problem of finding a minimum cost Hamiltonian cycle (or tour) in a complete
undirected graph. The most successful optimization algorithms at present (e.g.,
Padberg & Rinaldi [31], Applegate, Bixby, Chvatal & Cook [1]), are based on
an integer programming formulation of the STSP due to Dantzig, Fulkerson &
Johnson [7], which we now describe.

Let G be a complete graph with vertex set V and edge set E. For each
edge e € E, let c. be the cost of traversing edge e. For any S C V, let §(5)
(respectively, E(S)), denote the set of edges in G with exactly one end-vertex
(respectively, both end vertices) in S. Then, for each e € E, define the 0-1
variable z. taking the value 1 if e is to be in the tour, 0 otherwise. Finally let

x(F) for any F' C E denote ) .. Then the formulation is:

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 93-[108] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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H
[ J [ J
[ J Y °
T Ts Ts
Fig. 1. A comb with three teeth
Minimize Y ecE CeTe
Subject to:
z(6({1})) =2  VieV, (1)
2(E(S)) <|S|—1 VScV:2< 5| <|V]-2, (2)
Te >0 Vee E, (3)
xe ZIF (4)

Equations () are called degree equations. The inequalities (@) are called sub-
tour elimination constraints (SECs) and the inequalities (B]) are simple non-
negativity conditions. Note that an SEC with |S| = 2 is a mere upper bound of
the form z. < 1 for some edge e.

The convex hull in IRI®! of vectors satisfying (@) - (@) is called a Symmetric
Traveling Salesman Polytope. The polytope defined by (@) - ([B) is called a Subtour
Elimination Polytope. These polytopes are denoted by STSP(n) and SEP(n)
respectively, where n := |V|. Clearly, STSP(n) C SEP(n), and containment is
strict for n > 6.

The polytopes STSP(n) have been studied in great depth and many classes
of valid and facet-inducing inequalities are known; see the surveys by Jiinger,
Reinelt & Rinaldi [T9/20] and Naddef [22]. Here we are primarily interested in the
comb inequalities of Grotschel & Padberg [I5IT6], which are defined as follows.
Let t > 3 be an odd integer. Let H C V and T; C V for j = 1,...,t be such that
T,NH # 0and T;\ H # 0 for j = 1,...,t, and also let the T} be vertex-disjoint.
(See Fig. 1 for an illustration.) The comb inequality is:

t t

w(E(H))+ Y «(E(Ty) < |H|+ |1 - 3t/2] . ()

Jj=1 Jj=1

The set H is called the handle of the comb and the T; are called teeth.

Comb inequalities induce facets of STSP(n) for n > 6 [I5/16]. The validity
of comb inequalities in the special case where |T; N H| = 1 for all j was proved
by Chvatal [6]. For this reason inequalities of this type are sometimes referred
to as Chuvdtal comb inequalities. If, in addition, |T; \ H| = 1 for all j, then the
inequalities reduce to the classical 2-matching inequalities of Edmonds [g].
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In this paper we are concerned with a class of inequalities which is intermedi-
ate in generality between the class of comb inequalities and the class of Chvatal
comb inequalities. For want of a better term, we call them simple comb inequal-
ities, although the reader should be aware that the term simple is used with a
different meaning in Padberg & Rinaldi [30], and with yet another meaning in
Naddef & Rinaldi [23/24].

Definition 1. A comb (and its associated comb inequality) will be said to be
simple if, for all j, either |T; "N H| =1 or |T; \ H| =1 (or both).

So, for example, the comb shown in Fig. 1 is simple because [T}y N H|, |1 \ H]|
and |75 N H| are all equal to 1. Note however that it is not a Chvétal comb,
because [T N H| = 2.

For a given class of inequalities, a separation algorithm is a procedure which,
given a vector x* € RIZ! as input, either finds an inequality in the class which
is violated by z*, or proves that none exists (see Grotschel, Lovédsz & Schrijver
[14]). A desirable property of a separation algorithm is that it runs in polynomial
time.

In 1982, Padberg & Rao [29] discovered a polynomial-time separation algo-
rithm for the 2-matching inequalities. First, they showed that the separation
problem is equivalent to the problem of finding a minimum weight odd cut in a
certain weighted labeled graph. This graph has O(|E*|) vertices and edges, where
E* :={e € E:z} > 0}. Then, they proved that the desired cut can be found by
solving a sequence of O(|E*|) max-flow problems. Using the well-known pre-flow
push algorithm (Goldberg & Tarjan [12]) to solve the max-flow problems, along
with some implementation tricks given in Grotschel & Holland [13], the Padberg-
Rao separation algorithm can be implemented to run in O(n|E*|* log(n?/|E*|))
time, which is O(n®) in the worst case, but O(n?logn) if the support graph is
sparse. (The support graph, denoted by G*, is the subgraph of G induced by E*.)

In Padberg & Grotschel [28], page 341, it is conjectured that there also exists
a polynomial-time separation algorithm for the more general comb inequalities.
This conjecture is still unsettled, and in practice many researchers resort to
heuristics for comb separation (see for example Padberg & Rinaldi [30], Apple-
gate, Bixby, Chvatal & Cook [1], Naddef & Thienel [25]). Nevertheless, some
progress has recently been made on the theoretical side. In chronological order:

— Carr [5] showed that, for a fized value of t, the comb inequalities with ¢
teeth can be separated by solving O(n?') maximum flow problems, i.e., in
O(n?'*1 E*|log(n?/|E*|)) time using the pre-flow push algorithm.

— Fleischer & Tardos [9] gave an O(n?logn) algorithm for detecting mazimally
violated comb inequalities. (A comb inequality is maximally violated if it
is violated by 1, which is the largest violation possible if 2* € SEP(n).)
However this algorithm only works when G* is planar.

— Caprara, Fischetti & Letchford [3] showed that the comb inequalities were
contained in a more general class of inequalities, called {0, %}-cuts, and
showed how to detect maximally violated {0, §}-cuts in O(n?|E*|) time.
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— Letchford [21] defined a different generalization of the comb inequalities,
called domino-parity inequalities, and showed that the associated separation
problem can be solved in O(n?) time when G* is planar.

— Caprara & Letchford [4] showed that, if the handle H is fixed, then the
separation problem for {0, %}—cuts can be solved in polynomial time. They
did not analyze the running time, but the order of the polynomial is likely
to be very high.

In this paper we make another step forward in this line of research, by proving
the following theorem:

Theorem 1. Simple comb inequalities can be separated in polynomial time, pro-
vided that +* € SEP(n).

This is a significant extension of the Padberg-Rao result. The proof is based on
some results of Caprara & Fischetti [2] concerning {0, §}-cuts, together with
an ‘uncrossing’ argument which enables one to restrict attention to a small
(polynomial-sized) collection of candidate teeth.

The structure of the paper is as follows. In Sect. 2 we summarize the results
given in [2] about {0, }-cuts and show how they relate to the simple comb
inequalities. In Sect. 3 the uncrossing argument is given. In Sect. 4 we describe
the separation algorithm and analyze its running time, which turns out to be
very high at O(n°logn). In Sect. 5, we show that the running time can be
reduced to O(n®|E*|?logn), and suggest ways in which it could be reduced
further. Conclusions are given in Sect. 6.

2 Simple Comb Inequalities as {0, %}—Cuts

As mentioned above, we will need some definitions and results from Caprara &
Fischetti [2]. We begin with the definition of {0, 2 }-cuts:

Definition 2. Given an integer polyhedron Pr := conv{x € Z{ : Az < b},
where A is a p X q integer matrix and b is a column vector with p integer entries,
a {0, 3}-cut is a valid inequality for Py of the form

[AAJz < [Ab], (6)
where A € {0, 1}? is chosen so that \b is not integral.

(Actually, Caprara & Fischetti gave a more general definition, applicable when
variables are not necessarily required to be non-negative; but the definition given
here will suffice for our purposes. Also note that an equation can easily be
represented by two inequalities.)

Caprara and Fischetti showed that many important classes of valid and facet-
inducing inequalities, for many combinatorial optimization problems, are {0, %}—
cuts. They also showed that the associated separation problem is strongly N P-
hard in general, but polynomially solvable in certain special cases. To present
these special cases, we need two more definitions:
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Definition 3. The mod-2 support of an integer matriz A is the matrix obtained
by replacing each entry in A by its parity (0 if even, 1 if odd).

Definition 4. A p x g binary matriz A is called an edge-path incidence matrix
of a tree (EPT for short), if there is a tree T with p edges such that each column
of A is the characteristic vector of the edges of a path in T.

The main theorem in [2] is then the following:

Theorem 2 (Caprara & Fischetti [2]). The separation problem for {0, 3}-
cuts for a system Ax < b can be solved in polynomial time if the mod-2 support
of A, or its transpose, is EPT.

Now let us say that the ith inequality in the system Az < b is used if its

multiplier is non-zero, i.e., if \; = % Moreover, we will also say that the non-

negativity inequality for a given variable x; has been used if the i-th coefficient

of the vector AA is fractional. The reasoning behind this is that rounding down

the coefficient of x; on the left hand side of (@) is equivalent to adding one half

of the non-negativity inequality x; > 0 (written in the reversed form, —z; < 0).
Given these definitions, it can be shown that:

Proposition 1 (Caprara & Fischetti [2]). Let 2* € IRL be a point to be
separated. Then a {0, %}-cut is violated by x* if and only if the sum of the slacks
of the inequalities used, computed with respect to x*, is less than 1.

Under the (reasonable) assumption that Az* < b, all slacks are non-negative
and Proposition [ also implies that the slack of each inequality used must be
less than 1.

The reason that these results are of relevance is that comb inequalities can
be derived as {0, %}—cuts from the degree equations and SECs; see Caprara,
Fischetti & Letchford [3] for details. However, we have not been able to derive
a polynomial-time separation algorithm for comb inequalities (simple or not)
based on this observation alone. Instead we have found it necessary to consider
a certain weakened version of the SECs, presented in the following lemma:

Lemma 1. For any S CV such that 1 < |S| <|V|—2, and any i € V' \ S, the
following tooth inequality is valid for STSP(n):

2¢(E(S)) +z(E(:9)) <2|S| -1, (7)
where E(i : S) denotes the set of edges with i as one end-node and the other
end-node in S.
Proof: The inequality is the sum of the SEC on S and the SEC on S U {i}.
We will call ¢ the ‘root’ of the tooth and S the ‘body’.

The next proposition shows that, if we are only interested in simple comb
inequalities, we can work with the tooth inequalities instead of the (stronger)
SECs:
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Proposition 2. Simple comb inequalities can be derived as {0, %}-cuts from the
degree equations (1) and the tooth inequalities (7).

Proof: First, sum together the degree equations for all ¢ € H to obtain:
20(E(H)) +z(0(H)) < 2|H|. (8)

Now suppose, without loss of generality, that there is some 1 < k < t such that
[ T;NH|=1for j=1,...,k and [T; \ H|=1for k+1,...,t. For j=1,... k,
associate a tooth inequality of the form (7)) with tooth T}, by setting {i} := T;NH
and S :=T;\ H. Similarly, for j = k+1,...,¢, associate a tooth inequality with
tooth T, by setting {i} := T; \ H and S := T; N H. Add all of these tooth
inequalities to (&) to obtain:

20(E(H))+x(6(H)) + ,

J

k
(22(E(T; \ H)) + «(E(T; N H : T; \ H)))

+ Y Qu(B(IynH)) +«(B(Ty N H: T\ H)) < 2[H|+2) " |T;| - 3t.
j=k+1 j=1

This can be re-arranged to give:

20(E(H)) +2 Y e(E(T)) +« | 6(H)\ | J E(TynH : T;\ H)

j=1

t
<2[H|+2) |T;| - 3t.
j=1

Dividing by two and rounding down yields ().

Although not crucial to the remainder of this paper, it is interesting to note
that the SECs (@) can themselves be regarded as ‘trivial’ {0, § }-cuts, obtained
by dividing a single tooth inequality by two and rounding down. Indeed, as we
will show in the full version of this paper, any {0, %}—cut which is derivable from
the degree equations and tooth inequalities is either an SEC, or a simple comb
inequality, or dominated by these inequalities.

3 Candidate Teeth: An Uncrossing Argument

Our goal in this paper is to apply the results of the previous section to yield a
polynomial-time separation algorithm for simple comb inequalities. However, a
problem which immediately presents itself is that there is an exponential number
of tooth inequalities, and therefore the system Az < b defined by the degree and
tooth inequalities is of exponential size.

Fortunately, Proposition [l tells us that we can restrict our attention to tooth
inequalities whose slack is less than 1, without losing any violated {0, %}—Cuts.
Such tooth inequalities are polynomial in number, as shown in the following two
lemmas.
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Lemma 2. Suppose that * € SEP(n). Then the number of sets whose SECs
have slack less than 5 is O(n?), and these sets can be found in O(n|E*|(|E*| +
nlogn)) time.

Proof: The degree equations can be used to show that the slack of the SEC on a
set S is less than 1 if and only if 2*(6(5)) < 3. Since the minimum cut in G* has
weight 2, we require that the cut-set 6(5) has a weight strictly less than % times
the weight of the minimum cut. It is known (Hensinger & Williamson [I8]) that
there are O(n?) such sets, and that the algorithm of Nagamochi, Nishimura &

Ibaraki [26] finds them in O(n|E*|(|E*| 4+ nlogn)) time.

Lemma 3. Suppose that x* € SEP(n). Then the number of distinct tooth
inequalities with slack less than 1 is O(n3), and these teeth can be found in
O(n|E*|(|JE*| + nlogn)) time.

Proof: The slack of the tooth inequality is equal to the slack of the SEC for S
plus the slack of the SEC for {i} U S. For the tooth inequality to have slack less
than 1, the slack for at least one of these SECs must be less than % So we can take
each of the O(n?) sets mentioned in Lemma[@ and consider them as candidates
for either S or {i} U S. For each candidate, there are only n possibilities for the
root i. The time bottleneck is easily seen to be the Nagamochi, Nishimura &

Ibaraki algorithm.

Now consider the system of inequalities Ax < b formed by the degree equa-
tions and the O(n?) tooth inequalities mentioned in Lemma Bl If we could show
that the mod-2 support of A (or its transpose) is always an EPT matrix, then
we would be done. Unfortunately this is not the case. (It is easy to produce
counter-examples even for n = 6.)

Therefore we must use a more involved argument if we wish to separate
simple comb inequalities via {0, %}—cut arguments. It turns out that the key is
to pay special attention to tooth inequalities whose slack is strictly less than %
This leads us to the following definition and lemma:

Definition 5. A tooth in a comb is said to be light if the slack of the associated
tooth inequality is less than % Otherwise it is said to be heavy.

Lemma 4. If a simple comb inequality is violated by a given x* € SEP(n),
then at most one of its teeth can be heavy.

Proof: If two of the teeth in a comb are heavy, the slacks of the associated
tooth inequalities sum to at least % + % = 1. Then, by Proposition [I], the comb
inequality is not violated.

We now present a slight refinement of the light /heavy distinction.

Definition 6. For a given i € V, a vertex set S C V \ {i} is said to be i-
light if the tooth inequality with root i and body S has slack strictly less than %
Otherwise it is said to be i-heavy.

Now we invoke our uncrossing argument. The classical definition of crossing
is as follows:
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Definition 7. Two vertex sets S1,S2 C V are said to cross if each of the four
sets S1 NSy, S1\S2, S2\S1 and V'\ (51U Sy) is non-empty.

However, we will need a slightly modified definition:

Definition 8. Leti € V be a fized root. Two vertex sets S1, S C V\{i} are said
to i-cross if each of the four sets S;N Sy, S\ S2, S2\S1 and V'\ (S USyU{i})
18 non-empty.

Theorem 3. Leti € V be a fized root. If x* € SEP(n), it is impossible for two
i-light sets to i-cross.

Proof: If we sum together the degree equations () for all ¢ € S; N Ss, along
with the SECs on the four vertex sets ¢ U .S; U Sa, S1 \ S2, S2 \ S1 and S; N Sa,
then (after some re-arranging) we obtain the inequality:

" (E(i: 51))+22"(E(S1)) +a™ (E(i: S2))+22"(E(S2)) < 2[S1|+2[S2[—3. (9)

On the other hand, the sum of the tooth inequality with root ¢ and body S; and
the tooth inequality with root ¢ and body S5 is:

2 (E(i: S1)) 422" (E(Sy))+a" (E(i : S2))+22"(E(S2)) < 2|S1|+2|S2|—2. (10)

Comparing (I0) and ([@) we see that the sum of the slacks of these two tooth
inequalities is at least 1. Since z* € SEP(n), each of the individual slacks is
non-negative. Hence at least one of the slacks must be > % That is, at least one
of S7 and S5 is i-heavy.

Corollary 1. For a given root i, there are only O(n) i-light vertex sets.

Corollary 2. The number of distinct tooth inequalities with slack less than % 1

O(n?).

The following lemma shows that we can eliminate half of the i-light sets from
consideration.

Lemma 5. A tooth inequality with root i and body S is equivalent to the tooth
inequality with root i and body V' \ (S U {i}).

Proof: The latter inequality can be obtained from the former by subtracting
the degree equations for the vertices in S, and adding the degree equations for
the vertices in V'\ (S'U {i}).

Therefore, for any i, we can pick any arbitrary vertex j # i and eliminate
all 4-light sets containing j, without losing any violated {0, %}—cuts. It turns out
that the remaining i-light sets have an interesting structure:

Lemma 6. For any i and any arbitrary j # i, the i-light sets which do not
contain j are ‘nested’. That is, if S1 and Sy are i-light sets which do not contain
j, then either S1 and Sy are disjoint, or one is entirely contained in the other.
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Fig. 2. A fractional point contained in SEP(9)

Proof: If S; and S5 did not meet this condition, then they would i-cross.
We close this section with a small example.

Example: Fig. 2 shows the support graph G* for a vector x* which lies in
SEP(9). The solid lines, dashed lines and dotted lines show edges with z} = 1,
2/3 and 1/3, respectively. The 1-light sets are {2}, {4},{3,...,9} and {2, 3, 5,6, 7,
8,9}; the 3-light sets are {5},{6},{5,6},{1,2,4,7,8,9},{1,2,4,5,7,8,9} and
{1,2,4,6,7,8,9}. The 1-heavy sets include, for example, {3}, {4, 8} and {3,5,6}.
The 3-heavy sets include, for example, {1}, {2} and {1,4}. The reader can easily
identify light and heavy sets for other roots by exploiting the symmetry of the
fractional point.

4 Separation

Our separation algorithm has two stages. In the first stage, we search for a
violated simple comb inequality in which all of the teeth are light. If this fails,
then we proceed to the second stage, where we search for a violated simple comb
inequality in which one of the teeth is heavy. Lemma H]in the previous section
shows that this approach is valid.

The following theorem is at the heart of the first stage of the separation
algorithm:

Theorem 4. Let Ax < b be the inequality system formed by the degree equations
(written in less-than-or-equal-to form), and, for each i, the tooth inequalities cor-
responding to the i-light sets forming a nested family obtained as in the previous
section. Then the mod-2 support of the matriz A is an EPT matriz.

The proof of this theorem is long and tedious and will be given in the full version
of the paper. Instead, we demonstrate that the theorem is true for the fractional
point shown in Fig. 2. It should be obvious how to proceed for other fractional
points.

Example (Cont.): Consider once again the fractional point shown in Fig. 2.
There are four i-light sets for each of the roots 1,2,4,7,8,9 and six i-light sets
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for the remaining three roots. Applying Lemma [ we can eliminate half of these
from consideration. So suppose we choose:

— 1-light sets: {2}, {4};
— 2-light sets: {1}, {7};
— 3-light sets: {5}, {6}, {5,6};
— 4-light sets: {1}, {8};
— 5-light sets: {3}, {6},{3,6};
— 6-light sets: {3}, {5},{3,5};
— 7-light sets: {2}, {9};
— 8-light sets: {4},{9};
— 9-light sets: {7}, {8}.

This leads to 21 light tooth inequalities in total. However, there are some du-
plicates: a tooth inequality with root ¢ and body {j} is identical to a tooth
inequality with root j and body {i} (in both cases the inequality is a simple
upper bound, z;; < 1). In fact there are only 12 distinct inequalities, namely:

2x35 + w36 + 756 < 3 (11)
2236 + 235 + T56 < 3 (12)
2x56 + X35 + 236 < 3, (13)

plus the upper bounds on z19, 14, T27, T35, T36, T48, T56, T7g9 and xgg. Therefore
the matrix A has 36 columns (one for each variable), and 21 rows (12 tooth
inequalities plus 9 degree equations). In fact we can delete the columns associated
with variables which are zero at x*. This leaves only 15 columns; the resulting
matrix A is as follows (the first three rows correspond to (1) - (@3)), the next
nine to simple upper bounds, and the final nine to degree equations):

000002100100000
000001200100000
000001100200000
100000000000000
001000000000000
000010000000000
000001000000000
000000100000000
000000001000000
000000000100000
000000000000GOT1O
000000000000001
111000000000000
100110000000000
010101100000000
001000011000000
000001010110000
000000100101100
000010000001010
000000001010001
000000000000111
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The mod-2 support of this matrix is indeed EPT; this can be checked by refer-

ence to the tree given in Fig. 3. The edge associated with the ith degree equation
is labeled d;. The edge associated with the upper bound z;; < 1 is labeled ;.
Finally, next to the remaining three edges, we show the root and body of the
corresponding light tooth inequality.

Fig. 3. Tree in demonstration of Theorem M

Corollary 3. If z* € SEP(n), then a violated simple comb inequality which
uses only light teeth can be found in polynomial time, if any exists.

Proof: In the previous section we showed that the desired tooth inequalities are
polynomial in number and that they can be found in polynomial time. The nec-
essary system Ax < b and its associated EPT matrix can easily be constructed
in polynomial time. The result then follows from Theorem

Example (Cont.): Applying stage 1 to the fractional point shown in Fig. 2,
we find a violated simple comb inequality with H = {1,2,3}, 71 := {1,4},
Ty ={2,7} and T3 = {3,5,6}. The inequality is

T12 + T13 + T3 + T14 + Ty + T35 + X36 + Tne < O,

and it is violated by one-third.

Now we need to deal with the second stage, i.e., the case where one of the
teeth involved is heavy. From Lemma[3 we know that there are O(n?) candidates
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for this heavy tooth. We do the following for each of these candidates: we take
the collection of O(n?) light tooth inequalities, and eliminate the ones whose
teeth have a non-empty intersection with the heavy tooth under consideration.
As we will show in the full version of this paper, the resulting modified matrix is
still an EPT matrix, and the Caprara-Fischetti procedure can be repeated. This
proves Theorem 1.

Now let us analyze the running time of this separation algorithm. First we
consider stage 1. A careful reading of Caprara & Fischetti [2] shows that to
separate {0, %}—cuts derived from a system Az < b, where A is a p X ¢ matrix, it
is necessary to compute a minimum weight odd cut in a labeled weighted graph
with p — 1 vertices and p + ¢’ edges, where ¢’ is the number of variables which
are currently non-zero. In our application, p is O(n?), because there are O(n?)
light tooth inequalities; and ¢’ is O(]E*|). Therefore the graph concerned has
O(n?) vertices and O(n?) edges.

Using the Padberg-Rao algorithm [29] to compute the minimum weight odd
cut, and the pre-flow push algorithm [I2] to solve the max-flow problems, stage
1 takes O(n%logn) time. This is bad enough, but an even bigger running time
is needed for stage 2, which involves essentially repeating the procedure used
in stage 1 O(n3) times. This leads to a running time of O(n” logn) for stage 2,
which, though polynomial, is totally impractical.

In the next section, we explore the potential for reducing this running time.

5 Improving the Running Time

To improve the running time, it suffices to reduce the number of ‘candidates’ for
the teeth in a violated simple comb inequality. To this end, we now describe a
simple lemma which enables us to eliminate teeth from consideration. We will
then prove that, after applying the lemma, only O(|E*|) light teeth remain.

Lemma 7. Suppose a violated {0, %}—cut can be derived using the tooth inequal-
ity with root i and body S. If there exists a set 8" C V' \ {i} such that

— E(i:S)NE*=E(i:S)NE",
=[] = 227(B(S")) — z*(E(i: ")) < |S] = 22*(E(S)) — z*(E(i : 5)),

then we can obtain a {0, %}-cut violated by at least as much by replacing the
body S with the body S’ (and adjusting the set of used non-negativity inequalities
accordingly).

Proof: By Proposition [, we have to consider the net change in the sum of the
slacks of the used inequalities. The second condition in the lemma simply says
that the slack of the tooth inequality with root ¢ and body S’ is not greater than
the slack of the tooth inequality with root ¢ and body S. Therefore replacing S
with S’ causes the sum of the slacks to either remain the same or decrease. Now
we consider the used non-negativity inequalities. The only variables to receive
an odd coefficient in a tooth inequality with root ¢ and body S are those which
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correspond to edges in E(i : S), and a similar statement holds for S’. So, for
the edges in E(i : (S\S")U(S"\S)), the non-used non-negativity inequalities
must now be used and vice-versa. But this has no effect on the sum of the slacks,
because E(i : (S\ S")U(S"\ S)) C E\ E* by assumption and the slack of a
non-negativity inequality for an edge in F' \ E* is zero. Hence, the total sum of
slacks is either unchanged or decreased and the new {0, %}—cut is violated by at
least as much as the original.

A naive implementation of this idea runs in O(n3|E*|) time. The next theo-
rem shows that, after it is applied, only O(|E*|) light tooth inequalities remain.

Theorem 5. After applying the elimination criterion of Lemma [1, at most
4|E*| — 2n light tooth inequalities remain.

Proof: Recall that, for any root i, the i-light sets form a nested family. Let
S, S’ be two distinct i-light sets remaining after the elimination criterion has
been applied. If S’ C S, then E(i: (S\S")) N E* # (. It is then easy to check
that the total number of i-light sets is at most 2(df — 1), where d} denotes the
degree of i in G*. So the total number of light tooth inequalities is at most
2> iev(di —1) =4|E"| — 2n.

The effect on the running time of the overall separation algorithm is as fol-
lows. The graphs on which the minimum weight odd cuts must be computed now
have only O(|E*|) vertices and edges. Each odd cut computation now only in-
volves the solution of O(|E*|) max-flow problems. Thus, again using the pre-flow
push max-flow algorithm, the overall running time of the separation algorithm
is reduced from O(n?logn) to O(n3|E*|3logn). In practice, G* is very sparse,
so that this is effectively O(n®logn).

It is natural to ask whether the running time can be reduced further. In our
opinion further reduction is possible. First, we believe that a more complicated
argument can reduce the number of light teeth to only O(n), and the number
of heavy teeth to O(n|E*|). Moreover, empirically we have found that, for each
root 4, it is possible to partition the set of i-heavy sets into O(d}) nested families,
each containing O(d}) members (where df is as defined in the proof of Theorem
[B). If this result could be proven to hold in general, we would be need to perform
only O(|E*|) minimum odd cut computations in stage 2. These changes would
reduce the overall running time to only O(n?|E*|?log(n?/|E*|)), which leads us
to hope that a practically useful implementation is possible. Further progress on
this issue (if any) will be reported in the full version of the paper.

6 Concluding Remarks

We have given a polynomial-time separation algorithm for the simple comb in-
equalities, thus extending the result of Padberg and Rao [29]. This is the latest in
a series of positive results concerned with comb separation (Padberg & Rao [29],
Carr [9], Fleischer & Tardos [J], Caprara, Fischetti & Letchford [3], Letchford
[21], Caprara & Letchford [4]).
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A number of open questions immediately spring to mind. The main one is, of
course, whether there exists a polynomial-time separation algorithm for general
comb inequalities, or perhaps a generalization of them such as the domino-parity
inequalities [21]. We believe that any progress on this issue is likely to come once
again from the characterization of comb inequalities as {0, %}—cuts. Moreover,
since separation of {0, %}—cuts is equivalent to the problem of finding a minimum
weight member of a binary clutter [2], it might be necessary to draw on some
of the deep decomposition techniques which are used in the theory of binary
clutters and binary matroids (compare [2] with Grétschel & Truemper [17]).

Another interesting question is concerned with lower bounds. Let us call
the lower bound obtained by optimizing over SEP(n) the subtour bound. The
subtour bound is typically good in practice, and a widely held conjecture is that,
when the edge costs satisfy the triangle inequality, the subtour bound is at least
3/4 of the optimal value. Moreover, examples are known which approach this
value arbitrarily closely, see Goemans [I1]. Now, using the results in this paper,
together with the well-known equivalence of separation and optimization [14],
we can obtain a stronger lower bound by also using the simple comb inequalities.
Let us call this the simple comb bound. A natural question is whether the worst-
case ratio between the simple comb bound and the optimum is greater than 3/4.
Unfortunately, we know of examples where the ratio is still arbitrarily close to
3/4. Details will be given in the full version of the paper.

Finally, we can also consider special classes of graphs. For a given graph G, let
us denote by SC(G) the polytope defined by the degree equations, the SECs, and
the non-negativity and simple comb inequalities. (Now we only define variables
for the edges in G.) Let us say that a graph G is SC-perfect if SC(G) is an inte-
gral polytope. Clearly, the TSP is polynomially-solvable on SC-perfect graphs.
It would be desirable to know which graphs are SC-perfect, and in particular
whether the class of SC-perfect graphs is closed under the taking of minors (see
Fonlupt & Naddef [10]). Similarly, let us say that a graph is SC-Hamiltonian
if SC(G) is non-empty. Obviously, every Hamiltonian graph is SC-Hamiltonian,
but the reverse does not hold. (The famous Peterson graph is SC-Hamiltonian,
but not Hamiltonian.) It would be desirable to establish structural properties
for the SC-Hamiltonian graphs, just as Chvétal [6] did for the so-called weakly
Hamiltonian graphs.
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Abstract. We present a novel approach to the construction of the cac-
tus representation of all minimum cuts of a graph. The representation
is a supergraph that stores the set of all mincuts compactly and mirrors
its structure. We focus on support graphs occurring in the branch-and-
cut approach to traveling salesman, vehicle routing and similar prob-
lems in a natural way. The ideas presented also apply to more general
graphs. Unlike most previous construction approaches, we do not follow
the Karzanov-Timofeev framework or a variation of it. Our determinis-
tic algorithm is based on inclusion-minimal mincuts. We use Fleischer’s
approach [J. Algorithms, 33(1):51-72, 1999], one of the fastest to date, as
benchmark. The new algorithm shows an average speed-up factor of 20
for TSP-related support graphs in practice. We report computational re-
sults. Compared to the benchmark, we reduce the space required during
construction for n-vertex graphs with m edges from O(n?) to O(m).

1 Introduction

We define a graph as a pair consisting of a finite set of vertices and a set of edges
which are two-point subsets of the vertex set. This excludes multiple edges and
loops {v,v} = {v}. The vertices of an edge are called its ends. A graph is called
undirected to emphasize that edge {u,v} equals {v,u}. A weighted graph has
edge weights assigned to its edges. Here, weights are in IR™. In a connected graph
there is a path of edges between two different vertices. We call a graph that has
a subset of IN assigned to each vertex a supergraph.

A cut in a graph is a non-empty proper vertex subset. A cut is different from
its complement called complementary cut. The cardinality of a cut is called its
size. In a weighted graph, the weight of a cut is the sum of weights of edges with
exactly one end in the cut. Regard an unweighted graph as a weighted graph
with unit weights. A weighted graph has a finite number of cuts and hence cuts
of minimum weight. These are called mincuts or global minimum weight cuts.

There are several algorithms computing mincuts. For an overview and compu-
tational studies for weighted graphs see [6l17]. Network reliability and augmen-
tation are fields of application for mincuts. Another major field is cutting-plane
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generation in branch-and-cut approaches to combinatorial optimization prob-
lems. Further applications are mentioned in [18J29]. A suitable representation of
all mincuts of a graph in terms of storage space and access time is often desirable.
This paper deals with the construction of such a representation.

The input of our algorithm is a connected undirected graph G = (V, E) with
strictly positive edge weights and a special property: Every vertex is a mincut.
For arbitrary edge weights the mincut problem is equivalent to the A/P-hard
maxcut problem of finding a cut of maximum weight. The special property is
not artificial. Such graphs naturally appear in the cutting-plane or branch-and-
cut approach to traveling salesman, vehicle routing and related problems.

A graph weighted with an optimal solution z to the Linear Program (LP)
relaxation (possibly tightened by cutting-planes) of the classical 0/1 Integer LP
(ILP) model [9] of the symmetric Traveling Salesman Problem (TSP) satisfies:

(a) every vertex has weight 2 (degree equations) and

(b) every cut has weight at least 2 (subtour elimination constraints).
Remove edges with weight 0 to obtain a valid input graph. A graph with edge
weights in )0, 1] satisfying (a) and (b) is called a TSP support graph. For some
purposes, directed support graphs carrying LP solutions associated with the
asymmetric TSP can be transformed to undirected counterparts [3] which are
actually TSP support graphs. By transforming the multisalesmen problem to
the symmetric TSP, the Capacitated Vehicle Routing Problem (CVRP) [33] can
be modelled as symmetric TSP with additional constraints [32]. Therefore, TSP
support graphs also are encountered in connection with CVRPs.

After scaling edge weights, every graph with the properties of G above is
a TSP support graph with mincut weight A = 2. Essentially, the valid input
graphs for our algorithm are the TSP support graphs. We rely on no further
characteristics of the symmetric TSP. We do not require that the edge weight
vector z is an extreme point of the subtour elimination polytope (SEP) consisting
of all points in the unit cube satisfying (a) and (b); we only require that x is
within the SEP. This requirement is common [5J12]20/25/30]. For an n-vertex
graph, we do not require ¢ STSP(n) where STSP(n) denotes the polytope
associated with the symmetric TSP on n vertices. Support graphs of CVRPs
can have weight vectors « within the corresponding TSP polytope.

Because of the strong interest in both traveling salesman [TJT6J30] and vehicle
routing [33] problems, TSP support graphs G deserve special treatment. We have
implemented our algorithmic cactus construction idea for such graphs.

The output of our algorithm is a cactus of G. More precisely: It is the unique
canonical cactus representation H(G) of the set M of all mincuts of G. It can be
viewed as a condensed list of G’s mincuts. If n=|V|, then G has O(n?) mincuts
[BITO/TS]. An explicit list requires O(n?) space. H(G) is a supergraph with linear
space requirement in n showing the inclusion- and intersection-structure of M.
Every M € M can be extracted from H(G) in time O(|M]). Dinitz, Karzanov
and Timofeev [I0] reported this elegant representation of mincuts in 1976.

Karzanov and Timofeev [19] presented the first polynomial algorithm to build
a cactus of a graph. The subsequent approaches [SBIITJI8/22/27] generalized and
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improved their framework. We abandon it. The idea of the new deterministic
algorithm is: repeatedly find a basic mincut M in G, build the corresponding
part of H(G) and shrink M. By our definition, a basic mincut does not properly
contain any non-trivial mincut. We call a single-vertex mincut trivial.

A (u,v)-mincut is a mincut containing vertex u but not v. A (U, v)-cut con-
tains vertex set U but not v. We call a (u,v)-mincut M degenerate if M or M is
trivial. We use the preflow-push mincut algorithm of Hao and Orlin (H-O) [14]
to decide if there is a non-degenerate (u,v)-mincut for u # v. We can detect
all edges {u, v} for which there is a non-degenerate (u,v)-mincut within a single
H-O call. By removing these edges, we can simultaneously find the material basic
mincuts of a TSP support graph that have more than 2 vertices.

Cutting-plane generation procedures are crucial to solving hard combinato-
rial optimization problems to optimality [1JB0]. Several such procedures [BIT2]25]34]
can benefit from our algorithm. During the cutting-plane phase of a sub-problem
corresponding to a node of the problem tree in a branch-and-cut framework [15],
one may want to repeatedly construct cacti of support graphs.

Section lsummarizes the cactus representation of mincuts. In Sect. B we com-
ment on previous cactus construction approaches and on the space requirement
of different algorithms. Our new approach is detailed in Sect.[d. We mention some
applications of cacti to cutting-plane generation in Sect.[H. The suitability of our
new cactus construction algorithm for TSP support graphs is demonstrated by
computational experiments in Sect.[@. Section [ concludes the paper.

2 The Cactus of a Weighted Graph

2.1 Definition and Properties

We define a cactus as a weighted graph in which every edge is within at most one
cycle (Figs. [3). There are two types of edges: cycle edges are in one cycle, tree
edges are in none. Tree edges carry twice the weight of cycle edges in a cactus.
Cacti we encounter are connected. For cacti we say node instead of vertex.

Let a cactus be given. Map the set of vertices V = {1,...,n} of G to the node
set of this cactus. Then a subset (possibly ) of V' is associated with every node
of the cactus. Let C be a cut in the cactus. Denote the vertices of G mapped to a
node in C by V(C) and say that V(C) is induced by C. A cactus node inducing
(0 is called empty (Fig. B). If M = {V(C) | C is a mincut of the cactus}, then
the cactus as a weighted supergraph is called a cactus representation of M or a
cactus of G (Fig. ). Every mincut of a cactus of G induces a mincut of G and
every mincut of G can be obtained at least once in this way.

The mincuts of a cactus are known. They can all be obtained by removing
a tree edge or two different edges of the same cycle which splits a cactus into
two connected components. The nodes of each component form a mincut of the
cactus. By traversing a component and collecting the vertices assigned to nodes
of a mincut of a cactus of GG, we quickly get the induced mincut M € M of G
in time O(|M]). Assign the mincut weight A of G to tree edges and A/2 to cycle
edges to give a cactus of G the mincut weight .
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Fig.1. A TSP support graph and the canonical cactus representation of its mincuts

We call a cycle with k edges a k-cycle. Removing the edges of a k-cycle splits
a cactus of G into k connected components with node sets C; wherei =1,..., k.
The vertex sets V(C;) € M are called the beads of the cycle.

A cactus of G with at most 2n nodes [21] actually exists [10/27]. The number
of edges is also O(n) [10]. This means the representation is compact.

2.2 Uniqueness of the Representation

A graph can have more than one cactus. A k-way cutnode splits a cactus into k
connected components when removed together with its incident edges.

One source of ambiguity is redundancy. Contracting a tree edge T incident
to an empty 2-way cutnode does not reduce the number of mincuts represented
but results in a smaller cactus having fewer empty nodes. A cactus is called
normal [21] or simple [8] if neither operation O7 nor Oz in Fig. Plcan be applied.
A mincut of G is induced by at most two mincuts of a simple cactus of G [§].
Only empty nodes of degree 4 common to exactly 2 cycles can be the reason for
mincuts to be induced twice.

ol % o—0  eloe) % e

Fig. 2. The two simplifying operations [8/21]

The second source of ambiguity are empty 3-way cutnodes. The same mincuts
are induced if we replace them by 3-cycles of empty nodes [8]. We say that a
cactus is of cycle type [21]123] if it does not contain any empty 3-way cutnodes.

If a cactus of G is normal and of cycle type, then it is unique [21], denoted
by H(G) and called canonical [RI1]. We directly construct H(G).

2.3 Structure and Cactus Representation of M

Two cuts are said to cross if their union does not cover V, if they intersect and if
none is contained in the other. A k-cycle with k > 3 in H(G) represents crossing
mincuts (Fig. B)). Let G be weighted by a vector x indexed by the elements of E.
Let U,W C V. For UNW = () define (U:W) = (W:U) as the set of edges with
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one end in U and one in W. Write 6(U) for (U:U). Write z(F) for Y . pe s e
and z(U: W) for z((U:W)). Since the following well known lemma [3J10J13] is
fundamental to this paper and our algorithm, we give a proof.

Lemma 1 (Crossing Mincuts). If A, B € M cross, then

1. Mi=ANB,My=ANDB,M;=ANB,My = AU B are mincuts,
2. .T(Ml : Mg) = IZ’(MQ : M4) =0 and
3. LU(Ml : Mg) = .’I,‘(MQ : Mg) == .CL‘(Mg : M4) = QT(M4 : Ml) == )\/2

Proof. We have 2\ = z(§(A)) + x(§(B)) since A, B are mincuts. Repeatedly use
x(U:W) =a(U:Wh) + x(U:Ws) if {WW;, W5} is a partition of W. We arrive at
2\ = l’((S(Ml)) +£L'((5(M3)) +2x(M2 :M4) = x(é(Mg)) +£L’(5(M4)) +2(E(M1 :Mg).
Since xz(6(M;)) > A we get claim 2] We now see that z(6(M;)) > A is impossible
which proves 0l If M; U M; € M, then A = z(8(M; U M;)) = z(5(M;)) +
z(6(M;)) — 2z(M;: M;) = 2\ — 2z(M; : M;). This proves the last claim[Bl O

This implies that the union and intersection of crossing mincuts is again a
mincut. From Lemma [[lwe also see that there can be no edges in G between non-
consecutive beads of a k-cycle of H(G). The weight in G between two consecutive
beads of a cycle of H(G) is A/2. Lemmal[llimplies this for £ > 3 and the statement
obviously also holds for k = 3.

A partition of V is a set of pairwise disjoint non-empty subsets of V whose
union is V. A tupel (Vi,..., Vi) is called an ordered partition if the V; form a
partition. We get a circular partition if we locate the V; around a circle so that
V1 follows Vj. A circular partition of size k& > 3 is called (maximal) mincut
circular partition (MCCP) if the union of any 1 < r < k consecutive V; is in
M and either M or M is contained in some V; for any M € M that cannot
be obtained as the union of consecutive V; of the circular partition. If G has
crossing mincuts, then G has a MCCP (Circular Partition Lemma [2J3/8]10]).

A MCCP of size k > 3 is represented by a k-cycle in every cactus of G [§].
In a cactus of cycle type this also holds for £k = 3. The MCCPs of G are in 1-1
correspondence with the cycles of H(G). The V; are the beads.

Two MCCPs (Uy,...,U) and (Vi,...,V)) are called equal if they are equal
as partitions. They are called compatible if there is a unique i* and j* such that
V; C Us for j # §* and U; C Vj- for @ # ¢*. Two different MCCPs of G are
compatible (proof in [IT12]). This, too, is reflected in H(G) (Fig. B).

2.4 Cacti of TSP Support Graphs

The statements above also hold for cacti of graphs without the property that
every vertex is a mincut. Such cacti may have more than one vertex assigned to
a node — also to a cutnode. There is a mincut separating two different vertices
of a graph exactly if these vertices are assigned to different nodes of a cactus of
the graph. We call a non-cutnode or trivial mincut in a cactus a leaf.

Lemma 2. A cactus of an n-vertex TSP support graph has n leaves, each leaf
has exactly one vertex assigned to it and all cutnodes are empty.
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z(B: {v}) = A/2 contains 1 vertex

(A/2)-path in G

cycle edge

e e e s S S
chain reaction

induces A-starcut empty l 3-cycles represent leaves

B ={2,5,6,9} C-node T-node MCCPs of size 3 4-way cutnode
Fig. 3. Annotated cactus H(G) of a TSP support graph G (not shown)
Assume that vertex i of G is assigned to node i of H(G). Then nodes i > n

of H(G) are empty. Knowing A\ does not give a big lead. Computing A is a lot
faster in practice than constructing H(G).

3 Previous Approaches and Memory Requirement

From Lemma Mand z, >0 we see [19]: All (S,¢)-mincuts M for SCV and t¢ S
adjacent to some vertex in S have the form M = Vi U...UV, (1 <r < k).
Here (Vi,...,V%) is an ordered partition (chain) with S C Vi and ¢ € V.

Let (v1,...,v,) be an adjacency order of V, that is v; (2 < ¢ < n) is adja-
cent to some v; (1 < j < 4). The chains representing the nested (non-crossing)
({v1,...,vi—1},v;)-mincuts (2 < i < n) form a so-called chain representation of

M. The Karzanov-Timofeev (K-T) framework [I9] merges chains into cacti. For
a corrected K-T framework for weighted graphs taking O(n?mlog(n?/m)) time
and O(m) space see De Vitis [§]. Randomization in [1§] speeds up chain com-
putation and needs O(n?) space. A randomized cactus construction algorithm
represents with high probability all M € M.

In a variation of the K-T framework, the ({u1,...,u;_1},u;)-mincuts are not
always nested since (u;) is not then an adjacency order. Examples are [2[2227]
where [2I27] may omit mincuts of G in the cactus. The asymptotic run-times
of [11122]23] are comparable and faster than [8] by a factor of approximately n
where [23] does not follow K-T but decomposes G into subgraphs. The smaller
the number 7 of cycles in H(G), the faster the algorithm of Nagamochi, Nakao
and Ibaraki [23]. The number of cycles in H(G) is O(n). The run-time of [11]
and [23] is O(nmlog(n?/m)) and O(nm + n?logn + ymlogn), respectively.

Our benchmark algorithm by Fleischer [T1] uses Hao-Orlin [14] to build n—1
representations of ({u1,...,uj_1}, u;)-mincuts where (u;) cannot be guaranteed
to be an adjacency order [T4]. The main contribution of [T1] is a transformation
of these representations into n — 1 chains. This takes O(n?) space since each of
the n — 1 representations takes O(n) space and they have to be simultaneously
accessible for the transformation. Following K-T, the chain representation of M
is then merged to obtain H(G). We do not follow K-T.

The algorithm detailed in the next section takes O(m) space. As with [8]22],
we only have to deal with a single max-(S, t)-flow residual network at a time.
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4 The New Cactus Construction Algorithm

4.1 The Three Types of Basic Mincuts

We call leaves incident to a tree edge T-nodes and the others C-nodes (Fig. ).
Let E(U)={{v,w}€E |v,weU}. ThenUe M < z(EU))=\|U| —1)/2.

Denote the set of basic mincuts of G by B. There are three types. The trivial
mincuts are the BB of size 1. The e€ E with z, = A/2 are the B € B of size 2.
Figure [[lshows that basic mincuts of size 2 can intersect and can cross. Lemma
establishes the third type. It follows from the definition of basic mincuts and the
way in which mincuts of a cactus can be obtained.

Lemma 3. Every basic mincut B of G with |B| > 3 is induced by a mincut of
H(G) consisting of an empty node and |B| adjacent T-nodes (Fig.[3).

Ezample 1. As an extreme example, let H(G) be a central empty node with n
(n > 4) adjacent T-nodes. Then G has exactly 2n mincuts, they are all basic
and n of them have size n — 1. Basic mincuts B with |B| > 3 can intersect.

We call a vertex set starset if it is induced by an empty node and all of
its adjacent T-nodes of the canonical cactus of a graph. Figure Bl shows how a
starset with p vertices can be induced. A starset is not always a cut. Example [
shows that a starset can be the entire set of vertices of G. The annotated empty
node in Fig. [ shows that a starset can be empty. We call a starset which is a
mincut a A-starcut. Every B € B with |B| > 3 is a A-starcut of G. The graph G
can have trivial A-starcuts (see Fig. Bl). However:

Remark 1. Since we use cacti of cycle type, a A-starcut cannot have size 2.

Shrinking a vertex set U means deleting E(U), identifying vertices in U
and replacing resulting multiple edges with a single edge weighted by the total
weight of the multiple edges. Denote the result by G/U. Let u be the new vertex
replacing U. Substitute v in a mincut of G/U by U to get a mincut of G found
in G/U. Propositions M2 motivate our algorithm and imply its correctness.

Proposition 1. If B is a A-starcut of G, then all M € M except the trivial min-
cuts in B are found in G/B. H(G) can be constructed from G, B and H(G/B).

Proof. The first claim follows from the definition of A-starcuts and Lemma [II
To see the second, let b be the vertex of G/B obtained by shrinking the mincut
B in G. Replace the leaf of H(G/B) inducing {b} by an empty node with |B|
adjacent T-nodes. Map B injectively to the new T-nodes to obtain H(G). O

Proposition 2. Let B be a basic mincut of G having size 2. Then H(G) can be
quickly constructed from G, B and the smaller cactus H(G/B).

Proof. Let b be obtained by shrinking B = {u, v}. Let ¥’ be the node of H(G/B)
inducing {b}. If & is a T-node, then let a’ be its adjacent node, remove b’ with
its incident tree edge, create nodes u’ and v’ containing u and v respectively,
join a’; v/, v' by cycle edges to get a 3-cycle. There are 3 cases if ¥’ is a C-node:
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b z(Vi: {u}) = A/2 z(Vi : {v}) = A\/2
—Vi—b— — —Vi—~(w—v)— or —V,—v)~uy— or 7‘/;%

Let V; be a bead next to bead {b} of the cycle of H(G/B) to which ¥ belongs.
Using Lemma[lin G we can decide in O(m) time which case applies. The third
case applies if neither the first nor the second applies. The weight in G between
consecutive beads of a cycle of H(G) has to be A/2. O

4.2 How to Find A-Starcuts

Algorithm NEWCACTUS below has to find A-starcuts of a TSP support graph
G’ as a sub-problem. The idea of how to find them is to “remove” edges from
G’ in such a way that the A-starcuts are among the vertex sets of connected
components of the remaining graph. We use the Hao-Orlin algorithm [14] to
find the edges that we have to remove. Note that shrinking A-starcuts of a TSP
support graph can generate new A-starcuts (see Fig. [6)).

Replacing the edges of an n’-vertex TSP support graph G’ with pairs of anti-
parallel arcs results in a directed network. Hao-Orlin computes max-(S;, t;)-flow
(1 < i < n') residual networks R; where S;11 = S; U {t;}, S1 is an arbitrary
vertex and the sinks t; are chosen by H-O. Every sink vertex is a trivial mincut.
The (S;, t;)-mincuts of G’ are in 1-1 correspondence with the closed vertex sets
containing S; in the residual network R;, see Picard and Queyranne [28]. The
closure of U is the smallest vertex set containing U and having no arc leaving it.
The so-called dormant vertices [14] at the end of max-flow ¢ form the inclusion-
minimal (.S;, t;)-mincut, see [T1]. The residual networks R; (1 < ¢ < n’) implicitly
represent all mincuts of G'. Lemmata HlE] are the key to finding A-starcuts.

Lemma 4. If B is a A-starcut of G' with vertices u # v in B, then there are
only the two degenerate (u,v)-mincuts in G'.

Proof. Assume that there is a non-degenerate (u,v)-mincut M in G'. Since B is
a basic mincut, M cannot be contained in B. If B C M, then M is a non-trivial
mincut properly contained in B; this contradicts the assumption that B is basic.
If B ¢ M, then Lemma/[Il can be applied to the crossing mincuts B and M. If
the mincut BN M C B is non-trivial, then we have the same contradiction. If
BN M is trivial, then the mincut BN M C B is non-trivial (see Remark [l) and
we again have the contradiction to the assumtion that B is basic. The lemma
can also be seen by considering the mincut of H(G’) that induces B. O

Lemma 5. Let B be a A-starcut of G' with |B| <n'—2. Letu € B and v ¢ B.
Then G’ has a non-degenerate (u,v)-mincut M.

Proof. If |B| > 1, then let M := B. If B = {b} , then B is induced by a cut of
H(G') consisting of an empty k-way cutnode z with k > 3 and its single adjacent
T-node t. Removing z and its incident edges splits H(G’) into k mincuts. Only b
is assigned to the mincut {¢} inducing B. The other k—1 mincuts of H(G') induce
k — 1 mincuts of G’ each having at least 2 vertices. Let M be the complement
of the mincut out of these k — 1 mincuts of G’ that contains v. a
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The graph (M, E'(M)) is connected for every mincut M of G'. In particular,
(B, E'(B)) is connected for a A-starcut B in G’. In order to find A-starcuts of
G’ simultaneously, color black each edge of G’ and then color white each edge
{u, v} for which there is a non-degenerate (u,v)-mincut. The desired A-starcuts
are among the vertex sets of connected components if only black edges are taken
into account (black-connected components).

This method finds all A-starcuts with at most n’ — 2 vertices. If we have the
case of Example [I] then the method stops with all edges of the connected graph
G’ colored black so that we end up with a single black-connected component
equal to G’. The method colors white all edges incident to a trivial A-starcut
(Lemma [H]). We do not want to find trivial A-starcuts.

Remark 2. This method also finds subsets of starsets U where U has cut weight
greater than A. The reason why only subsets are found is that the induced
subgraph (U, E'(U)) of G’ is not always connected if U is not a mincut.

How can we decide whether there is a non-degenerate (u, v)-mincut in G’? Let
H-O compute one residual network R; at a time (only O(m) space requirement)
and compute the strongly connected components (SCCs) of R;. If we shrunk the
SCCs, we would get so-called DAGs (directed acyclic graphs) representing the
(Si,t;)-mincuts in R; [28]. However, we do not need the DAGs.

Lemma 6. The residual network R; represents a (u,v)-mincut of G' < the
vertices u and v of G' are in different SCCs of R;.

Proof. Let (C1,...,C,) be areverse topological order of the SCCs of R;. If there
is an arc in R; from C; to Cy, then k < j. We have S; C C; and C, = {t;}.
“=": A closed vertex set in R; cannot contain a non-empty proper subset of a
SCC. Hence, it is not possible that u and v are in the same SCC.

“«<": Assume that u is in C; and w.l.o.g. v is in the SCC C} with [ > j. The
closed vertex sets Cy U... U Cy with j < k <[ are desired (u, v)-mincuts of G'.
There can be even more since the reverse topological order is not unique. a

We want to know whether R; represents a non-degenerate (u,v)-mincut M.
Using the notation of the proof above, if u € Cy or v € C,. we have to distinguish
some straightforward cases in order to check whether M can be chosen so that
neither M nor M is trivial. Note that |C;| can be 1 and |C,| is always 1.

4.3 The Algorithm: Shrinking Basic Mincuts Only

We repeatedly shrink basic mincuts. They have three properties: (i) we can
efficiently find them, (ii) shrinking them ultimately results in a 2-vertex graph
with an obvious cactus, (iii) shrinking them can be reversed (Propositions [TI2]).
In parallel with shrinking, NEWCACTUS constructs H(G) from the leaves
inwards. Think of p(v) as pointing to parts of the gradually constructed H(G).
If p(v) points to one node, then to a leaf (1) or to a cutnode (10). Otherwise it
points to the two ends of a cycle segment of H(G). The algorithm is intuitive if
the part of H(G) pointed to by p(v) is considered to be “contained” in vertex v
of G’. Once the leaves have been created in (1), only empty nodes are created.
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Algorithm: NEWCACTUS

Input: n-vertex TSP support graph G = (V, E) weighted with z €]0, 1]¥
Output: the unique canonical cactus H(G) of G

1) create cactus nodes ¢q,...,c, and assign vertex i€V ={1,...,n} to ¢;

(

(2) let G’ be a copy of G and color all edges of G’ white

(3) associate the set p(v) = {c,} with every vertex v of G’

(4) if there are only two vertices u and v left in G’

(5) finish #(G) by joining the constructed parts of H(G) (Fig. €

(6) stop.

(7) search for a basic mincut B with |B| > 2 in G’ (exploit edge colors)
(8) if the search was successful

(9) if B = {u,v} then construct part of a cycle of H(G) (Fig. H)

(10) if |B| > 3 then create a new empty node z, let r; = ry = z and

(11) for all v € B: join the nodes p(v) by (tree/cycle) edges to z

(12) G’ :=G'/B, let v be the resulting vertex, p(v) := {ry,r2}

(13) go to (4)

(14) color all edges of the current graph G’ black

(15) for all max-(S;,t;)-flow residual networks R; (Sect. EE2] call Hao-Orlin)
(16)  for all black edges e = {u,v} of G’

(17) if there is a non-degenerate (u,v)-mincut in R;: color edge e white
(18) if G’ equals a single black-connected component

(19)  for all vertices v of G': join nodes p(v) to a new central empty node z
(20)  stop.

(21) go to (7)

If [p(v)] = 2 in (11) or (19), then the two elements are the end nodes of a
cycle segment of H(G) and have to be joined to z by two cycle edges. This closes
the cycle. If |p(v)| = 1, then the node has to be joined to z by a tree edge.

For the search in (7), consider the black-connected components (Sect. £.2))
if there is no A/2-edge in G’ and if there is no A-starcut of size 3. In order to
reduce the size of the H-O input in (15), search A-starcuts of size 3 seperately
without relying upon black-connected components. This can be done quickly
since they contain at least one edge of weight \/3.

If shrinking B in (12) produces new basic mincuts that can be easily found
(size 2 or 3), we say that it ignites a chain reaction (Fig.[B]). Large parts of H(G)
can often be constructed in this way with little effort.

Algorithm NEWCACTUS correctly constructs H(G) of G. Nothing can stop
G’ from getting smaller until only 2 vertices are left. Therefore, the algorithm
stops after a finite number of steps. No superfluous empty nodes are created.
That is, the resulting cactus representation is normal. Whenever a A/2-edge is
encountered, a part of a cycle is constructed. This guarantees that we construct
a cactus of cycle type. The construction step (11) and Figs. @Flensure that every
mincut of the resulting cactus induces a mincut of the input graph. Every mincut
M € M of the input graph G is represented. Shrinking basic mincuts ensures
that we do not destroy mincuts that we have not yet represented.
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p(u) = {a},p(v) = {b} — 00— b @ empty or not
p(u) = {a},p(v) = {b,c} — a0<:::= (w.lo.g.)
p(w) = {a,b},p(v) = {c,d} — g or :><: or :>o<: ¢

Fig. 4. Finish #(G). Use Lemma[ll in G in order to make decisions

(e~}

p(u) = {a},p(v) ={b} —>T1=0a0—0b=1> @ empty or not

b...c
b ... .. b
p(u) = {a},p(0) = {byc} > 11 &0 @ or M&—&Grs or T it
a.b c.d a.b d.c c.d a.b
p(u)={a,b},p(v)={c,d} =+ 1 @ z_.. or z &0 © o & &0 6
(nine cases) g c d or .______a c d or aMd r

Fig. 5. Constructing a cycle segment of H(G). Compare Proposition

4.4 Beyond Shrinking Basic Mincuts

Consider the cactus in Fig. [ Let ¢ be small and let p be very large. Since
H(G) does not contain any cycle edge with two non-empty end nodes, G does
not contain any \/2-edge. Further, G does not have any mincut of size 3. The
search in (7) fails. There are no black-connected components yet. H-O is called
in order to compute such components. The 8 outer A-starcuts of size 4 are then
found in (7), the corresponding parts of H(G) are constructed in (11), and the
A-starcuts are shrunken in (12). No chain reaction is ignited. We are stuck with
2 new A-starcuts of size 4 in G’. We have to call H-O again. Unfortunately, the
very large starset of size p is still in G’ and H-O has to work through it again. In
order to avoid this, we also shrink subsets of starsets of G’ (see Remark 2]). The
corresponding parts of H(G) are constructed analoguous to A-starcuts. Shrunken
graphs are no longer TSP support graphs, finding A-starcuts gets more difficult
and we have to be more careful when joining parts of H(G). H-O is burdened
only once with large starsets if they are shrunken as soon as they are detected.

If H-O is called repeatedly, then the input graph size of H-O usually decreases
very fast in practice. We need pathological examples if we want to witness the
opposite. Can the input graph size of H-O be guaranteed to decrease by a con-
stant factor for repeated calls? Let p in Fig. Blbe small. After H-O has been called
for the first time, the size of G’ is decreased by a certain number of vertices by
shrinking the outer A-starcuts. Enhancing the number ¢ of triangles shows that
the factor by which the input graph size decreases can be made arbitrarily bad
for two consecutive H-O calls. After the second H-O call, chain reactions are
ignited in Fig. Bl and H(G) can be quickly completed without a third call.

We describe a further operation that reduces G’ so that the input graph
size for repeated H-O calls decreases. The induced subgraphs of special kinds
of starsets are connected. These starsets are entirely detected by our A-starcut
search method. Compare Remark [2.
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Fig. 6. A problematic cactus H(G) of a TSP support graph G

Lemma 7. Let M be a mincut and S a starset with MNS = (. Let N := MUS
be a mincut. Let |S| > 3. Then the subgraph induced by S is connected.

Proof. Assume (S, E(S)) is not connected. Then there exist A,B C S with
AB#0,AUB=S, ANB = and z(A : B) = 0. We have z(A : N) >
A—x(A: M) and z(B: N) > X\ —x(B: M). Since A or B is a subset of the
starset S with more than 1 vertex, at least one of the two inequalities above
is strict (>). We have A\ = z(6(M)) = z(M : N) +z(M : A) + z(M : B).
Further, A = x(6(N)) = (N : M) + 2(N : A) + (N : B). We arrive at
A>x(M:A)+x(M: B)> X A contradiction. O

We have z(M : S) > A/2. Assume that starset S has already been shrunken.
If we shrink the mincut M in (12), we generate an edge e with z, > A/2. We
link the parts of H(G) representing S and M. If shrinking S resulted in vertex s
and shrinking M in vertex v, then we have to join the nodes p(v) to the empty
node p(s) just like in (11) or (20). We then shrink e.

Applying these reduction criteria to G, we can see that O(logn) is an upper
bound for the number of H-O calls in the complete algorithm. An H-O call is only
needed when we get stuck. This bound is only reached for pathological graphs
in our testbed. Further, the input graph size for H-O is decreasing very rapidly
in practice. We conjecture that the time complexity of our complete algorithm
equals that of a single H-O call for the original graph G. We have to leave a
formal worst case analysis of the run-time for future work.

5 Cacti and Cutting-Plane Generation

All of the following applications benefit from a fast construction of H(G).

5.1 The Literature

We quickly summarize some cutting-plane generation procedures from the litera-
ture that rely on the cactus of a TSP support graph G weighted with a fractional
LP solution x or that can benefit from such a representation of mincuts.
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Fleischer and Tardos [12]: An important class of facet inducing inequalities
for the symmetric TSP are the comb inequalities defined on a handle H C 'V
and an odd number 7 of pairwise disjoint teeth T; C V that intersect H but are
not contained in H. The tight triangular (TT) form [24] of comb inequalities is:

2(6(H))+ Y x(5(T3)) > 3r+1 . (1)
=1

Both the variable vector and weight vector are denoted by z. The algorithm
in [I2] searches for a comb inequality which is maximally violated by the LP
solution x. The maximal violation is 1. Either a violated comb inequality is
returned or a guarantee is given that no comb inequality is violated by 1. The
input graph G has to be planar. The algorithm exploits the structure of M
represented by H(G). The run-time is O(n + Ty () where Ty () denotes the
time needed to construct H(G). Obviously, the run-time is dominated by cactus
construction. The faster the construction of H(G), the faster [I2] in practice.
For finding maximally violated combs in planar graphs, [12] is faster than [5].

Caprara, Fischetti and Letchford [5]: Let min{c'xz | Az < b, z integer} be
an ILP with A,b integer. The TSP and many other problems can be written
in this form. For k integer, a mod-k cutting-plane has the form (! Az < |('b]
where ¢ has components in {0,1/k, ..., (k—1)/k}, £*A is integer and |-| denotes
rounding down. It is well known that comb inequalities are mod-2 cuts [5]. For
the TSP, the class of mod-k cuts is considerably larger than the class of comb
inequalities and it also contains inequalities that do not induce facets. In [B] an
algorithm is presented that finds a maximally violated mod-k cut in polynomial
time if such a cut exists. The maximal violation is (k — 1)/k. Here, not the TT
form of inequalities is used. At the heart of the algorithm is the solution of a
system of linear equations over the finite field IFg. It is enough to consider k
prime. For the asymmetric and symmetric TSP the number of variables in this
system can be reduced from O(n?) to O(n) if one has H(G) at hand, see [5].

Naddef and Thienel [25]: In some heuristics to detect (not necessarily maxi-
mally) violated comb inequalities [25] and other handle- and tooth-based violated
inequalities [26], one requires suitable candidate sets for handles and teeth. These
sets can, for instance, be grown in several ways from seed vertex sets by adding
further vertices while trying to keep the cut weight low [25]. Equation () shows
that the smaller the weights of the candidate sets for H and T;, the better the
chances of violating ([l). Good teeth are teeth with low weight. As a starting
point for the topic of near-minimum cuts see Benczir [2] and Karger [18].

The cactus H(G) can be regarded as a container storing O(n?) ideal can-
didate sets with minimal weight in only O(n) space. Since H(G) also mir-
rors the intersection-structure of M, it is more than a simple container. Sets
5,581,582 € M with § = 51 US5 and S; NSy = @ can be easily extracted from
H(QG) if they exist. See also [I]. Consider a cycle of H(G) and let S, S7, Sz be



122 Klaus M. Wenger

the union of appropriate consecutive beads of this cycle. In [25] the sets S; are
considered to be ideal seed sets for growing a handle H.

Some heuristic cutting-plane generation procedures tend to perform better
if G has many 1-paths. Generating 1-edges by shrinking appropriate mincuts in
G helps in [25126] to find violated inequalities in the shrunken graph that could
not be found in the original TSP support graph G. These cuts are then lifted.
Using H(G) it is easy to find two mincuts whose shrinking results in a 1-edge:
The weight between two consecutive beads of a cycle is 1.

5.2 PQ-Trees

Cacti are not the only way to represent mincuts. PQ-trees, introduced by Booth
and Lueker [4], are an alternative. The algorithm in [I2] uses a PQ-tree repre-
sentation of M in addition to H(G) and is inspired by ideas from [1]. Applegate,
Bixby, Chvdtal and Cook [1] use PQ-trees to represent cuts of weight 2. In the
graphs they consider these cuts are not necessarily mincuts. They use PQ-trees to
find violated comb inequalities. A PQ-tree representing M can be derived from
H(G) in time O(n). Therefore, we regard our cactus construction algorithm as
part of a new and fast way to construct a PQ-tree representing M.

5.3 Collections of Disjoint Mincuts

Consider the problem of finding a collection of pairwise disjoint M; € M that has
to satisfy additional requirements. Examples of requirements are: (i) the number
r of mincuts in the collection has to be odd (think of teeth), (ii) = is fixed or
(iii) shrinking the M; in G has to result in an n’-vertex TSP support graph with
n' fixed. We might also be interested in more than one such collection. Further,
we might be more selective and accept only a subset D C M as domain for the
M;. Examples: (i) only consider mincuts of size at least 2, (ii) do not consider
mincuts that constitute only a small part of a long 1-path or (iii) ignore mincuts
that contain a depot in a CVRP. Let us assume that we use an enumeration
framework to find the collections. On top of testing the additional requirements,
we then have to test whether an M € D considered for inclusion in a collection
intersects some mincut that is already in the collection. This can be done using
an array in time O(|M]). However, this is too slow for many applications.

We give the idea of a fast test based on H(G). For M € D we select one
of the (at most 2) mincuts of H(G) that induce M (Sect. 222) and denote it
by M’ We assume that D does not contain complementary cuts. We order the
mincuts in D in non-increasing size. Whenever we consider a mincut for inclusion
in a collection, its size is not greater than the smallest mincut already in the
collection. When we include a mincut M in our collection, we lock M’ in H(G).
That is, we mark the nodes in M’ as occupied. If M’ is obtained by removing
two edges of cycle ¢ of H(G), define Q(M’) as the intersection of M’ with the
nodes of cycle c. If M’ is obtained by removing a tree edge ¢, define Q(M’) as
the end of ¢ lying in M. Note that |Q(M')| < |M| < |M'| and usually Q(M’) is
considerably smaller than M and M’ The fast cactus-based test ([34]) is:
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Table 1. Construction CPU time in seconds, avg stands for the arithmetic mean

shrunken graph||Time BEN|Time NEW |Speed-Up
l-paths type ||avg max|avg  max|avg max
yes 1 5 48(0.2 1.2| 21 61
yes 2 17 146/ 0.6 44| 19 40
no 1 ||[117 1172|0.3 1.61237 899
no 2 ||126 1235|0.7 4.5|119 298

Proposition 3. Let pairwise disjoint mincuts M, (i € I) of H(G) be locked in
H(G). Let M € D C M be induced by the mincut M’ of H(G). If |M| < |M;|
(¢ € I) where M; = V(M]) € D, then: M intersects some M; exactly if Q(M’)
contains a locked node.

In [34] Proposition Blis used to enumerate all collections of pairwise disjoint
mincuts that shrink G (short 1-paths) down to exactly n’ vertices. Using the
above cactus-based test, this enumeration takes seconds where a naive approach
takes hours [34]. Exploiting the known facet structure of low-dimensional TSP
polytopes STSP(n'), the n’-vertex graphs are used to generate cutting-planes
which can be lifted then. Pioneering results in this spirit are reported in [7].

6 Computational Results

We compare the run-time of the new algorithm (NEW) with that of Fleischer’s
[11/34] which we use as benchmark (BEN). We implemented both the algorithm
described in Sect. Ml and the algorithm [11]. We do not have any other cactus
implementation available. Both C-implementations use the same subroutines
and were prepared carefully from scratch. The run-time of our Hao-Orlin [14]
implementation [34] is O(n?y/m) since we use highest level pushing. We used gcc
2.95.3 with optimization -03 on a 450 Mhz SUN sparc with 4 GB memory.

We generated two TSP support graphs for each of 32 TSPLIB [31] instances
in the range of 1,000 to 20,000 cities. For type 1, only subtour elimination con-
straints were separated. In addition, simple combs were heuristically separated
[B0] for type 2. For the instances with 2,000 to 20,000 cities (Fig. [1), cactus
construction for graphs of type 1 was always faster than for type 2.

The run-time of both algorithms was measured for these 64 original graphs
and for a further 64 graphs obtained by shrinking paths of 1-edges in the original
graphs to a single 1-edge (Table[). Whether parts of a graph can be shrunken [30)]
prior to cactus construction depends on the application. Naddef and Thienel [25]
report a situation in which they prefer not to make long 1-paths shorter than 4
edges. Shrinking only simple 1-paths leaves all interesting parts of a graph for the
algorithms to work through. The speed-up factor of 20 given in the abstract is the
arithmetic mean for shrinking of 1-paths in advance before cactus construction.
Table [ also shows speed-up factors for unmodified TSP support graphs as they
are produced by a branch-and-cut framework.
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Fig. 7. Time required for big TSP instances; 1-paths shrunken in advance

For the testbed of 128 TSP support graphs, the number of Hao-Orlin calls was
usually 1 but ranged between 0 and 2. We also generated TSP support graphs
whose cacti are full k-ary trees of height h. The height is the maximum level of
a node where the root has level 0. For & > 5 the number of H-O calls needed
is h. Speed-up factors for these pathological graphs, which are unfavourable for
the new approach in the sense that many H-O calls are needed, are at least 2.

7 Summary and Conclusion

We have presented a new kind of construction algorithm for cactus representa-
tions of mincuts with a view to cutting-plane generation. The new algorithmic
idea is intuitive and differs completely from previous approaches. We construct
the canonical cactus of a TSP support graph from the leaves inwards.

Fleischer’s deterministic approach to build cacti from Hao-Orlin [11] is among
the fastest proposed so far. We used this state-of-the-art approach for weighted
graphs as benchmark. For TSP support graphs, the algorithm detailed here
outperforms the benchmark in terms of construction time (Table [[} Fig. 7).

While the cactus of an n-vertex graph takes O(n) space to store, the memory
requirement during construction can differ substantially between algorithms. For
the larger testgraphs in our testbed, the benchmark algorithm takes GBytes
where the new algorithm takes MBytes. This corresponds to the reduction in
space requirement from O(n?) to O(m).
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Abstract. In the seventies, Balas introduced intersection cuts for a
Mixed Integer Linear Program (MILP), and showed that these cuts can
be obtained by a closed form formula from a basis of the standard lin-
ear programming relaxation. In the early nineties, Cook, Kannan and
Schrijver introduced the split closure of an MILP, and showed that the
split closure is a polyhedron. In this paper, we show that the split clo-
sure can be obtained using only intersection cuts. We give two different
proofs of this result, one geometric and one algebraic. Furthermore, the
result is used to provide a new proof of the fact that the split closure
is a polyhedron. Finally, we extend the result to more general two-term
disjunctions.

1 Introduction

In the seventies, Balas showed how a cone and a disjunction can be used to
derive a cut [I] for a Mixed Integer Linear Program (MILP). In that paper, the
cone was obtained from an optimal basis to the standard linear programming
relaxation. The cut was obtained by a closed form formula and was called the
intersection cut.

Later in the seventies, Balas generalized the idea to polyhedra [2]. It was
demonstrated that, given a polyhedron, and a valid but violated disjunction, a
cut could be obtained by solving a linear program. The idea was further expanded
in the early nineties, where Cook, Kannan and Schrijver [4] studied split cuts
obtained from two-term disjunctions that are easily seen to be valid for an MILP.
The intersection of all split cuts is called the split closure of an MILP. Cook,
Kannan and Schrijver proved that the split closure of an MILP is a polyhedron.

Any basis of the constraint matrix describing the polyhedron can be used,
together with a disjunction, to derive an intersection cut, i.e. the basis used does
not have to be optimal or even feasible. A natural question is how intersection
cuts relate to disjunctive cuts obtained from polyhedra. This question was an-
swered by Balas and Perregaard [3] for the 0-1 disjunction for Mixed Binary
Linear Programs. The conclusion was that any disjunctive cut obtained from a
polyhedron and the 0-1 disjunction is identical to, or dominated by, intersection
cuts obtained from the 0-1 disjunction and bases of the constraint matrix de-
scribing the polyhedron. We generalize this result from 0-1 disjunctions to more
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general two-term disjunctions. This is the main result of this paper. We provide
two different proofs, one geometric and one algebraic. A consequence is a new
proof of the fact that the split closure is a polyhedron.

We consider the Mixed Integer Linear Program (MILP):

(MILP) min{c’z : Ax < b,z; integer,j € Ny},

where c € R", b € R™, Ny C N :={1,2,...,n} and A is an m x n matrix. r
denotes the rank of A. LP is the Linear Programming problem obtained from
MILP by dropping the integrality conditions on z;, 7 € Ny. Pr and P denote
the sets of feasible solutions to MILP and LP respectively. M := {1,2,...,m} is
used to index the rows of A. a; , for i € M, denotes the i*" row of A. We assume
a;, # 0y, for all i € M. Given S C M, r(S) denotes the rank of the sub-matrix of
A induced by the rows in S (r(M) = r). Furthermore, for S C M, the relaxation
of P obtained by dropping the constraints indexed by M\ S from the description
of P, is denoted P(S),i.e. P(S) := {z € R" : (a; )Tz < b;,Vi € S} (P(M) = P).
A basis of A is an n-subset B of M, such that the vectors a; , i € B, are linearly
independent. Observe that, if » < n, A does not have bases. B}, where k is a
positive integer, denotes the set of k-subsets S of M, such that the vectors a;.,
i € S, are linearly independent (B}, denotes the set of bases of A).

The most general two-term disjunction considered in this paper is an expres-
sion D of the form D'z < d'Vv D2z < d?, where D' : mq x n, D? : my X n,
d' :mq x 1 and d? : my x 1. The set of points in IR" satisfying D is denoted Fp.
The set conv(PN Fp) is called the disjunctive set defined by P and D in the re-
mainder. In addition, given a subset S of the constraints, the set conv(P(S)NFp)
is called the disjunctive set defined by S and D. Finally, given a basis B in B,
the set conv(P(B) N Fp) is called a basic disjunctive set.

An important two-term disjunction, in the context of an MILP, is the split
disjunction D(r, o) of the form 77z < 7o V 77z > mo+1, where (7, m9) € /A
and m; = 0 for all j ¢ Nj. For the split disjunction, a complete description of
the basic disjunctive sets is available as follows. Given a set B in B, the basic
disjunctive set defined by B and D(7, ) is the set of points in P(B) that satisfy
the intersection cut derived from B and D(m,my) (Lemma[dl). Let II™(Ny) :=
{(m,m0) € Z™' . 7; = 0,5 ¢ Ni}. The split closure of MILP, denoted by SC, is
defined to be the intersection of the disjunctive sets defined by P and D(m,m)
over all disjunctions (7, o) in IT™(Ny). Similarly, given S C M, SC(S), is defined
to be the intersection of the disjunctive sets defined by P(S) and D(m, m) over
all disjunctions (m, mg) in II™(Ny). A split cut is a valid inequality for SC.

The first contribution in this paper is a theorem (Theorem [ stating that
the split closure of MILP can be written as the intersection of the split closures
of the sets P(B) over all sets B in B}. (i.e. SC = ﬂBeB: SC(B)). We prove this
theorem by proving that the disjunctive set defined by P and D(7, 7g), for a split
disjunction D(m, ), can be written as the intersection of the basic disjunctive
sets (i.e. conv(P N Fp(r xy)) = ﬂBeB; conv(P(B) N Fp(r.x,))). We provide both
a geometric and an algebraic proof of this result. The result implies that both
the disjunctive set defined by P and D(m,my) and the split closure of MILP
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can be obtained using only intersection cuts. This generalizes a result of Balas
and Perregaard showing the same result for the disjunction z; < 0V z; > 1
for Mixed Binary Linear Programs [3|. (In fact, in that paper, it was assumed
that » = n, whereas the theorem presented here does not have this assumption).
Furthermore, the result leads to a new proof of the fact that the split closure is
a polyhedron (Theorem [3).

The second contribution in this paper is a theorem (Theorem [G)) stating that
the disjunctive set defined by P and a general two-term disjunction D can be
written as the intersection of disjunctive sets defined by D and (r + 1)-subsets
S of M (i.e. conv(PNFp) = mSec; conv(P(S) N Fp), where C{ is some family
of (r + 1)-subsets of M to be defined later). The theorem implies that any
valid inequality for the disjunctive set defined by P and D is identical to, or
dominated by, inequalities derived from the disjunction D and (r + 1)-subsets of
the constraints describing the polyhedron. Furthermore, in the special case where
r = n, we show that it is enough to consider a certain family C5 of n-subsets of
the constraints describing the polyhedron.

The rest of this paper is organized as follows. In Sect. 2, we consider basic
disjunctive sets for split disjunctions. In Sect. 3, the characterization of the split
closure in terms of intersection cuts is presented, and a geometric argument for
the validity of the result is presented. In Sect. 4 we give a new proof of the fact
that the split closure is a polyhedron. In Sect. 5, we generalize the results of Sect.
3 to more general two-term disjunctions. We also give an example showing that
other extensions are incorrect. The arguments used in this section are mostly
algebraic. In fact, Sect. 3 and Sect. 5 could be read independently.

2 A Complete Description of the Basic Disjunctive Set
for Split Disjunction

In this section, we describe the set P(B) for B in B} as the translate of a cone,
and use this cone together with a split disjunction to derive an intersection
cut. The intersection cut is then used to characterize the basic disjunctive set
obtained from the split disjunction.

Let B € Bf be arbitrary. The set P(B) was defined using half-spaces in the
introduction. We now give an alternative description. Let Z(B) satisfy a] Z(B) =
b; for all i € B. Furthermore, let L(B) := {x € R" : alz = 0,Vi € B}.
Finally, let r*(B), where i € B, be a solution to the system (ay.)Tr!(B) = 0, for
k € B\ {i}, and (a;)Tr*(B) = —1. We have:

P(B) = z(B) + L(B) + Cone({r'(B) : i € B}), (1)

where Cone ({r'(B) :i € B}) :={z € R" : 2 =Y, g \ir"(B), \i > 0,i € B}
denotes the cone generated by the vectors r'(B), i € B. Observe that the vectors
r'(B), i € B, are linearly independent.

Let (m,m) € Z"'. Assume that all points y in #(B) + L(B) violate the
disjunction D(m, 1) (Lemma [ below shows that this is the only interesting



130 Kent Andersen, Gérard Cornuéjols, and Yanjun Li

case). Observe that this implies that the linear function 77z is constant on

Z(B) + L(B). The intersection cut defined by B and D(r, ) can now be de-
scribed. Define (7, B) := n7z(B) — my to be the amount by which the points in
Z(B) 4+ L(B) violate the first term in the disjunction. Also, for 7 in B, define:

—e(, B)/(ﬂ'Tri(B)_) if 7rT7‘1:(B) <0,
a;(m,B) = ¢ (1 —¢e(m, B))/(xTri(B)) if ETTl(B) > 0, (2)
00 otherwise.

The interpretation of the numbers «;(w, B), for i € B, is the following. Let
z%(a, B) := z(B) + ar(B), where a € IR, denote the half-line starting in z(B)
in the direction 7%(B). The value «;(m, B) is the smallest value of o € Ry,
such that z¢(«, B) satisfies the disjunction D(7, ), i.e. a;(m, B) = inf{a >0 :
2 (a, B) € Fp(r,xy)}- Given the numbers o;(m, B) for i € B, the intersection cut
associated with B and D(w, m) is given by:

S (b ol ju(x B) > 1 3
The validity of this inequality for Conv (P(B)NFp(x,x,)) Was proven by Balas
[1]. In fact, we have:
Lemma 1. Let B € B} and D(m,m) be a split disjunction, where (mw,mg) €
zZ".
(i) If 7Tz ¢]mo,mo + 1[, for some x € Z(B) + L(B), then Conv(P(B) N

Fp(z.m)) = P(B).
(it) If w7z €]mo, mo+1], for allz € Z(B)+L(B), then Conv(P(B)NFp(x ) =

{xre P(B): @}

3 Split Closure Characterization

In this section, we give a geometric proof of the following theorem, which char-
acterizes the split closure in terms of certain basic subsets of the constraints.

Theorem 1.

SC= () saB) . (4)

BeB:

We prove this result in the following lemmas and corollaries. Let a2z < 3
and o’z > 9 be inequalities, where o € IR"™ and 8 < . When a # 0,,, a7z < 3
and o'z > 1) represent two non-intersecting half-spaces. We have the following
key lemma:

Lemma 2. Assume P is full-dimensional. Then:
Conv((PN{z:aTz <Y U(PN{z:aTz>v})) =
ﬂ Conv((P(B) N{x: o’z < B U(PB)N{z: o’z >1})). (5)

BeB;
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Proof. The following notation will be convenient. Define P, := PN{z : o’z < 3}
and Py ;== PN{z: oLy > ¢}. Furthermore, given a set B € B, let P1(B) :=
P(B)Nn{z:aTz < B} and P»(B) := P(B)N{z: aTx > ¢}.

When a = 0,,, no matter what the values of 8 and v are, at least one of P,
and P» is empty (Notice that we always have 8 < ). If both are empty, then the
lemma holds trivially by @ = . If one is not empty, then Conv(P;UP,) = P and,
similarly, (gep. Conv((P1(B) U P2(B)) = pep. P(B) = P. The last equality
is due to the assumption a;, # 0, for ¢ € M. Therefore, we assume « # 0,, in
the rest of the proof.

Because P C P(B) for any B € B}, it is clear that Conv(P; U P;) C
Npep: Conv((P1(B)U Py(B)). Therefore, we only need to show the other direc-
tion of the inclusion.

Observe that it suffices to show that any valid inequality for Conv(P; U Py)
is valid for Conv(Py(B) U Py(B)) for at least one B € B¥. Now, let 67x < &y
be a valid inequality for Conv(P; U Py). Clearly, we can assume 67z < 4y is
facet-defining for Conv(P; U Py). This is clearly true for the valid inequalities of
P, since we can always choose a B € B, by applying the techniques of linear
programming, such that the valid inequality of P is valid for P(B). So we may
assume that the inequality is valid for Conv(P; U P3) but not valid for P.

Case 1. P, = 0.

Since Py = ), Conv(P, U Py) = P, = PN{z : a’x < 8}. Hence oz < B is
a valid inequality for Conv(P; U Py). We just want to show that it is also valid
for Conv((P(B)N{x:aTx < B}) U (P(B)N{x:alx > })) for some B € B:.
Because P, = () and P is full-dimensional, applying the techniques of linear
programming shows that the value ¥ = max{y : PN{z : o’z =~} # ()} specifies
B € B} such that P(B)N{z : oT2 > ¢} = 0 and ¥ = max{y : P(B)N{z : oTx =
v} # 0}, where 4 < 1. We have Conv((P(B) N{x: o’z < B}) U (P(B)N{z:
alz >y})) = P(B)N{z: aTx < 8} for this particular B. Therefore, o’z < 3
is valid for Conv((P(B)N{x:aTx < B}) U (P(B)N{z: alz > 9})).

Case 2. P; and P, are full-dimensional.

Consider an arbitrary facet F' of Conv(P; U P3) which does not induce a valid
inequality for P. We are going to use the corresponding F-defining inequality
(half-space) and F-defining equality (hyperplane). Our goal is to show that the
F-defining inequality is valid for Conv(P(B) N{z : o’z < B}) U (P(B)N{x :
alz > })) for some B € B;.

Let Fy := FN P, and Fy := F N P;,. Since the F-defining inequality is valid
for P, and P, but not valid for P, we can deduce F; C {r € R"|aT2z = 3} and
Fy C{z € R": o’z = 9}. F is the convex combination of F} and F,, where F}
is a k-dimensional face of P; and F5 is an m-dimensional face of P,. Since F' is
of dimensionn — 1, wehave 0 < k<n—-2andn—k—-2<m<n-—2.

The intersection of the F-defining hyperplane with o’z = 8 (or oTz =
1) defines a (n — 2)-dimensional affine subspace which contains F; (or F3).
Therefore, Aff(F3) contains two affine subspaces S7 and Sy of dimensions n—k—2
and m — (n — k — 2) respectively, where Sy is orthogonal to Aff(Fy) and Sy is
parallel to Aff(F1). In other words, Aff(F>) can be orthogonally decomposed
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into two affine subspaces S; and Sy such that S; N .Ss has an unique point xg,
(r1 —20)T (20 — ) = 0 for any z; € S; and x5 € Sy, and for some z3 € Aff(Fy)
we have {z;—x¢ : 2; € So} C {x;—w3 : 2; € Aff(F1)} and (21 —20)T (z4—23) =0
for any 1 € S7 and z4 € Aff(F1).

There exist n — k — 1 constraints of P such that the corresponding hy-
perplanes, together with o’z = 3, define Aff(F;). Let these hyperplanes be
A(n—k—1)xn® = b1. Similarly, there are n — m — 1 constraints of P such that
the corresponding hyperplanes, together with o’z = 1, define Aff(F»). Let
them be A(,_—1)xn® = b2. From the discussion in the previous paragraphs,
one can easily see that the equations A, _r_1)xnT = 0, A(n—m—1)xn® = 0 have
solution space {x; — ¢ : x; € Sz} with dimension m — (n — k — 2). Since
m—-—(n—k—2)=n—-[(n—m—1)+ (n— k — 1)], the matrix (2((:;’:_11))2)
is full row-rank. Because the rank of Aisr, (n —k—-1)+ (n—m —1) < r.
This allows us to choose another r — (n — k — 1) — (n — m — 1) constraints
App—(n—k—1)=(n—m-1)]xnT < bz from Az < b, together with A,_p_1)xnz < by
and A, _m—1)xnT < b2, to construct a B € By such that the F-defining inequal-
ity is valid for Conv(P(B) N{z:aTz < B}) U (P(B)N{z:aTz > 9¥})).

Case 3. P| # (), P» # (), and some of P; and P; is not full-dimensional.
Instead of considering the inequalities oz < 8 and o’z > 1, we construct
two inequalities a”x < B+ € and aTx > 1) — €, where € is an arbitrarily small
positive number satisfying 3 + ¢ < ¢ —e. Let Pf :== PN{z : afz < B+ ¢}
and P§ := PN {x:aTx > 1 —¢}. Since P, # 0 and P, # 0, Pf and Ps are
full-dimensional polyhedra.

Because |B}| is finite and B and P are closed sets in IR™, by the definition
of the Conv operation and the result proved in Case 2, we have

BQB* Conv((P(B)N{x:aTz < B})U(P(B)N{z:alTz >y}))
= BQB: €1_151+ Conv((P(B)N{z:aTz < B+ ) U(P(B)N{z:alz > —¢€}))

= lim (] Conv((P(B)N{z:aTz<B+e})U(PB)N{z:aTz >y —¢€}))

e—=0* BeB:
= lim Conv((PN{z:afz <B+e)U(PN{z:alz > —¢€}))

e—0t

= Conv((PN{x: T2 <BHUPN{r:alx >})).

From Lemma [2 we immediately have the following:
Corollary 1. Let S € R™"? be a set of (o, 3,1)) € R™2 such that o € R"™ and
B <. When P is full-dimensional,

N Com((Pnfe:az<AHUPN{e:aTz>y}) =
(e,8:9)es
ﬂ m Conv((P(B) N{z:aTz <BY)U(PB)N{z: o’z >1})) . (6)

BeB; (a,B8,4)€es

By choosing S = {(m, 79,70 + 1) : (7, m0) € Z™"'} we get:
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Corollary 2. FEquation holds when P is full-dimensional.

Now assume that P is not full-dimensional. We first consider the case when
P is empty:

Lemma 3. Equation () holds when P is empty.

Proof. There always exist S C M and i € M, where i ¢ S, such that S contains
BeBfand {x e R" :afx <b;, i€ S} #0and {x € R" : alz < b;, i €
S U {i}} = 0. Actually, S and i can be chosen by an iterative procedure. In
iteration k (k > 0), an i, € My C M is chosen such that M\{ix} contains a
B € B, where My := M. If {x € R" : alx < b;, i € Mp\{ix}} # 0, then
S := Mj\{ix} and i := ij. Otherwise, let My := M;\{ir} and proceed until
finally we obtain S and i. The fact that {z € R" : alx < b;, i € B} # () for any
B € B ensures the availability of S and i.

By applying the techniques of linear programming, we see that S contains
B* € B such that {x € R™ : alx < b;, i € B*U{i}} = 0. It is possible to
choose i € B* such that B* := (B*\{i}) U {i} € Bf. Then {x € R" : alz <
bi, i€ B*}n{z cR":alx < b;, i € B*} =0.

Because P = (), SC = (. SC(B*) N SC(B*) = § follows SC(B*) C {z €
R" : alz < b;, i € B*}, SC(B*) C {z € R" : alz < b;, i € B*} and
{reR":alz<b,icB}In{zreR" alz<b,ic B*} = (). Therefore,
SC = 0 = SC(B*) N SC(B*) = Npes: SC(B). O

In the remainder of this section, we assume that P is non-empty and not
full-dimensional. Let Aff(P) denote the affine hull of P. When P is not full-
dimensional, it is full-dimensional in Aff(P). Let [ := dim(Aff(P)) < n denote
the dimension of P. Also, M~ := {i € M : al'z = b;, Vx € P} denotes the con-
straints describing P satisfied with equality by all points in P. Since dim(P) =1,
there exists a set B € B_,, such that Aff(P) = {z € R" : alz = b;,i € B}.
S=:={B e B _,: BC M~} denotes the set of all such sets B. The following
properties are needed:

Lemma 4. Assume P is non-empty and not full-dimensional. Then:
(i) Aff(P) = P(M=).

(ii) Leti* € M~ be arbitrary. The linear program min{alX z:x € P(M=\{i*})}
is bounded, the optimal objective value is bj= and the set of optimal solutions
is Aff(P).

(t3t) There exist B € 8 and i’ € M=\ B’ such that Aff(P) = P(B'U {i'}).

(iv) Leti and B’ be as in (iii). There existsi” € B’ such that B" := (B'\{i"})U
{i'} € §& and Aff(P) = P(B’)N P(B").

Proof. The correctness of (4), (#4) and (iv) is easy to check. So next we just prove
(i)

Because of (i), we have |[M=| > n — 1 + 1. Choose i € M= such that
(M=\{¢'}) nB:_, # 0. So (it) is true for i* = 4. Since (M=\{¢'}) N B:_, # 0,
the optimal dual solution of min{alz : af § by, i € M=\{i'}} specifies a

B’ € (M=\{i'})NB:_, such that min{alx : al <b;, i € B’} = by with optimal
solution set Aff(P). Therefore, Aff(P) = {z eR": al <b, ie BU{i}}. O
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Let B’ and B” be as in Lemma Bl The sets B’ and B” might not be of
cardinality r, i.e. B’ (B”) might not be a maximal subset of M such that the
vectors a; , for i € B’ (i € B”), are linearly independent. Define v := r — (n —1).
It follows that 0 <y < 1. B2 :={B e B} : BUB €B;} (={BeB;: BUB" ¢
B;}) denotes the family of y-subsets B in B such that B’ U B (B” U B) is an
r-subset in B}. Also, B, :=={B € B: B2 B'}and B”, :={B€B;: B2 B"}
denotes the families of r-subsets in B containing B’ and B” respectively. The
following is immediate from the definitions of BZ', B’ and B"}:

*
T

Lemma 5. There is a one-to-one mapping from 15’;4 to B'.., and there is a one-

to-one mapping from B’;‘ to B"}.
We are now able to finish the proof of Theorem [T}
Lemma 6. Equation ([f) holds when P is non-empty and not full-dimensional
in IR™.
Proof. P is full-dimensional in Aff(P). If there exists (m,m) € Z"** such that

Aff(P) is between the hyperplanes 772 = 7y and 772 = 7y + 1 and Aff(P)

does not intersect them, then Lemma Bl is trivially true with ¢ = (). Otherwise,

we only need to consider (7, m) € Z™** such that both hyperplanes 77z = 7

and 77z = my +1 intersect Aff(P) and neither of them contains Aff(P). Denote
the set of these (w,my) by Sa.

Now we have m(ﬂ_)ﬂ_o)ezru»l Conv (P N Fp(r,me)) = Nr rg)esa Conv((P N
{x € Aff(P) : 772 < mpl) U (PN {x € Af(P) : 7Tz > mp + 1})). Ap-
plying Corollary [ to the affine subspace Aff(P), we see that the latter is
equal to ﬂBEB¢ Nirroyesa Conv((P(B) N Aff(P)) N {z € Aff(P) : mlr <
o) U((P(B)NAff(P))N{z € Aff(P) : 77x > 1o+ 1})). By Lemma E{iv) and
Lemma B for any P(B), where B € B;;‘, there always exist P(B’) and P(E’”),
where B’ € B’} and~B” € B”}, such that B' = B'UB, B” = B"UB and
P(B)NAff(P) = P(B’)N P(B"). Therefore, nBeBg‘ Nrroyesa Conv(((P(B)N
Aff(P)) N {z € Aff(P) : nTz < mo}) U ((P(B) N Aff(P)) N {x € Aff(P) :
ale > 7o+ 1})) 2 Npes: ﬂ(ﬂﬁo)eznﬂ Conv(P(B) N Fp(x,xy)), which im-
plies ﬂ(ﬂm)eznﬂ Conv(P N Fp(rr)) 2 Npeps ﬂ(ﬂ_’wo)ezni»l Conv(P(B) N
Fp(r,xy))- Because P C P(B) for any B € By, it is easy to obtain

ﬂ Conv (P N Fp(r ry)) C ﬂ ﬂ Conv(P(B) N Fp(r,xy))-
(W,WU)EZW-FI BEB: (ﬂ,’ﬂO)eZn%—l
The lemma, is proved. a

Theorem [ is implied by Corollary 2] Lemma [3 and Lemma @ In fact, the
proofs allow us to extend Theorem [Il to arbitrary subsets of IT"™(Ny):

Theorem 2. Assume S C II"(Ny). Then:

ﬂ Conv(P N Fp(x ry)) = ﬂ ﬂ Conv (P N Fp(x,ry))- (7)
(mw,m0)ES BeB; (m,mp)€S
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4 Polyhedrality of Split Closure

In this section, we assume A € Q™*" and b € Q", i.e. that P is a rational
polyhedron. Cook, Kannan and Schrijver proved the following result [4]:

Theorem 3. The split closure of MILP is a polyhedron.

We will give a new proof of this result using the characterization of the split
closure obtained in the previous section. Let C' := 4 Cone {ri:i=1,2,...,q})
be (the translate of) a cone with apex & € Q" and ¢ linearly independent extreme
ray vectors {7;}?_,, where ¢ < nand r; € ZZ" for 1 < i < q. The following lemma
plays a key role in proving Theorem Bl

Lemma 7. The split closure of C is a polyhedron.

Proof. Suppose that the disjunction 77z < my and 77x > my + 1 induces a split
cut that is not valid for some part of C'. Then it must be not valid for Z either.
So we know 7y < 77'% < g + 1, i.e. the point # is between the two hyperplanes
7l =7 and 77z = mo + 1.

Choose an extreme ray generated by vector 7; and assume that the hyper-
plane 77z = 7 intersects the extreme ray at & + &;7;, where &; > 0 (&; = +o00
is allowed). Then &; = 7737:1, can be easily calculated, where 777 < 0, € :=
7'% —mpand 0 < e < 1.

We claim that @&; is either +o0o or bounded above by 1. When 777; = 0,
&; = 400, in which case the hyperplane 77z = 7y is parallel to the vector 7;.
When 777 < 0, 0 < & < 400, which means that the hyperplane intersects
the ray at some finite point. In this case, because 7 and 7; are in Z", we know
—nr; > 1. Hence, &; = ﬁ <e<l.

Let & = (1,72, -+ ,%,)7 € Q™. Let g be the least common multiple of all
the denominators of &1, Zs, -+ , Z,. Noticing the fact that &; = %Tﬁ, it follows
that &; can be expressed as wﬂg, where p,w € Z, and 0 <p<g.

By the following claim, we actually prove the lemma.

Claim. There is only a finite number of undominated split cuts for cone C.

Proof of claim. By induction on m, the number of extreme rays of C.

When ¢ =1,C ={z € R" : x = & 4+ o171, a3 > 0}. The case &; = +o0
does not yield a split cut, so &; is bounded above by 1 for every split cut. Note
that the maximum value of &; is reachable, because &; has the form of ng
as mentioned above. Let 7*z = 7§ be the hyperplane for which &; reaches its
maximum. Then the split cut 7%z < 7 is an undominated split cut of C.

Assume that the claim is true for ¢ = k < n. Let us consider the case of
q=k+1.

Let C; :={z e R" 1z =2+, ,a;f, o >0, 1 <j<k+1, j#i},
where 1 < ¢ < k + 1. Each C; is a polyhedral cone with apex Z and k linearly
independent extreme rays. By induction hypothesis, there is only a finite number
of undominated split cuts for each cone C;. Among those points obtained by
intersecting the undominated split cuts for C; with the extreme ray generated
by 7;, let z; be the closest point to z.
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Now we claim that any undominated split cut of C' cannot intersect the
extreme ray generated by 7; (1 <i < k+ 1) at a point which is closer to Z than
z;. Otherwise, let us assume that there is an undominated split cut H of C' which
intersects the extreme ray generated by 7; at a point Z; that is between  and z;.
By the definition of z;, the cut (when restricted to C;) must be dominated by a
cut of C;, say H'. Wlog, assume that the cut ' is an undominated cut for C;.
So H' must intersect the extreme ray generated by 7; at z; that is not between
Z and z;. But now H' dominates #, a contradiction to the choice of H.

We know that the intersection point of any undominated split cut with the
extreme ray of 7; (1 <i < k4 1) is either at infinity or between z; and & + 7;.
Since &; = -, there are only finitely many points between z; and Z + 7; that
could be the intersections of the split cuts with the extreme ray. Therefore, we
see that the claim is true when ¢ = k + 1. ad

Let B € B} be arbitrary. From Sect. 2 we know that P(B) can be written
as P(B) = #(B) + L(B) + C(B), where C(B) := Cone ({r*(B) : i € B}) and
{r'(B) : i € B} C Z" are linearly independent (by scaling). The following
lemmas are straightforward:

Lemma 8. Let (m,my) € Z" ™' and B € B be arbitrary. If an inequality is
valid for Conv(P(B)N Fp(r x,)) but not valid for P(B), then #7 =Y, p asal,
where a; € R (i € B).

Define Sp :={r € Z" : 7" =3, pa;al, o; € R, i € B}. From Lemma Bl
we have:

Lemma 9. Let B € B, (w,m) € Sp X Z.

(i) Assume there exists a facet F' of Conv(P(B) N Fp(rxy)), which is not
a facet of P(B). Then F is unique and there exists a unique facet F of
Conv((Z(B) + C(B)) NFp(r,xy)), which is not a facet of T(B) + C(B).
Furthermore F = L(B) + F.

(ii) Assume there exists a facet F of Conv((2(B)+C(B)) NED(x,xo)), which is
not a facet of Z(B)+C(B). Then F is unique and there exists a unique facet
F of Conv(P(B) N Fp(x ), which is not a facet of P(B). Furthermore

F=Fn(z(B)+C(B)).
The following result is implied by Lemma [f] and Lemma
Lemma 10. SC(B), where B € B, is a polyhedron.

Now, Theorem [ follows from Theorem [l and Lemma,

5 Disjunctive Sets Derived from Polyhedra
and Two-Term Disjunctions

In this section, two decomposition results for the set conv(PNFp) are presented.
The first decomposition result (Theorem [B) states that conv(P N Fp) can be



Split Closure and Intersection Cuts 137

written as the intersection of sets conv(P(T) N Fp) over sets T € C5, where
Cy is some family of (r + 1)-subsets of M. Furthermore, in the special case
where r = n, we show that it is enough to consider r-subsets T of M. The
second result strengthens the first result for split disjunctions D(w,mg), and
states that the set conv(P N Fp(x x,)) can be written as the intersection of the
sets conv(P(B) N Fp(x,x,)) for B € By. We start by proving the following:

Theorem 4. Let S C M be non-empty. If S satisfies |\S| > r(S) + 2, then

conv(P(S) N Fp) = () conv(P(S\ {i}) N Fp) . (8)

i€S
Furthermore, (8) remains true if r(S) =n and |S| =n+ 1.
One direction is easy to prove:

Lemma 11. Let S C M be non-empty. Then,

conv(P(S)N Fp) C m conv(P(S\ {i}) N Fp) . 9)
i€S

Proof. Clearly P(S) C P(S\ {i}) for all i € S. Intersecting with Fp on both
sides gives P(S) N Fp C P(S\ {i}) N Fp for all i € S. Convexifying both sides
results in Conv(P(S)N Fp) C Conv(P(S\ {i}) N Fp) for all i € S, and finally,
since this holds for all ¢ € S, the result follows. a

The proof of the other direction involves the idea introduced by Balas [2] of
lifting the set Conv(P(S) N Fp) onto a higher dimensional space. Specifically,
Conv(P(S)NFp) can be described as the projection of the set, described by the
following constraints, onto the space of z-variables:

r =z + 22, (10)

alzt < b\, Vi€ S, (11)
alz? < A%, Vi€ S, (12)
A A2 =1, (13)
D'zt <d'M\, (14)
D?z? < d?\?, (15)
A2 >0. (16)

The description (I0)-(I6) can be projected onto the (z,x!, A\!)-space by using
constraints (I0) and (I3). By doing this, we arrive at the following character-
ization of Conv(P(S) N Fp). Later, the constraints below will be used in the
formulation of an LP problem. Therefore, we have written the names of the
corresponding dual variables next to the constraints:
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b +al2t <0, vies, (

2\ + afxl <b; — a{z, Vi € S, (
A<, (wp)

~Md' + D'zt <0,,,, (

Md? — D%z < d% — D%, (

M >o0. (

~
(=}
~

Consider now relaxing constraints 20) and (Z1I), i.e. replacing (20) and (1))
by the following constraints:

—Mdt + Dt — 51, <O, (u”) (23)
Md® - D*z' — 51y, <d* — D%z, (") (24)
s>0. (t1 (25)

Now, the problem of deciding whether or not a given vector x € IR belongs
to Conv(P(S) N Fp) can be decided by solving the following linear program,
which will be called Prp(z,S) in the following:

max —sS

st. (@) - @), 2) and @3) — 7)) . (PrLp(z,S))

Observe that Prp(z,S) is feasible if and only if € P(S), and that Prp(z, S)
is always bounded above by zero. Finally, note that x € Conv(P(S)NFp) if and
only if Prp(x,S) is feasible and bounded, and there exists an optimal solution
in which the variable s has the value zero.

The other direction is proved with the aid of the problem Ppp(z,S) and
its dual Dpp(z,S). Suppose S C M, satisfies S # 0, |S| > r(S) + 1 and that
z € ;e Conv(P(S\ {i}) N Fp). Then z € ;.4 P(S\ {i}), and since |S| > 2,
we have Z € P(S). Hence Pp(Z,S) is feasible and bounded if S satisfies |S| >
r(S) + 1 and Z € (;cg Conv(P(S\ {i}) N Fp). In the case where Ppp(Z,S)
is feasible and bounded, (z',A!,5) denotes an optimal basic feasible solution
to Prp(7,S) and (u,v,u°,v°, wo,ty,t1) denotes a corresponding optimal basic
feasible solution to Dy, p(Z,.S).

For u® > 0,,,,u; > 0fori € Sand j € N, define the quantities a]l(S, u,u’) =
Yiestiai j+(u)T DY and 81 (S, u, u®) == Y, guibi+(u®)"d", where D; denotes
the j*" column of D'. The inequality (a!(S,u,u®))Tz < BY(S,u,u) is valid for
{x € P(S) : D'z < d'}. Similarly, for v% > 0,,,, v; > 0 fori € S and j € N,
defining the quantities o (S, v,v°) 1= 7, qviai j + (UO)TD_ZJ- and (%(S,v,0°) :=
> iestibi + (0°)Td?, gives the inequality (a?(S,v,v%))Ta < #2(S,v,0°), which
is valid for {x € P(S) : D*z < d?}. With these quantities, the dual Dy p(Z,S)
of Prp(z,S) can be formulated as follows:
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min  B2%(S,v,v%) — (a*(S,v,v°))TZ 4+ wo

S.t. a}(S, u,ul) — a?(S,v,vO) =0, Vj e N, (:E]l) (26)
B2(S,0,0%) = B'(S,u, u”) + wo — to = 0, (A (@)

1h w4+ 17 %+t =1, (s) (28)

u® > 0y (29)

00 > O s (30)

wy, to, t1 > 0, (31)

wi,v; >0 Vie S . (32)

Lemma 12. Let S C M be arbitrary. Suppose & € P(S) \ Conv(P(S) N Fp).
Then @° # 0y, and 0° # 0y,

Proof. Let Z be as stated, and suppose first that ?° = 0,,,. The inequality
(@®(S,0,0m,)) Tz < B2(S,0,0,,) is valid for P(S). However, since the optimal
objective value to Dy p(Z,S) is negative, and wg > 0, we have 32(S, s, 0,,,)—
(@®(S,0,0,,,))TZ < 0, which contradicts the assumption that z € P(95).

Now suppose g = 0y,,. The inequality (a'(S,,0m, )Tz < BY(S, 4, 0pm,)
is valid for P(S), but B(S,u,0m,)— (a*(S,@,0,,))T7 < B2(S,0,7°) + wo—
(@?(S,7,0%))Tx < 0, where we have used (20) and (21). This contradicts the
assumption that & € P(S5). O

The next lemma is essential for the proof of the converse direction of Theo-
rem [t

Lemma 13. Let S C M, and let T C S satisfy |T| > 2. Also, suppose T €
Nier Conv(P(S\ {i}) N Fp) and & ¢ Conv(P(S) N Fp). Then Dyp(z,S) is
feasible and bounded. Furthermore, u; > 0 or v; > 0 for alli € T.

Proof. Let S, T and & be as stated. The fact that Dyp(Z,S) is feasible and
bounded follows from the facts € (;c Conv(P(S \ {i}) € P(S) and |T| > 2.

Now, suppose %y = 0 and oy = 0 for some i € T. Then the problem
(D7 p(2,S\{i'})), obtained from Dy,p(Z, S) by eliminating u;/, v;; and the nor-
malization constraint:

min 62(5 \ {i/}avavo) - (QZ(S\ {il}vvvvo))Ti' + wo
s.t. ajl»(S \ {3}, u, u®) — oz?-(S \ {i'},v,2°) = 0, Vj € N, (le)
B2S\ {i'},v,0°) = LS\ {i'}, u,u®) + wy —to = 0, (Y
u® > 0,,, 00> Oy, wo,to >0, ug,v; >0, Vie S\ {i'},

is unbounded (since z ¢ Conv(P(S) N Fp)). This means that the dual of
D} p(2,5\ {t'}), the problem Pj p(Z, S\ {i'}), is infeasible:
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max 01z' + 0!

st. —Ab+alz! <0, VieS\{i}, (us)
b —alzt <b;—alz, vie S\ {i'}, (v;)
A<, (wp)

—Md' + D2t <0, (u®)

Md? — D%zt < d* - D?z, (°)

A >o0. (to)

However, these constraints are the conditions that must be satisfied for T to
be in Conv(P(S\ {i'}) N Fp), which is a contradiction. O

With the above lemmas, we are ready to prove the converse of Theorem

Lemma 14. Let S C M, and suppose that either |S| > r(S) + 2 or r(S) =n
and |S| =n+1. Then

Conv(P(S) N Fp) 2 (] Conv(P(S\ {i}) N Fp) . (33)
€S
Proof. Let T € ;g Conv(P(S\{i})NFp), and suppose = ¢ Conv(P(S)NFp).
Define B,, := {i € S : u; basic } and B, := {i € S : v; basic } to be the set of
basic u’s and v’s respectively in the solution (u, v, u°, 9%, Wy, to,1) to Drp(%,S).
From Lemma [[3]and the fact that a variable with positive value, that does not
have an upper bound, is basic, it follows that (B, U B,) = S.

The feasible set for the problem Dy p(Z,S) is of the form {y € R™ : Wy =
wp,y > 0/}, where W and wy are of suitable dimenbions The column of W
corresponding to the variable u;, i € S, is given by [al, —b;,0]7. Slmﬂarly, the
column of W corresponding to the variable v;, i € S, is given by [—al,b;,0]T.
Since for all i € S, either u; or v; is basic, the vectors [al, —b;]T, i € S, are
linearly independent. Clearly, there can be at most r(S) 4+ 1 of these. Hence
|S| = 7(S) + 1. This excludes the case |S| > r(S) + 2, so we must have 7(S) =n
and |S|=n+ 1.

The number of basic variables in the solution (u,,u,v°,w, to,t1) to
Drp(z,S) is at most n + 2, since the number of basic variables is bounded
by the number of equality constraints in Dy p(Z,S). The number of basic vari-
ables among the variables u; and v;, i € S, is |\S| = n+ 1. However, according to
Lemma[T2] at least two of the variables in (4%, #°) are basic, which gives a total
of n + 3 basic variables — a contradiction. ad

Now, we strengthen Theorem [ for the case where |S| > 7(S) + 2. Let I(S)
be the set of constraints i € S for which 7(S\ {i}) = r(S), i.e. I(S):={i€ S:
r(S) =r(S\ {i})}. We have:

Theorem 5. Let S C M satisfy |S| > r(S) + 2. Then

Conv(P(S)N Fp) = ﬂ Conv(P(S\{i})NFp) . (34)
icI(S)
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Like in Theorem [l and with the same proof, one direction of T heorem [3 is
easy. For the converse, observe that |S| > r(S) + 2 implies |I(S)] > 2. It also
implies ;¢ sy Conv(P(S\ {i}) N Fp) € P(S). From Lemma [[3] we have:

Corollary 3. Suppose |S| = r(S) +2, @ € (;cf5) Conv(P(S\ {i}) N Fp) and
T ¢ Conv(P(S)N Fp). Then u; >0 or v; > 0 for all i € I(S).

We can now prove the converse of Theorem

Lemma 15. Let S C M satisfy |S| > r(S) + 2. Then:

Conv(P(S)N Fp) 2 ﬂ Conv(P(S\{i})NFp) . (35)
icI(S)

Proof Let & € ;75 Conv(P(S\ {i}) N Fp), and suppose 2 ¢ Conv (P(S) N

Fp). Observe that it sufﬁces to prove that the vectors [al, —b;], i € S, are linearly
independent, since that would contradict |S| > r(S)+2. Suppose they are linearly
dependent, and let 7 € S satisfy [a%, —b;] = Zz‘eS\{z‘}f‘i [azj,jbi], where p;, for
i € S\{i}, are scalars, not all zero. Suppose first that ¢ € S\ I(S). Then we have
a;. € span({a;. : i € S\ {i}). However, that implies (S) = (S \ {i}), which is
a contradiction. Hence, we must have i € | (S) and p; =0 for all ¢ € S\ I(9).
However, according to Corollary Bl the vectors [al, —b;], i € I(S), are linearly

2.7

independent. O

Applying Theorem B iteratively, and Theorem Hlfor sets of size n+ 1, we get
the following:

Theorem 6. Suppose |[M| = m > r + 1. Also, define Cf :={S C M : |S| =
r+1 andr(S)=r}andCs :={SCM:|S|=r and (r(S)=rVvr(S)=r-1)}.
We have,

Conv(PNFp) = ﬂ Conv(P(T)N Fp) . (36)
TeCt

Furthermore, if r =n,

Conv(PNFp) = ﬂ Conv(P(T)N Fp) . (37)
TeCs

The example in Figure [[l demonstrates that the assumption |S| > r(S) + 2
is necessary for (BH) to hold. In this example, P has 3 constraints alz < b;,
i=1,2,3, and D is a two-term disjunction involving the 2 constraints D'z <
d* and D%z < d?. C! denotes the cone defined by a¥x < b; and alz < b3,
and C? denotes the cone defined by a%:z: < by and agx < bs. We clearly see
Conv (P(M) N Fp) # N;erary Conv(P(M \ {i}) N Fp).

The example does not exclude, however, that (B3] is true for sets S satisfying
|S] = r(S) + 1 for the special case of a split disjunction. In fact, the example
suggests that it is also necessary for the disjunction to be a split disjunction. In
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facet of disjunctive
set

a]Tx <= b]

D*x <=¢ I -

D'x <=d'

Ty
a,x <—b2

Fig. 1. Example of two-term disjunction

the following, we will prove that ([B35) remains valid for |S| = r(S) + 1 for the
special case of a split disjunction.

Let D(m,m) be a split disjunction. The problem Prp(Z,S), for a split dis-
junction D(m, o), which will be called Pfp»(Z,S) in the following, is obtained
from the problem Prp(Z,S) by replacing [23) and (24) with:

~Mmo+ 7Tzt — 5 <0, (u?) (38)
Mg+ ) +7lat —s< ~(mo+ 1)+ 777 . (v°) (39)

The dual of Pp (%, S) is the problem D7 (%, S) defined as:

min Ziesvi(bi —al'z) 4+ wo +0°(xTz — (mo + 1)) 40
s.t. ZAesai.(ui —v;) + 7m(uo + vo) = On, («1) 41
42

Ziesbi(vi — uz) — 7T0(U0 + 1}0) —° +wy —tyg =0, ()\1)

u’ +00 4 =1, (s)
44
45

uO,UO,wo,to,tl > 0)
Ui, v; > 0, ViesS.

(40)
(41)
(42)
(43)
(44)
(45)

The solution (@, v, @°, 9°, wo, to,t1) to D} p(7,S), for the case where |S| =
r(S) + 1, can be characterized as follows (see also Lemma 2 in [3]):
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Lemma 16. Suppose |S| =1(S)+1, T € ;s Conv(P(S\{i}) N Fp(r,r))
and Z ¢ Conv(P(S) N Fp(x x,). Let By = {i € S : u; basic } and B, :=
{i € S : v basic } be the set of basic u’s and v’s respectively in the solution
(4, ,a°,0°, o, to,t1) to D7 p(&,S). Then B,NB, =0, r(S) =n, |B,UB,| =n,
and the vectors a; , © € B, U B,,, are linearly independent.

Proof. As mentioned earlier, the feasible set for D7 (%, S) can be written as

{y € R : Wy = zg9,y > 0/}, where W and zg are of suitable dimensions.

We first argue that the variables wg, to and ¢; are non-basic in the solution
(a,v,u°,0°, w0, to,t1) to D7 p(Z,S). t1 is clearly non-basic, since s is basic in
Pgp(z,8). From Lemma [[2 it follows that both u® and v° are basic. The col-
umn corresponding to u® is [m, —mp, 1] and the column corresponding to v° is
[m, —(mo + 1),1]. Subtracting the column corresponding to vy from the column
corresponding to ug gives e,41, i.e. the (n+ 1)th unit vector in IR" 2. Since this
is exactly the column corresponding to wy and —tg, and since basic columns
must be linearly independent, it follows that wy and ¢y are both non-basic.

As argued earlier, not both v; and u;, i € S, can be in the basis, since their
corresponding columns in W are multiples of each other. Hence B, N B, = 0.
Now, since (@, v,a°, 9%, W, to,%1) is a basic solution to D7 5(Z,S), the solution
to the system:

Zz‘eBuai'ui - ZiEBuazﬁUi +m = 0p, (46)

. Pypp— . o — _ O p—
Zier bv; ZZEB“ bju; — Ty — v 0, (47)
up + vo =1 (48)

is unique. The system (46)-(48) is of the form W5y = »£. The number of rows of
WEB (and 2¥) is n+ 2, and the number of columns is |B, U B, |+ 2. All columns
of W& are linearly independent. If |B, U B,| + 2 < n + 2, multiple solutions
would exist. Hence, we must have |B, U B,| = n.

Now suppose the vectors a; , ¢ € B, UDB,, are linearly dependent. Then there
exists a non-zero solution (u*,v*) to the system ), p a;ui— > ;cp a;v] =
0,,. Define the scalars u;(0) := @; + ou; for i € B, and v;(0) := 7; + dv} for
i € B,, where § € IR. We have that (u(d),v(d),uo,vo) satisfies ([@06)-HES) if and
only if ug +vo = 1 and v + 6(D_;cp bivi— > ;cp, biui) — vo = 0. Defining
vo(8) 1= Vo + 6(D ;e p, bivy — D e p, biu;) and ug(d) := 1 — vp(8), we have that
(u(6),v(0),up(d),v0(9)) satisfies [HE)-(ER). Since u; for i € B, and v} for i € B,
are not all zero, and none of the vectors a;, i € M, are zero vectors, there
must exist 6* € IR such that (u(6*),v(6*), ug(6*),v0(0*)) is a different solution
o (H6)-E8) than (u, v, g, Vo), a contradiction. O

From the above lemma, we immediately have the desired extension of Theo-
rem [0l for the split disjunction:

Lemma 17. Suppose S C M satisfies |S| = r(S) + 1. Then:

Conv(P(S) N Fp(x,x)) ﬂ Conv(P(S\ {i}) N Fp(r,xo)) - (49)
icI(S)
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Proof. Suppose & € (\;cr(s) Conv(P(S\{i}) N Fp(x,x)) and T ¢ Conv(P(S) N
Fp(rmo))- Let B, and B, and (u, v, u’, 0%, wy, to, 1) be as in Lemma 6. We have
B,NB, =0, r(S) =n, |B,UB,| =n, and the vectors a;, i € B, U B,, are
linearly independent. Let {i} = S\ (B,UDB,). We can not have i € I(S), since by
Corollary 1, that would imply 4; > 0 or ©; > 0, which contradicts i ¢ B, U B,,.
Hence, we must have i € S\ I(S). But that means that i is in every basis of S,
which contradicts i ¢ B, U B,. 0

From Theorem Bl and Lemma [I7, we get the following:

Theorem 7.

Conv(P N Fp(x ry)) = ﬂ Conv(P(T) N Fp(r,xy)) - (50)
TeB:

By intersection over all possible split disjunctions, and interchanging inter-
sections, we get Theorem [ of Sect. 3.
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Abstract. Branch-and-cut methods are among the more successful tech-
niques for solving integer programming problems. They can also be used
to prove that all solutions of an integer program satisfy a given linear
inequality. We examine the complexity of branch-and-cut proofs in the
context of 0-1 integer programs. We prove an exponential lower bound
on the length of branch-and-cut proofs in the case where branching is
on the variables and the cutting planes used are lift-and-project cuts
(also called simple disjunctive cuts by some authors), Gomory-Chvétal
cuts, and cuts arising from the Ny matrix-cut operator of Lovasz and
Schrijver. A consequence of the lower-bound result in this paper is that
branch-and-cut methods of the type described above have exponential
running time in the worst case.

1 Introduction

Branch-and-cut methods for integer programs are currently the most important
techniques for solving a wide range of integer programming problems. The two
main ingredients of branch-and-cut methods, namely linear programming based
branch-and-bound and cutting planes, were developed in the late 50’s but were
used successfully in combination only during the last decade.

Branch-and-cut methods employ a variety of cutting planes, some of which
are specific to the problem class (e.g., comb inequalities for TSP instances) and
also some that are defined for all integer programs, e.g., Gomory-Chvatal cutting
planes (see [11]), disjunctive cuts [4] and Gomory mixed integer cuts [29]. In the
case of 0-1 integer programs, the matrix cuts of Lovédsz and Schrijver [38] and the
lift-and-project cuts of Balas, Ceria and Cornuéjols [5] define general families of
cutting planes, i.e., they can be used for any 0-1 integer program. Branch-and-cut
methods also utilize different branching strategies. The effectiveness of lift-and-
project cuts (which are a class of facial disjunctive cuts) in a branch-and-cut
framework is studied in [5], while [7] illustrates that Gomory mixed-integer cuts
can be useful in branch-and-cut algorithms. The matrix cuts of Lovasz and
Schrijver have not been studied in much detail.

The integer programming problem (also the 0-1 variant) is NP-hard; no
polynomial-time branch-and-cut algorithm is likely to exist. Some special classes
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of branch-and-cut algorithms are known to have exponential time-complexity.
Jeroslow [33] showed that any branch-and-bound procedure for the 0-1 integer
program max{xy|x1 + -+ x, = n/2,21,...,2, € {0,1}} where n is an odd
integer, requires at least 2("+1)/2 jterations to solve it (i.e., to establish infeasi-
bility). Chvétal [12] exhibited a class of 0-1 knapsack problems such that every
branch-and-bound procedure requires an exponential number of iterations for
almost every problem in this class. For 0-1 integer programs, every cutting-plane
algorithm which uses only Gomory-Chvétal cuts requires exponential time in the
worst case; this follows from Pudlak’s [39] results on the complexity of cutting-
plane proofs. We extend Pudlak’s idea and prove exponential lower bounds on
the complexity of a large class of branch-and-cut algorithms for 0-1 integer pro-
grams, via complexity results for branch-and-cut proofs.

Chvétal [I1] introduced the notion of a cutting-plane proof and developed this
idea further in [T3] and [14]; see also [43]. Examples of such proofs can be found
in [30]. It is easy to extend the notion of cutting-plane proofs to branch-and-cut
proofs which we study in this paper. We refer to the cutting-plane proofs studied
in Chvétal [IT] as Gomory-Chvétal cutting-plane proofs or as G-C proofs. We
describe cutting-plane proofs which use lift-and-project cuts and matrix cuts in
addition to Gomory-Chvatal cuts and call these L-M-G proofs. If in addition
branching on variables is used, we refer to such proofs as L-M-G branch-and-cut
proofs.

Pudlék [39] gave a class of infeasible 0-1 integer programs such that every G-C
proof of infeasibility has exponential length. This non-trivial result uses bounds
from monotone circuit complexity theory (see also Cook and Haken [17]) and the
interpolation technique from proof complexity theory. A discussion of cutting-
plane proofs in the context of complexity theory can also be found in [20], [19],
[40] and [9]. Lovész suggested the study of proofs using matrix cuts, and Pudldk
[40] presents some results on such proofs, and mentions some open problems.
We prove an exponential lower bound for the length of L-M-G branch-and-cut
proofs. Thus branch-and-cut algorithms which use branching on the variables
and the cuts above have exponential worst-case complexity.

The paper is organized as follows. In Sect. 2, we describe the different cuts
we use in this paper, and in Sect. 3 we discuss the notion of branch-and-cut
proofs. In Sect. 4, we discuss interpolation and its usefulness in establishing lower
bounds on the lengths of cutting-plane proofs. We also answer a question posed
by Pudldk [40]. In Sect. 5, the concept of monotone interpolation is discussed,
and an exponential lower bound on the length of lift-and-project cutting-plane
proofs (or simple disjunctive cutting-plane proofs) is proved. This result is used
to obtain the main result of this paper, an exponential lower bound on the length
of some classes of branch-and-cut proofs for 0-1 integer programs.

2 Some Classes of Cutting Planes

Two classes of cutting planes available for general integer programs which can
be used for 0-1 problems are Gomory-Chvatal cutting planes and the disjunctive
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cuts of Balas [4]. The disjunctive cuts we consider in this paper are called simple
disjunctive cuts in [24]. Balas, Ceria and Cornuéjols [5] consider lift-and-project
cuts for 0-1 problems which are identical to simple disjunctive cuts. Lift-and-
project cuts form a subclass of the matrix cuts of Lovdsz and Schrijver [38].

Let @, = [0,1]™ be the 0-1 cube in IR". If the dimension is obvious from the
context, we denote the 0-1 cube by Q. Let alz <b; (i =1,...,m) be a system
of rational linear inequalities in IR" (we generally assume linear inequalities are
rational). Assume that the inequalities 0 < z; <1 (j =1,...,n) are included in
the above system. Let P C () be defined by

P={z|alz<by, i=1,...,m} , (1)

and let P; stand for the convex hull of 0-1 points in P.

If ¢’z < d is a linear inequality valid for P and c is integral, then ¢’z < |d]
is valid for all 0-1 points in P, and is called a Gomory-Chuvdtal cutting plane
for P (abbreviated as a G-C' cut). The Chuvdtal closure of P is the set of points
satisfying all G-C cuts for P and is denoted by P’.

In what follows, we write a”’z < b as b —a”x > 0. All points in P satisfy

(b; —alz)z; >0, i=1,....mj=1,...,n,
(bi—alz)(l—x;)>0,i=1,....m,j=1,....,n, (2)

obtained by multiplying the inequalities in (IJ) with the inequalities defining Q.
In addition, 0-1 points in P satisfy

z?—zj:0, forj=1,...,n . (3)

Adding non-negative multiples of the inequalities in (@) and arbitrary multiples
of (@) yields inequalities valid for all 0-1 points in P. A linear inequality of this
form is a cutting plane for P, and is called an N-cut.

Formally, an inequality ¢’2 < d or d — ¢’2 > 0 is called an N-cut for P if

d—cle = Z ij(b; — al2)x; +
4,7
> Bij(bi — af x)(1 — ;) + (4)
irj
> Aj(ad - xy),
J

where a;; > 0,8;; > 0and \; e Rfori=1,...,m,j =1,...,n. A weakening
of N-cuts, called Ny-cuts, can be obtained if in (4) we insist that z;2; and z;z;
are distinct terms, for all 4, j with i # j. A lift-and-project cut for P with respect
to a variable xj is a linear inequality of the form

a(by — af ©)ay + Bby — a3 ) (1 — xp) + M@} — k) (5)

where a{x < b; and agx < by are valid for P, X is some real number and « and
[ are non-negative reals. Thus a lift-and-project cut is a special type of Ny-cut.
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N-cuts and Nyp-cuts are examples of matrix cuts (see [38]). Stronger matrix
cuts, called N -cuts, are defined in [38]. An inequality d — cT'z > 0 is called an
N, -cut for P if it is formed by adding n + 1 squares of linear functions (i.e.,
terms of the form (gj, + hi)?) to the sum in (@).

Adding all cuts of one of the types listed above to P yields a closed convex
set which contains Pr and is strictly contained in P (unless P = Pr). The sets
N(P) and N, (P) are defined as follows:

N (P) is the set of points satisfying all N-cuts for P , (6)

N, (P) is the set of points satisfying all N -cuts for P . (7)

No(P) is defined similarly in terms of Ny-cuts; these sets have alternative pro-
jection representations, see [38]. N(P) and Ny(P) are polytopes, whereas N (P)
is generally non-polyhedral. Py is the polytope obtained from P by adding all
lift-and-project cuts with respect to the variable ;. Observe that any inequality
valid for N(P) is an N-cut for P; this is true even if N(P) = (). The operators
Ny, Ny and Py have similar properties.

The matrix-cut operators can be iterated to obtain approximations of P
which are strictly contained in P (if P # P;). Let N°(P) = P and N'**(P) =
N(N'(P)) if t is a non-negative integer. Let N{(P) and N’ (P) be similarly
defined. Lovasz and Schrijver proved the following important results.

Theorem 1. [38] Let P C Q,, be a polytope. Then N (P) = Pr.

Theorem 2. [38] Let P = {x| Az < b} be a polytope contained in Q.. For any
fized value of t, it is possible to optimize linear functions over both N¢(P) and
Nt(P) in time bounded by a polynomial function of the encoding size of Az < b.

The first theorem remains true if Ny is replaced by N or Ny, as both of these
operators yield smaller convex sets than Ny. In the case of N, it is possible
to approximate the maximum or minimum of a linear function over Ny (P) to
within a prescribed error tolerance in polynomial time.

The Chvétal closure can be iterated to obtain P from P; see [11], [43], and
[26]. Lift-and-project cuts can also be generated iteratively. In fact, Theorem [
follows from the following result of Balas [4].

Theorem 3. [J] If i1,i2,. ..,y is any permutation of {1,2,...,n} and P is a
polytope in Qn, then (- ((FP,)iy) -+ )i, = Pr.

The next result can be found in Cook and Dash [22]; an analogous property
holds in the case of the Chvatal operator. Lemma [ will be necessary for our
lower-bound proof.

Lemma 4. [22] If F is a face of a polytope P C @, then N(F) = N(P)N F.
This equation is also valid for the N1 and Ny operators.
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Lemma M is useful in many contexts. Let F' be a face of a polytope P and let
¢’z < d be an N-cut for F. From Lemma[ N(F) is a face of N(P). As N(P)
is a polytope, we can “rotate” ¢’z < d to get an inequality (¢/)7x < d’ valid for
N(P), and hence an N-cut for P, such that

Fn{z|clz<d}=Fn{z|()Tz<d} . (8)

Compare this with Lemma 6.33 in Cook, Cunningham, Pulleyblank, and Schri-
jver [21] (the same result for P'). We may not be able to “rotate” ¢’z < d in
the case of N (P) as it may not be a polytope. Lemma Bl also implies:

Fisafaceof Q= N(PNF)=N(P)NF . 9)
The following two results give useful properties of No(P).

Lemma 5. [4[38] Assume that ax < b is valid for PN {z|z; = 0} and PN
{x|x; = 1}, where P is a polytope, and 1 < i < n. Then a®x < b is valid for P;
and Ny(P).

Proof. 1t is easy to see that there are numbers « and 3, such that

aTx — ax; < b is valid for P,

alz — (1 — x;) < bis valid for P.

Multiplying the first inequality by 1 — z; and the second by w;, replacing 27 by
x; and adding, we see that a”2 < b is a lift-and-project cut with respect to the
variable x;. O

Lemma 6. [3[38] If P C @, is a polytope, then P; = conv((P N {x|xz; =
oHUPN{z|z, =1})) fori=1,...,n, and No(P) = N;P;.

We now state some well-known properties of (symmetric) positive semidef-
inite matrices which we will need; see Horn and Johnson [32]. We denote the
fact that a matrix A is positive semidefinite by A > 0. A principal submatriz
of a matrix is a square submatrix obtained by deleting some rows and the cor-
responding columns from the matrix. If A > 0, then every principal submatrix
of A is positive semidefinite. If a matrix A has a block-diagonal decomposition,
then A > 0 < every block is positive semidefinite. For example,

A O

lfA:[O Ay

},thenAiO@/hiO,AgiO. (10)

Proposition 7. (Schur complements) Let A be a non-singular matriz, and let
B and C be matrices.

D= [BATg}, then D=0 C— BTA'Bx0 .
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The following result is crucial for the exponential bounds we prove later on.

Lemma 8. Let P, = {(z,y) | Az < e} and P, = {(x,y) | By < f} be two poly-
topes contained in Q. Then Ny (PiNP2) = Ny (P1)NNy(Py). An identical result
holds for N and Ny.

Proof. For any two polytopes Py and P, it is true that Ny (P1NPy) € Ny (Pp)N
N, (Ps). Let Py and P, satisfy the conditions of the lemma. To prove the reverse
inclusion, assume that

z= (5) € N (P)NNL(Py) . (11)

Let z = i . Then there are symmetric matrices X € My (P;) and Y € M, (Pz)
(M, (P) and M (P) are defined in [38]), such that Z = Xey = Yeq, where

1 2T yT 1 27 yT
X=|aoXpy XL | andY = |2V Y5 . (12)
y X2 Xoo y Y12 Yoo

Also X,Y = 0. As X and Y are positive semidefinite,

1 27 1yT )
(IXH)iOand (yym)io7 (13)

the above matrices are principal submatrices of X and Y. We can conclude that
X11 —z2” and Yae — yyT are both positive semidefinite. This is true because of
Proposition[@ (set A =1 in Proposition [1).

Now, let Z be the matrix defined by

le yT

Z=\|x X myT . (14)
y yzl Yoo

It is not difficult to verify that Z is contained in M (P; N Py). Also, observe
that Z —zz7 is a block-diagonal matrix with non-zero blocks X1; — zz? and
Yas — yyT. Therefore Z — zz" is positive semidefinite by (IT); this implies that
Z = 0. Since Z = Zeg, we have shown that z € N (P; N P»), and the result
follows for the semidefinite operator.

Observe that in (I2), if we start out with X in M(P;) and Y in M(P,),
then Z yields the result for N(P). Let X and Y belong to My(P;) and My(P2)
respectively. Then X and Y are as in (I2), except that they are non-symmetric
and X7, is replaced by Xo1, and Y{5 by Y2;. The matrix Z above, formed from
X and Y, belongs to My(Py N Py), and the result for No(P) follows. O

3 Cutting-Plane Proofs and Branch-and-Cut Proofs

Traditionally, the phrase “cutting-plane proof” refers to a proof using G-C cuts.
We refer to such proofs as Gomory-Chvdtal cutting-plane proofs (or as G-C proofs
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for shortness sake). By a cutting-plane proof, we mean one which uses any of
the cutting planes discussed in Sect. 2
Let Ax < b denote the following linear system in IR™:

ale <b; (i=1,...,m) . (15)

Assume ¢’z < d is valid for all 0-1 solutions of Az < b. An N-cutting-plane
proof of ¢Tx < d from Az < b is a sequence,

a£+kx§bm+k (k=1,...,M) , (16)

with ¢z < d the last inequality in the sequence, and a collection of numbers

ok B >00G=1,...m+k-11=1,...,n) (17)

such that, for k=1,..., M afCLJrkx < btk is derived as in (@) using a;’?l and ﬁ]’?l
from

ale<b; (j=1,....m+k—1). (18)

Informally, an inequality in the sequence is an N-cut for the previous inequalities
in the sequence. The length of the cutting-plane proof is M and its size is the
sum of the sizes of the inequalities and numbers a?’l, ﬁ;-“l in the proof. (The size of
a proof is the number of bits required to write it down). If an inequality belongs
to or is implied by Ax < b, we say it has an N-cutting-plane proof of length 0
from Az < b. We can assume that inequalities in (I5) and (I6) integral. Proofs
using disjunctive cuts, Ny-cuts, or N -cuts are defined in a similar fashion. An
N-cutting-plane proof will be abbreviated as an N -proof. We analogously define
Ny -proofs.

If an inequality ¢’z < d has an N-proof from P, then ¢’z < d is valid for
Py. Conversely, an inequality valid for P; has an N-proof from P; this follows
from Theorem [I] and the fact that N(P) is a polytope whenever P is. If Py is
empty, we refer to a cutting-plane proof of 07 < —1 as a cutting-plane proof of
infeasibility.

We can use both G-C cuts and N -cuts in a cutting-plane proof; such a proof
will be called an N,-proof. We also define Ny-proofs; each cut is either an N-cut
or a G-C cut for the previous ones.

The branch-and-cut method can be used to prove that a given inequality is
satisfied by all 0-1 solutions of (IH); this yields the notion of a “branch-and-cut
proof”. The length of the proof is defined as the sum of the number of cuts in
the proof and the number of times we branch on a variable. We will mainly deal
with branch-and-cut proofs of infeasibility where 0Tz < —1 is the last inequality
in each branch.

4 Interpolation and Cutting-Plane Proofs

An important goal in the theory of propositional proofs is to establish exponen-
tial worst-case complexity for proofs in various proof systems. Achieving this
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goal for all proof systems would show P # NP. See Beame and Pitassi [§],
and also Pudldk [40], for recent surveys on propositional proof complexity. Some
methods used in this endeavour are the bottleneck counting method of Haken [31],
the restriction method of Ajtai [1], and the interpolation method. Krajicek [35//36]
proposed the idea of using effective interpolation to establish lower bounds on
the lengths of proofs in different proof systems. This idea was first used in [42]
and [9]. Pudldk [39] derived exponential lower bounds for lengths of G-C proofs
using interpolation. We now discuss this technique.
Assume that the following linear system is infeasible:

Az +Cz<e ,

By+Dz< f, (19)
x,y, z are 0-1

Then 07z + 0Ty 4+ 072 < —1 has a G-C proof P from (I9). Let 2’ denote some
0-1 assignment to z. The system

Az <e—-C7 |,
By<[-D (20)
x,y are 0-1

obtained from (), is still infeasible. Now, P can be modified to a proof P’ of
infeasibility of (20), with the same length (let P; stand for the ith inequality in
P):

if Pyisa’z+b"y+c'z<dthen Plisa’z+bTy<d—cl2 . (21)

In (20) we have two linear systems, with no variables in common, and at least
one of the two is infeasible. Which of the two systems is infeasible can decided
by examining P’. Pudldk [39] showed:

Given any 2', it is possible to construct in polynomial time (in the size of P),
two G-C proofs, one involving x alone and the other involving only y, such that
either the last inequality in the first proof is 07x < —1 or the last in the second
proof is 0Ty < —1.

This yields a polynomial-time algorithm Fp(z) for each composite G-C proof P,
which takes as input 2z’ and decides which of the two systems in 20) is infea-
sible. This is called effective interpolation and Fp(z) is called an interpolating
algorithm.

A strong lower bound can sometimes be derived for the complexity of the
interpolating algorithm Fp; this immediately yields a lower bound for the length
of P. We discuss this later. First we give Pudlak’s effective interpolation result
for G-C proofs [39, Theorem 3] in Proposition

Assume that the following system, in n variables and m inequalities, is in-
feasible:

Az <e, xis01 |, (22)
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By§f7 ylS 0-1 ’ (23)

and assume that x and y have no variables in common. For convenience, we
assume that the initial inequalities in every cutting-plane proof of infeasibility
from the above system are precisely the inequalities in the system.

Proposition 9. [39] Let R be a G-C proof of 0Tx + 0Ty < —1 from (22) and
(23). In polynomial time (in the size of R), a G-C proof of infeasibility of either
(23), or of [23), can be constructed from R.

Proof. Let al'z + bl'y < d; be the ith inequality in R and call this R;. Now,
Ri,...,Rm are just ) and @23) and Ry, (for some k) is precisely 07z + 07y <
—1. We can assume that R has integral inequalities. We say that R; is derived
from Rl, cen 77?,1'_1 if

alz+bly = Z )\ij(ajrx + bJTy) and d; = LZ Xijdj] (24)
J J

where A\;j; > 0forj=1,...,¢—1.

We construct a sequence of inequalities S involving only x, and another
sequence T, involving only y, such that S; and 7; together imply R;. Let I;
stand for {1,...,i—1}. Fori = 1,...,m, if R; involves only z, then set S; to R;
and 7; to 0Ty < 0, otherwise set S; to 07z < 0 and 7; to R;. Define subsequent
terms of S and T as follows: for i = m+1,..., k, if R; is derived from R; (j € I;)
with the numbers \;; > 0(j € I;), then let S; be derived from S; (j € I;) and
let 7; be derived from 7, (j € I;), with the same numbers \;;. If the right-hand
sides of S; and 7; are g; and h; respectively, we can conclude that

S, = a?x <g; and T; = blTy < h; with ¢g; +h; <d; . (25)

Therefore the last inequalities in S and 7 are, respectively, 072 < g and 07y <
hi. Since di = —1, one of g and hy is at most -1, and we have a G-C proof of
infeasibility of either (2Z2) or (23). This is a polynomial-time construction. O

Suppose P is a G-C proof of 072 + 0Ty + 072 < —1 from (I9). The inter-
polating algorithm Fp(z) mentioned above broadly does the following. If 2’ is
a 0-1 assignment to z, then Fp first computes (20). Then it computes one of
the two proofs in Proposition [@ say S. If in S the right-hand side g < —1,
Fp returns 0 to indicate that Az < e — C2’ is infeasible, else it knows that
hi < —1, and it returns 1. We need not compute 7 or P’. In fact, Fp only needs
to compute e — C'z’ and the numbers g; to decide which of the two systems in
(BQ) is infeasible.

To obtain a similar property for N-proofs, Pudlik proved the following result.

Proposition 10. [70] Let R be an Ny-proof of 07z < —1 from (23) and (23).
In polynomial time (in the size of R), an Ny -proof of infeasibility of either {23),
or of (Z3), can be constructed from R.
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We now proceed to extend the above result to N;-proofs (more precisely
N.-proofs) thus answering a question which is mentioned as being unsolved by
Pudlék; see[40, page 11].

Proposition 11. Let R be an N,-proof of 0Ta < —1 from (23) and (Z3). In
polynomial time (in the size of R), an N.-proof of infeasibility of either (23), or
of (23), can be constructed from R.

Proof. We can assume that all inequalities in R are integral and N -cuts for the
previous ones in R. G-C cuts can be handled as in Proposition[d.

Let R be as in Proposition [ (only R is an N-proof of infeasibility). We
construct two N-proofs S and T with the same length as R. Let the first m
terms in S and 7 be as in Proposition [0l By definition, if R; is a]Ta; + bJTy <d;
and ¢ = m + 1, then for all j <1

Sj=ajx<g; and T;=bly<h; with g;+h; <d; . (26)

Assume that we have obtained S; and 7; satisfying (26]) for all j < 4, where ¢ is
some number greater than m. Let P, be the polytope defined by Si,...,8;—1.
Similarly, let P, be defined by 71, ..., 7;—1. Now, if P is defined by R4, ..., R;_1,
thenPlﬂPQQP.

It follows that a;x + bfy < d; is valid for Ny (P, N P;). By Lemma Bl and
Carathéodory’s Theorem, we have

jeJ keK jeJ keK

where pfx <r; (j € J)are Ny(Pp)-cuts and ¢fz < s (k € K) are N4 (P»)-
cuts and a; > 0 and By > 0 for all j € J and k € K. Adding separately the
N, (Py)-cuts and the N (Py)-cuts, we see that there are there are real numbers
g; and h} such that

alz < gl is an N, (Py)-cut and b}y < Rl is an Ny (Py)-cut , (28)
and g, + h} < d;. The numbers ¢} and h} can be computed as
g = max{af x| (z,y) € No.(P1)}, hj=max{b]y|(z,y) € Ny(P)} . (29)

To get the ith terms of S and T, we compute ¢} and A as in 29), by solving
two semidefinite programs (see Theorem [2 and the discussion following it). As
these are not necessarily integers, we round them down to get g; and h;; we have
completed the construction of the ith terms in S and 7. Repeating this process
we get, as the last terms in S and 7, 0Tz < g and 072 < hy, where at least one
of gy or hy is bounded above by -1. ad

In the proof above, if we replace Ny (P) by N(P), we get Pudldk’s result,
Proposition [[0} by combining with Proposition @. We can also use Ny (P) instead
of N4 (P) and get a result analogous to Proposition I0lin the case where we have
proofs using Ny-cuts and G-C cuts.
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5 Monotone Interpolation

Let f : IR™ — IR be a real-valued non-decreasing function, that is, if z < y
with z,y in R", then f(z) < f(y). Such a function is also called a monotone
function. We use the term “monotone computation” to refer to an application of
a monotone function to given inputs. Examples of monotone unary and binary
functions (referred to as monotone operations) are

te, r+z, x+vy, |z], thr(z,—1) (30)

where t is a non-negative number, z and y are real variables, and r is a real
number; thr(xz,—1) is a threshold function which returns 0, if x < —1, and
returns 1 otherwise.

Consider a fixed system in (I9), and the interpolating algorithm Fp men-
tioned in the context of G-C proofs. Once we have computed e — C2’ in (20), all
further computations to obtain the numbers g; in Proposition @ are monotone.
We can perform a sequence of monotone operations, with precisely the ones in
(B0, to get g;, for i = 1,...,k and then apply thr(z,—1) to gr to get Fp(z)
(which is 0 or 1). Further, if all coefficients in C' are negative, then it is possible
to compute e — Cz’ and therefore Fp(z') by monotone operations only; the num-
ber of monotone operations is polynomially bounded by the length of the proof
P. This is an example of monotone interpolation. This result is a crucial step in
Pudlak’s proof of an exponential lower bound on the length of G-C proofs.

Razborov [41], and independently Andreev [3], proved super-polynomial lower
bounds on the lengths of sequences of monotone boolean operations (‘and’ and
‘or’) required to compute certain monotone boolean functions. See also [2] and
[10]. Pudldk [39] and Cook and Haken [17] extended the above results to the case
where arbitrary monotone operations are used in computing monotone boolean
functions. The following follows from their results.

Proposition 12. [39] There is a polynomial function p(n) and an exponential
function e(n), such that for every positive integer n, there is a system of inequal-
ities I,, with the properties:

(i) I,, has the same form as ({I9) with C < 0 and has no 0-1 solution,
(ii) I, has at most p(n) inequalities and variables,
(iii) Any sequence of monotone operations which has z as input and computes
0if Ax < e — C?%' is infeasible and 1 otherwise has length at least e(n).

Pudlék combined the monotone interpolation result mentioned above along with
Proposition[IZ to obtain an exponential lower bound on the length of G-C proofs.
To get similar bounds for L-M-G proofs we first prove an effective interpolation
result for Ny -cuts.

Theorem 13. Assume that (I9) is infeasible and assume that C < 0. If P is
an Ny-proof of infeasibility of (I3), then there is an algorithm Fp(z) with the
following properties:
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(i) if 2’ is any 0-1 assignment to z, then Fp computes 0 if Ax < e — ¢z’ is
infeasible, and 1 otherwise;
(i) Fp performs only monotone computations;
(iii) The number of monotone computation steps performed by Fp is bounded
above by a polynomial function of the length of P.

Proof. Let P be an N,-proof of 072407y +072 < —1 from (I9). By Lemmal, if
P’ is defined by (2I) then P’ is an N,-proof of the infeasibility of (20). Now, let
‘R denote P’; as in Proposition [1], obtaining the N,-proof S suffices to decide
whether Az < e — ¢z’ is feasible or not. We proceed as in the case of G-C
proofs and first compute e — Cz’ and then the numbers g1, go, . .., gr described
in Proposition [} and finally thr(gg, —1) to get Fp(2').

If C < 0 then e—C2’ can be obtained by monotone operations. The numbers
g1, 92, ---,gk can be obtained by monotone computations. To see this, observe
that the following computation

max{a; |z € Ny (P)},

P={zcQlalz<g,...,al v <gi1}, (31)
performed in (29), is monotone in the inputs gi,go,...,g;—1. If the numbers
g1, ---,gi—1 are increased, then P is larger, and so is N, (P), and the maximum

in (3] increases.

Finally, assume ([[9) has m inequalities and n variables. Computing e — Cz’
requires at most 2mn monotone operations. The numbers g1, go, . . ., gr each re-
quire a monotone computation of the form (31). Hence, the number of monotone
computation steps is at most 2nL, where L is the length of P (here m < L). O

Theorem [[3] does not yield an exponential lower bound on the length of N,-
proofs as all monotone computations do not have a bounded number of inputs
(they are not monotone operations, for example). But we can prove:

Theorem 14. Any lift-and-project cutting-plane proof of infeasibility of the sys-
tem I,, given in Proposition I3 has exponential length (in n).

Proof. Let O be a lift-and-project cutting-plane proof of length L of the infea-
sibility of Z,, for a given integer n. Every O; is a lift-and-project cut (say with
respect to the variable xy; this variable changes with ¢) for Oy,...,O;_1. There-
fore O; is equal to aq; + (g2 +)\(x% —1zy,) for some a, B > 0 and some A, where ¢;
and ¢o are inequalities implied by Oq,...,O;_1. Define a sequence P of length
at most 3L by

Psia=q1, Paic1=q2, P3i =0; . (32)

As lift-and-project cuts are also Ny-cuts, P is an Ny-cutting-plane proof of 07z +
07y + 07z < —1 with the special property that each inequality is either a non-
negative linear combination of p(n)+1 previous inequalities in P (Z,, has at most
p(n) variables) or is an Ny-cut derived from at most two previous inequalities.
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If in Theorem [I3], we replace N, by Ny, we get an interpolating algorithm
Fp which performs only monotone operations. To see this, let 2z’ be some 0-
1 assignment to z, and let R = P’ where P’ is defined as in (2I). As in the
proof of Proposition [I1] define the proofs S and 7 from R with the following
property. If R; = ARy +---+ X\;_1R;_1 for non-negative numbers Aq,..., \;_1,
then S; equals A\1S1+ -+ X181 and T; equals My Ty +-+ -+ X171 I R;
is the inequality alz + by < d; and is an Np-cut derived from two previous
inequalities, say R, and R;, then S; is the inequality al x < g; such that

g; = max{al x|z € No(P)},
P:{x€Q|afx§gj,a?x§gl} . (33)

Similarly 7; is the inequality b7y < h; derived as an Ny-cut from bjTy < h; and
blTy < hy; also g; + h; < d;. Hence, if P has k inequalities, then either g, < —1
or hy < —1. Also, ¢1,92,---,gx can be computed by monotone operations only.
Either g; is the non-negative linear combination of p(n) + 1 previous numbers
from ¢1,...,g;—1 (this requires 2(p(n) + 1) monotone operations) or g; is com-
puted as in (33)), which is a monotone operation. The result follows. a

The next result implies that any Ng-cutting-plane proof of the infeasibility
of Z,,, given in Proposition 2, must have exponential length.

Lemma 15. Let P be an Ny-proof of c'x < d, from some polytope in Q,, of
length L. There is a lift-and-project cutting-plane proof of ¢« < d of length at
most (n+ 1)L.

Proof. Let a’x < b be an inequality in the proof. Let P = {x| Az < b} be the
polytope defined by the inequalities used in deriving a”z < b as an Ny-cut. By
Lemmalf, No(P) = N;P;, where P; is the lift-and-project operator with respect
to the variable x;. Therefore Ny(P) is completely defined by the inequalities
defining the polytopes P;. Hence, by Carathéodory’s Theorem, a’z < b is a
nonnegative linear combination of n inequalities g x < hy, ..., gl x < h,,, where
for i = 1,...,n, gl'x < h; is valid for some P, (1 < k < n). It follows that
a”x < b is a nonnegative linear combination of n lift-and-project cuts for P.
Let R be a sequence of inequalities such that a”z < b in P is replaced by
the inequalities gf = < hy,...,g 2 < h, and a’2 < b (in order). In R, every
inequality is either a nonnegative linear combination of previous inequalities or
a lift-and-project cut derived from previous inequalities; hence R is a lift-and-
project cutting-plane proof of length at most (n + 1)L. O

Combining Proposition A Proposition [2] Theorem 04l and Lemma [, we
get the following theorem.

Theorem 16. Let Z,, be as in Proposition[Id. Then any cutting-plane proof of
infeasibility which uses only Ny-cuts, lift-and-project cuts and G-C cuts must
have exponential length, i.e., length at least e(n)/h(n) where e(n) is the expo-
nential function in Proposition[IZ and h(n) is some polynomial function of n.
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To get an exponential lower bound on the length of branch-and-cut proofs for
T., we prove the following lemma.

Lemma 17. Let P C @, be a polytope which does not contain 0-1 points. Let P
be an L-M-G branch-and-cut proof of 0Tz < —1 from P, with m cutting planes
and k branches. Then there is an L-M-G cutting-plane proof of 072 < —1 with
length exactly m + k.

Proof. As discussed earlier, every lift-and-project cut is an Ny-cut; so we can
assume that the cuts in the proof are either Ny-cuts or Gomory-Chvétal cuts.
Assume P has exactly one branch and s inequalities in the left branch and ¢
inequalities in the right branch. Further assume that the very first step in the
branch-and-cut proof consists of branching on the variable z;. In the the left
branch, we impose the condition x; = 0 and in the right branch the condition
T = 1.

Let the inequalities in the left branch be a?:v < by, aQT;U < by,.... Let alTx <
b1 be an Ny-cut for P and the inequality #; = 0. We can assume that a] x < by is
an No-cut for PN{x |z, = 0}, i.e., alx < by is an No(PN{z | z; = 0})-cut. From
Lemmal and the subsequent discussion, we know that a?'x < b; can be “rotated”
to get an Ng-cut for P of the form alz + aj2; < by for some number a;. To
continue this process, for i = 2,...,s do the following: if a] x < b; is an Np-cut
from P, 21 = 0, and the inequalities af x < by,...,al ;@ < b;_1, let P,_1 equal
P intersected with the inequalities a{x +ajxy < by,..., azllx + o111 < bj_q.
Then alx < b; is an No(P;_1 N {x|z; = 0})-cut and can be rotated to get an
No(P;—1)-cut of the form aiT:E + a;x1 < b;. This rotation process can also be
performed if al'z < b; is a Gomory-Chvétal cut. Similarly an inequality ¢! < d;
in the right branch gets rotated to ciTx + Bi(1 — 1) < d; for some ;.

The last inequality in the left branch is mapped to 07z + oz < —1 and
the last inequality in the right branch is mapped to 07z + B;(1 — z1) < —1.
Multiplying the first of these two inequalities by (1 — 1) and the second by 1,
replacing 2% by 1, and adding, we get the inequality 072 < —1 as an Np-cut.
Observe that we have removed a branch and replaced it by an Ny-cut, to get a
cutting-plane proof of infeasibility of length s + ¢ 4 1.

If a branch-and-cut proof has many branches, we can start from the lowermost
branches, and recursively eliminate the branches by adding an extra Ny-cut for
every branch eliminated. This completes the proof. a

The exponential lower bounds on the length of L-M-G branch-and-cut proofs
follows immediately from Theorem
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Abstract. We study the mixed 0-1 knapsack polytope, which is defined
by a single knapsack constraint that contains 0-1 and bounded continu-
ous variables. We develop a lifting theory for the continuous variables. In
particular, we present a pseudo-polynomial algorithm for the sequential
lifting of the continuous variables. We introduce the concept of super-
linear inequalities and show that our lifting scheme can be significantly
simplified for them. Finally, we show that superlinearity results can be
generalized to nonsuperlinear inequalities when the coefficients of the
continuous variables lifted are large.

1 Introduction

Lifted cover inequalities, derived from 0-1 knapsack inequalities, have proven to
be a useful family of cuts for solving 0-1 integer programs by branch-and-cut
algorithms. The idea was first proposed by Crowder, Johnson and Padberg [5],
with the theoretical foundation coming from the studies of the 0-1 knapsack
polytope by Balas [3], Balas and Zemel [2], Hammer, Johnson and Peled [15]
and Wolsey [23]. A computational study is presented in Gu, Nemhauser and
Savelsbergh [13]. In order to extend these ideas to the mixed integer case, in
which continuous variables are present as well, it is necessary to develop a lifting
theory for the continuous variables. In this paper we study the polytope gener-
ated by a mixed 0-1 knapsack inequality with an arbitrary number of bounded
continuous variables and we develop a lifting theory for them.

Although we are not aware of any previous study of the mixed 0-1 knapsack
polytope, valid inequalities and facets for related polyhedra have been known
for quite some time. For example, there are the mixed integer cuts introduced
by Gomory [II], the MIR inequalities introduced by Nemhauser and Wolsey
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[17], and the mixed disjunctive cuts introduced by Balas, Ceria and Cornuéjols
[1]. More closely related to our study is the “0-1 knapsack polyhedron with
a single nonnegative continuous variable” introduced by Marchand and Wolsey
[16]. However, as we discuss in the next section, our polytope yields more general
results with respect to generating cuts.

Given M = {1,...,m}, N = {1,...,n}, the sets of integers {ay,...,an},
{b1,...,b,}, and the integer d, let

S={(z,y) € {0,1}" x [0,1]" | Z a;jx; + Z biy; < d}.

jeM JjEN

We define the mixed 0-1 knapsack polytope as PS = conv(S). Note that the
choice of 1 as an upper bound for the (bounded) continuous variables is without
loss of generality, since they can be rescaled. We assume throughout the paper
that

Assumption 1. M # () and N # (.

Assumption 2. 0 < a; <dVje M,and 0 <b; <dVjeN.

If Assumption [is not satisfied, P.S is either trivial (M = §)) or has already been
studied (N = (). Clearly, there is no loss of generality in Assumption

We now give a few results about PSS and its inequality description. Whenever
it is clear from the context, we use the term facet to denote the corresponding
inequality as well.

Proposition 1. PS is full-dimensional. O

Some inequalities of the linear description of PS are easy to explain. We give
their characterization in the following proposition.

Proposition 2. The inequality

z; >0 (1)
is a facet of PS Vi € M. The inequality

z, <1 (2)

is a facet of PS fori e M iff max{a;|j € M —{i}} +a; <d and a; < d. The
inequality

yi >0 (3)
is a facet of PS Vi € N. The inequality
yi <1 (4)

is a facet of PS fori € N iff max{a;|j € M} +b; <d. O
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We call the inequalities of Proposition [ trivial. Another trivial inequality that
may or may not be a facet of PS is the initial knapsack inequality. It does
not seem that there exists a simple characterization of when this inequality
is a facet except for particular cases, as for example, when the coefficients of
the continuous variables are big (see Marchand and Wolsey [16] and Sect. ).
Sufficient conditions can also be derived from Theorem [4] presented later. In the
remainder of the paper, we characterize some families of nontrivial facets of P.S
that can be obtained by sequential lifting. The nontrivial facets of PS satisfy
the following proposition.

Proposition 3. Assume that )., a;r; + ZjeN Biy; < 6 is a facet of PS
that is mnot a multiple of (@) or (Ij) Then a; > 0 forj € M, ; >0 for j € N,
and 6 > 0. (]

In Sect. Pl we discuss why the polytope we study is more general than the
polyhedron of Marchand and Wolsey. In Sect. B] we develop sequential lifting
schemes for continuous variables. For the sequential lifting of continuous vari-
ables fixed at 0 (“lifting from 0”), we show that the lifting coefficients are 0
almost always (Theorem [2)). Finally, we consider the sequential lifting of con-
tinuous variables fixed at 1 (“lifting from 17), which is much more interesting
and difficult, and we give a pseudo-polynomial algorithm for it (Theorem [). In
Sect. [4 we present a way to alleviate some of the computational burden associ-
ated with our lifting scheme by imposing structure on the inequality to be lifted
and we introduce the concept of superlinear lifting (Theorem [7). In Sect. Bl we
present another way to reduce the amount of computation in our algorithm by
imposing restrictions on the coefficients of the continuous variables to be lifted
(Theorem [IT]). We conclude in Sect. [6l with some discussion on how our lifting
theory can be used algorithmically.

2 A Related Polyhedron
Let

T ={(z,s) € {0,1}"" x [0,00) | Z a;x; <d+ s} .
jEM

Marchand and Wolsey [16] studied the 0-1 knapsack polyhedron with a sin-
gle nonnegative continuous variable PT = conv(T'). The polytope PS and the
polyhedron PT are similar. However, as we show in this section, because PS
is bounded and has more than one continuous variable, it is possible to derive
from it certain cuts for 0-1 mixed integer programming that cannot be derived
from PT. We first show that PS with |[N| = 1 is more general than PT because
it is bounded. Then we show that P.S with more than one continuous variable
is more general than the polytope obtained by aggregating them into a single
continuous variable.

When |N| = 1, there exists a natural transformation that converts a polytope
of the form PS into a polyhedron of the form PT and vice-versa. The simple
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addition of the constraint s < p transforms PT into PS after adequately scal-
ing and complementing the continuous variable. We call the resulting polytope
PS8 = conv{(z,y) € {0, 1} x [0,1]| }2;cps @25 +py < d+p}, wherey = £
When p is large enough, the facets of PS’ are in one-to-one correspondence with
the facets of PT (if we remove the facet y > 0 from the linear description of
PSh.

Now consider a transformation from P.S with a single continuous variable to
PT. If we scale and complement the variable y, defining s = b — by, we obtain
an equivalent polytope where 0 < s < b. Suppose we relax the upper bound on
s (i.e. we relax the lower bound on y). Then we obtain a polytope of the form
PT that we call PT" = conv{(z,s) € {0,1}™ x [0,00) [ > .cpsa;z; < d—b+s}.
In general, there is no bijection between the facets of PS and those of PT,
although valid inequalities for PT" can be turned into valid inequalities of PS
by substituting s = b— by. However, even when starting from a facet of PT”, this
procedure is not guaranteed to generate a facet of P.S as the following example
illustrates.

Ezxample 1. Consider the polytope PS defined by
1221 + 829 + 8x3 + Ty + 5y < 24 .

Let s = 5—5y. Introduce s in the previous inequality and relax its upper bound.
The inequality becomes

1221 + 8x9 + 8z + Txy < 19+ s,
which is in the format studied by Marchand and Wolsey. The inequality
8r1 +4xs +8x3+Txy <15+
is a facet of the polytope PT’. Substituting back s = 5 — 5y, we obtain
8x1 + 4xo + 8x3 + Txy + 5y < 20 .

This inequality is not a facet of PS since it defines a face whose dimension is
only 3. U

Now we show that we need to consider several continuous variables to de-
scribe the most general results about facets. Consider the polytopes PS; =
conv{(z,y) € {0,1}™ x [0,1]| >°.cpsajz; + by < d} and PS,, = conv{(x,y) €
{0,135 [0,1]™ | 32 enr @y + ijeN b;y; < d}. Note that any polytope of the

form PS,, can be turned into a polytope of the fom P.S; by defining y = M

and b= 7.y b;. If facets of PS; are known, the substitution y = >,y b;y;
will turn them into valid inequalities for PS,,. There are two main issues re-
garding this aggregation procedure. The first is that the inequality generated is
not necessarly a facet of PS,,. The second is that there are many facets of P.S,
that cannot be obtained in this way. The following example illustrates this last
observation.
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Ezxample 2. Consider the polytope PS defined by
3021 4 2529 + 2323 + 2024 + 1825 + 1726 + 1327 + 1228 4+ 16y1 + Tyo < 103 .

The linear description of this polytope was obtained using Porta [4] and contains
3114 inequalities. The following five

2r1 4+ 2x2+ 223+ 224+ x5+ T+ w7+ a3 < 8 (5
Ax1 + 4dwo + 4dxz+ 4wy + 4dws+ dwe+ 4day + 1691 < 16, (6)
6x1 + 4xo+ 4dxs+ dxs+ 225+ 226+ 227+ 228 +Tys < 23, (7)
16x1 + 1629 + 1225 + 1224 + 1225+ 8xg+ 8z7+ 8xs+ 16y + Tys < 71, (8)
201 + 20xe + 1523 + 1524 + 1525 + 1026 + 1027 + 1028 + 48y1 + Ty <115, (9)
are some of them. O

Only inequalities (&) and (B) can be derived by the above procedure. But in-
equalities (6) and (7) of Example Plsuggest a more general aggregation technique
to obtain facets of P.S,,. Here, we choose J C N and define y = M where
b= ZjeJ bj. PS, can be converted into PS; by dropping all the variables y;
for j € N\J and replacing Eje] bjy; with by. If facets of PS; are known, the

substitution y = w will turn them into valid inequalities of PS,,. The

disadvantages of this aggregation procedure are identical to the ones described
for the initial one. The inequalities generated are not necessarly facets and there
are some facets of PS,, that cannot be explained in this way. Inequality (@) of
Example Blillustrates this last disadvantage. We note, however, that aggregation
can be helpful practically since many facets of PS,, can be obtained in this way.
Therefore we will refer to inequalities that can be scaled in such a way that
coefficients of the continuous variables are either 0 or the given coefficient of the
knapsack inequality as having the ratio property.

3 Lifting Theory for Continuous Variables

Describing facets of high dimensional polytopes can be a difficult task. One alter-
native is to reduce the number of variables by fixing some of them at their upper
or lower bounds to obtain a polytope for which at least one nontrivial inequal-
ity is known. Once such an inequality is available, it is converted progressively
into facets of higher dimensional polytopes by the mechanism known as lifting.
Lifting was introduced in the context of the group problem by Gomory [12]. Its
computational possibilites were emphasized by Padberg [I8] and the approach
was generalized by Wolsey [24], Zemel [25] and Balas and Zemel [2]. Although
lifting techniques have been studied extensively for 0-1 variables, see Gu [14],
there has been limited study of lifting for continuous variables (de Farias [I0],
de Farias, Johnson and Nemhauser [687] and de Farias and Nemhauser [J] are
exceptions). The purpose of this section is to develop algorithms for it. In princi-
ple we should investigate the lifting of continuous variables that are fixed at any
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value within the interval [0, 1]. However, we have shown (see Richard, de Farias
and Nemhauser [20]) that when S is defined by only one 0-1 mixed knapsack
inequality, the inequalities obtained by fixing continuous variables at fractional
values are only rarely different from the ones that can be generated from the
fixing of continuous variables at 0 and 1. Thus we focus only on the lifting of
continuous variables fixed to 0 and 1. For the lifting of continuous variables from
0, we show that the lifting coefficients are almost always equal to 0. We also
describe when they are not equal to 0 and how to obtain the lifting coefficients
in this case. Finally, we study the lifting of continuous variables from 1 and we
show that it is much richer and more difficult than the lifting from 0.

3.1 General Lifting Results

Given My, M, two disjoint subsets of M, and Ny, N; two disjoint subsets of N,
we define

S(Mo, My, No, N1) = S N {(z,y) €{0,1}™ x [0,1]" [z; = 0Vj € Mo,
T = 1VJ (S Ml, Y = O\V/j S No, Y = IVJ (S Nl},

and PS(My, My, Ny, N1) = conv(S(My, My, Ny, N1)). Whenever it is clear from
the context, we abbreviate S(My, My, No, N1) as S*, PS(My, My, Ny, N1) as
PS*, M—(MgUMl) as M*, N—(N()UN1) as N*, and d_ZjEMl aj—zjeNl bj =
d*. We also let m* = |M*| and n* = |N*|. Note that PS* is defined by the
constraint

Z CLjSCj + Z bjyj S d* (10)

jEM* JEN*

We represent nontrivial valid inequalities of P.S* by

> it Y By <6 (11)

jeEM* JEN*
We assume throughout the paper that:
Assumption 3. i € My whenever a; > d*.

Note that, as with Assumption [2 there is no loss of generality in Assumption Bl
and it implies that PS™ is full-dimensional. As a result, it is simpler to lift (ITI).

In the remainder of this paper, we assume that rq, ..., 4 are distinct elements
of Ny and N; and that we wish to sequentially lift the corresponding variables
Yrys -+ -5 Yp, 0 (). We denote the associated lifting coefficients by 5, , ..., Gr..
Lemma [ establishes the lifting procedure, see [I0J24] for a proof. In the lemma,
i indicates the value we lift from, i.e. 0 or 1. Given a polytope Q we let V(Q) be
the set of its extreme points.
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Lemma 1. Let (1) be a valid (resp. facet-defining) inequality of PS*. Let i €
{0,1} and let r1,...,7s € N;. Define N} = N; — {r1,...,rq} and N{_, = N;_;
forq=1,...,s. Then,

Dozt Y B+ Zﬁ“y” <&+ Zzﬂn (12)
JjeEM™* JEN*
is a valid (resp. facet-defining) inequality for PS(My, My, N§, N¢), where Br, is
the optimal value of L;(q):

1 . N
6 _ (71)1 min (71)iZjEM* Qjlj + ZjeN* ﬂjyj + Zgzl IBTt(yTt - Z) -0
" i_yrq

o 1—3 '
s.t. (z,y) € V(PS(My, My, Ng,NY)) and y,, € {bz,l — bz}
Tq r

forq=1,...,s. O

Regardless of whether the lifting coefficients of the continuous variables sat-
isfy the ratio property, they satisfy the following relations.

Theorem 1. Let r € Ny and s € N1 be distinct.
1. If y., and y,, are lifted from 0 in (I1]) then '6’1 >

7"1 -
2. If yr, and y,, are lifted from 1 in (1)) then 'g” < Bra
T2

3. If y, is lifted from 0 and ys is lifted from 1 in (ﬂ) then < (note that

the lifting order is irrelevant in this case). O

T2

o
S
nN

o

3.2 Lifting Continuous Variables from 0 (Lg)

We show that the lifting coefficients of the continuous variables fixed at 0 are
almost always zero. We also develop a pseudo-polynomial algorithm when this
is not the case.

Theorem 2. Assume that (1)) is a facet of PS* that is not a multiple of (IE)
Then, when lifting continuous variables from 0 in (I1)), we have that B, = -+ =
Br, = 0. 0

We now consider the lifting of continuous variables from 0 in an inequality
that is a multiple (0). First we consider the case with N* # (.

Theorem 3. Let ([I0) be a facet of PS* with N* # (). When lifting continuous
variables from 0 in (I0) we have that 3, = b, forq=1,...,s. O

Now we consider the case where N* = (). Given a polytope PS* with N* = (),
let

— *_ . .
o =d"— max E a;x;
jeM*

> ajry <dt -1, (13)
JjeEM*
z; € {0,1}Vj e M* .
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Theorem 4. Let (1)) be a facet of PS* with N* = (). When lifting continuous
variables from 0 in (Id), we have that

1. If by, > 0 then B, = by, forq=1,...,s
2. If by, <o then 8., =0 and 8., =0 forq=2,...,s. O

Theorem Ml leads to a simple pseudo-polynomial algorithm to perform the
lifting from 0 of continuous variables when ([[T) is a multiple of (I0): we compute
o by dynamic programming, and then we use Theorem [4] to deduce the lifting
coefficients.

3.3 Lifting Continuous Variables from 1 (L4)

In Lemma [Il we described a formal way to lift continuous variables from 1. In
order to turn it into a practical scheme, we define the function

A(w) = min Z a;x; + Z bjy; —d*

JEM™ JEN*
3
s.t. E ;T + g Bjy; =0" +w
jeM+ jEN*

zj € {0,1}Vj € M,y; €[0,1]Vj € N.
The domain of the function A is

W= {weR|3(z,y) € {0,1}™x[0,1]" s.t. Z oz + Z Biy; = 6" +w}.
jeM* JEN*

We say that ([IT) is satisfied at equality at least once, abbreviated SEQ, if there
is at least one (2*,y*) € S* such that 3, /. a;x} + >, n- Bjy; = 0. For
A CTR, we define A, = {x € A|z > 0}.

We focus on the case N* = (), i.e. we will consider the lifting of continuous
variables from 1 with respect to

Z QT4 S o* (14)

JjeM*

(which is purely 0-1 and SEO). The reason for restricting ourselves to this case
is that A is a discrete function and it is simpler to obtain the lifting coefficients.
The case N* # ) can be treated similarly, see [20].

Let W? = {w € W|A(w) < 23:1 br,}, S7 = WA\WI!, and TY = {w €

Brg w—YI7) By
SU T < Gy forae {1, s}

Theorem 5. When lifting continuous variables from 1 in (1), we have that

1. If’]l’q:(bthengﬂz%i‘l

rq b”q—l

2. If TY # () then bro max{

_ya-lg
v Wi By e T9)
J

q A(w)—Ef;f b,
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forqe{l,...,

Bry _
pe = 0. O

Table[M gives an algorithm that computes the lifting coefficients of continuous
variables fixed at 1. The algorithm requires W, , the function A and the initial
coefficients b; of the continuous variables to be lifted. It outputs 6; and the
desired lifting coefficients 3; are computed as §; = 6;b; for i =1,...,m.

Table 1. Algorithm for the lifting of continuous variables from 1
Lift(W,A,b)

0o =0, 3% = 0, b4 =

Fori=1:m

prew — bold 4 bz
ai = 91’*1

For Each w € W s.t. b°'¢ < A(w) < b"v
w old
9 - max{@z, A w)B bold}
End For

bold prew
ﬂold — /gold + szz

End For

Let w; and wsy be distinct points of W,.. We say that w; is dominated by ws
if wo > wy and A(wy) > A(ws). It can be shown that it suffices in the algorithm
of Table [[lto consider the nondominated points in the domain of the function A.
This result is important because it allows us to compute the sets T? of Theorem
without performing any sorting of the ordinates of A. From this observation,
we obtain the complexity of the algorithm.

Theorem 6. The algorithm presented in Table [ runs in time O(m+|W,|). O

This algorithm is pseudo-polynomial when the inequalities we lift have no
particular structure. However, for structured inequalities like covers, it is poly-
nomial since |[W | is polynomially bounded in m.

Ezample 2 (continued). Consider the polytope PS presented in Example[2 Let
N; = {1,2}. The inequality

4dxy + 4wo + 323 + 324 + 325 + 226 + 2207 + 228 < 12 (15)
is valid and defines a facet of PS(0,0,0, N7). In fact,

4xo + 3x3 + 3x4 + x5 + 26 + 27 + 2208 < 8
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is a Chvétal-Gomory inequality with weight ¢ in PS(@,{1},0, N;) and can be
extended into a valid inequality of PS(0,0,0, N1) by lifting z1, leading to (IH).
It can be shown that ([[T) is a facet of the associated polytope. So assume that
we want to lift from 1 the continuous variables y, and y; in this order (i.e.
r1 = 2 and ro = 1) using Theorem ] We first need to compute the function A
associated with (Im) Its values are represented in Table

Table 2. Function A associated with (5

w 12 3 4 5 6 7 8 9 10 11

A(w) 5 8 18 25 31 38 48 55 61 oo 78

We compute the first lifting coefficient using Theorem Bl We have that T! =
{1}. Therefore f” = max{% |lw € T'} = L. Next, we compute S? = {2,3}
1
and T? = {2}. It follows that
/87’2 w — :

5 3
= 5 T2} = =.
b, max{A(w) - |w e T} F

This shows that the inequality

48 7 48 7
4x1 + 4xo + 3x3 + 314 + 325 + 206 + 227 + 228 + gyl—i-gyg < 12+€+5
is a facet of PS. In fact, this inequality is (@) from Example O

4 Superlinear Lifting

Our algorithm is not polynomial because |W,| can be large. There are three
directions we can consider to diminish the impact of this pseudo-polynomiality.
The first is to consider families of inequalities for which |W| is polynomially
bounded (like covers). The second is to determine conditions that would make
the function A yield an easier lifting process (and a simpler algorithm than the
one presented before). The third is to impose conditions on the coefficients of
the variables to be lifted so that the lifting algorithm can be simplified. Each
of these three approaches is fruitful in its own way. We will describe the second
one in this section, leaving the third one for Sect. [ see [21] for details.

Definition 1. The function A(w) associated with (I4) in PS* and the inequality
(Z4) are said to be superlinear if for w > w*, w*A(w) > wA(w*) with w* =
max argmin{A(w) |w € Wi }. We call w* the superlinearity point.

Ezample 2 (continued). Inequality (IH]) is not superlinear. In fact, we can see
from Table [ that w* = 1 and A(1) = 5. In order for the function A to be
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80

301 o - B

O/
201 / B

Fig. 1. Function A associated with (3]

superlinear, we should have A(w) > wA(1) which is not true when w = 2. In
Fig. [l we see that A is not superlinear because the point (2, A(2)) lies beneath
the line containing the points (0,0) and (w*, A(w*)). 0

Superlinear inequalities play a pivotal role in our study since when continuous
variables are lifted from 1, the inequality generated always satisfies the ratio
property. Moreover, once their superlinearity point is known, the lifting from 1 of
any continuous variable becomes trivial. Let p = max{i € {0, ..., s}| Z;zl b, <

A(w*)}.

Theorem 7. If (IJ) is superlinear, then in the lifting of continuous variables

B, _ - By _ - o
from 1 we obtain - =0 fori=1,...,p and b= A(w*)—wzj;’:lbrj for i =

p+1,...,s. 0

Note that Theorem [7] can be used to generate facets of PS. First, we fix
all the continuous variables to 0 or 1, then we generate a facet of the resulting
pure 0-1 knapsack polytope that we finally lift with respect to the continuous
variables. This scheme is restricted by AssumptionB]so that, after we perform the
lifting of continuous variables, we are left with a facet of PS(My,0,0,0) where
My = {i € M |a; > d*}. Surprisingly, there exists a closed form expression for
lifting the members of My that is presented in the next theorem. For a € IR, let
(a)™ = max{a,0}.
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Theorem 8. Let (Ny, N1 ) be a partition of N, Ny = {1,...,n1} and My = {i €
Mla; > d -3 ;cn, aj}. Assume that is superlinear and is not a multiple
of (@) and that p < ny. Then

ni ni
ST+ Y Oy + > (8 +0(a—d = b)T)ay; <8+ > 0b,,(16)
jeM* j=p+1 JEMo j=p+1
is a facet of PS(0,0, No,0) where b=3"_, b,; and 0= A(uqfi:)—b O
The practical relevance of Theorem [§ depends on our ability to find fami-
lies of pure 0-1 facets that are superlinear. We will show next that covers are
superlinear. Let P = conv{z € {0,1}"| 3_;c5, ajz; < d}. Let (C1,U, Cs) be a
partition of M and C; be a minimal cover in P(U,C) where x; = 0 for i € U
and x; = 1 for i € Cy. We say that the inequality

ij—l—Zaj:cj—l—Zajxjgwl\—l—i—z:aj (17)

jeC, Jjeu JEC, JEC,

is a partitioned cover inequality based on (Cy,U, Cy) if it is obtained from the
inequality jeo, T < |C1] — 1 by sequentially lifting the members of U from 0
and then the members of Cy from 1.

Theorem 9. Let (I7) be a facet of P that is a partitioned cover based on
(C1,U,Cs). Then A(w) > wA(1) for w e W,. O

We already know, from the algorithm presented in Table [[] how to lift 0-
1 covers in polynomial time. Together with Theorem [§, Theorem [] provides a
faster technique to construct facets of PS based on 0-1 covers. We illustrate this
technique in the next example.

Ezample 2 (continued). Let My = {3,4}, My = {1,2}, Ng = {1} and N; = {2}.
The cover inequality x5 + xg + 7 + s < 3 is a facet of PS*. It can be turned
into the partitioned cover facet of PS(0, ), Ny, N;)

3r1 4+ 229 +2x3+ 204 + 5 + 26 + 7 + 28 < 8

by lifting the variables x3, x4, 1 and x in this order. By Theorem [0 this
inequality is superlinear and we have also that A(1) = 2. Therefore,

7 7
31‘1+2I2+2.T3—|—2I4—|—135—|—.T6—|—I7—|—I8+§y2S8—|—§

is a facet of PS, which is inequality ([Z). O

We have shown that the lifting of continuous variables from 1 in a superlinear
inequality always leads to an inequality that satisfies the ratio property. More-
over, as stated in the next theorem, these are the only inequalities for which this
can be guaranteed.

Theorem 10. Assume (T7) is not superlinear. Let A = min{A(w)|w*A(w) <
wA(w*) and w € Wi} and © = max argmin{A(w) | w*A(w) < wA(w*) and
w e W} Ifby, = A(w*) and by, = A — A(w*) then 0 < 7= < 2. O

1
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5 Pseudo-superlinear Lifting

Although lifted nonsuperlinear inequalities do not necessarly have the ratio prop-
erty, we would like to understand when they do. Refer to Table 2 and the lifting
of (IH). The only reason we obtain two different lifting ratios is because b,, is
too small which forces the point (2, A(2)) out of S'. This suggests that the ratio
property can possibly be salvaged if the first continuous variable lifted has a big
coefficient.

Definition 2. The pseudo-superlinearity ratio of the function A(w) associated
with (I4) in PS* and the inequality (I3)) is max{ 355 | w € W }. Their pseudo-

superlinearity point w is min{w € W | Ty = 6}.

The pseudo-superlinearity point can be seen to be a substitute for the su-
perlinearity point when the inequality is not superlinear. This statement is sup-
ported by the following characterization of superlinear inequalities.

Proposition 4. A(w) is superlinear if and only if w* = . O
Therefore, we can generalize Theorem Blusing w as a substitue for w*.

Theorem 11. Let (Ny,N1) be a partition of N and My = {i € M|a; >
d— > en, aj}- Assume that (T]) is not a multiple of (@), ZPH r] > A(w)
and p < my. Then (IB) is a facet of PS(D,0, Ny, D) where b = J 1 =
max{A( — |lwe W, N[w*, @]} and w = min{fw € Wy N [w*, @] | i )_b} O

Note that Theorem [II] is a result about asymptotic lifting. In fact, if we
assume that b, > A(w), we can conclude that B’f =@ fori=1,...,s. On the

other hand, if the inequality we start from is Superhnear we have w* = w and
Theoremmreduces to Theorem [ since the condition 77, *1b,, > A(w) becomes

void and 6 = m Next, we present an example of the asymptotlc version
of Theorem [I1]

Ezample 2 (continued). Consider inequality ([3)), which we already observed is
not superhnear We can easily establish that its pseudo-superlinearity ratio is
6 =1 7 and that A(w) = 8. Now suppose we want to sequentially lift from
1 the contlnuous variables y; and yo in this order (i.e. r1 = 1 and ro = 2).
Since b,, > A(w), we can apply Theorem [[1] to obtain that inequality (8) from
Example[Z,

1 23
4dxy 4 4o + 323 + 324 + 325 + 226 + 227 + 228 + Z(lel + Tys) <12+ T

is a facet of PS. O

Note that sometimes it is easy to find the pseudo-superlinearity ratio. As
an example, the weight inequalities introduced by Weismantel [22] have 6=1.
The lifting of continuous variables is therefore easy for them provided that the
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coefficients of the variables to be lifted are large. Large coefficients arise, for
example, in the transformation of PT into PS presented in Sect.[2. This sim-
ple observation gives rise to the following refinement of a theorem by Marc-
hand and Wolsey [16]. Let My, M; be nonintersecting subsets of M and define
PT(Mo,Ml) = {SE S {0, 1}m| ZjEM a;T; < d,xj = OV_] € M(hl'j = ].V] € Ml}

Theorem 12. Let My = {i € M |a; > d}. Assume (IJ)) is a facet of PT(My,0)
which is not a multiple of ([3). Then the inequality

*

Q; 0" . 0
> ﬁ%‘r Z(§+(aj—d)+)$j§3+8

jeEM* JjE€EMo
is a facet of PT. O

Note that § = 1 for the weight inequalities and 6 = ﬁ for partitioned
covers.

6 Concluding Remarks and Further Research

We investigated the lifting of continuous variables for the mixed 0-1 knap-
sack polytope. Although our algorithm is in general only pseudo-polynomial,
we showed that it is polynomial for a particular class of well known and exten-
sively used facets of the 0-1 knapsack polytope and we showed how to decrease
its computational burden by introducing the concept of superlinearity. We also
have shown how the lifting is made easier when the continuous variables have
large coefficients. Currently, we are evaluating the practical impact of these re-
sults in the context of cutting plane algorithms. Our mixed integer cuts are
not only strong but robust in the sense that a violated mixed integer cut of
the type given in this paper can always be found when a basic solution to the
linear programming relaxation violates integrality. This observation leads to a
simplex-based algorithm for which finite convergence can be proved [19]. We are
currently testing the significance of using these inequalities in a branch-and-cut
algorithm designed to solve general 0-1 mixed integer programs.
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Abstract. The aim of this note is to point out some combinatorial ap-
plications of a lemma of Scarf, proved first in the context of game theory.
The usefulness of the lemma in combinatorics has already been demon-
strated in [I], where it was used to prove the existence of fractional ker-
nels in digraphs not containing cyclic triangles. We indicate some links of
the lemma to other combinatorial results, both in terms of its statement
(being a relative of the Gale-Shapley theorem) and its proof (in which
respect it is a kin of Sperner’s lemma). We use the lemma to prove a
fractional version of the Gale-Shapley theorem for hypergraphs, which
in turn directly implies an extension of this theorem to general (not nec-
essarily bipartite) graphs due to Tan [I2]. We also prove the following
result, related to a theorem of Sands, Sauer and Woodrow [10]: given a
family of partial orders on the same ground set, there exists a system of
weights on the vertices, which is (fractionally) independent in all orders,
and each vertex is dominated by them in one of the orders.

1 Introduction

A famous theorem of Gale and Shapley [J] states that given a bipartite graph
and, for each vertex v, a linear order <, on the set of edges incident with v,
there exists a stable matching. Here, a matching M is called stable if for every
edge e € M there exists an edge in M meeting e and beating it in the linear
order of the vertex at which they are incident. (The origin of the name “stable”
is that in such a matching no non-matching edge poses a reason for breaking
marriages: for every non-matching edge, at least one of its endpoints prefers its
present spouse to the potential spouse provided by the edge.) Alternatively, a
stable matching is a kernel in the line graph of the bipartite graph, where the
edge connecting two vertices (edges of the original graph) is directed from the
larger to the smaller, in the order of the vertex of the original graph at which
they meet.
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It is well known that the theorem fails for general graphs, as shown by the
following simple example: let G be an undirected triangle on the vertices u, v, w,
and define: (u,v) >, (w,u), (v,w) >, (u,v), (w,u) >, (v,w). But the theorem
is true for general graphs if one allows fractional matchings, as follows easily
from a result of Tan [12] (see Theorem B below). For example, in the example
of the triangle one could take the fractional matching assigning each edge the
weight %: each edge is then dominated at some vertex by edges whose sum of
weights is 1 (for example, the edge (u,v) is dominated in this way at v).

The notions of stable matchings and fractional stable matchings can be ex-
tended to hypergraphs. A hypergraphic preference system is a pair (H, O), where
H = (V,E) is a hypergraph, and O = {<,: v € V'} is a family of linear orders,
<, being an order on the set D(v) of edges containing the vertex v. If H is a
graph we call the system a graphic preference system.

A set M of edges is called a stable matching with respect to the preference
system if it is a matching (that is, its edges are disjoint) and for every edge e
there exists a vertex v € e and an edge m € M containing v such that e <, m.

Recall that a function w assigning non-negative weights to edges in H is called
a fractional matchingif ) _, w(h) <1 for every vertex v. A fractional matching
w is called stable if every edge e contains a vertex v such that > ., ., w(h)=1.

As noted, by a result of Tan every graphic preference system has a fractional
stable matching. Does this hold also for general hypergraphs? The answer is yes,
and it follows quite easily from a result of Scarf [I1]. This result is the starting
point of the present paper. It was originally used in the proof of a better known
theorem in game theory, and hence gained the name ”lemma”. Its importance
in combinatorics has already been demonstrated in [1], where it was used to
prove the existence of a fractional kernel in any digraph not containing a cyclic
triangle.

Scarf’s lemma is intriguing in that it seems unrelated to any other body of
knowledge in combinatorics. In accord, its proof appears to be of a new type.
The aim of this paper is to bring it closer to the center of the combinatorial
scene. First, by classifying it as belonging to the Gale-Shapley family of results.
Second, by pointing out its similarity (in particular, similarity in proofs) to
results related to Brouwer’s fixed point theorem.

In [4], it was noted that the Gale-Shapley theorem is a special case of a result
of Sands, Sauer and Woodrow [T0] on monochromatic paths in edge two-colored
digraphs. This result can also be formulated in terms of dominating antichains
in two partial orders (see Theorem [ below). We shall use Scarf’s lemma to prove
a fractional generalization of this “biorder” theorem to an arbitrary number of
partial orders.

In [4], a matroidal version of the Gale-Shapley theorem was proved, for two
matroids on the same ground set. Using Scarf’s lemma, we prove a fractional
version of this result to arbitrarily many matroids on the same ground set.

We finish the introduction with stating Scarf’s lemma. (Apart from the orig-
inal paper, a proof can also be found in [I]. The basic ideas of the proof are
mentioned in the last section of the present paper).
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Theorem 1 (Scarf [11]). Let n < m be positive integers, b a vector in R, .
Also let B = (b; j),C = (c;,;) be matrices of dimensions n x m, satisfying the
following three properties: the first n columns of B form an n xn identity matriz
(i.e. bij = 0;j fori,j € [n]), the set {x € R} : Bx = b} is bounded, and
Cii < Cik <cij foranyi€[n], i# j€[n| and k€ [m]\ [n].

Then there is a nonnegative vector x of R'}" such that Bx = b and the columns
of C' that correspond to supp(zx) form a dominating set, that is, for any column
i € [m] there is a row k € [n] of C such that cx; < ck,; for any j € supp(x).

As we shall see in the last section, under the assumption that the columns of
B are in general position and the entries in each row of C' are different the proof
of the lemma yields a stronger fact, namely that there exists an odd number of
vectors x as in the lemma.

2 Some Applications

In this section we study some extensions of the stable marriage theorem.

Theorem 2 (Gale-Shapley [5]). If (G, O) is a graphic preference model and
graph G = (V, E) is bipartite then there exists a stable matching. a

As we mentioned in the introduction, in nonbipartite graphic preference models
Theorem 2] is not true. The first algorithm to decide the existence of a stable
matching in this case is due to Irving [6]. Later on, based on Irving’s proof, Tan
gave a compact characterization of those models that contain a stable matching
[12]. In what follows, we formulate Tan’s theorem.

In a graphic preference model (G, ), a subset C = {c1,ca,...,c;} of E is
a preference cycle if ¢1 <y, €2 <y, €3 <uy ... <u,_, Ck <o, €1 for different
vertices vy, va, ..., v of V. A preference cycle C'is odd if |C| is odd, otherwise C
is even. A stable partition of model (G, Q) is a subset S of E with the following
properties.

1. Any component of S is either a cycle or an edge, and

2. each cycle component of S is a preference cycle, and

3. for any edge e of E'\ S there is a vertex v covered by S and incident with e
such that e <,, s for any edge s of S incident with v.

It is easy to see that a stable partition with no cycle component is a stable
matching.

Let us define a stable half-matching as a stable fractional matching = so that
2z is an integral vector. Clearly, for a graphic preference model, the support of
a stable half-matching is a stable partition. Also, if S is a stable partition then
xg is a stable half matching, where

0ifegsS,
xzg(e) = ¢ 1 if e is an edge-component of S,
% if e belongs to a cycle-component of S .
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Theorem 3 (Tan, [12]). Any graphic preference model has a stable partition.

Note that a weaker version of Theorem [] can be proved the following way:
Define model M’ = (G',0’) by G’ = (V' E'), V! := {vpm, vy : v € V}, B/ =
{Um Vs Uiy Vpy, w0 € B} and U, vy <q,,, U Vs, O ey <oy U1 U 1 uv <q utr’.
That is, we introduce a bipartite preference model by duplicating the original
one. According to Theorem [2 there is a stable matching M in M’. Define S :=
{uv : Upmvy, € M or vyu,, € M}. It is straightforward to check that S satisfies
the first two requirements in the definition of a stable partition, but instead of
Bl, we have the weaker property

[BI. For any edge e of E'\ S there are two edges s; and sy of S such that s; <, e
and sy <,, e for some u,v € V. If 51 is an edge-component of S then s; = s9
is allowed, otherwise s # ss.

However, the above weak version of Theorem [3 does not help us to decide the
existence of a stable matching in a model. In particular, the following fact is not
true with the weaker notion of stable partition.

Observation 4 If S is a stable partition for graphic preference model M =
(G,0) and there are no odd preference cycles in S then there exists a stable
matching of M.

An immediate consequence of Observation @] and Theorem [3 is that if a model
M is free of odd preference cycles then there is a stable matching of M.

Proof. Throw away each second edge of each cycle in S. By the definition of
a stable partition, what is left from S after these deletions is exactly a stable
matching of M. ad

So if stable partition S does not contain an odd cycle then we immediately see
a stable matching. On the other hand, an odd cycle in S means that no stable
matching exists in M. More specifically, there is the following theorem.

Theorem 5 (Tan [12]). Let M = (G, O) be a graphic preference model and S
be a stable partition of M. If there is an odd cycle C in S then C is present in
each stable partition of M.

To prove Theorem [3, we justify the promised fractional version of the Gale-
Shapley theorem for hypergraphs.

Theorem 6. Any hypergraphic preference system has a fractional stable match-
mg.

Proof. Let (H,O) be a hypergraphic preference system, where H = (V, E) and
O = {<,: v € V}. Let B be the incidence matrix of H, with the identity matrix
adjoined to it at its left. Let C' be a V' x F matrix satisfying the following two
conditions:

(1) ¢, < ¢, whenever v €en f and e <, f,

(2) ¢, f < ¢, whenever v € f\e.
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Let C be obtained from C’ by adjoining to it on its left a matrix so that
C satisfies the conditions of Theorem [Il Let = be a vector as in Theorem [ for
B and C, where b is taken as the all 1’s vector 1. Define 2’ = z|g, namely
the restriction of x to E. Clearly, 2’ is a fractional matching. To see that it is
dominating, let e be an edge of H. By the conditions on x, there exists a vertex
v such that ¢, . < ¢, ; for all j € supp(z). Since ¢, < €y, it follows that
v & supp(z). Since Bz = 1 it follows that supp(z) contains an edge f containing
v (otherwise (Bx), = 0). Since ¢, 5 > ¢, it follows by condition (2) above that
v € e. The condition (Bx), = 1 now implies that e is dominated by = at v. O

In fact, the vector z’ can be assumed to be a vertex of the fractional matching
polytope of H. To see this, write ' = > ay;, where o; > 0 for all 4, Y~ a; =1
and the y;’s are vertices of the fractional matching polytope. Then each y; must
be a fractional stable matching. It is well known (see e.g. [8]) that the vertices of
the fractional matching polytope of a graph are half integral, that is, they have
only 0, %, 1 coordinates. This yields Theorem [B. Next we give a direct proof of
this fact.

Proof (of Theorem[3). Let M = (G, E) be a graphic preference model, z be
a fractional stable matching for M that exists by Theorem [@ and define S :=
supp(x). We shall prove that S is a stable partition. By the stability of =, we
can orient each edge e of E so that the corresponding arc e points to a vertex v

such that
S a(f)=1. (1)

e<yf

Let D = (V, A) be the resulted digraph. From (), it follows that if e, f € S
then e and f have different endvertices. Also, if e, f is a directed path for some
e, f € S then z(f) < 1 as z is a fractional matching. Then () yields that there
is an edge g € S such that e, f, g is a directed path. These two properties of S
imply that the components of S correspond to disjoint edges and directed cycles
in D. Condition[3. in the definition of a stable partition holds for S because if
edge e of E'\ S is oriented as e = uv then e <, s for any s € S because of ().
So S = supp(x) is indeed a stable partition of M. O

For the sake of completeness we finish this section by proving Theorem [l

Proof (of Theorem [3). Introduce preference model M’ = (G',0’') by G' =
(VLE"), E' := {e",e” : e = uwv € E,e" and e” are parallel to e}, O' := {</:
v € V'}, where

e <I fUiff (e <, for (e = fu=v,w#0)).

(We duplicate all edges, and extend the order to the duplicates in a natural way,
so that we only have to take extra care for the relation of the two copies of the
same edge.)

Observe that if C = {ej,es,..., e} is a preference cycle of model M such
that e; 11 <, €; (¢ is modulo k) then C" := {e]*,e3?,...,e/*} is a corresponding
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preference cycle of model M’. So for any stable partition S of model M there
is a corresponding subset S’ of E’ defined by

S = U{C' : C is a cycle component of S}U

U{e“, e’ : e =wv is an edge component of S} .

Observe that S’ is a stable partition of M’ and each component of S’ is a
preference cycle of M’.

Let S and T be stable partitions of model M so that C is an odd cycle
component of S. For the corresponding stable partitions S” and 7" of M’ we get

IS+ T < {(s,t1,ta,v): s € S t1,ta € T' v € V,t1 #t2, 8 <) t1,s <! t2}](2)
+{(t, 51,82,v): t €T’ 51,820 € S, v € V,s1#82,t <, 51, <) s2}|(3)
L20V(S) V(T < V(S + V(T =[S +[T"] . (4)

The inequality in (2)) is true because of property Bl of stable partitions S” and
T’ (note that both S" and T” are 2-regular subgraphs of (V, E’)). The inequality
between (3]) and (@) holds because the contribution of each vertex that is covered
by S’ and T” is at most two. So there must be equality throughout (Z) to (@).
This means that V(S) = V(S") = V(T") = V(T) (i.e. any two stable partitions
cover the same set of vertices) and that every vertex v of V(S’) contributes
exactly two at (28).

From this latter property, it follows that there is no vertex v of V/(S’) that is
incident with exactly three edges of S UT’. This is because the contribution of
v can only be two, if these three edges are e, f and g so that e </, f, e </ g and
e € 8" NT'. But if we follow the two preference cycle components of S’ and T’
starting at common edge e then we shall find a vertex u # v of V(5”) so that u
is incident with exactly three edges of S” UT", and the common edge of S" and
T" is the </,-maximal of the three. The contribution to [@B) of vertex u is only
one, hence the degrees in S’ UT” can only be 0, 2 and 4. It also follows that if S’
and T” share an edge e then the cycle component containing e is the the same
for S" and T".

So assume that the odd cycle component C” of S’ is not a component of T”.
This means that each vertex v of C is incident with exactly four edges of S"UT".
As the contribution of v in ([2B) is exactly two, we have only two possibilities
for vertex v. Either the two </ -smaller edges of these four edges belong to S’
and the two </-bigger edges belong to 77 (in which case we say that v is an
S’-vertex) or vice versa, when v is a T’-vertex. From property Bl of S’ it follows
that for no edge e = uv of C’ it can happen that both u and v are S’-vertices.
As C’ is an odd cycle, it means that there must be an edge e = uv so that both
u and v are T"-vertices. But then the inequality in (2 is strict at e.

The contradiction shows that C’ C T", hence C is a component of T a
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3 Dominating Antichains and Matroid-Kernels

In [10], there was proved a generalization of the Gale-Shapley theorem by Sands
et al. Tts original formulation was in terms of paths in digraphs whose edges are
two-colored. But at its core is a fact about pairs of partial orders.

Let V be a finite ground set and <; and <5 be two partial orders on V. A
dominating common antichain of <1 and <5 is a subset A of V' such that A is an
antichain in both partial orders and for any element v of V' there is an element
ain A with v <y a or v <5 a.

Theorem 7 (see [4J3]). For any two partial orders <1 and <5 on the same
finite ground set V', there exists a dominating antichain of <y and <s. a

The Gale-Shapley theorem is obtained by applying this theorem to the two
orders on the edge set of the bipartite graph, each being obtained by taking the
(disjoint) union of the linear orders induced by the vertices in one side of the
graph.

The theorem is false for more than two partial orders. But a fractional version
is true. For given partial orders <y, <5,..., <y on a ground set V', a nonnegative
vector x of IRK is called a fractional dominating antichain if x is a fractional
antichain (i.e. Y .- x(c) < 1 for any chain C of any of the partial orders <;)
and x is a fractional upper bound for any element of V', that is for each element
v of V there is a chain v = vg <; v1 <; v <; ... <; v; of some partial order <;
with Z;:o x(v;) = 1. Note that if a fractional dominating antichain z happens
to be integral then it is the characteristic vector of a dominating antichain.

Theorem 8. Any finite set <1,<s,..., <k of partial orders on the same ground
set V' has a fractional dominating antichain.

Proof. For each i < k let D; be the set of maximal chains in the partial order <;.
Let J = U;<,{t} x D; (that is, J is the union, with repetition, of the families
D;).

Let B’ be the V' x J incidence matrix of the chains of J (that is, for v € V
and a maximal chain D in <;, the (v, (¢, D)) entry of B" is 1 if v € D, otherwise
it is 0). Let B := [I,, B'] be obtained by adding an n x n identity matrix I,, in
front of B’.

Next we define a V' x J matrix C'. For v € V and j = (i, D) € J define
C,;as |D|+1if v ¢ D, and as the height of v in D in the order <; if v € D.
Append now on the left of C' a matrix so that the resulting matrix C' satisfies
the conditions of Theorem [

Applying Theorem[Il to the above matrices B, C and the all 1’s vector b = 1,,,
we get a nonnegative vector x € IR7YY . Let 2/ be the restriction of z to RY. As
B-x=0b=1, we have B'-2’ < 1, meaning that 2z’ is a fractional antichain. The
domination property of x implies that for any element v of V' there is a chain
D of some partial order <; such that for any element u from D N supp(z) we
have v <; u. Since c(;, py,i,p) is smallest in row (i, D) of C, it follows that the
column (4, D) of C' does not belong to supp(z). The equality (Bx)¢; py = 1 thus
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means that >, ¥(d) = 1, showing that >, 45, #(d) = 1. This proves the
fractional upper bound property of z. B a

Our last application is a generalization of a matroid version of the Gale-Shapley
theorem.

An ordered matroid is a triple M = (E,C, <) such that (F,C) is a matroid
and < is a linear order on E. For two ordered matroids M; = (E,C1,<;) and
My = (E,Cq,<3) on the same ground set, a subset K of F is an M1 My-kernel,
if K is independent in both matroids (F,C;) and (F,Cs), and for any element e
in F'\ K there is a subset C. of K and an index i = 1,2 so that

{e}UC, €C; and e <; ¢ for any c € C, .

Theorem 9 (see [4)3]). For any pair M1, Ms of ordered matroids there exists
an MyiMs-kernel. a

Let My, Ms, ..., My be ordered matroids on the same ground set F, where
M; = (E,C;,<;). A vector z € IRE is called a fractional kernel for matroids
My, My, ..., M, if it satisfies the following two properties:

(1) x is fractionally independent, namely 3 ., x(e) < r;(E") for any subset
E’ of E, where r; is the rank function of the matroid M;.

(2) every element e of E is fractionally optimally spanned in one of the ma-
troids, namely there exists a subset E’ of E and a matroid M, such that e <; ¢’
for any ¢’ € E', and ) _p x(e) = ri(E' U {e}).

Note that a fractional matroid-kernel for two matroids that happens to be
integral is a matroid kernel.

Theorem 10. Every family M; = (E,C;,<;) (i = 1,2,...,k) of ordered ma-
troids has a fractional kernel.

Proof. Let B’ be a matrix whose rows are indexed by pairs (i, F) , where 1 <
i < kand F C E, and whose columns are indexed by E, the ((¢, F),e) entry
being 1 if e € F, 0 otherwise. Let B := [I, B'].

Define matrix C” on the same row and column sets as those of B’, by letting
its ((¢,F'),e) entry be the height of e in <; if e € F and |F| + 1 otherwise.
Append an appropriate matrix on the left of C’, so as to get a matrix C as in
Theorem [ Let b be the vector on £ defined by b(; gy := ri(F).

Apply Theorem [ to B, C' and b. Let x be the vector whose existence is
guaranteed in the theorem and z’ be the restriction of z to E. We claim that
x' is a fractional kernel for our matroids. As Bx = b and both B and x are
nonnegative, we have B’xz’ < b. In other words, z’ is fractionally independent.
The domination property of supp(z) yields that for any element e of F there is
a subset F' and a matroid M; such that we have

e<;f for any element f of F' := F Nsupp(z) . (5)

Since ¢, py,;,F) is smallest in row (i, F') of C, column (i, F') does not belong to
supp(z). Thus (Bz); gy = ri(F) implies

r(F) 2 Y A ()= a(f) = riF) = ri(F) .

feF’ feF
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In particular, F’ # (), hence (5) and the definition of <; shows that e € F, and
this proves the optimal spanning property of z’. a

We finish this section by pointing out a difference between Theorem [§] and
Theorem [0 Namely, we show that Theorem M0 (the fractional version of The-
orem [A)), together with the well-known fact about the integrality of the matroid
intersection polytope implies Theorem [l The proof is analogous to the method
of Aharoni and Holzman in [I]. There, they proved the existence of an integral
kernel for any normal orientation of any perfect graph from the existence of a so
called strong fractional kernel and from the linear description of the independent
set polytope of perfect graphs. On the other hand, there is no similar polyhedral
argument to deduce Theorem [7] from Theorem

The polyhedral result that we need here is the following theorem of Edmonds.

Theorem 11 (Edmonds [2]). If M, = (E,C1) and My = (E,Cs) are ma-
troids on the same ground set then

conv{x! : I is independent both in My and in My} =

{;UGIRE:OS:E,ZQC(]‘) <ri(F) for any i € {1,2} and F C E} .

fEF
O

Proof (Alternative proof of Theorem [ ). By Theorem [I0, there is a fractional
kernel x for ordered matroids M; and Ms. As z is fractionally independent,
Theorem [I] implies that = = 25:1 Ajx% is a convex combination of the char-
acteristic vectors of common independent sets of M; and Ms. We claim that
any of the I;-s is an My Ms-kernel.

As z is a fractionally optimally spanning set, for any element e of E there
is an index ¢ € {1,2} and a subset E’ of E such that w;(e’) < w;(e) for any
element ¢’ of E and

l l
SMILOE|= Y ale) = r(BUleh) = Y ale) = S ILAE UL

ecE’ ee E'U{e} j=1

This means that each common independent set I; intersects E’ in r;(E’ U {e})
elements, that is each I; spans e. a

In contrast to the above argument, there is no polyhedral proof for Theorem [7]
from Theorem Bl along similar lines. Namely, it can happen that for two partial
orders <; and <5 on the same ground set, a fractional dominating antichain is
not a convex combination of dominating antichains. Figure [Il shows the Hasse
diagrams of two partial orders on four elements. As any two elements of the
common ground set are comparable in one of the partial orders, a dominating
antichain contains exactly one element. However, it is easy to check that the
all—% vector is a fractional dominating antichain of total weight %.
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Fig. 1. Hasse diagrams of the counterexample partial orders

4 A Link with a Theorem of Shapley

A simplicial complex is a non-empty family C of subsets of a finite ground set
such that A C B € C implies A € C. Members of C are called simplices or faces.
Let us call a simplicial complex manifold-like if, denoting its rank by n (that is,
the maximum cardinality of a simplex in it is n + 1), every face of cardinality
n in it is contained in two faces of cardinality n + 1. The dual D* of a complex
D is the set of complements of its simplices. Just like in the case of complexes,
members of a dual complex are also called faces.

Lemma 1. If C,D are two manifold-like complezes on the same ground set X,
then the number of maximum cardinality faces of C that are also minimum car-
dinality faces of D* is even.

*

Proof. Let Cypao be the family of faces of C of maximum cardinality and D},;,
be the set of faces of D* of minimum cardinality. We may clearly assume that
these two cardinalities are equal, as otherwise the lemma claims the triviality
that zero is an even number. Fix an element x of X, and define an auxiliary
digraph G on Cpyaz U D;,,;,, by drawing an arc from C' € Cppee to D € D, if
D\ C = {«}.

Let D € D},,,.- If ¢ D or D\ {x} & C then no arc enters D in G. Otherwise,
as C is manifold-like, there are exactly two different members Cy, Cs of C,pqs of
the form C; = D\{x}U{y;} for some different elements y;,ys of X. If y1 # x # yo
then the in-degree of D in G is two and D is not a member of C,,4.. Else D has
in-degree exactly one, and x € D € Cpyoe N D}

Similarly, let C € Cpaq. If @ € C or C U {z} € D* then no arc of G leaves
C. Otherwise, D being manifold-like, there are exactly two members D1, Dy of
D; ..., of the form D; = CU{x}\ {y;} for some different elements y1,y2 of X. If
Y1 # x # yo then the out-degree of C is exactly two and C' is not a member of
D; .- Else the out-degree of C'in G is exactly one and x & C € Cruax N D 50,

Let G be the underlying undirected graph of G. The above argument shows
that a vertex v of G has degree zero or two if v € Cp0z AD},,,, and v has degree
one if v € Cpay N D}y, As the number of odd degree vertices of a finite graph

is even, the lemma follows. a

What examples are there of manifold-like complexes? Of course, a triangu-
lation of a closed manifold is of this sort. (We call this complex a manifold-
complez.) Another well known example of a dual manifold-like complex is the
cone complex: let X be a set of vectors in IR"™, and b a vector not lying in the
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positive cone spanned by any n — 1 elements of X . Consider the set C* := {A C
X : b € cone(A)}. It is a well known fact from linear programming that if
b € cone(A), where A C X, |A] =n and z € X \ A, then there exists a unique
element a € A such that b € cone(A U {z} \ {a}). That is, C* is indeed a dual
manifold-like complex.

A third example of a manifold-like complex is the domination complex. Let
C be a matrix as in Theorem [T with the additional property that in each row
of C' all entries are different. Then it is not difficult to check that the family of
dominating column sets together with the extra member [n] is a manifold-like
complex. (For the details, see [1].)

Lemma [Tl directly implies a generalization of Sperner’s lemma.

Lemma 2. Let the vertices of a triangulation T of a closed n-dimensional man-
ifold be labeled with vectors from R™T*. Let b € R™ be a vector that does not
belong to the cone spanned by fewer than n + 1 labels. Then there are an even
number of simplices S of the triangulation with the property that b is in the cone
spanned by the vertex-labels of S.

Proof. Let C be the manifold complex of T'. Define family D* by
D" :={ACV(T):becone(L(A))},

where V(T') is the set of vertices of triangulation T" and for subset A of V(T),
L(A) denotes the set of labels on the vertices of A. By the condition on the
vertex-labels, D* is a cone complex. Clearly, the common members of C and D*
are minimum cardinality faces of C and maximum cardinality faces of D*. By
Lemma/[Il there is an even number of common members of C and D*, and these
common members are exactly those simplices of T" whose labels contain b in their
cone. O

Sperner’s lemma is obtained from Lemmal[2 by taking the n-sphere S™ as the
closed manifold, by choosing the vertex-labels from the standard unit vectors
(0,0,...,1,...,0) and by fixing b = 1 (the all 1’s vector). This is not the standard
way the lemma is stated, but is well known to be equivalent to it, see e.g. [7]. The
more general Lemma [2 is undoubtedly known, but we do not know a reference
to it. Shapley [9] proved it for the case that the labels are 0,1 vectors, but his
proof works also for general vectors.

Next we apply Theorem [l to prove Scarf’s lemma. The proof is essentially
the same as in [I].

Proof (of Theorem[). By slightly changing vector b and the entries of matrix C,
we can construct vector ¥’ and matrix C” with the following properties. No n — 1
columns of B span a cone that contains b’ and if n columns of B span a cone
that contains b’ then this cone also contains b. For C’ we require that in each
row of C’ all entries are different, and if ¢;; < ¢; then for the corresponding
(C’-entires the same holds: ¢}; < ;.

Define family D* on [m] by X € D* if and only if coneg (X) (the cone of those
columns of B that are indexed by X) contain b’'. Then D* is a cone complex, by
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the choice of &’. Let C be the domination complex defined by C’. By the choice
of B, b and C’, any common member of C and D* is a maximum cardinality
face of C and a minimum cardinality face of D*. So Lemma [Tl implies that there
is an even number of such common faces. But a common face of C and D* is
either [n] or it corresponds to a dominating set of C’ (which is also a dominating
set of C') and to a column set of B that contains b’ (hence b as well) in its cone.
As [n] is indeed a common face of C and D*, we get that there exists a common
face of the second type. O

Shapley’s theorem can be proved via Brouwer’s fixed point theorem (which is
also easily implied by it). This, and the similarity between its proof and the proof
of Scarf’s lemma, suggests that perhaps there is a fixed point theorem related
to the latter. A supporting fact is that in [4] there was given a proof of Gale-
Shapley’s theorem using the Knaster-Tarski fixed point theorem for lattices.
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A Short Proof
of Seymour’s Characterization of the Matroids
with the Max-Flow Min-Cut Property

Bertrand Guenin

Department of Combinatorics and Optimization, Faculty of Mathematics,
University of Waterloo, Waterloo, ON N2L 3G1, Canada
bguenin@math.uwaterloo.ca *

Abstract. Seymour proved that the set of odd circuits of a signed binary
matroid (M, X) has the Max-Flow Min-Cut property if and only if it does
not contain a minor isomorphic to (M (K4), E(K4)). We give a shorter
proof of this result.

1 Introduction

The matroids considered in this paper are all binary. A signed matroid is a pair
(M, X) where M is a matroid and X' C E(M). A subset X of elements of M is
called odd (resp. even) if | X N X| is odd (resp. even). We denote the set of odd
circuits of (M, X) by C(M, X). We say that X/ C E(M) is a signature of (M, X)
if C(M, %) = C(M,X"). Consider weights w € Zf(M). We say that a subset P
of C(M, X)) is a w-packing (of odd circuits) if, for every element e of M, at most
w, circuits of P use e. A subset B of E(M) is a cover of (M, X) if every odd
circuit of (M, X') contains some element of B. It is straightforward to show that
(inclusion-wise) minimal covers are signatures. Evidently, for every w-packing
P and every cover B we must have w(B) > |P|. If equality holds we say that
(M, %) packs with respect to weights w. When w, = 1 for all e € E(M) then
a w-packing is called a packing and we say that (M, X) packs if it packs with
respect to w. A signed matroid (M, X) has the Maz-Flow Min-Cut property if it
packs with respect to all non-negative integral weights w.

Let e € E(M). The deletion (M, X)\e of (M, X) is defined as (M\e, X —
{e}). The contraction (M, X)/e of (M,X) is defined as follows: if e ¢ X' then
(M, X)/e:=(M/e,X);if e € X and e is not a loop then there exists a cocircuit D
of M withe € D and (M, X)/e := (M/e, X AD). A minorof (M, X) is any signed
matroid which can be obtained by a sequence of deletions and contractions. We
say that (M, X)) is isomorphic to (M', X') if after relabeling elements of M’ we
have C(M, X)) = C(M', X"). It is easy to see that the Max-Flow Min-Cut property
is closed under taking minors. We denote by M (K,) the graphic matroid of the
complete graph on four vertices. Note that (M (Ky), E(K4)) does not pack, as
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there are no two disjoint odd circuits and no edge intersects all odd circuits.
Thus the essence of the next theorem is the “if” direction.

Main Theorem. (Seymour [2]) A signed binary matroid (M, X) has the Maz-
Flow Min-Cut property if and only if it has no minor that is isomorphic to
(M(K4), E(K4)).

2 A Short Proof

Some of the ideas in this proof were used to give a characterization of evenly-
bipartite graphs [1]. That paper also contains a proof for the graphic case of
Seymour’s theorem. The presentation of the proof below follows closely the pre-
sentation of that proof.

Proof (of the main theorem). Let (Mg, Xo) be a minor-minimal signed binary
matroid which does not have the Max-Flow Min-Cut property. Let ey be an ele-
ment of My. Choose w € Zf(MO) such that (Mp, Xy) does not pack with respect
to w and such that it minimizes w(E(My)) — 3we,. Let (M, X) be obtained
by replacing each element f € E(M) by wy parallel elements (where f and its
copies belong to X' if and only if f € X). Then (M, X) does not pack. Let e be

one of the copies of eg. Choose a set F of odd circuits of (M, X) such that:

(1) {C —{e}: C € F} are disjoint.
(2) |F| is maximum with respect to (1).
(3) H{C : e € C € F}| is minimum with respect to (1) and (2).

Let (F.,Fz) be the partition of F into circuits containing e and not containing
e respectively.

Claim 1. |F.| = 2.

Proof. Choices (1) and (2) for F imply that {C — {e} : C € F} is a maximum
packing of (M, X')/e. Because of the choice of (My, Xy), (M, X)/e packs. Thus
there exists a cover B of (M, X)/e with |B| = |F|. Since B is also a cover
of (M,X) and since (M, X) does not pack, |Fe| > 2. Suppose |F.| > 2. Let
(My, Y1) be obtained by adding an element e; parallel to e (with Xy = X if
e ¢ X and Xy = Y U {e1} otherwise). By the choice of w, (M, X7) packs and
let F1, By be the corresponding packing and cover with |F;| = |By|. Let F' be
obtained by replacing the circuit C' of F; using ey, by C' — {e1} U {e}. Since
2={C:ec C e F'} < |Fe|, we must have |F'| < |F|. Thus |By| < |F]. Since
B intersects all circuits of F, e € By. Since e; is parallel to e, e; € B;. But
the packing consisting of the set of circuits of F; avoiding e; together with the
cover By — {e;1} imply that (M, X) pack, a contradiction. O

Let C1, Cy denote the circuits in F.. Note C; N Cy = {e}. Recall that in a binary
matroid, every cycle is the union of disjoint circuits.

Claim 2. There are no odd cycles of (M, X)) in Cy A Cs.



190 Bertrand Guenin

Proof. Suppose for a contradiction, there exists an odd cycle C' C Cy ACs. Then
C and C; A Cy A C contain odd circuits, say S and S’ respectively. But then
{S, 8"} U Fs contradicts choice (3) for F since e ¢ SU S’. O

Let (M',X") be a minor of (M,X) where E(M) — E(M') C Cy A Cs. Let
C C C1UC4 be an odd circuit of (M’ X"). We say that B is a good cover of C' if
it is a cover of (M’, X’) and |B — C| = |F¢|. We say that B is a small cover if it
is a cover of (M’,X’) and |B — {e}| = |F|. Since circuits of F; are odd circuits
of (M',X") it follows that if B is a good cover of C' (resp. if B is a small cover)
then B — C' (resp. B — {e}) intersects every odd circuit of F exactly once.

Claim 3. Every odd circuit C of (M, X) included in C; U Cy has a good cover.

Proof. Let F' be a maximum packing of (M, X)\C. Observe that if |F'| > |Fz|
then F' U {C'} violates either choice (2) or (3) for F. Thus |F'| = | Fel. It is easy
to see that (Mp, Xp) has no odd loops. Hence, neither does (M, X)) and |C| > 2.
It follows from the choice of w that (M, X)\C packs. Hence there exists a cover
B’ of (M, X)\C with |B’| = |F¢|. Then B := B’UC' is a good cover of C. O

Claim 4. For every element [ # e there exists a minimum cover B of (M, X))
with f € B. Moreover, B intersects every odd cycle included in Cy U Cy exactly
once.

Proof. Because of the choice of w, (M, X)\f packs and let F’, B’ be the cor-
responding packing and cover with |F'| = |B’|. Since (M, X) does not pack,
the size of the minimum cover of (M, %) is at least |F'| +1 = |B’| + 1. Thus
B := B'U{f} is a minimum cover of (M, X). Suppose for a contradiction there
exists an odd cycle C C Cy Uy with [BNC| > 1. As B is minimal, it is a
signature, thus |B N C| is odd, hence at least 3. Because B intersects all circuits
of Fz, |B| > |Fs|+3 > |F|. Since (M, X) /e packs and since {C' —{e} : C € F}is
a maximum packing of (M, X') /e, minimum covers of (M, X') /e have cardinality
|F|. Hence, minimum covers of (M, Y) have cardinality at most |F|. But then
B is not a minimum cover, a contradiction. a

Let (M’',X") be a minor of (M, X) which is minimal and satisfies the following
properties:

1) E(M)—EM') CCy A Cs.

) There exists odd cycles C7, C) C C1UC5 of (M, X) such that {e} = C1NC4.

) Every odd circuit C' C Cf U CY of (M’, X’) has a good cover.

) (M’,X’) has no small cover.

) For all f € C7 A CY, there exists f' € C7 A CY such that {f, f’} intersects
every odd cycle of (M’, %) included in Cf U C} exactly once.

We claim that (M, X)) satisfies properties (1)-(5). (1) is trivial; for (2) choose
Cf = C1,C% = Cs; (3) holds because of Claim B} (4) is satisfied since (M, X) does
not pack. Let f € Cy A Cy. Claim E] implies that f is contained in a minimum
cover B which intersects odd cycles included in C; U Cy exactly once. Then
(4, Cs imply that B contains exactly two elements in C; A Cs. Hence (5) holds.
Thus (M’, X") is well defined.
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Claim 5. The only odd cycles of (M',X") included in C] U C% are Cy and CY.

Proof.

Fact (a). Each odd cycle in C] U C} is a circuit. In particular C}, C4 are odd
circuits.

Proof (of fact). Otherwise there exists an odd cycle C' C C] U C% which is not a
circuit. Partition C' into an even cycle Ceye,, and an odd circuit C,qq. Consider
(5) and choose f € Copen- Since Copgq is 0odd, we must have [’ € Cpqq, but then
{f, '} NC| =2, a contradiction. O

Suppose for a contradiction, there exists an odd cycle C' C C7UCY distinct from
C1, Cy. We know from Claim [2] that e € C. Note that Fact (a) implies that C
and C := C] A C) A C are odd circuits. Define:

P :=CNC—{e} Q1:=C1NC —{e}
Py:=CiNC — {e} Q2 :=CyNC —{e}

Note (P1, @1, {e}) partitions C{ and (Py, Q2, {e}) partitions C4. Since P, U P, =
CLAC,Q1UQe =] A C it follows that Py U P, and 1 U Q2 are even cycles.
0dd circuits Cf, C%, C, C imply,

Fact (b). For f, f" as in (5) either one element is in P; the other in P», or one
is in @1 the other in Q5.

Fact (c). Let S, S’ be odd circuits of (M’, X') which are included in C] UCY% and
which are disjoint in P, U P;. Then PLUP, C SUS’.

Proof (of fact). Suppose for a contradiction (P; U Py) — (S US’) # 0. Consider
f,f" asin (5) and choose f € P, — S — S’ for some i € {1,2}. Fact (b) implies
f' € Ps_;. Since S,S’ are disjoint in Py U Py, {f, f'} intersects at most one of
S, S’ a contradiction. O

Case 1: There exists P C PLUP,,Q C Q1 UQ3 such that PUQ U{e} is an odd
circuit of (M’, X’) such that for all covers B’ of (M’, X"), |B' — P —{e}| > |F5|.

We may assume, after relabeling, that PUQU{e} corresponds to C7; that the odd
cycles (PUQU{e}) ACTACY, (PUQU{e}) A (Q1UQ2) correspond respectively
to C4 and C; and that P, = P,Q1 = Q. Let (M",2") := (M', 2" )\P1/P>. We
will show that (M", X") satisfies conditions (1)-(5) thereby contradicting the
minimality of (M’, X"). Clearly (1) holds. (2) is satisfied since C} := QU {e} =
C — Py and CY := Q2 U {e} = C, — Py are odd cycles of (M”,X"). Let S be any
odd circuit of (M”,X") included in C{ U CY. Then there exists an odd circuit
S’ CSUPyin (M’,X"). Since C] and S’ are disjoint in Py U Ps, Fact (¢) implies
that S’ = S U Py. Fact (a) implies that S := (PLUP) A S’ = SU Py is an odd
circuit of (M’', X"). From (3) we know that there exists a cover B’ of (M’, X’)
such that |B' — S| = |(B' — P;) — S| = |Fz|. Then B’ — P, is a good cover of S
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in (M",X"). Thus (3) holds. Note (4) holds by hypothesis (Case 1). Finally, (5)
follows from Fact (b).

Case 2: For all P C PLUP,,Q C Q1 UQ3 such that PUQU{e} is an odd circuit
of (M’,X") there exists a cover B’ of (M’, X") such that |B’ — P — {e}| = | F5|-

Let (M",2") .= (M',X")/(Q1 U Q2). We will show that (M",X") satisfies
conditions (1)-(5) thereby contradicting the minimality of (M’, X). Clearly (1)
holds. (2) is satisfied since Cf := PiU{e} = C1—Q1 and CY := P,U{e} = C4,—Q2
are odd cycles of (M",X"). Consider an odd circuit included in C{ U C¥ of
(M",; X"). Tt is of the form P U {e} where P C P; U P». Then there is an odd
circuit PUQU{e} of (M', X’) where Q C Q1 UQ2. By hypothesis (Case 2) there
is a cover B’ such that |B' — P — {e}| = |Fz|. Then B’ is disjoint from Q1 U Q2.
Hence, it is a good cover of PU {e} in (M”, X"). Thus (3) holds. (4) is satisfied
because (M",X") is a contraction minor of (M’, ). Finally, (5) follows from
Fact (b). O

Let Cf,C% be the odd circuits given in (2). Let By, By be the good covers of
C;,Ch given by (4). Note e € By N Bs.

Claim 6. There exists an odd circuit S of (M', X') such that SN B; C C} —{e}
fori=1,2.

Proof. Let T := ((B1 U Bg) — C] — C%) U {e}. Suppose for a contradiction, T is
not a cover. Then there exists a minimal cover B C T'. For each C' € F; we have
|[BNC| < 2. Since B is a signature of (M', X’), |BNC]| is odd, hence equal to 1.
But then B is a small cover, a contradiction to (5). Therefore, T is not a cover,
i.e. E(M) — T contains an odd circuit S. O

Choose S in Claim [@ so that |[S — C] — C4| is minimized. Let (M",X") :=
(M, XN\(E(M') — Cy — C4y —S). For i = 1,2, let B C C] be the minimal
cover of (M",X") corresponding to B;. Note |C/ N B| is odd, thus in particular
|Cl| > 3.

Claim 7. There are no two disjoint odd circuits in (M", X").

Proof. Let E' := S — Cf — C}. Consider an odd circuit C' of (M”, X") distinct
from C4,C%. Then Claim Bl implies C N E’ # (). Suppose e ¢ C. Then E' C C,
for otherwise we would have chosen C' instead of S. Moreover, (for i = 1,2)
CNC}#0since CN B, #0. O

Note {C1,C%, S} implies that covers of (M"”, X") have cardinality at least two.
Thus (M", ") does not pack and by minimality we must have (M,X) =
(M",X"). Since (M, X)/f packs for all f € E(M) and since (M,X) has no
two disjoint odd circuits, M has no parallel elements f, f’ where both f, f' € X
or both f, f' ¢ X. Hence, wy = 1 for every f € E(My) and (Mg, Xy) = (M, X).
Therefore element e plays the same role as any other element of M. Thus for
each f € E(M) we have odd circuits, say C{ , Cg , which intersect exactly in f.
Define a graph G as follows: V(G) := E(M) and (f, f') € E(G) if and only if
{f, '} is a cover of (M, X).
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Claim 8. Edges of G form a perfect matching. Moreover, for each (f,f') €
E(G).Af,f'} = EQ1) — (¢ A CY).

Proof. Claim @ and the fact that every element plays the same role implies that
every element of (M, Y) is in a cover of cardinality 2. Thus, every f € E(M)
has degree at least one in G. Let f be any element of M. Odd circuits C’{c, C2f
imply (minimum covers are signatures) that all edges of G with endpoint f have
an endpoint in E(M) — (C4 U CY), and conversely, all edges with an endpoint
in BE(M) — (C] UCJ) have endpoint f. It follows that for each f € E(M) all its
neighbors in G have degree one. Therefore, edges of G form a perfect matching.
Finally, let f/, f" € E(M) — (C U CY), then both (f, f/) and (f, f"') are edges
of G. Since E(G) is a matching f = f”. Thus E(M) — (C{ uc))y ={f}. O

Let e € E(M). Recall |Cf|,|Cs] > 3. Claim Rl implies that we have elements
f,h e Cy —{e}, f',h € C5 — {e}, where (f, '), (h,h') are independent edges
of G. It follows from Claim [ that {f,h, f’,h'} = C{ A CJ A CP A CP. Thus
CEN{f, h, f',h'} is an odd cycle. It follows from Claim[5that C§A{f, h, f',h'} =
C5. Hence, |C§| = |C§| = 3. Let ¢’ € E(M) be such that {e,e'} is a cover.
ClaimBlimplies that E(M ) {e e, f, f',h,’}. Then C¢ = {¢’,h, '} and C§ =
{¢, f,h'}. Since C§, CS, Cf ,C’2 are also covers of (M, X)), the only odd circuits
of (M, %) are C¢,C5,C¢,CS  ie. (M, X) is isomorphic to (M (K), E(Ky)).
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Abstract. We formulate the problem of deciding which preference do-
mains admit a non-dictatorial Arrovian Social Welfare Function as one
of verifying the feasibility of an integer linear program. Many of the
known results about the presence or absence of Arrovian social welfare
functions, impossibility theorems in social choice theory, and properties
of majority rule etc., can be derived in a simple and unified way from
this integer program. We characterize those preference domains that ad-
mit a non-dictatorial, neutral Arrovian social welfare Function and give a
polyhedral characterization of Arrovian social welfare functions on single-
peaked domains.

1 Introduction

The Old Testament likens the generations of men to the leaves of a tree. It is
a simile that applies as aptly to the literature inspired by Arrow’s impossibil-
ity theorem [2]. Much of it is devoted to classifying those preference domains
that admit or exclude the existence of a non-dictatorial Arrovian social welfare
function (ASWF. We add another leaf to that tree. Specifically, we formu-
late the problem of deciding which preference domains admit a non-dictatorial
Arrovian social welfare function as one of verifying the feasibility of an integer
linear program. Many of the known results about the presence or absence of
Arrovian social welfare functions, impossibility theorems in social choice theory,
properties of the majority rule etc., can be derived in a simple and unified way
from this integer program. The integer program also leads to some interesting
new results such as (a) a characterization of preference domains that admit a
non-dictatorial, neutral Arrovian social welfare function; and (b) a polyhedral
characterization of Arrovian social welfare Functions on single-peaked domains.

1 An ASWF is a social welfare function that satisfies the axioms of the Impossibility
theorem.
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Let A denote the set of alternatives (at least three). Let X' denote the set of
all transitive, antisymmetric and total binary relations on A. An element of X
is a preference ordering. The set of admissible preference orderings for members
of a society of n-agents (voters) will be a subset of X' and denoted 2. Let £27
be the set of all n-tuples of preferences from {2, called profiles. An element of
0" will typically be denoted as P = (p1, P2, -.,Pn), Where p; is interpreted as
the preference ordering of agent i. (In the language of Le Breton and Weymark
[7], we assume the “common preference domain” framework; this assumption
can be relaxed, see Sect. 2.) An n-person social welfare function is a function
f: 02" — X. Thus for any P € 27, f(P) is an ordering of the alternatives. We
write 2 f(P)y if = is ranked above y under f(P). An n-person Arrovian social
welfare function (ASWF) on 2 is a function f : 2" — X that satisfies the
following two conditions:

1. Unanimity: If for P € 2™ and some z,y € A we have zp;y for all i then
zf(P)y.

2. Independence of Irrelevant Alternatives: For any =,y € A suppose
JP, Q € 2" such that xp;y if an only if zq;y for ¢ = 1,...,n. Then = f(P)y

if an only if zf(Q)y.

The first axiom stipulates that if all voters prefer alternative x to alternative
1y, then the social welfare function f must rank z above y. The second axiom
states that the ranking of z and y in f is not affected by how the voters rank
the other alternatives. An obvious social welfare function that satisfies the two
conditions is the dictatorial rule: rank the alternatives in the order of the pref-
erences of a particular voter (the dictator). Formally, an ASWF is dictatorial
if there is an i such that f(P) = p; for all P € 2™. An ordered pair z,y € A
is called trivial if xpy for all p € §2. In view of unanimity, any ASWF must
have z f(P)y for all P € 2™ whenever z,y is a trivial pair. If £2 consists only of
trivial pairs then distinguishing between dictatorial and non-dictatorial ASWEF’s
becomes nonsensical, so we assume that (2 contains at least one non-trivial pair.
The domain {2 is Arrovian if it admits a non-dictatorial ASWEF.

The main contributions of this paper are summarized below.

e We provide an integer linear programming formulation of the problem of
finding an n-person ASWF. For each 2 we construct a set of linear inequal-
ities with the property that every feasible 0-1 solution corresponds to an
n-person ASWF.

e When restricted to the class of neutral ASWF’s the integer program yields a
simple and easily checkable characterization of domains that admit neutral,
non-dictatorial ASWF’s. This result contains as a special case the results of
Sen [14] and Maskin [§] about the robustness of the majority rule.

e For the case when f2 is single-peaked, we show that the polytope defined by
the set of linear inequalities is integral: the vertices of the polytope corre-
spond to ASWE’s and every ASWF corresponds to a vertex of the polytope.
This gives the first characterization of ASWF’s on this domain. The same
proof technique yields a characterization of the generalized majority rule on
single peaked domains, originally due to Moulin [10].
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o We show that the computational complexity of deciding whether a domain is
Arrovian depends critically on the way the domain is described. We propose a
graph-theoretical method to identify stronger linear inequalities for ASWE’s.
For cases with a small number of alternatives (3 or 4), our approach is able
to characterize the polytope of all ASWE’s. Thus for any 2 and any set of
alternatives size at most 4 we characterize the polyhedral structure of all
ASWEF’s.

2 The Integer Program

Denote the set of all ordered pairs of alternatives by A2. Let E denote the set
of all agents, and S¢ denote E'\ S for all S C E.

To construct an n-person ASWF we exploit the independence of irrelevant
alternatives condition. This allows us to specify an ASWF in terms of which
ordered pair of alternatives a particular subset, S, of agents is decisive over.

Definition 1. For a given ASWF f, a subset S of agents is weakly decisive for
x over y if whenever all agents in S rank x over y and all agents in S¢ rank y
over x, the ASWFE' f ranks x over y.

Since this is the only notion of decisiveness used in the paper, we omit the
qualifier ‘weak’ in what follows.
For each non-trivial element (z,y) € A%, we define a 0-1 variable as follows:

ds(z,y) = 1, if the subset S of agents is decisive for = over y;
s\hY) = 0, otherwise.

If (z,y) € A? is a trivial pair then by default we set dg(z,y) =1 for all S # 0.
Given an ASWF f, we can determine the associated d variables as follows:
for each S C E, and each non-trivial pair (z,y), pick a P € 2™ in which agents
in S rank x over y, and agents in S° rank y over z; if zf(P)y, set dg(z,y) = 1,
else set dg(z,y) = 0.
In the rest of this section, we identify some conditions satisfied by the d
variables associated with an ASWF f.

Unanimity: To ensure unanimity, for all (z,y) € A%, we must have

Independence of Irrelevant Alternatives: Consider a pair of alternatives
(z,y) € A%, a P € 2", and let S be the set of agents that prefer = to y in P.
(Thus, each agent in S¢ prefers y to « in P.) Suppose zf(P)y. Let Q be any
other profile such that all agents in S rank x over y and all agents in S¢ rank y
over z. By the independence of irrelevant alternatives condition z f(Q)y. Hence
the set S is decisive for x over y. However, had y f (P)z a similar argument would
imply that S¢ is decisive for y over x. Thus, for all S and (x,y) € A2, we must
have

dS(mvy) + dSC(yvx) =1 (2)
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A consequence of Egs. (@) and (@) is that dg(x,y) = 0 for all (z,y) € A%
Transitivity: To motivate the next class of constraints, it is useful to consider
the majority rule. If the number n of agents is odd, the majority rule can be
described using the following variables:

1, it S| >n/2,
ds($,y)—{0’ otherwise.

These variables satisfy both () and (2)). However, if 2 admits a Condorcet
triple (e.g., p1, P2, P3 € {2 with xp1yp12, yp22p2x, and zpszpsy), then such a
rule does not always produce an ordering of the alternatives for each preference
profile. Our next constraint (cycle elimination) is designed to exclude this and
similar possibilities.

Let A, B, C, U, V, and W be (possibly empty) disjoint sets of agents whose
union includes all agents. For each such partition of the agents, and any triple
,Y, 2,

davvuv (z,y) + dpovow (¥, 2) + deuvow (2, ) < 2, (3)

where the sets satisfy the following conditions (hereafter referred to as conditions
(*)):

A # 0 only if there exists p € 2, xpzpy,

B # () only if there exists p € {2, yprpz,

C # () only if there exists p € {2, zpypz,

U # () only if there exists p € 2, rpypz,

V # (0 only if there exists p € {2, zpzpy,

W # () only if there exists p € 2, ypzpzx.

The constraint ensures that on any profile P € 2", the ASWF f does not
produce a ranking that “cycles”.

Theorem 1. Every feasible integer solution to {d)-(3) corresponds to an ASWF
and vice-versa.

Proof. Given an ASWF, it is easy to see that the corresponding d vector satisfies
(@D-@). Now pick any feasible solution to (I)-(B]) and call it d. To prove that d
gives rise to an ASWF, we show that for every profile of preferences from {2,
d generates an ordering of the alternatives. Unanimity and Independence of
Irrelevant Alternatives follow automatically from the way the dg variables are
used to construct the ordering.

Suppose d does not produce an ordering of the alternatives. Then, for some
profile P € 2™ there are three alternatives x, y and z such that d ranks x over
y, y over z and z over z. For this to happen there must be three non-empty sets
H, I, and J such that

dg(z,y) =1, dI(y>Z) =1, dJ(va) =1,
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Fig. 1. The sets and the associated orderings

and for the profile P, agent i ranks = over y (resp. y over z, z over z) if and
only if ¢ is in H (resp. I, J). Note that H U I U J is the set of all agents, and
HnInJ=49.
Let
A« H\({IUJ),B+«I\(HUJ),C+ J\(HUI),

U+~ HNILV+~HNJ W<+ INnJ.

Now A (resp. B, C, U, V, W) can only be non-empty if there exists p in {2 with

zpzpy (resp. ypapz, 2PYPT, TPYPZ, 2PTPY, YPZPT).
In this case constraint (3] is violated since

davvuv (z,y)+dpovuw (¥, 2)+doeuvuw (2, ¢) = di (z,y)+dr (y, 2)+d (2, ) = 3.

O
For the case n = 2, constraint (@) can be simplified as follows: (i) if for some
p,q € 2 and z,y, 2z € A, we have xpypz and yqzqz, then

ds(x,y) < ds(xaz)v (4)
ds(z,7) < ds(y,); (5)

and (ii) if for some p € 2 and z,y, z € A, we have xpypz, then

ds(z,y) +ds(y,z) <1+ dg(z, 2), (6)
ds(z,y) +ds(y, ) > ds(z, z). (7)

These inequalities, discovered earlier by Kalai and Muller [5], are called decisive-
ness implications. Thus, Constraints (3] generalize the decisiveness implication
conditions to n > 3. We will sometimes refer to (I)-(3) as IP.

General Domains. The IP characterization obtained above can be generalized
to the case in which the domain of preferences for each voter is non-identical. In
general, let D be the domain of profiles over alternatives. In this case, for each
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set .S, the dg variables need not be well-defined for each pair of alternatives z, v,
if there is no profile in which all agents in S (resp. S¢) rank x over y (resp. y over
x). dg is thus only defined for (z,y) if such profiles exist. Note that dg(z,y) is
well-defined if and only if dg-(y, ) is well-defined. With this proviso inequalities
(@ and (@) remains valid. We only need to modify (B]) to the following:

Let A, B, C, U, V, and W be (possibly empty) disjoint sets of agents
whose union includes all agents. For each such partition of the agents,
and any triple z,y, z,

davvuv (z,y) + dpovow (¥, 2) + deuvow (2, ) < 2, (8)

where the sets satisfy the following conditions (hereafter referred to as
condition (**)):

A # () only if there exists p;,7 € A, with zp;zp;y,

B # () only if there exists ps,¢ € B, with ypizp;z,

C # ( only if there exists pi,i € C, with zpjyp;z,

U # () only if there exists p;, ¢ € U, with zpjypiz,

V # () only if there exists p;,i € V, with zpixp;y,

W # () only if there exists p;,i € W, with ypijzp;z.
and (p1,...,Pn) € D.

The following theorem is immediate from our discussion. We omit the proof.

Theorem 2. Every feasible integer solution to (1), (@) and (8) corresponds to
an ASWF on domain D and vice-versa.

This yields a new characterization of non-dictatorial profile domains D, and
can be used to obtain a simple proof of a result due to Fishburn and Kelly [4]
on super non-Arrovian domains; we state this result without proof.

A domain D is called super non-Arrovian if it is non-Arrovian and every
domain D’ containing D is also non-Arrovian. Furthermore, if dg is well defined
for every pair of alternatives x,y and every S, we say that the domain D satisfies
the near-free doubles condition.

Theorem 3 (Fishburn and Kelly [4]). A domain D is super-non-Arrovian
if and only if it is non-Arrovian and satisfies the near-free doubles condition.

3 Applications

Arrow’s Theorem. Our first use of IP is to provide a simple proof of Arrow’s
theorem.

Theorem 4 (Arrow’s Impossibility theorem). When 2 = X, the 0-1 solu-
tions to the IP correspond to dictatorial rules.
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Proof: When 2 = X, we know from constraints (@) and the existence of all
possible triples that dg(z,y) = ds(y, z) = ds(z,u) for all alternatives x,y, z, u.
We will thus write dg in place of dg(x,y) in the rest of the proof.

We show first that dg = 1 = dp = 1 for all S C T'. Suppose not. Let T be the
set containing S with dr = 0. Constraint (2]) implies dre = 1. Choose A = T'\ S,
U=T¢and V = S in @). Then, davyuv = dg = 1, dgoyuw = dre = 1 and
deuvuw = dg = 1, which contradicts (B).

The same argument implies that dp = 0 = dg = 0 whenever S C T. Note
also that if dg = dp = 1, then S NT # (), otherwise the assignment A =
(SUT)°,U = S,V = T will violate the cycle elimination constraint. Furthermore,
dsnr = 1, otherwise the assignment A = (SUT)¢,U =T\S,V = S\T,W = SNT
will violate the cycle elimination constraint. Hence there exists a minimal set S*
with dg» = 1 such that all T with dr = 1 contains S*. We show that |S*| = 1.
If not there will be j € S with d; = 0, which by () implies dg\(;; = 1. Since
ds+ =1 and dp\(jy = 1, dp\(j}ns- = ds-\{;} = 1, contradicting the minimality
of S§*. O

Born Loser rule. For subsequent applications we introduce the born loser rule.
For each j, we define the born loser rule with respect to j (denoted by B;) in the
following way: (i) set dgj (z,y) =1 for every z,y € A?; (ii) set dfj (z,y) =0 for
every z,y € A?%; and (iii) for every non-trivial pair (z,y), and for any S # (), E,
d?j (z,y) =0if S > 7, d?j (z,y) = 1 otherwise.

Theorem 5. For any j and n > 2, the born loser rule B; is a non-dictatorial
n-person ASWE if and only if for all x,y, z, there do not exist p1,p2,Ps in {2
with

ITP1zP1Y, TP2YyP2z, ZP3TP3Y,

Proof. It is clear that by definition, d?i satisfies ([l B)). To see that it satisfies
(B), observe that in every partition of the agents, one of the sets obtained must
contain j. Say j € AUUUV. If dﬁ@UuV(x,y) = 0, then (@) is clearly valid. So
we may assume that dﬁ@UUv(x, y) = 1. This happens only when AUUUV = FE
(or if (x,y) is trivial, which in turns imply that all the other sets are empty). We
may assume U,V # () and j € A, otherwise @) is clearly valid. But according to
condition (*), this implies existence of p1,p2,ps in {2 with

IP12P1Y, TP2YP2<, 2ZP3TP3Y,

which is a contradiction.
So, dPi satisfies (IH3) and hence corresponds to an ASWF. When n > 2, B,
is clearly non-dictatorial. ad

Anonymous and Neutral Rules. Two additional conditions that are some-
times imposed on an ASWF are anonymity and neutrality. An ASWF is called
anonymous if its ranking over pairs of alternatives remains unchanged when the
labels of the agents are permuted. Hence ds(x,y) = dr(z,y) for all (z,y) € A2
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whenever |S| = |T|. In particular a dictatorial rule is not anonymous. An ASWF
is called neutral if its ranking over any pair of alternatives depends only on the
pattern of agents’ preferences over that pair, not on the alternatives’ labels.
Neutrality implies that ds(z,y) = ds(a,b) for any (z,y), (a,b) € A%. Thus the
value of dg(-,) is determined by S alone. When anonymity and neutrality are
combined, dg(-,-) is determined by |S| alone. In such a case, we write dg as d,
where r = |S|. If n is even, it is not possible for an anonymous ASWF to be
neutral because Eq. (@) cannot be satisfied for |S| = n/2. The IP ([{)-@) can
be used to derive a number of old and new results regarding anonymous and
neutral ASWF’s in a unified way; we state these results next.

Recall that 2 admits a Condorcet triple if there are z, y and z € A and p1,
P2 and p3 € 2 such that xp1yp12, yp22p22, and zpsTrp3y.

The following results are well known and follow directly from the IP charac-
terization:

Theorem 6. (Sen [14]) For an odd number of agents, the majority rule is an
ASWEF on §2 if and only if £2 does not contain a Condorcet triple.

Theorem 7. (Maskin [8]) Suppose there are at least 3 agents. If 2 admits an
anonymous, neutral ASWE, then 2 has no Condorcet triples.

Theorem 8. (Maskin [§]) Suppose that g is anonymous, neutral, satisfies una-
nimity and independence of irrelevant alternatives, and is not the majority rule.
Then there exists a domain {2 on which g is not an ASWF but the majority rule
18.

The next result, which is new, shows that checking whether {2 admits a
neutral, non-dictatorial ASWF reduces to checking whether the majority rule or
the born loser rule is an ASWF on that domain. Notice that no parity assumption
on the number of voters is needed.

Theorem 9. For n > 3, a domain {2 admits a neutral, non-dictatorial ASWF
if an only if the majority rule or the born loser rule is an ASWF on (2.

Proof. If either the majority rule or the born loser rule is an ASWF on {2,
(2 clearly admits a neutral, non-dictatorial ASWF. Suppose then {2 admits a
neutral, non-dictatorial ASWF, but neither the majority rule nor the born loser
rule is an ASWF on {2. Since the majority rule is not an ASWF, 2 admits a
Condorcet triple {a,b,c}. Since the born loser rule is not an ASWF on {2, by
corollary 1 there exist p1, p2,ps in 2 and z,y, z € A with

IP12P1Y, TP2YP27, ZP3TP3y.

We will need the existence of these orderings to construct a partition of the
agents that satisfies the cycle elimination constraints. The proof will mimic the
proof of Arrow’s theorem (Theorem @) given earlier.

Neutrality implies that dg(x,y) = ds(y,z) = ds(z,u) for all alternatives
x,y, z,u. We will thus write dg in place of dg(x,y) in the rest of the proof.
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First, dgs = 1 = dr = 1 for all S C T. Suppose not. Let T be the set
containing S with dr = 0. Constraint (2) implies dre = 1. Choose A = T\ S,
U=T¢and V = S in (3). We can do this because of p1, p2, p3- Then, dauyuy =
dg =1, dpuyuw = dre = 1 and doyyvuw = ds = 1, which contradicts (3]).

The same argument implies that dp = 0 = dg = 0 whenever S C T. Note
also that if dg = dp = 1, then S NT # (), otherwise the assignment A =
(SUT)c,U =8,V =T will violate the cycle elimination constraint.

Next we show that dsnr = 1. Suppose not. Consider the assignment U =
E\S,V = S\T and W = SNT. We can choose such a partition because {a, b, c}
form a Condorcet triple. For this specification, dasyuy = dp\(snry = 1. Since
T CBUUUW, dguvuw =1 and deuyvuw = ds = 1, which contradicts (B).

Hence there exists a minimal set S* such that dg+ = 1 and all T with dr =1
contains S*. We show that |S*| = 1. If not there will be j € S with d; = 0, and
hence dp\ (jins- = 1, contradicting the minimality of S™. a

A simple consequence of this result is the following theorem due to Kalai and
Muller [5]. The proof is new.

Theorem 10. A non-dictatorial solution to (I [& [ - [1) exists for the case
n =2 agents if and only if a non-dictatorial solution to {IH3) exists for any n.

Proof. Given a 2 person non-dictatorial AWSF, we can build an ASWF for the
n-person case by focusing only on the preferences submitted by the first two
voters and ranking the alternatives using the 2-person ASWF. This is clearly a
non-dictatorial ASWF for the n-person case. Hence we only need to give a proof
of the converse.

Let d* be a non-dictatorial solution to ([IH3]). Suppose d does not imply a
neutral ASWF. Then there is a set of agents S such that d§(x,y) is non-zero for
some but not all (z,y) € A%. Hence, d; = dg,dy = dg. would be a non-dictatorial
solution to (O, 2] EHZ).

Suppose then d implies a neutral ASWF. By the previous theorem we can
choose d to be either the majority rule or the born loser rule. In the first case,
we can build a 2 person ASWF by using a dummy voter with a fixed ordering
from (2 and using the (3 person) majority rule. In the second case, we can build
a 2 person ASWF by adding a dummy born loser. a

The following refinement to Maskin’s result also follows directly from Theo-

rem [0

Theorem 11. Let the number of agents be odd. Suppose {2 does not contain any
Condorcet triples, and suppose there exist p1,p2,Ps in 2 and x,y,z € A with

ITP1ZP1Y, TP2YP2z, ZP3rPay-
Then, the majority rule is the only anonymous, neutral ASWF on {2.

Proof.(Sketch) From the proof to Theorem @] we know that if dg corresponds
to a neutral ASWF, and if there exist p1,p2,ps in 2 and z,y,z € A with
TrP12P1Y, TP2yP22, 2P3TP3y, then dg is monotonic. i.e., dg < dp if S C T. By
May’s Theorem, it has to be the majority rule since the majority rule is the only
ASWEF that is anonymous, neutral and monotonic. ad
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Single-peaked Domains. The domain 2 is single-peaked with respect to a
linear ordering q over A if 2 C {p € X' : for every triple (z,v, z) if xqyqz then
it is not the case that xpy and zpy}. The class of single-peaked preferences has
received a great deal of attention in the literature. Here we show how the IP
can be used to characterize the class of ASWF’s on single peaked domains. We
prove that the constraints ([H3)), along with the non-negative constraints on the
d variables, are sufficient to characterize the convex hull of the 0-1 solutions.

Theorem 12. When {2 is single-peaked the set of non-negative solutions satis-
fying (@3) is an integral polytope. All ASWF’s are extreme point solutions of
this polytope.

Proof. (Sketch) It suffices to prove that every fractional solution satisfying (IH3)
can be written as a convex combination of 0-1 solutions satisfying the same set of
constraints. Let q be the linear ordering with respect to which (2 is single-peaked.

Let dg(-) be a (possibly) fractional solution to the linear programming re-
laxation of (I{3). We round the solution d to the 0-1 solution d’ in the following
way:

— Generate a random number Z uniformly between 0 and 1.
— For a,b € A with aqb, and S C E, then

o ds(a,b) =1, if dg(a,b) > Z, 0 otherwise;

o d(b,a) =1,if dg(b,a) > 1 — Z, 0 otherwise.

The 0-1 solution d’y generated in the above manner clearly satisfies constraints
(). To verify that it satisfies constraint (), consider a set T C E, an arbitrary
pair of alternatives a,b, and suppose without loss of generality agb. From the
linear programming relaxation, we know that either dr(a,b) > Z or dr(b,a) >
1 — Z (since the two variables add up to 1), but not both. Thus, exactly one of
d’-(a,b) or dir(b,a) is set to 1.

We show next that all the constraints in (B]) are satisfied by the solution d(-).
Consider three alternatives a,b, ¢, and constraint (3) (with a, b, ¢ replacing the
role of z,y, z) can be re-written as:

dauvuv (a,b) + dpuvuw (b, ¢) + deuvuw (¢, a) < 2.

Suppose agbge. Then in constraints (B), by the single-peakedness property,
we must have A = V = (). In this case, the constraint reduces to dy(a,b) +
dpuvuw (b, ¢) + douw (¢, a) < 2.

We need to show that di;(a,b) + dp puw (b, ¢) + douw (¢, a) < 2. By choos-
ing the sets in constraints @) in a different way, with U’ « U, B’ + B,
W'+ WUC, C'"+ 0, we have a new inequality dy-(a,b) + dpuuow (b, ¢) +
derow (e, a) < 2, which is equivalent to dy(a,b) + 1+ deuw (¢, a) < 2. Hence we
must have dy(a,b) +douw (¢, a) < 1. Note that since agb and bqe, our rounding
scheme ensures that dj;(a,b) +dp (¢, a) < 1. Hence dj;(a, b) +ds yow (b, ¢) +
d/CUW(C’ a) <2

To finish the proof, we need to show that constraint (3) holds for different
orderings of a,b and ¢ under q; the above argument can be easily extended to
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handle all these cases to show that constraint (B]) is valid. Integrality of the

polytope follows directly from this rounding method. We omit the details here.

O

The argument above shows the set of ASWEF’s on single-peaked domains

(wrt q) has a property similar to the generalized median property of the stable
marriage problem (see Teo and Sethuraman [15]).

Theorem 13. Let fi1, fo,..., fn be distinct ASWF’s for the single-peaked do-
main {2 (with respect to q). Define a function Fy, : 2™ — X with the property:

The set S under Fy, is decisive for x over y if
xqy, and S is decisive for x over y for at least k + 1 of the ASWF
Ji’s; or
yqz, and S is decisive for x over y for at least N — k of the ASWF
fi’s.

Then Fy, is also an ASWE.

One consequence of Theorem is that when (2 is single-peaked, it is Ar-
rovian, since the dictatorial ASWF’s can be used to construct non-dictatorial
ASWF in the above manner. For instance, consider the case n = 2. Let f; and f,
be the dictatorial rule associated with agent’s 1 and 2 respectively. The function
Fy constructed above reduces to the following ASWEF:

If zqy, the social welfare function ranks x above y if and only if both agents
prefer x over y.

If yqx, the social welfare function ranks y above z if and only if none of the
agents prefer x above y.

Generalized Majority Rule. Moulin [I0] has introduced a generalization of
the majority rule called the generalized majority rule. A Generalized majority
rule (GMR) M for n agents is of the following form:

— Add n-1 dummy agents, each with a fixed preference drawn from f2.
— x is ranked above y under M if and only if the majority (of real and dummy
agents) prefer x to y.

Each instance of a GMR can be described algebraically as follows. Fix a
profile R € 2"~ ! and let R(z,y) be the number of orderings in R where z is
ranked above y. Given any profile P € 2", GMR ranks = above y if the number
of agents who rank = above y under P is at least n — R(z,y). To check that
GMR is an ASWF on single peaked domains, set

gs(z,y) = 1iff [S| >n — R(z,y)

and zero otherwise. It is easy to check that g satisfies (1)-(3) when {2 is single
peaked.

GMR has two important properties. The first is that it is anonymous and
second that it is monotonic.
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Definition 2. An ASWF is monotonic if when one switches from the profile P
to Q by raising the ranking of x € A for at least one agent, then f(Q) will not
rank x lower than it is in f(P).

Theorem 14 (Moulin). An ASWF that is anonymous and monotonic on a
single-peaked domain {2 must be a generalized majority rule

Proof. Let dg be a solution to (1)-(3), corresponding to an anonymous and
monotonic ASWF on the domain 2. Let q be the underlying order of alterna-
tives. For each (z,y) € A2, by anonymity, ds(z,y) depends only on the cardi-
nality of S. Monotonicity implies ds(z,y) < dr(x,y) if S C T. Thus

dg(z,y) = 1if and only if |S| > e(x,y)

for some number e(z,y). To complete the proof we need to determine a profile
R € 27! such that

n —R(z,y) = e(z,y) ¥(z,y) € A*.
Since dg(z,y) + ds<(y,z) = 1, we have
() + e(y,2) = n + 1

for all (z,y) and (y,z). Note that e(z,y) > 1 and e(z,y) < n. Furthermore,
if zqyqz, then by (4) and (5), ds(z,y) < dg(z,z) and hence e(z,y) > e(x, z).
Similarly, we have e(y,z) < e(z,z), e(z,y) > e(z,z) and e(z, z) > e(y, 2).

We use the geometric construction used in the earlier proof to construct the
profile R € 21

— To each (x,y) such that zqy, associate the interval [0, e(z,y)] and label it
l(z,y).

— To each (z,y) such that yqz, associate the interval [n + 1 — e(z,y),n + 1]
and label it I(z, y).

We construct preferences in R in the following way:

— Foreach k =1,2,...,n— 1, if [(x,y) covers the point k + 0.5, then the kth
dummy voter ranks y over x. Otherwise the dummy voter ranks x over y.

Since the intervals [(x, y) and I(y, ) are disjoint and cover [0, n+1] the procedure
is well-defined. If R(z,y) is the number of dummy voters who rank z above y in
this construction it is easy to see that n — R(x,y) = e(x,y), which is what we
need. It remains then to to show that the profile constructed is in 277!

Claim. The procedure returns a linear ordering of the alternatives.

Proof. Suppose otherwise and consider three alternatives x,y, z where the pro-
cedure (for some dummy voter) ranks z above y, y above z and z above z.
Hence the intervals I(x,y), I(y,2) and I(z,z) do not cover the point k + 0.5.
From symmetry, it suffices to consider the following two cases:
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— Case 1. Suppose zqyqz. Since I(z, z) covers the point k£ + 0.5 and e(x,y) >
e(x,2), I(x,y) must cover the point k + 0.5, a contradiction.

— Case 2. Suppose yqzrqz. Now, there exists p and p’ in {2 with zpzpy and
xp’yp’z, hence I(z,x) > I(z,y). This is impossible as I(z,y) covers the point
k + 0.5 but I(z,z) does not.

Hence the ordering constructed is a linear order. a

Claim. The linear orderings constructed for the dummy voters correspond to
orderings from {2.

Proof. If not there exist k and zqyqz with the kth dummy voter ranking y
below z and z. i.e. I[(x,y) does not cover the point k+0.5 and I(y, 2) does. Hence
e(x,y) < e(y, z). Now, using xqyqz, we have

ds(%y) < dS(x’Z)vdS(mvz) < ds(y,z).

So
e(z,y) 2 e(z, 2),e(z,2) = e(y, 2),

which is a contradiction. O

Muller-Satterthwaite Theorem. A social choice function maps profiles of
preferences into a single alternative. These are objects that have received as
much attention as social welfare functions. It is therefore natural to ask if the
integer programming approach described above can be used to obtain results
about social choice functions. Up to a point, yes. The difficulty is that knowing
what alternative a social choice function will pick from a set of size two, does
not, in general, allow one to infer what it will choose when the set of alternatives
is extended by one. However, given the additional assumptions imposed upon a
social choice function one can surmount this difficulty. We illustrate how with
an example.

The analog of Arrow’s impossibility theorem for social choice functions is
the Muller-Satterthwaite theorem [11]. The counterpart of Unanimity and the
Independence of Irrelevant Alternatives condition for social choice functions are
called pareto optimality and monotonicity. To define them, denote the preference
ordering of agent ¢ in profile P by p;.

1. Pareto Optimality: Let P € 2" such that xpy for all p € P. Then

fP) #y.
2. Monotonicity: Forallz € A, P,Q € 2" if v = f(P) and {y : zpiy} C {y:

xqiy} Vi then z = f(Q).

We call a social choice function that satisfies pareto-optimality and mono-
tonicity an Arrovian social choice function (ASCF).

TheoErem 15 (Muller-Satterthwaite). When 2 = X, all ASCF’s are dicta-
toriall.

2 The more well known result about strategy proof social choice functions is due to
Gibbard [3] and Satterthwaite [13]. It is a consequence of Muller-Satterthwaite [11].
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Proof: For each subset S of agents and ordered pair of alternatives (z, y), denote
by [S, z,y] the set of all profiles where agents in S rank z first and y second, and
agents in S¢ rank y first and = second. By the hypothesis on {2 this collection is
well defined.

For any profile P € [S, z, y] it follows by pareto optimality that f(P) € {z,y}.
By monotonicity, if f(P) = z for one such profile P then f(P) = z for all
P e[S z,y].

Suppose then for all P € [S,z,y] we have f(P) # y. Let Q be any profile
where all agents in S rank x above y, and all agents in S° rank y above x. We
show next that f(Q) # y too.

Suppose not. That is f(Q) = y. Let Q’ be a profile obtained by moving 2 and
y to the top in every agents ordering but preserving their relative position within
each ordering. So, if x was above y in the ordering under Q, it remains so under
Q’. Similarly if y was above x. By monotonicity f(Q’) = y. But monotonicity
with respect to Q" and P € [S, z,y] implies that f(P) = y a contradiction.

Hence, if there is one profile in which all agents in .S rank = above y, and all
agents in S¢ rank y above x, and y is not selected, then all profiles with such a
property will not select y. This observation allows us to describe ASCF’s using
the following variables.

For each (z,y) € A? define a 0-1 variable as follows:

— gs(x,y) = 1 if when all agents in S rank z above y and all agents in S¢ rank
y above x then y is never selected,
— gs(z,y) = 0 otherwise.

If E is the set of all candidates we set gg(x,y) = 1 for all (x,y) € A2 This
ensures pareto optimality.

Consider a P € 2", (z,y) € A? and subset S of agents such that all agents
in S prefer = to y and all agents in S€¢ prefer y to x. Then, gs(x,y) = 0 implies
that gse(y,z) = 1 to ensure a selection. Hence for all S and (z,y) € A% we have

gs(-’l?,y) +gS°(y7x) =1. (9)

We show that the variables gg satisfy the cycle elimination constraints. If
not there exists a triple {x,y, 2z}, and set A, B,C,U,V,W such that the cycle
elimination constraint is violated. Consider the profile P where each voter ranks
the triple {z,y,z} above the rest, and with the ordering of z,y,z depending
on whether the voter is in A, B, C, U, V or W. Since gauvuv(z,y) = 1,
gpuvuw = 1, and gouvuw = 1, none of the alternatives z,y, z is selected for
the profile P. This violates pareto optimality, a contradiction.

Hence gg satisfies constraints ([3]). Since 2 = X, by Arrow’s Impossibility
Theorem, gg corresponds to a dictatorial solution. a

4 Decomposability, Complexity and Valid Inequalities

A domain is called decomposable if and only if there is a non-trivial solution
(not all 1’s or all 0’s) to the system of inequalities (I, 2} EHT) for the case
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n = 2. The main result of [B] (cf. Theorem 10) can be phrased as follows: the
domain §2 is non-dictatorial if and only if it is decomposable. This result allows
one to formulate the problem of deciding whether (2 is arrovian as an integer
program involving a number of variables and constraints that is polynomial in
|A|l. However, the set A is not the only input to the problem. The preference
domain {2 is also an input. If {2 is specified by the set of permutations it contains,
and if it has exponentially many permutations (say O(2Ml), the the straight
forward input model needs at least O(21) bits. Recall the number of decision
variables for the integer program for 2-person ASWF’s is polynomial in |A|.
Furthermore, the time complexity of verifying the existence of triplets in 2
can trivially be performed in time O(n?2/4). Hence the decision version of the
decomposability conditions can be solved in time polynomial in the size of the
input.

Suppose, however, instead of listing the elements of 2, we prescribe a poly-
nomial time oracle to check membership in 2. The complexity issue of deciding
whether the domain is decomposable now depends on how we encode the mem-
bership oracle, and not on the number of elements in {2. In this model, we exhibit
an example to show that checking whether a triplet exists in {2 is already NP-
hard.

Let G be a graph with vertex set V. Let {2 consist of all orderings of V'
that correspond to a Hamiltonian path in G. Given any triple (u,v,w) € V,
the problem of deciding if G admits a Hamiltonian path in which u precedes v
precedes w is NP-completeE. Hence the problem of deciding whether there is a
preference ordering p in {2 with upvpw is already NP-complete.

Thus, given an {2 specified by hamiltonian paths, it is already NP-hard just
to write down the set of inequalities specified by the decomposability conditions!

One way to by-pass the above difficulties is to focus on ordering on triplets
that are realized by some preferences in §2. The input to the complexity question
is thus the set of orderings on triplets (O(n?) size) that are admissible in 2. We
will focus on this input model for the rest of the paper.

Ignore, for the moment, inequalities of types (B) and (7). The constraint
matrix associated with the inequalities of types ([l 2, @ E) and 0 < d(z,y) <
1 V(x,y) € A? is totally unimodular. This is because each inequality can be re-
duced to one that contains at most two coefficients of opposite sign and absolute
value of 1[4, Hence the extreme points are all 0-1. If one or more of these extreme
points was different from the all 0’s solution and all 1’s solution we would know
that (2 is Arrovian. If the only extreme points were the all 0’s solution and all
1’s solution that would imply that (2 is not Arrovian.

Thus difficulties with determining the existence of a feasible 0-1 solution
different from the all 0’s and all 1’s solution have to do with the inequalities
of the form (B) and (7). Notice that any admissible ordering (by {2) of three

3 If not, we can apply the algorithm for this problem thrice to decide if G' admits a
Hamiltonian cycle.

4 Tt is well known that such matrices are totally unimodular. See for example, Theorem
11.12 in [I].
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alternatives gives rise to an inequality of types (6) and (7). However some of
them will be redundant. Constraints (6l [d) are not redundant only when they
are obtained from a triplet (x,y, z) with the property:

There exists p such that xpypz but no q € 2 such that yqzqz or zqzxqy.

Such a triplet is called an isolated triplet.

Call the inequality representation of (2, by inequalities of types (I 2, € E),
the unimodular representation of §2. Note that all inequalities in the unimodular
representation are of the type d(z,u) < d(z,v) or d(u,z) < d(v,z). Furthermore,
d(z,u) < d(z,v) and d(u,y) < d(v,y) appear in the representation only if there
exist p,q with upr and vpx and zqu and rqu.

This connection allows us to provide a graph-theoretic representation of the
unimodular representation of {2 as well as a graph-theoretic interpretation of
when {2 is not Arrovian.

With each non-trivial element of A? we associate a vertex. If in the unimod-
ular representation of {2 there is an inequality of the form d;(a,b) < dy(z,y)
where (a,b) and (x,y) € A? then insert a directed edge from (a,b) to (x,y). Call
the resulting directed graph D¥.

If (x,y) is a trivial pair (and hence (z,y) ¢ D), then d;(z,y) is automat-
ically fixed at 1, and d;(y, ) fixed at 0. An inequality of the form dj(x,y) <
dy(z,z) (or di(z,y)) cannot appear in the unimodular representation, for any
alternative z in A. Otherwise there must be some p € 2 with ypz. Similarly, if
(x,y) is trivial, dq (y, ) > d1(z,z) (or di(y, 2)) cannot appear in the unimodular
representation, for any alternative z in A. Thus fixing the values of d; (z,y) and
d1(y, x) arising from a trivial pair (z,y) does not affect the value of d;(a,b) for
(a,b) € D2.

A subset S of vertices in D is closed if there is no edge directed out of S.
That is, there is no directed edge with its tail incident to a vertex in S and
its head incident to a vertex outside S. Notice that di(z,y) = 1 VY(x,y) € S
and 0 otherwise (and together with those arising from the trivial pairs) is a
feasible 0-1 solution to the unimodular representation of {2 if S is closed. Hence
every closed set in D corresponds to a feasible 0-1 solution to the unimodular
representation. The converse is also true.

Theorem 16. If D* is strongly connected then 2 is non-Arrovian.

Proof. The set of all vertices of D is clearly a closed set. The solution cor-
responding to this closed set is the ASWF where agent 1 is the dictator. The
empty set of vertices is closed and this corresponds to agent 2 being the dictator.
If D% is strongly connectedﬁ, these are the only closed sets in the graph. Since
any ASWF must correspond to some closed set in D*’, we conclude that 2 is
non-Arrovian. a
We note that verifying whether a directed graph is strongly connected can
be done efficiently. See [1] for details. Note also that if £2 does not contain any
isolated triplets, then {2 is Arrovian if and only D*’ is not strongly connected.

5 A directed graph is strongly connected if there is a directed cycle through every
pair of vertices.
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We describe next a sequential lifting method to derive valid inequalities for
the problem to strengthen the LP formulation, using the directed graph D
defined previously. We say that the node u dominates the node v if there is a
directed path in D from v to u (i.e. d(u) > d(v)).

Sequential Lifting Method:

— For each isolated triplet (x,y, z), we have the inequality
1+d(z,2) > d(x,y) + d(y, 2). (10)

— Let D(z,y) (and resp. D(y,z)) denote the set of nodes in D that are
dominated by the node (z,y) (resp. (y,2)) in D%.
— For each node (a,b) in D%, if

uw € D(a,b) N D(x,y) #0, v € D(a,b) N D(y,z) # 0,

then the constraint arising from the isolated triplet can be augmented by
the following valid inequalities:

d(a,b) + d(x,z) > d(u) + d(v). (11)

To see the validity of the above constraint, note that by the definition of dom-
ination, we have d(z,y) > d(u),d(y,z) > d(v),d(a,b) > d(u),d(a,b) > d(v). If
d(a,b) =0, then d(u) = d(v) = 0 and hence [ is trivially true. If d(a,b) = 1,
then () follows from ([I0).

We have successfully verified that the sequential lifting method finds the
convex hull of the set of all ASWF’s whenever the number of alternatives is at
most four. A natural question is if whether the sequential lifting method will
gives rise to all facets even for the case |A| > 5; we do not yet know, although
we suspect the answer to be negative.

5 Conclusions

In this paper, we study the connection between Arrow’s Impossibility Theorem
and Integer Programming. We show that the set of ASWEF’s can be expressed
as integer solutions to a system of linear inequalities. Many of the well known
results connected to the impossibility theorem are direct consequences of the
Integer Program. Furthermore, the polyhedral structure of the IP formulation
warrants further study in its own right. We have initiated the study on this
class of polyhedra by characterizing the polyhedral structure of ASWF’s on
single peaked domain. We have also demonstrated by an extensive computational
experiment that the sequential lifting method proposed in this paper can be used
to obtain the complete polyhedral description of ASWF’s when the number of
alternatives is small. Several interesting problems still remain:

1. Given a domain {2 specified by certain membership oracle, is it possible to
check for existence of non-dictatorial ASWEF’s in polynomial time? Is the
problem in the class NP?



2.

3.
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The LP relaxation of our proposed IP formulation characterizes the ASWF’s
for single peaked domain. What are the domains that can be characterized
by the LP relaxation given by the sequential lifting method?

Can the conditions for ASCF’s be written down as a system of integer linear
inequalities?

We leave the above questions for future research.
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Abstract. We initiate a study of the approximability of integrated lo-
gistics problems that combine elements of facility location and the asso-
ciated transport network design.

In the simplest version, we are given a graph G = (V, E) with metric
edge costs ¢, a set of potential facilities 7 C V with nonnegative facility
opening costs ¢, a set of clients D C V (each with unit demand), and a
positive integer u (cable capacity). We wish to open facilities and con-
struct a network of cables, such that every client is served by some open
facility and all cable capacities are obeyed. The objective is to minimize
the sum of facility opening and cable installation costs. With only one
zero-cost facility and infinite u, this is the Steiner tree problem, while
with unit capacity cables this is the Uncapacitated Facility Location prob-
lem. We give a (pst + purr)-approximation algorithm for this problem,
where pp denotes any approximation ratio for problem P.

For an extension when the facilities don’t have costs but no more than p
facilities may be opened, we provide a bicriteria approximation algorithm
that has total cost at most p,— mrEpran+2 times the minimum but opens
up to 2p facilities.

Finally, for the general version with k different types of cables, we extend
the techniques of [Guha, Meyerson, Munagala, STOC 2001] to provide
an O(k) approximation.

1 Introduction

A ubiquitous problem faced by every corporation which manufactures and sells
products to a geographically spread-out market is the following: Where should
the factories be built, and how should the finished goods be transported to the
markets, so as to minimize costs? Earlier work on facility location problems and
network design problems have sought to address these two questions indepen-
dently. In this paper, we initiate an integrated study of the overall problem;
We define and study some simple versions of problems that combine the two
objectives, and provide polynomial time approximation algorithms for them.

* Supported in part by a research grant from the Carnegie Bosch Institute, CMU, and
by an NSF grant CCR-~0105548.

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 212 2002.
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Consider the following scenario: A multinational corporation wishes to enter
a promising new geographic market, characterized by demand at each city. It
has also identified potential locations of its manufacturing facilities, and the
associated costs. Suppose the shipping of the goods (from the facilities to the
cities) is to be outsourced to a transport company. This transport company
has only one type of truck, with a large capacity. For each truck, the transport
company charges at a fixed rate per mile, and offers no discount in case the
truck is not utilized to full capacity. The overall logistics problem facing the
corporation is to decide on the location of its manufacturing facilities, and a
shipping plan of the finished goods to each city, so that the total demand at each
city is met and the total cost is minimized. Assume for the sake of simplicity
that facilities have no capacity limitations.

If the facility location costs were not an issue (e.g., if the company had already
decided where to open its facilities), the problem becomes a single sink edge
installation problem [12] (If several facilities are open, they can all be identified
into a single sink node). If the transport company charged in proportion to the
amount shipped instead of the (discrete) number of trucks used, the problem
becomes the uncapacitated facility location problem [2I]. Both these problems
have been well studied in the past. However, to the best of our knowledge,
there has been no effort to study the problem in an integrated way that would
allow one to exploit the savings that may result from making both decisions
in a coordinated way to reduce the total cost of location and transportation.
Our paper addresses this gap, and provides approximation algorithms for some
simple versions of the integrated problem.

The first problem we consider is exactly as defined above. We call this the
capacitated cable facility location problem (CCFL for short). A variant of this
problem is the median version. Here there are no facility location costs, but we
are not allowed to open more than p facilities. We call this the capacitated cable
p-median problem (CCpM). Finally, we study an extension of CCFL where, for
example, the transport company may provide a range of truck types, each with
a different capacity and cost. We call this the k-cable facility location problem
(KCFL for short). We note for all of these problems, the assumption that the
edge-lengths obey the triangle inequality is without loss of generality, since we
may use the metric completion of the costs in running our algorithms and replace
solution edges by the corresponding shortest paths in the underlying graph of
the same total length.

All three problems generalize known NP-hard problems, and hence are NP-
hard. We provide polynomial time approximation algorithms for these problems.

1.1 Previous Work

While this is a first attempt to combine the facility location and transport net-
work design objectives, a lot of work has been done on each of the individual
problems. The uncapacitated facility location problem has been the focus of
much attention in recent years [3BI6I7J9T3ITA/TET721I22]. Shmoys, Tardos and
Aardal [21] provided the first O(1) approximation algorithm for the uncapaci-
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tated facility location problem. They used LP-rounding, thus also showing that
the integrality gap of their IP formulation is 4. The bound on the integrality gap
was improved to 3 by a primal-dual algorithm due to Jain and Vazirani [14]. An
alternative IP formulation was recently provided by Jain, Mahdian and Saberi
[13], with integrality gap 1.61. The current best known approximation algorithm
is a 1.52 approximation due to Mahdian, Ye and Zhang [17].

Charikar, Guha, Shmoys and Tardos [7] gave the first constant factor approx-
imation algorithm for the p-median problem with metric costs. A local search
technique by Korupulu, Plaxton and Rajaraman [16] provided an improved ap-
proximation, and this was further improved by Arya, Garg, Khandekar, Meyer-
son, Munagala and Pandit [3] to a factor of 3 + €, which is the best known at
present.

Cable installation problems have also received a lot of attention in the recent
past [2MURITTT220/23]. Hassin, Ravi and Salman [12] provide a constant factor
approximation for the single sink single cable version of the cable installation
problem; we use their method as a subroutine. A constant factor approximation
for the multiple cable single sink edge installation problem was first provided
by Guha, Meyerson and Munagala [I1]; we use this method also in our solution
to the general problem. Recently, Talwar [23] showed that the IP formulation
of this problem has a constant integrality gap, thus also providing an improved
approximation factor for the multiple cable single sink edge installation problem.

1.2 Owur Results

The CCFL problem with unit demands at the clients generalizes both the Steiner
tree (ST) and uncapacitated facility location (UFL) problems. In the next section
(Sect.[Q), we present a ps+ py rr approximation algorithm for CCFL, where pp
is any approximation factor achievable for the problem P. We do this by carefully
combining solutions to appropriately set up Steiner tree and UFL problems
that capture two natural lower bounds for our problem. With the current best
approximation factors, this is a 3.07-approximation algorithm. We also present
an integer programming formulation of the problem, and show that its integrality
gap is no more than the sum of the integrality gaps of natural formulations of
the Steiner Tree and UFL problems. Again, with the current best results, this
gap is less than 5. For the case where clients have arbitrary demands and the
entire demand for a client must be served by the same facility, we provide a
psT + 2purr approximation, which is currently at most 4.59 (Sect. 21).

For CCpM, in Sect. Bl we provide a bicriteria approximation that delivers
a solution of cost at most (pp—mEpran + 2) times the optimum while open-
ing up to 2p medians. Again, our method combines approximate solutions to
a corresponding p-median problem and a 2-approximation for a newly defined
p-Steiner forest problem. With the current best approximation factor for the
p-median problem, this is a (5 + €, 2) bicriteria approximation algorithm for the
(total cost, number of medians) problem.

Finally, in Sect. ], we study the KCFL problem where k different cable types
(or truck sizes) are available to us, each with a different cost and capacity. We
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provide an O(k) approximation for this problem, by extending and adapting the
algorithm of Guha et al [11] to incorporate the choices for facility location.

2 The Capacitated-Cable Facility Location Problem

2.1 Problem Definition

The capacitated-cable facility location problem (CCFL) is defined as follows. We
are given an undirected graph G = (V, E). There is a weight function on the
edges, ¢ : E — IR", which satisfies the triangle inequality. The clients (markets)
consist of a subset of nodes, D C V. The set of potential facilities, F C V, is
also part of the input. Each potential facility 7 € F has a facility opening cost
of ¢;. We are also given an integer v > 0, which is the capacity of the cable type
available to us.

Each client has a demand of one unit, which needs to be serviced by routing
one unit of flow from it to some open facility. On any edge, we are only allowed
to install integral amounts of the cable. If we install z. copies of the cable on
edge e, we can route uz. units of flow through it, and it costs us c.z.. Hence
our total cost is the cost of all cables installed plus the cost of all the facilities
we have opened. The objective of CCFL is to open facilities and install cables
connecting clients to open facilities such that no capacity constraint is violated,
all clients are served, and the total cost is minimized.

2.2 Hardness and Relation to Other Problems

If there is only a single potential facility (|| = 1) and w is infinity, then the
problem reduces to the Steiner tree problem. If there is a single facility and
1 < u < o0, CCFL is the single-sink, single-cable edge installation problem. If
u = 1 but |F| > 1, CCFL is the uncapacitated facility location problem. All
these problems have been studied in the past, and all three are known to be
MAX-SNP-hard. Hence CCFL is also MAX-SNP-hard.

2.3 Lower Bounds

We begin with two lemmas which provide lower bounds to an optimal solution
of CCFL.

Lemma 1. Consider a UFL (uncapacitated facility location) instance defined
as follows. The set of clients and potential facilities remain the same as in the
CCFL instance, but for all edges e, we set the edge cost to be c./u. Then the
cost of an optimal solution to this UFL instance is a lower bound on the optimal
solution to CCFL.

Proof. Consider the optimal solution to CCFL. In the UFL instance, open all
facilities which were opened by CCFL. Every client in CCFL is able to send one
unit of flow to an open facility. Construct these flow paths. Now for each client,
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assign it to the facility it is assigned to in CCFL. The cost of this assignment is
at most % of that of the flow path used by this client in the CCFL solution, by
triangle inequality. This constitutes a feasible solution to UFL, of cost no more
than that of the CCFL solution. Hence an optimal UFL solution has cost at
most that of the optimal CCFL solution.

Lemma 2. Consider the graph G' = (VU {r}, EUE’) where E' = {(j,r) : j €
F} and c(jy = ¢j. Define the set of terminals to be R = D U {r}. Then the

cost of a minimum Steiner tree in G' is a lower bound on the optimal solution
of CCFL.

Proof. Consider the optimal solution to CCFL. The set of edges in the CCFL
solution, along with the edges (j,r) such that facility j is opened in the CCFL
solution, constitutes a Steiner tree in G’ of the same cost as the CCFL solution.
Dropping all but one copy of edges which have multiplicity more than 1 in the
CCFL solution only reduces the cost. Hence an optimal Steiner tree must cost
no more than the optimal CCFL solution.

We use the two lower bounds in Lemma [[land Lemma 2] (and approximation
algorithms for these two problems) to build our solution. We use a flow rerouting
algorithm introduced by Hassin, Ravi and Salman [I12] to efficiently construct
our solution.

2.4 Algorithm

We first run approximation algorithms for an uncapacitated facility location
instance and a Steiner tree instance by transforming our problem as described
in Lemmas[land 2l We then merge the two solutions to obtain a feasible solution
of cost no more than the sum of these two approximate solutions (in a Merge
phase).

To carry out the Merge phase, we adapt a re-routing algorithm described in
[12]. We first open all facilities identified by the earlier two phases. Consider the
subtrees associated with the facilities opened in the Steiner tree phase. If such a
subtree has at most u clients, this subtree along with the facility it is attached
to is a feasible solution, without adding any additional copies of the cable.

On the other hand, a subtree that has more than u clients is not feasible
right away, since more cables have to be installed along the tree to route all the
demand in this overloaded subtree. This is where we use the UFL solution - we
clump the demands in these overloaded subtrees into subtrees which are disjoint
with respect to edge capacities such that each new subtree has exactly u clients
(with one remaining subtree with at most w clients attached to the facility opened
in the original overloaded subtree). The fact that such a clumping is possible was
proved in [I2]; we describe it in detail in Algorithm [ and prove it in Lemma 3
For each such clump, we use the UFL solution to select the client which is closest
to an open facility in the UFL solution, and install one cable from this client to
its nearest open facility. The idea is that since each client can pay a 1/u fraction
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of the cable cost to the facility assigned to it by the UFL phase, u such clients
in a clump can together pay for one full cable from a client to an open facility if
this distance is the cheapest distance among these u clients. In order to achieve
this, we need to re-route flow from the u — 1 other clients to our selected client
in a clump. However, this rerouting takes place along the original Steiner tree
solution at no extra cost since the subtrees obtained in the clumping are disjoint
with respect to edge capacities. We finally prune the solution by getting rid of
unused facilities and cables.
The algorithm is formally described in Fig. [1

2.5 Analysis

Lemma 3. (due to Hassin, Ravi and Salman [12]) The solution produced by our
algorithm is feasible for CCFL.

Proof. In the demand routing phase, client demands from a subtree that is not
fully served in an iteration may be reassigned in a later iteration. In particular,
let’s say part of the subtree’s demand is routed to a picked client (say il) in a
sibling subtree using upward flow on its parent arc. In the next iteration of the
While loop (Steps 21-29), suppose one of the unsatisfied clients (say i2,) in this
subtree is part of a picked pair. Now, flow from sibling subtrees in this iteration
may be routed into it using a downward flow on the same parent arc. However,
by standard flow cancellation arguments, no cable is used in both an upward and
a downward direction. This flow cancellation implicitly reassigns the clients from
the subtree initially assigned to to i}, to 72, and instead redirects the appropriate
demand from elsewhere headed for 72, in the second iteration to il,.

The flow cancellation only reduces flow in the upward direction. If any cable
has an upward flow, this flow has value at most v — 1, and this may potentially
be cancelled by downward flow when a client in the subtree below it is part of
a picked pair. Downward flow is assigned to any cable at most once, and the
quantity of flow assigned is at most u — 1. After such an assignment, all the
clients in this subtree are deleted from further consideration.

We have argued that both the underlying UFL instance and the associated
Steiner tree problem are lower bounds for our CCFL instance. Hence the facilities
opened by these two phases can be paid for by these two lower bounds.

The cables purchased by the Steiner tree phase can be paid for by the Steiner
tree lower bound. We also install fresh cables in the Merge phase. Each cable
has exactly v demand flowing through it. Each of the terminals which use this
cable were assigned a facility whose distance is at least the length of the cable
in the UFL phase. Hence we can charge the cost of this cable to the cost in the
UFL solution.

Recall that psr and pypr denote the currently best known approximation
ratios for the Steiner tree and UFL problems respectively. We have the following
theorem.

Theorem 1. Algorithm CCFL is a psr + purr approximation algorithm for
CCFL.
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Algorithm CCFL
1: UFL phase:
Convert into UFL instance by changing edge costs to ce/u.
Solve UFL (approximately).
Let F1 denote the facilities opened.
For a client 4, let ¢(7) be its assigned facility.
: Steiner tree phase:
Create a new root node r.
For every j € F, add an edge (j,r) with cost ¢;.
9:  Define the terminal set R := D U {r}.
10:  Solve (approximately) the Steiner tree problem.

11: Let T denote this tree.

12: Orient all edges to point towards the root along T'.

13: Let F> be the set of facilities from which there are edges to r in T'.
14: Let T} be the subtree of T rooted at j, for all j € T

15: Merge phase:
16:  Open all facilities in F1 U Fa.
17:  For all j € F», do:

18: Let D; be the set of clients in Tj.

19: Install cable on all edges in Tj.

20: While |Dj;| > u do:

21: Let V' be the set of nodes at which the incoming demand on
each edge is less than u, but the total demand is at least u.

22: For all v € V' do:

23: For every child w of v, let T, be the subtree rooted at w.

24: Let (éw, jw) be the nearest client-facility pair in Ty, .

25: Pick the cheapest |D,/u] such pairs (at most one per

child subtree of v).

26: Install one cable on each such picked pair (4w, juw)-

27: Route all demand in Ty t0 ju via G-

28: Route remaining demand (in other subtrees T, of children

of v) to either some picked pair or to w, in such a way
that all newly installed cables are saturated. This means
that the total remaining demand to v is less than w.

29: Remove all satisfied demands from D;.

30: Prune phase:

31: Remove all cables on which flow is zero.

32:  Close all facilities which serve no demand.

Fig. 1. Algorithm for CCFL

Proof. This follows from Lemmas 1], Bl and [3]

The current best approximation algorithm for the Steiner tree problem is the
one by Robins and Zelikovsky [19], which achieves an approximation factor of
1.55. Mahdian, Ye and Zhang’s algorithm [I7] is the current best approximation
for UFL, with a performance ratio of 1.52. With these values for pgr and pypy,
Theorem [ gives a 3.07 approximation.
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2.6 IP Formulation and Its Gap

There is a natural integer programming formulation of CCFL, which we de-
scribe next. We show that the techniques used in our approximation algorithm
described above extend to providing a constant factor rounding algorithm for
the linear relaxation of the IP formulation.

IPccrr is an integer program formulation of CCFL. Variable y; is an in-
dicator variable which is 1 iff facility j is opened. The number of copies of the
cable on edge e is counted by z.. Finally, f! is the flow of the demand from client
i along edge e. For a vertex set S, define 67(S) = {(u,v) € E:u € S,v ¢ S}.
Define §=(S) = §7(V \ S), and for a vertex v, define 6" (v) = 6T ({v}). The
first four constraints are standard flow conservation and capacity constraints.
The last is a connectivity constraint which strengthens the linear relaxation of
I Pcorpr — these constraints enforce that for any set S containing a client, either
it must contain a facility or it must have at least one cable leaving the set (to
connect a client within it to a facility in the solution).

min Y gy + D zece (IPccrr)
J e
o= > fiz1 vieD
0] e€s—(4)

Zfé—z@ugo Vee E

S i N ficy vieDVjeF

e€d—(j) e€dt ()
Sofi- > fi=0 VieDYweV\(FU{i})
e€dt(v) e€s— (v)
Z ze+2yj21 VSCV:SND#D
e€dt(S) jes
Zes Vi fi non-negative integers

Let gapst and gapypr denote the currently known upper bounds on the
integrality gap of the undirected cut formulation of Steiner tree problem (See
e.g., [1]) and the standard IP formulation of the uncapacitated facility location
problem (due to Balinski [5]) respectively, that are obtainable by LP rounding
algorithms.

Theorem 2. The integrality gap of I Pocryr, is mo more than gapst + gapy rr, .

Proof. Consider an optimal solution to the linear relaxation (denoted LPccrr)
of IPccrr. The linear relaxation of our UFL instance described in Lemma [I]
is exactly LPoorr with the last constraint ignored. Hence an optimal solution
to LPoccorr costs no less than the solution to our UFL instance. If we use the
rounding algorithm with gap gapyrr, in the UFL phase of our algorithm, this
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solution costs no more than gapyry times the value of an optimal solution to
LPocFr-

Similarly, the linear relaxation of our Steiner tree instance described in
Lemma [T] is identical to LPccry if we ignore the first four (flow) constraints.
Hence the value of an optimal solution of the Steiner tree relaxation is a lower
bound on the cost of the optimal solution of LPscpyr. Therefore the cost of
the Steiner tree phase of our algorithm (using the rounding algorithm with ratio
gapsT) is no more than gapgr times the value of an optimal solution to LPocpy,.

The current best bounds on gapy rr, and gapsr are 3 [14] and (2 — ‘D‘%) |
respectively. Hence the integrality gap of this formulation of CCFL is less than
5. Note that there is an alternative IP formulation for UFL due to Jain et al. [T3]
with a lower integrality gap, but this formulation does not fit our framework.

2.7 Non-uniform Demands

The above algorithm generalizes directly to the case of non-uniform demands at
the clients, provided we are allowed to split the demand at each client to different
facilities. If the demands are unsplittable, the problem becomes more interesting.
However, Hassin et al. [12] showed how their (single sink) problem can be solved
in the unsplittable demand case with a slight increase in the approximation ratio.
Clients which have more than u demand can be sent directly to their nearest
facilities, incurring an additional factor of at most 2. To assign the remaining
clients, we proceed as before. We now aggregate demands to lie between v and
2u, and now use the UFL bound at most twicdl]. Hence the approximation ratio
for this problem is at most 2pyrr + psT = 4.59.

3 The Capacitated Cable p-Median Problem

3.1 Problem Definition

The capacitated cable p-median problem (CCpM) is a minor variant of CCFL.
Facilities can be opened for free in this version, but we are not allowed to open
more than p facilities (called medians in this context). Everything else is as in
CCFL. An (a, 8) approximation for CCpM consists of a solution which uses p
medians and costs no more than « times the best possible solution which uses
no more than p medians.

We first consider a simplified spanning version where every node in the
graph is a client node and also an eligible median. Let p,_yEprany denote
the best known approximation factor for the p-median problem. We provide a
(pp—mEDIAN+1,2)-approximation for this restricted spanning version of CCpM.

In Sect. B4 we extend it to the case where every node may be a client, a
potential median, both, or neither, and provide a (pp—mepran + 2,2) approxi-
mation.

1 A slight refinement is possible here since only the cable costs of the UFL solution are

used twice while the facility costs are charged at most once in the resulting merged
solution.
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3.2 Overview of Our Approach

Our approach is essentially the same as before, with appropriate modifications.
The proof of the following lemma is identical to the proof of Lemma[dl.

Lemma 4. Consider a p-median instance as follows. The set of clients and
potential facilities remain the same as in the CCpM instance, but for all edges
e, we set the edge cost to be c./u. Then an optimal solution to this p-median
instance is a lower bound on the optimal solution to CCpM.

Definition 1. Given a graph G = (V, E) with edge costs, the p-spanning forest
problem is to find a minimum cost forest with at most p trees.

Lemma 5. The p-spanning forest problem can be solved optimally in polynomial
time.

Proof. A minimum spanning tree with the p — 1 heaviest edges deleted can be
verified to be an optimal solution to the p-spanning forest problem.

Lemma 6. A minimum cost p-spanning forest in G is a lower bound on the
optimal solution of CCpM.

Proof. Consider the optimal solution to CCpM, and delete all but one copy
of edges which have multiplicity more than one. This constitutes a p-spanning
forest in G of no greater cost than the CCpM solution.

Our algorithm is now straightforward. We solve the above two problems on
our input instance (The p-median instance can only be solved approximately, to
a factor pp_mEpran = 3+¢ [3]). For each tree in the p-spanning forest solution,
designate any node as its median. We then reroute exactly as described in the
Merge phase of Algorithm CCFL.

3.3 Analysis

Lemma B continues to hold and ensures that we do not violate any capacities in
the solution we construct. Lemmas Bl and Bl bound the cost of the two stages of
our solution. However, since each of our phases chooses p medians, we may end
up with a solution which has as many as 2p medians.

Theorem 3. There is ¢ (pp—mEDIAN + 1,2) approzimation algorithm for the
spanning version of CCpM.
3.4 Unrestricted Version of CCpM

We now relax the simplification that every node is a client as well as a possible
median. In the unrestricted case, a node may be a client, a possible median,
both, or neither (Steiner node). As before, let F C V denote the set of possible
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medians. We can continue to use the (3 4 €) approximation for p-median for the
p-median phase. However, our new p-Steiner forest problem is as follows. We
wish to compute a minimum cost forest which has at most p trees, such that
every client is in some tree, and each tree has at least one possible median.
The following is an integer program formulation of p-Steiner forest. Let v,
be an indicator variable indicating whether or not we designate node r to be a
median. Let z. denote whether or not we pick edge e, and for any S C V, let

0(S) ={(w,v) e E:uec S,v¢ S} Let y(S) =, conr ¥r

min Z:ceze (IPpsr)
eeE
2(0(9)) +y(S) > 1 VS CV,5ND#0
>y <p
reF

z,1y non-negative integers

The dual of the linear relaxation of I P,sr is given below:

max Z us —Ap  (DP,sr)

SCV,SND#D
Z us < ce Vee E
S:e€d(S)
> us<A VreF
S:res
u, A >0

The following is a corollary of a lemma about the integrality ratio of the
Steiner tree IP formulation, proved in [1] (See also [18]).

Corollary 1. The primal-dual algorithm of [1] applied to I P,sF provides a poly-
nomial time 2 approximation for the p-Steiner forest problem.

Proof. (Sketch) In the absence of the second constraint, I P,sr is exactly the
undirected Steiner tree IP formulation. The dual of its linear relaxation is exactly
DP,sr with the second constraint ignored.

Consider the primal-dual algorithm for Steiner tree of [1]. We can run the
same algorithm here to search for a locally optimal dual solution. In the algo-
rithm, we raise the value of dual variables corresponding to minimally violated
sets simultaneously. A wviolated set is a subset of the vertex set which is either
not connected by edges selected in the primal solution, or does not contain a me-
dian. If necessary, we simultaneously raise A, as long as the number of connected
components in the primal is more than p. We also construct a primal solution
alongside, driven by the complementary slackness conditions. Since all variables
are being raised simultaneously, we can define a notion of “time”, such that the
dual variables are being raised at the rate of one unit per unit time. Whenever
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two minimally violated sets have duals large enough to satisfy a constraint to
equality, we add the tightened edge between them to our primal solution, and
replace the two sets by their union (which is a new minimally violated set).

Clearly, while there are more than p components the total dual value is
increasing. A locally optimal solution is obtained when there are at most p
components, each containing a potential median. By imposing an ordering to
break ties, we can find a locally maximal dual solution and a corresponding
primal solution which has at most p connected components, each with at least
one median. Note that in the case when ) is set to a positive value, the algorithm
stops when there are exactly p components.

Lemma 5.3 in [I] proves that at time ¢, the cost of any tree constructed in
the primal is no more than twice the total dual collected minus twice the time t.
Clearly A is never more than the final value of the time ¢, since X is also raised
at the same rate of one per unit time. Therefore, the cost of each component is
at most twice the value of the duals collected by moats within it minus twice A.
Recall that when X is positive, there are exactly p components in the solution.
Summing this inequality over the (upto) p components, we get that the primal
solution has cost at most twice the value of this locally maximal dual solution
to DPpSF.

Theorem 4. There is a polynomial time (pp—mEDIAN +2,2) bicriteria approz-
imation algorithm for the general version of the capacitated-cable p-median prob-
lem.

Proof. This follows from Lemmas [, Bland Corollary [l.

The current best value of p,_pepran is 3 + € [3]. Hence our algorithm is
a (5 + €,2) bicriteria approximation to the general cable-capacitated p-median
problem.

4 The Multiple-Cable Facility Location Problem

We now consider an extension of CCFL. Instead of just one cable type (or truck
type), we have a suite of k cable types. Cable type ¢ has fixed cost o; and
variable (per unit) cost §;. That is, for using one copy of cable type i on edge e
and transporting f. flow through it, our cost is (o; + fed;)c.. This is equivalent
to cables having fixed costs and capacities (within an approximation factor of
two — see [RITT123]), which is why we call it a generalization of CCFL. We call
this problem the k-cable facility location problem, or KCFL.

In KCFL, if |F| = 1, then the problem reduces to the single sink edge in-
stallation problem. Guha, Meyerson and Munagala provided a constant factor
approximation algorithm for this problem [IT]. In this section, we show how their
algorithm can be adapted to incorporate many facilities. We will closely follow
their paper, and many lemmas will not be proved here because they require only
minor or notational changes from their paper. We use GMM to denote their
paper and algorithm.
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4.1 Algorithm

We begin with a brief overview of the GMM algorithm for the single sink edge
installation problem. It can be shown that there is a near-optimal solution which
is a tree, and where the flow path from any node to the sink uses cables in non-
decreasing order of fixed costs. GMM build this tree in a bottom-up fashion.
They start with the set of all clients, and build the first layer using a Steiner
tree. They are able to charge this cost to a connectivity component of the cost of
an optimal solution. They then find points of aggregation of sufficient demand
along this tree, and solve a lower bounded facility location proble to send some
of that demand to the root. The rest of the demand is aggregated at certain points.
The amount of aggregation is such that it justifies the use of the next type of
cable, which has a higher fixed cost but a lower incremental cost. This process
is repeated for all the cable types. The details may be read in their paper [11].

For our purposes, we begin by pre-processing the cables as in GMM. We
order the cables in order of increasing fixed cost, and then retain cables such
that for any i, we have o; < ao;41 and d;41 < @d;, for some predefined constant
a € (0, %) We also define b; to be such that o;41 + d;11b; = 2a(o; + §;b;).
Intuitively, b; is the demand quantity at which the cost of using cable types i
and 7 4+ 1 are (almost) the same. We also define u; = 0;/d;. Again, wu; is the
point in building the part of the solution using cable type ¢ when the problem
shifts its focus from being a Steiner-tree-like problem to being a Shortest-path-
aggregation-like problem, since after this threshold, the routing cost of any cable
can pay for the fixed cost of installing it on any edge with this much flow.

We are now ready to state our algorithm. In the following, the changes we
introduce are italicized, while the rest is the original GMM algorithm.

Iterate over cable types in order of increasing fixed cost:

1. Steiner tree: Augment the graph by adding a “sink” and connecting it to
every facility with edge cost equal to the facility cost. All other edges have
cost ¢;. Construct an approximately optimal Steiner tree with the terminals
being the sources and the newly added sink. Walking along this tree, identify
edges which have u; demand and “cut” the tree at these edges.

2. Consolidate: For every tree in the forest created in the preceding step not
attached to a facility paid for by the Steiner tree, transfer the total demand
in the tree back to one of its sources with probability proportional to the
demand at that source. Route the demands in the trees attached to a paid
facility via the tree using the current cable type.

3. Shortest path tree: Set up a lower bounded facility location instance as
follows. On every node, the lower bound is b; and cost is 0. On facility nodes,
the lower bound is 0 and cost is the facility cost. Edge costs are now ¢; per unit
length. Solve this LBFL problem approximately. Demand at nodes assigned
to facility nodes in this solution are routed to them wusing the current cable

type.

2 The lower bounded facility location can be solved to within a constant factor, see
[TO15].
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4. Aggregate: Consider only nodes which are not assigned to facilities opened
by the previous step. For each such node, as in Step 2, transfer the total
demand in that component of the solution back to one of the sources with
probability proportional to the demand at that source.

In each stage, we also make available all facilities opened at all previous
stages, at cost zero. In the last stage, the Shortest path tree step has no b;
since there are no more cable types. Hence all the demand aims to reach only
facilities. There is no Aggregate step for the last cable type, since all the demand
has reached open facilities.

4.2 Properties of a Near-Optimum Solution

If the set of facilities to be opened has already been decided for us, then the
problem reduces to the single-sink edge installation problem. This is achieved
by identifying all opened facilities into a new node called “sink”, and updating
the metric appropriately. This transformation allows us to show the existence of
a near-optimum solution to KCFL which satisfies the properties mentioned in
Theorem Bl below. Our algorithm also constructs a solution which satisfies these
properties, and we compare ourselves with this near-optimal solution.

Theorem 5. (Similar to Theorem 3.2 in GMM) There exists a solution to
KCFL which uses cable type i + 1 on a link only if at least b; demand is be-
ing routed across that link, and which routes all demand which entered a node
using cable i, out of that node using cables i and i + 1. This solution pays at
most % + 1 times the optimum.

Proof. Consider an optimum solution of KCFL. Take its set of open facilities,
and identify them to a sink. The resulting solution is now a (possibly sub-
optimal) single-sink solution. GMM show that there is a near-optimal solution to
this single-sink instance which obeys the properties enumerated in the theorem.
Hence we can transform our KCFL-optimal solution to a solution which satis-
fies these properties. We next reverse our “identification-of-facilities” operation,
that is, we “separate” the facilities. This yields a solution to KCFL which is not
too far from the optimum, and which satisfies the properties mentioned in the
theorem.

The next two lemmas can be proved using nothing more than the definition
of u; and b;.

Lemma 7. (Lemmas 3.3 and 3.4 in GMM) For all i, we have u; < b; < u;y1.

Define f;(D) = 0;+6;(D) to be the per-unit-distance cost of routing D units
of flow on cable type i.

Lemma 8. (Lemma 3.5 in GMM) For any i and D > b;, we have f;11(D) <
2afi(D).
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4.3 Analysis

Our analysis will follow and make some modifications to the analysis in the paper
by Guha, Meyerson and Munagala. Let d, be the original demand of node v.
Let D! be the demand at node v at stage i in the algorithm.

Let T;,P; and N; be the Steiner tree, Shortest path and consolidation-
aggregation step costs respectively, at iteration i. Also, let T, TF and Tf’ denote
the incremental (variable), fixed and facility opening cost components respec-
tively of the Steiner tree step at iteration 7. P!, PF' and P are similarly defined
for the Shortest path step. The following lemmas are proved for the single sink
version in GMM, and can be adapted to hold in our setting with facility costs
too.

Lemma 9. (Lemma 4.1 in GMM)E At the end of every consolidation and ag-
gregation step, E[D!] at each node which has not yet been connected to an open
facility is d,.

Proof. The main idea is that at the end of every consolidation and aggregation
step, we re-route any demand which has not yet been connected to client nodes
with probability proportional to the original demand at each node. Some nodes
are connected to open facilities, and no demand is ever re-routed to any such
node. Hence for any client node which still hasn’t been connected to an open
facility, its expected demand at any stage E[D!] is exactly d,,.

Since the consolidation and aggregation steps occur only after all excess de-
mand has been removed, the total demand at each such step is no more than
the cable capacity. Hence, we have the following.

Lemma 10. (Lemma 4.2 in GMM) At every i, we have E[N;] < T; + P;.

Proof. The consolidation step occurs only along the Steiner tree which has just
been built. It uses no extra edges, and hence costs no more than 7;. Similarly,
the aggregation step costs no more than P;. Hence the total consolidation-
aggregation cost at step ¢, E[N;], is no more than T; 4+ P;.

Lemma 11. (Lemmas 4.4 and 4.8 in GMM) At every i, we have PF' < P! and
T;I < TiF'

Proof. At the start of every Shortest path tree stage, we know that the demand
at any active node is at least u;, since this is guaranteed by the preceding Steiner
tree step. By the definition of u;, the fixed cost at the shortest-path step is no
more than the incremental cost, hence Pf < Pf.

Similarly, at the start of every Steiner tree step we have at least b; demand at
every active node. Again, using the definition of b;, we can prove that T} < TF.

3 Some of the results from GMM have been reworded for contextual clarity, while
others have been extended by us to incorporate facility costs.
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Now let C;" be the total cost of cables of type ¢ in the near-optimum solution.
Define C* =", C; to be the total cable cost of the near-optimum solution. Let
©®* be the cost of the facilities opened by the near-optimum solution. Our main
result is a consequence of the following two theorems.

Theorem 6. (Lemma 4.3 in GMM) For every i, we have E[P] + P?] = O(C* +
¢").

Proof Sketch. Consider the near-optimum solution, and replace all cables of type
less than ¢ by cable type i. For each j < i, the incremental cost of the new solution
is a small fraction (a~7) of the incremental cost of the optimal solution’s cable-
j portion. The set of facilities opened in this new solution, combined with the
new cables, constitutes a feasible solution for our problem of cost no more than
o + (1(’:7(1) Since the lower bounded facility location problem can be solved

within a constant factor ([10], [I5]), the theorem follows.

Theorem 7. (Lemmas 4.6 and 4.7 in GMM) For every i, we have E[TF +T¢] =
O(C* + ¢*).
Proof Sketch. Consider the near-optimum solution, and consider only those nodes
which are candidate terminals in our stage i. Since it already has sufficient
demand (b;), thanks to stage i — 1, the expected cost incurred when we modify
the near optimum solution to install a type ¢ cable on the path from this node
to an open facility is small, that is, within a constant of the original cost of the
near-optimum solution.

This solution is a candidate solution for the Steiner tree stage, and hence
a lower bound. Since we can find a Steiner tree within a constant factor of
optimum [I], we are done.

Theorem 8. There is an O(k) approzimation algorithm for KCFL.
Proof. This follows from Lemma [[0] Lemma [T Theorem [6] and Theorem [7]

The precise details of the single sink edge installation problem can be read in
the paper by Guha, Meyerson and Munagala [11]. They are able to prove much
stronger versions of Theorems [0 and [l which allows them to obtain an O(1)
approximation for their problem. However, they do not address facility costs.
We have shown that we can incorporate facility costs, but we are only able to
prove a weaker bound on the cost at each stage. We note that in our solution,
the cable costs continue to meet the bounds proved in GMM, but the facility
costs do not. In other words, the cable cost of our solution to KCFL is in fact
within a constant factor of the best possible. It is an intriguing open question
to bound the facility costs to within a constant as well.

5 Open Questions

Our approximation algorithm for CCpM provides a solution which uses twice
as many medians as we are allowed to. An algorithm which is wuni-criterion,
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that is, obeys the median restriction exactly, would be very desirable. Similarly,
our approach does not work for the median version of KCFL, as it would open
O(kp) medians. Again, an approximation algorithm that opens O(p) medians
(independent of k) would be interesting.

Recently, Talwar [23] showed that the integrality gap of a natural IP for-
mulation of the k-cable single sink edge installation problem [8] is a constant.
Consequently, he provides a better approximation for this problem than GMM
[11}). The KCFL problem studied by us can be modeled as an integer program
which combines the IP studied by Talwar and I Pocry, . It remains open whether
this IP (for KCFL) can be rounded within a constant factor in polynomial time,
thus providing an alternate approach to obtain an improved approximation al-
gorithm for KCFL.
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Abstract. In the minimum latency problem (MLP) we are given n
points v1,...,v, and a distance d(v;,v;) between any pair of points.
We have to find a tour, starting at v1 and visiting all points, for which
the sum of arrival times is minimal. The arrival time at a point v; is
the traveled distance from wv; to v; in the tour. The minimum latency
problem is MAX-SNP-hard for general metric spaces, but the complexity
for the problem where the metric is given by an edge-weighted tree has
been a long-standing open problem. We show that the minimum latency
problem is NP-hard for trees even with weights in {0, 1}.

1 Introduction

Given n points vy, . . ., v, and a distance between any pair of points, the minimum
latency problem asks for a tour 7, starting at v and visiting all points, for which
the sum of the arrival times d(v1,v;) is minimum, where the arrival time is
defined as the traveled distance from v; to v; in tour 7. The minimum latency
problem has been well-studied in operations research, where it is also known
as the traveling repairman problem and the delivery man problem. Unlike the
traveling salesman problem, where the objective is minimizing maximum arrival
time and therefore is server oriented, the MLP is client oriented. Interesting
applications of the MLP are diskhead scheduling and searching information in
a network [4],[T2] (for example in the world wide web), where the MLP can be
used to minimize expected search time.

The MLP was proven to be NP-complete for general metric spaces by Sahni
and Gonzalez [T6]. In fact both the traveling salesman problem and the MLP
are MAX-SNP-hard for general metric spaces, but the minimum latency problem
has a reputation for being much harder than the traveling salesman problem.
The first constant-factor approximation algorithm for general metric spaces was
a 144-approximation algorithm given by Blum et al. [6]. A 7.18-approximation
algorithm follows from a result of Goemans and Kleinberg [I1] and an improved
version of Garg’s algorithm [I0] for the k-MST problem. The improvement is
mentioned in the papers by Arora and Karakostas [3] and Chudak et al. [7]. We

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 230 2002.
© Springer-Verlag Berlin Heidelberg 2002
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refer to the papers of Goemans and Kleinberg [11], Arora and Karakostas [2],
Ausiello et al. [4] and Lenstra et al. [13] for a recent overview of the MLP and
related problems.

2 The Minimum Latency Problem for Trees

The problems in which the metric is defined by points on the line or an edge-
weighted tree are denoted by the line-MLP and the tree-MLP respectively. The
line-MLP can be solved in O(n?) time by dynamic programming, as was shown by
Afrati et al. [I]. Recently a linear time algorithm has been proposed by Garcia
et al. [8]. Notice that the traveling salesman problem is trivial even for edge-
weighted trees. However, for the tree-MLP no exact polynomial time algorithm
is known. Classifying the complexity of the MLP for edge-weighted trees has
been mentioned as an open problem in many papers [3I456/11/12[T5/19/20]. For
example Goemans and Kleinberg [11] write that ‘the MLP is not known to be
NP-hard in weighted trees, so it is worth considering whether it could be solved
optimally.” The first attempt to solve the tree-MLP was made by Minieka [14]
who gave an O(n**+1) algorithm, where n is the number of vertices and k is the
number of leaves. Koutsoupias et al. mention that the dynamic programming
solution for the line-MLP can be extended to a O(n*) dynamic programming
algorithm for the tree-MLP. Blum et al. [6] show that dynamic programming
gives an O(n?) algorithm for the tree-MLP on trees with diameter at most 3.
Wu [20] puts the dynamic programming approach for the MLP in a more general
framework. If the tree is unweighted, then a tour is optimal if and only if it is a
depth-first search. Proofs have been given by several authors [6], [15].

Goemans and Kleinberg [I1] gave a 3.59-approximation algorithm for the
tree-MLP, improving the 8-approximation algorithm given by Blum et al. [6].
Arora and Karakostas [2] give a quasipolynomial-time approximation scheme for
weighted trees and for Euclidean spaces with fixed dimension. The performance
of depth-first search algorithms has been studied by Webb [19].

3 Implications and Open Problems

A problem almost equivalent to the MLP is the graph searching problem (GSP),
in which an arbitrary probability distribution on the nodes is given and we want
to minimize the sum of all arrival times multiplied by their probability. If we
imagine that the probabilities represent a probability that an object is hidden
at the vertex, then the optimal tour minimizes the expected search time. From
Theorem [ it follows immediately that the GSP is strongly NP-hard for edge-
weighted trees. Moreover, Corollary [Tl implies that the GSP is NP-hard for trees
with unit edge-lengths.

Another interesting problem is finding the search ratio of a graph, introduced
by Koutsoupias et al. [I2]. Again one has to find an object hidden in a vertex not
known to the server, but instead of a distribution on the vertices one is facing
an adversary who chooses at which vertex it hides the object. The search ratio is
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then defined as the optimal competitive ratio, where the competitive ratio is the
distance traveled by the server divided by the length of the shortest path from
the origin to the object. Koutsoupias et al. [12] show that both the randomized
and the deterministic version are MAX-SNP-hard for general graphs. They note
that computing the (randomized) search ratio for trees is a ‘surprisingly tough
problem’ but show that, if one can solve the GSP for a class of graphs in poly-
nomial time, then by duality one can solve the randomized search ratio problem
for that same class of graphs. Our result excludes this tool for finding a polyno-
mial time algorithm for the randomized search ratio problem for trees. However,
polynomial time approximation algorithms for the MLP may be transferable to
the randomized search ratio problem [12].

The MLP is NP-hard for the metric with distances 1 and 2, but the com-
plexity for trees with edge distance 1 and 2 does not follow from our result. We
conjecture that this problem is polynomially solvable.

The 3.59-approximation algorithm of Goemans and Kleinberg gives the cur-
rent best ratio for the tree-MLP. However this algorithm hardly uses character-
istics of the tree-metric. We conjecture that a significant improvement of this
ratio is possible.

The value of the optimal MLP-tour clearly depends on the given starting
vertex. To find the best starting vertex we could repeatedly run an algorithm
that solves the MLP, each time using a different starting vertex. However, Sichmi-
Levi and Berman [I7] notice that for general metric spaces one run suffices. Wu
[20] gives an O(n?) algorithm for this problem on the line, and Minieka [I5]
notices that for unweighted trees any vertex at the end of a longest path can
be taken as the best starting vertex. It is unknown to us whether, for weighted
trees and for general metric spaces, there is a more subtle way than solving an
MLP instance to find the best starting vertex.

Koutsoupias et al. [I2] mention that the MLP is conjectured to be NP-hard
even for caterpillars (a path with edges sticking out). This conjecture remains
unresolved.

In the forthcoming paper by Lenstra et al. [I3] the authors define a large
class of so called dial-a-ride problems. In this more general framework servers
have to transport items from a source to a destination in a metric space. The
class contains about 8,000 problems, from which all but 72 have been classified
as NP-hard or solvable in polynomial timd!. As one of the most interesting open
problems, the authors mention the minimum latency problem with release dates
and where the metric is the real line. This problem was already mentioned as an
interesting open problem by Tsitsiklis [I8].

4 Proof of NP-Hardness

We define an instance of the tree-MLP as a tree with root r and weights on the
edges and the vertices. Notice that we can polynomially reduce any such instance
to an instance with unit vertex-weights by replacing a vertex with weight w by

! By February 2002.
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w vertices at distance zero from one another. Of course this only applies if all
vertex-weights are polynomially bounded. For clarity we shall use the terms edge
length and vertex weight. We will use the term total completion time for the sum
of the weighted completion times. We assume that the weight of the starting
vertex is zero and that the server always ends its tour in the origin.

To facilitate the exposition we assume that the server travels at unit speed
such that distance traveled and elapsed time are equal. Given an instance of
the MLP on a tree, let T be an optimal tour and let tg = 0,%,...,t; be the
moments at which the server is in the origin. Notice that ¢ is equal to the length
of T since we assumed that the server ends in the origin. Let T; be the subtour
between time t;,_1 and t;, 1 < i < k, and let |T;| resp. W; be the length resp.
total weight of this subtour. Then the we have the following lemma.

Lemma 1. For any optimal tour T the following holds.

w- W,
(i) 1r mi 2T 2 2
(ii) If W = ‘VTV—]‘ for some i,5 € {1,...,k}, then the total completion time
i J

remains the same if the subtours T; and T; swap their position on T.

Proof. (i) We use a simple interchange argument. Assume that for some ¢ I‘% <

‘V;irll‘. If we change the order of the subtours T; and T; 1, then the increase in

the total completion time is W;|T;11| — Wit1|T;| < 0. Now (ii) follows directly
from the proof of (i). O

To prove NP-hardness for the tree-MLP we give a reduction from the 3-Partition
problem, which was proven to be NP-hard in the strong sense by Garey and
Johnson [9].

3-Partition

Instance: A multiset of natural numbers A = {p1,ps...,p3n}, with P/4 < p; <
P/2 for all i € {1,...,3n}, and a number P such that p; + - -+ + p3, = nP.
Question: Is it possible to partition the set A in n sets Aq,..., A, such that

> pi=Pforallje{l,... n}?
Pi€A;

Theorem 1. The minimum latency problem is strongly NP-hard for weighted
trees.

Proof. Given an instance of 3-Partition with the notation as described above,
we define a; = Kp; for alli € {1,...,3n} and Q = KP, where K = 2Pn*. We
define a tree on 3n(n + 2) 4+ 1 vertices as follows.

For each i € {1,...,3n} we construct a path (v, v;1, vi2, ..., Vin, 2;). All these
paths start in the root of the tree, which is appointed as the origin of the MLP-
instance. To each of these paths an extra vertex wu; is attached through the
edge (vi1,u;) (see Fig. ). For the definition of the lengths of the edges in this
tree we introduce the numbers m and I;, ¢ € 1,...,3n, and choose their value
appropriately later. The lengths of the edges are:
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root branch i
\ 4i \& nj+ 1 nj 1 a;
<

Fig. 1. Sketch of the MLP instance

d(r,vi1) = s, i=1,...,3n;
d(Uijan7j+1):ai, 1=1,....3n,5=1,...,n—1;
dvia,w) =2Qa;, i=1,...,3n;
d(Vin, z;) = m, i=1,...,3n.

The weights on the vertices are:

w(vi1) = a4, i=1,...,3n;
w(v”)—n—j—i—l i=1,...,3n,j=2,...,n
w(z;) = a; 1=1,...,3n;
w(u;) =1, i=1,...,3n.

We call the subtree rooted at r and constituted by the path (r,v;1,..., i, 2;)
and the edge (vi1,u;) the root-branch i, i =1,...,3n.

If the values m and [; are chosen appropriately large it is easy to see that an
optimal tour satisfies the following properties for all ¢ in {1,...,3n}:

(a) each edge (r,v;1) is traversed exactly once in each direction;

(b) vertex w; is visited before vertex z;.

Moreover, we can choose l;, i = 1,...,3n, such that for all ¢ and hin {1,...,3n}
(c) VLV = VLVM where W; and L; are, respectively, the sum of all vertex-weights

and the sum of all edge-lengths of root-branch 3.

With respect to (¢) we note that choosing I; = M (2a; +n(n—1)/2+1) — (2Q +
n—1)a; —m yields VLV— =M, foralli e {1,...,3n}, where M is a large number.
It is intuitively clear that we can bound the numbers m and M by a polynomial
in the size of the 3-Partition instance. A proof for this is submitted at the end
of this proof.

By (a) and (b) there are only n different ways for the server to traverse root-

branch i: for k = 2,...,n, we call the subtour (r,v;1,...,Vik, Vi k—1, - - -, Vi1, U,
Vily -+ Viny Zi, Viny - - -, Vi1, 7) the k-tour. The tour (r,vi1,u;, Vi1, .., Vin, Zi,
Vin, - - - s Vi1, 7) is & 1-tour. Consider an optimal tour. Renumber the root branches
according to the k-tour by which they are traversed: root branches 1,... i are
traversed by a 1-tour, i1 + 1,...,i3 by a 2-tour, etc. until ¢,y +1,...,4, = 3n
being the root branches traversed by an n-tour. We know from Lemma [I{i) and
(c) that in an optimal tour all root-branches 1,...,7; are served first followed

by the root branches i1 + 1, ..., 9, etc.
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Now consider the tour in which all root-branches are traversed by a 1-tour.
We will compare the optimal tour with this tour. Due to Lemma [[{ii) and (c)
we may assume that the order in which the root-branches are served is the same
for both tours.

If root-branch ¢ is served by a k-tour, then compared to serving this root-branch
by a 1-tour, this will reduce the completion time of all vertices v;; by 2 < j <k
by 4Qa; and increase the completion time of all vertices v;; by k+1 < j < n
and vertices u; and z; by 2(k — 1)a;. It also increases the completion time of all
vertices in root-branches h for h > i+ 1 by 2(k — 1)a;.

Thus the total decrease of serving according to the optimal solution instead
of the all 1-tour solution is

n 3n n 3n
SN An—k+1DQai=)  |4n—k+1)Q Y. a| . (1)
k=21=1p1+1 =2 i=tp_1+1

Let us now first study the total increase R due to a delay of all vertices except the
vertices z; and v;1, i = 1,...,3n. There are 3n? of them and their total weight
is 3n(in(n — 1) + 1) < 2n3. The delay for each of them is at most 2(n — 1)Q.
Therefore, R < 4Qn*.

To study the total increase due to a delay of the vertices v;; and z;, i =
1,...,3n, consider a root branch h that is served by a k-tour, i.e., i, < h < igy1.
Compared to serving it by a 1-tour, the vertex wvy; is not delayed, but the vertex
zp, is delayed by an amount 2(k — 1)ay, as noted before, which multiplied by its
weight gives an increase in objective value of 2(k — 1)a,21. Moreover, all vertices
v;1 and z; for i > h receive a delay of 2(k — 1)ay, by this k-tour. Thus, the total

increase by this k-tour due to delay of vertices v;1 and z;, i = h, ..., 3n amounts
to
3n
Q(k — 1)ah (ah + Z 2a1>
i=h+1

The total increase of the optimal solution over the all 1-tour solution is then
given by

n ik 3n n 3n 2
R+> Y 2(k—1ay (ath > 2ai> =R+Y 2( > al| .2
k=2

k=2 h=ti31+1 i=h+1 1=tp_1+1

Let COPT and C be the total completion times, respectively, for the optimal
tour and the all 1-tour solution. Combining and we obtain

2
n 3n 3n
COPT=C+R+> (2| D a| —4Qn-k+1) > a| . (3
k=2 =i 41 =i +1

For each k € {2,...,n}, writing by, = Z?Zik,lﬂ a;, the term between the large
brackets in (B) becomes 2b7 —4Q (n—k-+1)by, which is minimal if by, = (n—k+1)Q.
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If the 3-Partition instance has a yes-answer, implying that a perfect partition
exists, then we can construct a tour T for which by, = (n — k + 1)Q for all
k€ {2,...,n} (with by, defined as by, with respect to T), which inserted in (B)
yields:

COPT =C + R+ 2(2192 4Q(n — k + 1)by)

k72
<C+R+ Z(2bi74Q(nfk+1)Fl;k)
k=2
=C+R-2Q*>Y (n—k+1)2
k=2

=C+R-3Q*n(n—1)(2n—1)
< C+4Qn* — 1Q%n(n —1)(2n — 1)
=C+2K? - 1Q%n(n—1)(2n — 1),

using @ = KP and K = 2Pn* in the second term of the last line.
Notice that by, is a multiple of K for any k € {2,...,n}. Therefore standard
calculus tells us that

D 27 —4Q(n — k4 1)by, < —%Q%(n —1)(2n —1) + 2K
k=2

if and only if
by =(n—k+1)Q, forall ke {2,...,n}.

Therefore if no perfect partition exists then

COPT =C+ R+ 2(21)2 4Q(n — k + 1)by)
3622( 1)(2n — 1) +2K? .

We conclude that the 3-Partition instance has a yes-answer if and only if
1
COFT < ¢ - §Q2n(n —1)(2n — 1) + 2K2,

which completes the proof.

In the remaining part of the proof we show that the numbers m and M can be
bounded by a polynomial in the size of the 3-Partition instance, and still satisfy
the conditions that each edge (r,v;1) is traversed exactly once in each direction,
and that vertex wu; is visited before vertex z;.

Assume that the optimal tour traverses the edge (r,v;1) more than once in
each direction. For large enough M we can adjust the optimal tour to obtain a
tour with smaller total completion time as follows. When the optimal tour visits
vertex v;; for the first time we continue this tour by visiting all the remaining
vertices of root branch ¢ in the same order as they are visited in the optimal
tour. Next, we continue the optimal tour, leaving out the visits to root branch
i (except for vertex r). For any vertex, the delay in completion time in this
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new tour is at most 2((2n — 2 + 2Q)a; + m). On the other hand, for at least
one of the vertices of root branch ¢, the completion time is decreased by at
least 2l;. Therefore, the total decrease in the total completion time is at least
2l; — 2((2n — 2 + 2Q)a; + m)W, where W = 3n%(n — 1) + 3n + 2nQ is the
total weight of the tree. Now it easy to see that we can choose M such that
I > ((2n —2+4+2Q)a; + m)W for all i € {1,...,3n} and M is bounded by a
polynomial in the size of the 3-Partition instance and in m.

Now assume that the optimal tour traverses the edges (r,v;1) (1 = 1...3n)
exactly once in each direction but vertex z; is visited before vertex wu; for some ¢ €
{1,...,3n}. If we change the optimal tour by traversing root branch i according
to a 1-tour, then the completion time changes only for the vertices in root branch
i. The decrease in completion time for vertex u; is exactly 2(m+ (n—1)a;), and
the increase for the vertices vjo, ..., Vin, 2; is exactly 4Qa;. Therefore, the total
decrease becomes 2(m + (n — 1)a;) — 4Qa;(n(n — 1)/2 4 a;) which is a positive
number for m > 2Qa;(n(n —1)/2 + a;) — (n — 1)a,. O

We can strengthen Theorem [[a little. We can reduce the MLP with polynomially
bounded lengths and weights to the MLP with all vertex-weights 1 and all edge-
lengths either 0 or 1.

Corollary 1. The MLP is NP-hard for trees where all edge-lengths are either 0
or 1.

Proof. Let I be an instance of the tree-MLP with vertices v, ..., v, and edges
e1,...,em. Letw; (1 € {1,...,n})and ; (j € {1,...,m}) be the weight of vertex
v; and the length of edge I; respectively. From I we define an instance I’ of the
tree-MLP with all vertex weights 1 and edge-lengths 0 and 1.

We define weight w;, = Kw; on vertex v;, i = 1,...,n, where K is a large
number that we choose appropriately later. As mentioned before, vertex-weights
may be regarded as an equivalent number of points at distance zero from each
other. For edge e; with length [; incident to vertices u and v we insert [; —1 extra
vertices vj1,...,v5,—1 and the path w,vj1,...,v5;,—1,v containing [; edges of
length 1. The inserted vertices receive weight 1 and are referred to as intermediate
vertices. We do this for all edges of I.

Choose K > 2L(n + L —m)?, with L the sum of the lengths of all edges of
I. We claim that, for any positive integer C, there exists a solution with total
completion time C'(I) < C for I if and only if there exists a solution with total
completion time C(I') < KC.

If there exists a tour T” for I’ with C'(I') < KC, then the tour for I that
follows from 7" in the obvious way has total completion time less than C. On
the other hand, if there exists a tour T for I with C'(I) = C — 1, then the tour
T’ for I’ that follows from T in the obvious way has objective K(C — 1) + D,
where D is the total completion time of the intermediate vertices. It suffices to
show that D < K.

The number of vertices of I’ is n + L — m. Notice that 2L(n+ L — m) is an
upper bound on the length of the tour that returns to the origin every time a
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new vertex has been visited, which in its turn is clearly an upper bound on the
length of T”. Therefore, D < 2L(n+ L —m)? < K. O

The following statement is an obvious corollary of the above results. It makes a
clear distinction between edge-weighted and vertex-weighted trees.

Corollary 2. The MLP is strongly NP-hard for

(i) vertex-weighted trees, i.e. all edges have length 1,
(#i) edge-weighted trees, where all vertices have weight 1 and the edge-lengths
have integer values larger than or equal to 1.

Proof. The first follows directly from Corollary [Il and the observation that we
can replace any vertex of weight w by w vertices at distance zero from one
another. The second follows from Corollary [[] as well. Given an instance I of
the tree-MLP with all edge-lengths either 0 or 1 (and all vertex-weights 1 by
the definition of the tree-MLP), we define an instance I’ of the tree-MLP by
replacing an edge of length 0 by an edge of length 1, and replacing an edge of
length 1 by an edge of length K, where K is some large number. It is easy to
verify that if we choose K > 2n?, then a tour is optimal for I if and only if it is
optimal for I’. O
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Abstract. We design a new approximation algorithm for the metric
uncapacitated facility location problem. This algorithm is of LP rounding
type and is based on a rounding technique developed in [5l6/[7].

1 Introduction

In the uncapacitated facility location problem we are given a set of potential
facility locations F and a set of demand points D. Each point ¢ € F has an
associated opening cost f;. Once facility point 7 has been opened it can provide
an unlimited amount of certain commodity. A client j € D has a demand of
commodity that must be shipped from one of the opened facilities. We assume
that transportation costs of demand transferred from facility point 7 to demand
point j are proportional to the distance c¢;; between them. We assume that c is
a metric, i.e. ¢;; = 0 for all i € F, ¢;; = ¢j; for all 4,5 € DUF and ¢;; +cji > cik,
for all ¢, j, k € DUJF. The goal is to determine a subset of potential facility points
that minimizes the sum of total opening costs of facilities at these locations and
total service costs of all demand points from opened facilities.
This problem can be written as the following mixed integer program

minz Zcijl‘ij +Zfiyi, (1)

ie€F jeD ieF
> wiy=1, jeD, (2)
ieF
zi; <y, 1 €F,j€D, (3)
25 >0, 1€ F,je€D, (4)
y; €{0,1}, i € F . (5)

The uncapacitated facility location problem (UFLP) (another popular name
is the simple plant location problem) is one of the most studied and known
optimization problems. There are hundreds of papers on different aspects of this
problem (see the survey chapter of Cornuejols, Nemhauser & Wolsey in [31]
and short survey paper on polynomially solvable subcases of the problem by
Ageev & Beresnev [3]). In this paper we are mainly interested in approximation

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 240 2002.
© Springer-Verlag Berlin Heidelberg 2002
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algorithms with proven performance guarantees. We say that an algorithm has
performance guarantee p > 1 if it always delivers a solution within a factor of p
of optimum. We also call such an algorithm as p-approxzimation algorithm.

The first approximation algorithm for UFLP was built by Cornuejols, Fisher
& Nembhauser [16]. They obtain (1 —e~!)-approximation algorithm for the max-
imization variant of UFLP. Recently, Ageev & Sviridenko [4] obtained an 0.828-
approximation algorithm for this problem. The first approximation algorithm
for the minimization version of the general UFLP (¢ might not satisfy the tri-
angle inequality in this case) was built by Hochbaum [2I]. Her algorithm has
performance guarantee at most Inn + 1. Slightly better algorithm was recently
discovered by Young [33]. And it is easy to prove by a reduction from the set
cover problem that the general UFLP is at least as hard to approximate as
the set cover problem. On the other side Feige [17] proved that for any £ > 0
there is no (1 — €) In n-approximation algorithm for the set cover problem unless
NP ¢ DTIME(n'°8losm),

The most interesting special case of the general UFLP is the metric UFLP.
In this problem distance function c satisfies the triangle inequality. The first
approximation algorithm for this problem was obtained by Shmoys, Tardos &
Aardal [32] using clustering and filtering techniques due to Lin & Vitter [26].
The performance guarantee of their algorithm is 3.16. Guha & Khuller [I8] ob-
tain 2.408-approximation algorithm by combining Shmoys, Tardos & Aardal’s
algorithm with the greedy algorithm. They also proved that there is no an
approximation algorithm with performance guarantee better than 1.463 unless
NP ¢ DTIME(n'°8!°8") by the reduction from the set cover problem. Chudak
& Shmoys [12[14] improved the Shmoys, Tardos & Aardal’s algorithm by using
dependent randomized rounding and information about the dual linear program
to the linear programming relaxation of the problem ([))-(E). Their original per-
formance guarantee [12] was 1+ 2e~! a2 1.736 but using some additional tricks
they slightly improved it to 1.732 [14]. Charikar & Guha [10] obtained 1.728-
approximation algorithm by combining the primal-dual algorithm, the greedy
algorithm and the Chudak & Shmoys’s algorithm. Jain, Mahdian and Saberi
[22] obtained 1.61-approximation algorithm using technique developed by Mah-
dian et al. [27]. Recently, combining few different approaches Mahdian, Ye &
Zhang [28] obtained 1.52-approximation algorithm.

There are also few very interesting approximation algorithm for the metric
UFLP based on different ideas with worse performance guarantees: local search
algorithms was analyzed by Korupolu et al. [25], Arya et al. [9] and Charikar
& Guha [10], primal-dual algorithms was studied by Jain & Vazirani [23] and
Charikar & Guha [10]. Mettu & Plaxton [29] analyzed an algorithm very similar
with Jain & Vazirani’s one but their analysis doesn’t use the primal-dual tech-
nique. The advantage of such algorithms is that all of them are combinatorial and
very fast. All these techniques, developed originally for UFLP, was applied to dif-
ferent generalizations of this problem like capacitated facility location problem,
multilevel facility location problem and others [3223T5]T3|[TJ2530].
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Several authors considered the metric UFLP in special metric spaces. Arora et
al. [8] obtain a polynomial time approximation scheme (PTAS) for the UFLP on
the plane, later Kolliopoulos & Rao [24] improved running time of this PTAS and
they also generalized the result to the Euclidean spaces of constant dimension.
Ageev [2] obtain a PTAS for the UFLP on planar graphs for instances of UFLP
satisfying some technical condition.

The main result of this paper is an 1.582-approximation algorithm for the
metric UFLP. The result is based on few main ideas. We use clustering technique
developed in works [26J32[12/14]. We also use rounding technique developed in
[BI6[7] for the problems with cardinality constraint, these technique allows us
to derandomize randomized algorithms without actually constructing them. For
example, assume that you want to construct a randomized algorithm which
delivers an approximate solution with some expected value which is an analytical
expression but you don’t know how to do that. In some cases it is enough to know
the analytical expression for the expectation and have some concavity property
for this expression to construct a deterministic algorithm giving a solution of
value no more than expected one.

2 Structure Lemma

Consider a linear programming relaxation of the problem (I)-(@) obtained by
relaxing the integrality constraints (J) with the constraints

y; >0,ie F . (6)

Let (2*,y*) be an optimal solution of the linear programming relaxation and
let LP* be the value of this solution. The following lemma is an extension of
Lemma 4 in [I4].

Lemma 1. Suppose (x,y) is a feasible solution to the linear program (1)-(4), (G)
for a given instance of the uncapacitated facility location problem I and let o > 1
be some fized constant. Then we can find, in polynomial time, an equivalent
instance T and a feasible solution (i:;), (§;) such that both solutions have the
same fractional service and facility costs. The new instance Z differs only by
replacing each facility location by at most [a]|D]+ 1 copies of the same location
and the new feasible solution (Z;;), (;) has three additional properties:

1. ;5 =g; foralli e F, j €D such that Zi5 >0,

2.9 <1/ajie F,

3. For any demand point j there is a permutation 7 of facility points F and
facility point Wi(j) such that ¢z ; < Cryj < ... < cr,j (we omit superscript j

from 77 ) and Z:(:Jl) Ur, = 1/a.

Proof. We start with F = F and (%), (i) = (z7;), (y7) then on each itera-
tion we will change an instance of the problem by adding new copies for some
facilities, deleting the old ones and changing the current feasible solution.
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1. Pick any facility ¢ which violate the first property, i.e. there is a demand
point j such that 0 < Z;; < 9;. Let jo be a demand point with smallest value of
Z;; among all demand points with Z;; > 0. Instead of facility ¢ create two new
facilities 4; and i, with the same location and opening cost and set g;, = T4,
and Zj@ = gz — Lfijo. Then after that set ‘%ilj = t%ijo and ‘('Ein = ‘%ij — ‘%ijo for
all demand points j such that Z;; > 0. After that repeat the process until the
solution satisfies property 1 of the lemma. During the process, each facility in
our original instance can be copied at most |D| — 1 times.

2. The second property is proved in a similar way. If g; > 1/« we define a set
S; of at most [«] copies of facility ¢ and corresponding variables g, k € S; such
that >, cg Ok = ¢ and 0 < gx < 1/a, we also split the demand Z;; between
new facilities for any demand point j with &;; > 0.

3. For each demand point j € D fix any permutation 7/ of the new set of
facilities such that cq,; < cnj < ... < Cprpj. Let k= Ts(5) be the facility point
with smallest index s(j) such that %9 g, > 1/a. If 3229) 5, > 1/a then we
define two new facilities k' and k” instead of facility k. The facility assignment

variables are defined as follows gy = z:(zjl) Ur, — 1/ and g = G — -

We also modify the permutation 7: 7} = 7 for t = 1,...,5(j) — 1, ﬂ'g(j) =

k’,wg(j)ﬂ =K' and n] =7/ | for t = 5(j) +2,...,n+ 1. All demands assigned
to the facility & are splited now between two new facilities k' and k”. All other
permutations 7, w # j are also modified accordingly. If k = 7)Y then 7’ = 7}’
fort=1,...,u—1, 7y =k 7 =k and nf’ =7"  fort =u+2,...,n+ 1.
We repeat this procedure for each demand point j.

So, after application of this lemma we have a new solution for the instance of the
problem where we allow to locate few identical facilities at the same point. New
solution has the same cost and any integral solution produced by the rounding
procedure for the new instance can be easily transformed into a feasible solution
of original problem with the same or smaller value of objective function (we just
delete redundant copies of the same facility from approximate solution).

3 Approximation Algorithm: General Idea

On the first step of the algorithm we solve linear programming relaxation (II)-
@.0.

On the second step we choose a parameter « € [1, +00) from some probability
distribution g(«) defined later (actually, g(«) will have nonzero value only when
a € [1,1.71566]). After that we construct a new instance (Z, ) of the problem by
applying the algorithm from the Lemma[Iland define a new solution ; = ag;, i €
F which is feasible by the second property from the Lemma [ll For convenience,
we redefine F = F. New demand assignment variables Z;; are defined in an
obvious way by using third property from the Lemmal[l: Z;; = @; for closest s(j)
facilities and Z;; = 0 for all other facilities, where 7’ () 15 a facility defined in
the third property in the Lemma [I1
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On the third step we define a set of d nonoverlapping clusters Ki,..., Ky
(i.e. K,N K, =0 for any p,q =1,...,d) where each cluster is a set of facilities.
Each cluster K = Kj, ..., Ky satisfies the following equality >, , 7 =1 . The
exact description of the clustering procedure will appear in the next section.

On the fourth step for each demand point j we define a function Fj(z1, ..., zn,
a) of n = |F| variables z; € [0,1] and variable & > 1. Note that the definition
of the functions depends on a fractional solution (Z,§) and clustering defined on
the third step. These functions satisfy the following properties for any fractional
solution 21, ..., 2, such that ) ., z; = 1 for any cluster K = Ky,...,Kqg:

1. f1+oo (ZjG’D Fj(:ljl, e ,gn, 04) —|— Zie]—' fzgz) g(a)da S 1582LP*

2. for any cluster K = K, ..., K  with at least one fractional facility in it there
exist two fractional facilities p,q € K such that the functions ¢;(e,p,q) =
Fi(z1,...,2p+¢€,...,2g —€,...,2n, ) are concave functions of variable ¢ €
[—min{zy, 1 — 2z}, min{1 — 2, z,}]

3. the functions k;(e,p) = Fj(21,...,2p +¢,...,2n, ) are concave functions of
variable € € [~2,,1 — 2,] for any facility point p € F \ UL, K;

4. for any integral solution z1, ..., 2, such that there is at least one integrally
open facility in each cluster Ki,..., Ky the value of Fj(z1,...,2n,a) is an
upper bound on the distance from the demand point j to the closest open
facility in the solution z1,..., 2z,

The firth step of approximation algorithm is the so-called ” pipage rounding”.
Let z1,...,2, be a current fractional solution. In the beginning of the rounding
procedure z; = y;,1 € F and at the end z1, ..., z, is an approximate fractional
solution with exactly one integrally open facility in each cluster K = K1,..., Ky.
During the rounding we always maintain the property that >, _, z; = 1 for any
cluster K.

If there is a cluster K with a fractional facility inside then we choose two
fractional facilities p and ¢ from cluster K such that all functions ¢;(e, p, q)
are concave (Property 2). Let z;(¢) = z if ¢ € F\ {p,q}, zp(e) = zp + ¢ and
z¢(€) = zq4 — €. Let 1 = min{z,, 1 — z,} and €5 = min{1 — 2, z,}. The function

G(e) =Y ile,p.q)+ Y fizile)

jeD ieF

is a concave function of variable € on the interval [—¢;,e3] and therefore it is
minimized when € = —&; or € = g9, in particular min{G(—¢1), G(e2)} < G(0).
Let ¢* € {—¢1,e2} be the value of ¢ minimizing the function G(e). We define
z; = z;(e*) and repeat the "pipage” step for the new solution z until all clusters
contain a facility integrally assigned to it. Note that on each pipage step the
number of fractional variables is decreasing.

The sixth and the last step is the final rounding. In the end of the previous
pipage step we had a fractional solution such that each cluster K contains a
facility 4 with z; = 1 and ), z; = 1. We apply a simpler rounding procedure
since we do not have fractional facilities inside of clusters.
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We choose any fractional facility p. Let z;(¢) = z; if i € F\ {p} and z,(¢) =
zp + €. Let €1 = 2z, and €3 = 1 — 2,,. The function

G(e) = Z Kj(e,p) + Zfizi(d

JjED i€F

is concave (Property 3) and therefore it is minimized on the endpoints of the
interval [—e1,¢e2]. Let €* € {—e1,e2} be the value of ¢ minimizing the function
G(g). We define z; = z;(e*) for i € F and repeat rounding step again.

In the end of the rounding procedure we obtain an integral solution z1, ..., z,
such that

ZFj(le-~7Zn7a)+Zfizi S ZFJ(17177gnua)+Zf1gz .

j€D ieF j€D i€F

Moreover, Property 4 guarantees that Fj(z1,...,%n,a) is an upper bound on
the distance from the demand point j to the closest open facility in the solu-
tion z1,..., 2z, and therefore by Property 1 the solution zi,..., 2, is an 1.582-
approximation solution for the metric uncapacitated facility location problem.

4 Approximation Algorithm: Details

In this section we describe the clustering procedure and give the definition for
functions F}; then in the next few sections we show that F} satisfy properties
(1)-(4).

Let N*(j) = {i € Fl|z;; > 0}, i.e. N*(j) is a set of facilities fractionally
serving j in the modified fractional solution, let R;(a) = max;cya(jycij be a
radius of N(j). Let Cj(a) = >_,c ya(;) CijTij be a service cost of demand point
Jj in the modified fractional solution (Z,y). Notice that C;(«) is a nonincreasing
function of o and in general Cj(a) can be smaller then C;(1) = 3,2 n1(j) Ci23;-
Let D' = () and let j; € D be a demand point such that Rj, (a) + Cj, (o) =
minjep (Rj(a) + Cj(a)). Add j1 to D’. Delete j; and all demand points j such
that N%(5) N N%(j1) # 0 from D (we will call such demand points as demand
points assigned to cluster center ji). Delete the set of facility points N*(j1)
from F and repeat the clustering procedure until D is empty. This clustering
procedure defines a set of clusters K1 = N%(j1),...,Kqs = N%(jq) and a set of
cluster centers D’ = {j1, ..., jq}. Notice that by construction N*(j)NN(5') =0
for any two different cluster centers j,5' € D’ and by the third property from
the Lemma [Tl ZieK y; = 1 for each cluster K = Ky,..., K .

We now define functions Fj(z1,..., 2, a) for all demand points j. Variable
z; always represents the fraction of facility assigned to facility location i € F.
Originally, i.e. in the moment when we define functions F; z;, = 4; = ag.
Assume that demand point j was assigned to some cluster center ji. For each
demand point j let 77 be the permutation on the set of all facility location
points F such that ¢, ; < ¢rj < ... < ¢n,; (We omit superscript j from 77)
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and Nj = U, {m} where m = [N}|. The function Fj(z1,...,2n, ) is defined
as follows if Njo; C le then Fj(z1,..., 20, @) =

m—1 m

CryjZm FCryi (L= 25 )2y +. . FCrpj (H (1- zﬂk)> Zo, H 1—2r,.),
k=1 k=1

if N&\ N} # 0 then Fj(z1,...,2,,a) =

m—1
CrijZm + Crpj(1 = 20y ) 2my + oo+ Cryj (H (1- Zﬂ'k)) 2t
k=1

> ieNa \N1 Ciji Zi
5\ ) ™

; 124
X:ZENJ‘.X)c \N]. %

H(l - Z'ﬂ'k) <cjjk +
k=1

where c¢;;, is a distance between demand point j and cluster center jy.

The intuition behind this definitions is that if N7 \le # () then Fj is an
upper bound for the expectation of the distance from demand point j to the
closest open facility in the following random process. Open a facility at the
facility point ¢ € N jl at random independently with probability z;, if we didn’t
open a facility in IV jl during this process then open one facility from N3 \ N jl
at random such that facility 7 is chosen with probability z;/ ), N§ AN z;. If

N7 C N jl then noticing that ¢, ; = R;(1) we can define the similar random
process. Open a facility at the facility point 75 at random independently with
probability zr, for £ = 1,...,m — 1, if this random process didn’t open any
facility we open a facility at the point 7, with probability 1.

The reason we use a deterministic rounding instead of randomized one is that
we don’t know how to construct a random process which guarantee the above
expectations for all demand points. The randomized rounding due to Chudak
& Shmoys [12I14] gives similar expectations but they are a little bit different.
Instead of distance from demand point j to the facility location point 7y they
have some average distance from j to the set of facilities which belong to the
same cluster (see [12]14] for details).

5 Proof of Properties

To prove that our approximation algorithm has performance guarantee 1.582 we
need to prove four properties for functions Fj.

Theorem 1. The function Fj(z1,...,%n,a) satisfies Property 2.

Proof. If there is a cluster k with some fractional facilities in it then we chose
two facilities p, ¢ to be fractional facilities in the cluster K = N 5. with longest
distances to the center ji, i.e. cpj, and ¢4, are the biggest among all distances
between j, and other facilities in Nj;. We prove that for this choice of p,q
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the second derivative of ¢;(e,p,q) is always negative for ¢ € [—min{z,,1 —
zq}, min{l—z,, z,}] and therefore ; (e, p, ¢) is a concave function on this interval
for every j € F. See next section for details.

Property 3 follows from the fact that functions ; (e, p) are linear in € for any
index p e N jl. We now prove Property 4. Let ¢ be a closest to j opened facility.
We know that ¢ € N ]-1 U N, since there is always an opened facility in N7 . If
q€ le then 2, = 0 for all facilities p such that 7=1(p) < 771(q), therefore there
is only one non-zero term in the expression for Fj(z1,...,2n,a) and this term
is equal to cgj. If ¢ € N* \ Nj then Fj(z1,. .., 2n, @) = ¢jj, + Cqj, > cq; by the
triangle inequality.

To prove Property 1 we define the density function g(z) as follows

(@) = Ke if1<z<B,
9\r) = 0,  otherwise,

where e is the base of the natural logarithm, B = 1.71566 and

B o \ !
K= ( / egdx> ~ 0.839268
1 x

is a constant normalizing g(z).

Theorem 2.

+oo
/1 ZFJ(gh»gnya)‘i’Zflgz g(a)dag

j€D i€F
B _ -
B a/B _ o
<max {K +/1 %g(a)da7

/13 B(1— e=*/Bg(a)da + /13 aeg(a)da,

/1B ag(a)da} + /13 e‘“g(a)doz) LP* = pLP*

Proof. The proof of this theorem is rather complicated from technical viewpoint,
so we put it into Sect.[dand[§ It consists of many auxiliary lemmas on properties
of F; and the proof that g(x) is a solution of certain integral equation of Volterra

type.

We compute each quantity in the above expression and the performance
guarantee p of our algorithm numerically by Mathematica

p ~ max{1.30404, 1.25777,1.30404} + 0.27707 = 1.58111 .

Note that our algorithm can be simply derandomized using the discretizing of
the probability space and choosing the best parameter « from the discrete prob-
ability space. The simplest way to do it is to split interval [1, B] into sufficiently
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many equally spaced intervals and then run the algorithm on each of the end-
points of subintervals. Using this approach we are loosing small constant € in
our performance guarantee which can be made arbitrary small by decreasing the
length of subintervals.

6 Property 2

Proof of Theorem [Il. Assume that we have the cluster K = K, ..., Kq with
at least one fractional facility (then we must have at least two fractional facilities
due to the property that ), , z; = 1) and center ji. Choose two fractional fa-
cilities p, ¢ € K with biggest distances c,;, and cy;, among all fractional facilities
in K.

Fix j € F. We consider now few cases. Assume that j was assigned to the
cluster center jy. If N7, C le then it is easy to see that the function ¢, (e, p, q) is
a quadratic polynomial in €. Moreover we will prove now that it has nonpositive
main coefficient and therefore the function ¢;(e, p, ¢) is concave in this case.

W.lo.g. we assume that facility p is closer to j then facility ¢, i.e. 771(p) <
771(q), therefore we can explicitly write the main coefficient in quadratic poly-
nomial ¢;(e,p, q) as

Cqj H (1_Z7Tk) e?—

ke{l,...m=H(@)=1}\{=—"(p)}

Z Cryj | #me H (]‘_Zﬂ'k) e’

t=m—1(q)+1 ke{l,....t=1\{w=*(p), 7~ ()}

R;(1) I1 (1—2x,) | % <
ke{l,...mN\{7=1(p),7—1(q)}

qu52 H (1 - Zﬂk) X
ke{l,..., 7= (q)—1}\{r—1(p)}

m t—1 m
1- Z Zm, H (I—=2m) | — H (I1=2q)]=0.
t=n-1(q)+1 \  k=r-l(q)+1 k=n-1(q)+1

If N2 \N71 # () then if both p,q € N2 \le then ¢;(e, p, q) is a linear function
since only the last term in (7)) is nonconstant and +e¢ and —e are canceled in
denominator of

2ieng \w} Cig%i(€)

ZieN;"k \N} zi(€)

If both p,q € le then we claim again that ¢;(e,p, q) is a quadratic polyno-
mial in e with nonpositive main coefficient since z;(¢) = z; for i € Nf* \ N}. The
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proof is very similar to the case when N¥ C N jl. We just should use the fact
that
ZieNJFZ\le Cijyi(€) ZieN]‘?;\le (ciju + €5 )%i
Cig + ' = :
§ ZieN;k\le zi(€) EieN;*k\le Zi

ZieN]ak\le CijZi -
~ o ZCmmj -
ZieN;k \N! 25
The last inequality follows from the fact that ¢;; > ¢y, ; for any i € N5t \ N
Note that this case covers the case when j was not assigned to the cluster center
Ji but p,q € le if le contains only p or only ¢ and j was not assigned to the
cluster center jj then ¢;(e,p,q) is a linear function in e.
We now consider the most difficult case when ¢ € N NN and p € Nt \ N,
In this case the nonlinear term of ¢, (e, p, q) is

[[0- 2o (ZiEka\N; Cz‘n%@) |
k=1

ZieN;k \N} Zi (€)
If number of remaining fractional facilities in the set Nj* \ N ]_1 is exactly one
then we assume that

(8)

€N \N} Cijnzi(€)

ZieN]‘?;\N]? zi(€)

= Cpjy, -

The reason we stress it out is that we can have a division by zero during
rounding if we would treat the above expression as function of e. Therefore
©;(¢,p,q) is a linear function in this case.

So without loss of generality we consider the case when there are at least two
fractional facilities in the set N \N}. Dividing (B) by the positive constant factor
o X Mreqrmpvim1(0)3 (1= 2m(6)) = Cpjic X [reqn,.mpy g1 (@03 (1 — Zmi) We
obtain that nonlinear term (B)) is proportional to

e+ Diens \N} Cidi i/ Cpii )

€+ iene \N1 Zi
Ik J

(lqure)(

Let A=1—24, B= ZieN}*k\le Cijy %/ Cpjp and C = Eieka\N} z;. We want

to prove concavity of the function (A +¢)(B +¢)/(C +¢€). Note that C+¢ >0
since € € [—min{z,, 1 — z,}, min{1 — z,, z,}] and there are at least two fractional
facilities in the set N \ N}. The first derivative of this function is

A+e B+e (A+e)(B+e)
C+e C+He (C+¢)?

and the second derivative is equal to

2 2044+¢)(B+¢e) 202+ A+ B)
C+e (C+e)3  (C+e)?
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We claim that
(C+e)?+(A+e)(B+e)<(264+A+B)(C+e) .

And therefore the second derivative is nonpositive when ¢ € [—min{z,,1 —
z¢}, min{l — z,, z4}]. Indeed, the above inequality is equivalent to the inequality
C? + AB < AC + BC, which is equivalent to B(A — C) < C(A — C). We prove
it by proving two inequalities A > C' and B < C.

The inequality A > C' is equivalent to 1 — z; > 7, ya \ 51 2 Which holds

Ik J
since g € N NN} and 1 =3, na 2.
Tk
The inequality B < C'is equivalent t0 ), ya \ vt Ciji2i < Cpji (Doje v \ N1 i)
Ik J Ik J

which holds since we chose p, ¢ to be furthest facility points from the cluster
center ji. Therefore the second derivative of ¢;(e,p,q) is negative when ¢ €
[—min{z,, 1 — z;}, min{1 — z,, z,}], this implies the statement of the lemma.

7 Property 1: Technical Lemmas

We now prove few technical lemmas on the auxiliary properties of F;. Let r;(t) =
R;(1/t) and recall that R;(1/t) is a smallest number such that a ball of this radius
around demand point j contains facilities with total sum of facility assignment
variables of least ¢t. The first technical lemma establishes the connection between

ri(t), Rj(c) and Cj(a).

1/« +oo .
Ci(a) :a/ rj(t)dt:a/ Rfy(;)d'y .
0 @

Lemma 2.

Proof. Shmoys, Tardos and Aardal (Lemma 10, [32]) proved this statement for
o = 1, our proof is very similar. Recall that cr,; < ... < ¢g,, ;. The function

;(t) is a step function and it is equal to ¢, ; for every ¢ € (Z]S:ll Yr.» 25:1 Yr.]
we use the fact that yf = z;). Let ¢ be an index such that
Yi ij

q—1 q
Vae(d yr D> unl -
s=1 s=1

Hence,
q—1 q—1
Ci(@) =i (1= Trj | + Y Crrjlmy =
s=1 s=1
qg—1

0

1 q—1 1/«
alCrgi| o~ Zx;sj +chijj‘rsj = a/ rj(t)dt .
s=1 s=1

The second equality is trivial since we just should change variable ¢ into variable
v =1/t
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The next lemma is basically a reformulation of some property of expectation
used in [12/14].

Lemma 3. In the case when Nj, \le # 0 for some cluster center j and some
demand point j assigned to it, the following inequality holds

; 1 C44,. %5
Siens v i

Cige T 5 ~— < B(1) + Rj(e) + Cj(a)
ey, \N}

Proof. If there is a facility ¢ € N NN{ such that cgj, < Cj, () then by triangle
inequality ¢;;, < ¢jq + g4, and since ¢jq < R;(1) and ¢;;, < Rj, (o) we obtain

, 1Cij, %
ZzeN;;\Nj ik %

Cjj T 5 ~— < Bi(1) + i) + Ry (a) < R;(1) + Cj(a) + Rj(a)
iGNJFZ\le 4

where the last inequality follows from the definition of cluster centers.
If ¢qj, > Cj, (a) for all facilities ¢ € Nj N N¢ then

YieNa \N! CifnZi Diene CijkZi
Ik J Jk

S = Cj.(Oé) .
EieN]‘?‘k\N_} Zi Zz‘eN;k Zi *

Using the fact that by triangle inequality c¢;;, < R;(1) + R;, () we obtain the
statement of the lemma.

Lemma [3 implies that

Fj(gl,...,gma) < C7T1jg7f1 +C7T2j(1 _gm)ym + .+

Crmj (1:[ (1 = Y, > Yrp T H = Ur.) (R;(1) + Rj(a) + Cj(a)) .

k=1

Lemma 4.

CryjYm + C7T2j(1 - gﬂ'1)g772 toot G <H — Ymi ) Yr T+

m ) 1 ot B
1)]}:[1(1yﬂk)g/o ae” % (t)dt + Rj(1)e

Proof. Recall that the way we modified the solution (z*,y*) in Sect. 2 guar-
antees that 7; = ayf = axj;. Let Y1 = @r,,Ys = (1 - Gy VUmgs e+ Ym =

( Z:(l fﬂﬂk)) U,y and Vi1 = [[1 (1 = r,). Let Zy = 1 — e %1, 7y =

m—1 v m
=e —ad Yri — e —ad i Ve and Z,41 = e %
We claim that these two sequences of numbers satisfy the following properties:

e~V —emolity) 7
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Pl Zm-‘rl Em-‘rl Zi=1,
P2. Zi:1Yi > Zilei,k: =1,....m

The first property follows directly from the definition of sequences and the
fact that > -, Yr, = 1. We now derive the second property:

k

k k
SVim1-[[0-ge)z1-e "X =Y 7
i=1

=1 i=1

k
where we applied the well-known inequality Hf;l(l —pi) <e 2P for 0 <
pi < L

Since r;(t) is a step function and f; ae”dt = —e "

o we obtain

1
/ ae” ' (t)dt = cp,j 21 + CryjZa 4 ..+ CrpiZim
0

Therefore, what we really need to prove is the inequality
Cﬂljyl + C7r2jY2 +.o.F Cﬂm]Y + R ( ) mt1 <

cijl +Cﬂ-2jZQ+...+C7rijm+Rj(1)Zm+1 . (9)

We claim that the inequality (@) holds for any sequences of positive numbers Y
and Z satisfying properties P1, P2 and any sequence 0 < ¢ j < ¢y < .00 <
Crj < Rj(1), the similar mequahty was proved by Hardy, Littlewood and Polya
[20].

Lemma 5. For any real number B > 1 the following inequality holds
1 1/B B 1
/ ae”r;(t)dt < B(l—e_“/B)/ r;(t )dt—i—Bf(e_o‘/B—e_a)/ 7, (t)dt.
0 0 1/B

Proof. The proof is a direct application of the following integral inequality. We
are given two monotone functions ¢g(z) and r(x) on the interval (a, b). If function
g(x) is nonincreasing and function r(z) is nondecreasing then

/abg<x>r<x>dx < U g(”df,) rot) (10)

—a

The above inequality is a special case of the Chebychev Inequality (see inequality
236 for an integral version or Theorem 43 for the finite version of this inequality
n [20]). Note also that Chebychev Inequality we mentioned above is different
from the well-known probabilistic inequality with the same name.

To prove Lemma [5] using the inequality (I0), we just split the integral
fol ae”*r;(t)dt into two integrals, one on the interval [0,1/B] and another on
the interval [1/B, 1] and apply the inequality (I0) to each of these integrals.
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Lemma 6 (Chudak & Shmoys [14]).
> R;(1) <LP* .
jJED

We reformulated this lemma using our notations. The proof uses the connection
between R;(1) and dual variable corresponding to the demand point j in the dual
LP to the linear relaxation ({)-(d),(@). We omit the proof from this version of the
paper. The following lemma can be checked by a straightforward computation.

Lemma 7. The function f(x) = ;—2 is a solution of the following integral equa-

tion .
z?e " f(z) + / te 'f(t)dt =1 .
1
From above lemmas we derive the following upper bound on F} (g1, . - ., §n, @)
for any j € D.

Theorem 3.

+oo R.
Fj(ﬂl,...,gjn,a) SB(l*Eia/B)/ ;(J)d'y+
B

gty [ e () s mye) va [ )

o 72

8 Property 1: Proof of the Theorem 2]

We want to estimate above the following quantity

+oo
/; ZFj(glv'-wynaOé)+Zfiyi g(Oé)dOz

JjED i€F
using optimal value of linear relaxation LP*.

By Theorem [3,
400

Fj(glu s 7§naa)9(a)da <
1

Bl_e—a/B/ J dvy + —a/B /
/ ( ( )[R

feo (Rj(a) + a/;oo Rfy(g)dv + Rj(1)>) g(a)da =

We will simplify this expression using Fubini’s Theorem (switching the order of

integration).
R ([T e
:/ 4= (/ B(l—e /B)g(a)da> dry+
B v 1
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/IB RJV(;) </1+°° %(eiQ/B - ea)g(a)da> dvy + /1+OO e “R;(a)g(a)da+
/1+Oo R;(2’Y) (/1’Y ae_ag(a)da> dy+ R;(1) /1+Oo e “g(a)da =

Renaming variable « to v in the third integral we continue.

+oo +oo
-/ R;?)chw Lr0) [ e gayda

where
“+o0 B Y
Fo) = [ 5P e gla)da+ 4% () + [ ae glayda,
1 - 1
if 1 <+ < B and
+o0 Y
Fiy= [ B - e /B)g(a)da+~% Tg() + / ae=®g(a)dar,
1 1

if ¥ > B. Using Lemma [7] and the fact that g(v) = 0 if v > B we simplify the
expressions for F(7):

Flyy = LI 0em™/% —em)gla)da + K, if1<v<B,
Y TVSE BA - e /B)g(a)da + [P aeeg(a)da, ify > B.

Therefore, F(7y) is a step function and

B B
F(v) < max {/1 B(1 — e “B)g(a)do +/1 ae” “g(a)da,

B
/1 S (/B e g(a)da+ K} .

We are ready now to prove Theorem [l

+oo
/1 ZFj(gla"wgna +Zfzyz da<

JED i€F

Z;; (/1+OO R;(;)F(V)Ch + R;(1) /1+OO e“g(a)da> +
/joo (@)da ) fiy; <

i€EF

We continue applying Lemmas [2] and [6]

???F C;( </ da) LP g(a)da Z fiyi <

JED i€F

<max {@?F(y), /1 o ag(oz)da} + /1 - eag(a)da> L.
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9 Conclusion

In this paper we obtained an approximation algorithm for the metric uncapac-
itated facility location problem using new rounding technique and many new
technical lemmas. The most interesting new technical lemma is Lemma [4] which
is a refinement of Lemma 17 from [14]. The rounding technique we used in this
paper is rather general and can be implemented in the similar way for other
more general facility location problems like fault tolerant facility location [19] or
facility location with outliers [11].

The performance guarantee in this paper can be easily improved by using
more numerical methods. Instead of using Lemmal[f we could choose the density
function g(x) as scaled solution of the following integral equation

B T
/ te_t/“”f(t)dt—&-xze_zf(x)—i—/ te U f(t)dt =1 .

1 1

Unfortunately, this equation does not seem to have an analytic solution, it can
be solved by discretizing an interval [1, B] and solving a corresponding system
of linear algebraic equations. Notice that numerical computations show that for
big values of constant B the function g(x) becomes negative and therefore we
should be careful in choosing a value for B. Since all our numerical experiments
gave a constant worse then recently announced 1.52 [28], we decided to omit
the description of more exact estimation of the performance guarantee of our
algorithm.
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Abstract. We investigate the problem of reconstruction a surface given
its contours on parallel slices. We present a branch-and-cut algorithm
which computes the surface with the minimal area. This surface is as-
sumed to be the best reconstruction since a long time. Nevertheless there
were no algorithms to compute this surface. Our experiments show that
the running time of our algorithm is very reasonable and that the com-
puted surfaces are highly similar to the original surfaces.

1 Introduction

We investigate the problem of reconstruction a surface given its contours on
parallel slices. This problem has its applications mainly in medical imaging such
as computer tomography (CT) and magnetic resonance imaging (MRI). The re-
sult of those scans is a series of slices of the object. These slices are converted
by edge-detection methods to sets of simple, non-intersecting polygons, called
the contours. These are the input of our algorithm. The goal is to visualize the
original surface in a computer. Typical visualization software requires triangu-
lated surfaces as input. Thus, we have to solve the surface reconstruction from
planar contours problem, i.e. we have to convert the polygonal slices to a trian-
gulated surface that looks like the surface of the original object. The problem is
illustrated in Fig. [

It is assumed since a long time [7JI0] that the triangulated surface with
minimal area is the best reconstruction. As we will see, the problem to compute
this surface is NP-complete. Up to now there where only algorithms that solve the
area minimization problem either for special cases [10J§] or only approximatively
[718]. We present a branch-and-cut algorithm which computes the surface with
the minimal area exactly. Our experiments show that the running time of the
algorithm is very reasonable and that the computed surfaces are highly similar
to the original surfaces.

We assume that the reader is familiar with basic polyhedral theory and
branch-and-cut algorithms. For an introduction, we refer to [14]. In Sect. 2
we relate our work to extant work. In Sect.[3, we introduce some basic notations
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Fig. 1. The input is a series of parallel slices. We compute a triangulated surface

and definitions. In particular, we give two possible characterizations of triangu-
lated surfaces. These characterizations lead to integer linear programming (ILP)
formulations formulations, which are given in Sect.[d. Our investigations on the
corresponding polyhedra follow in Sect. Bland[6], respectively. In Sect. [[] we show
the NP-completeness of both problems. In Sect.[§ and[@ we describe the resulting
branch-and-cut algorithms and the experiments we made with the algorithms.
Finally we give some conclusion.

2 Comparison to Extant Work

Our algorithm as well as most previous algorithms compute the triangulated
surface by iteratively computing the part of the surface that lies between two
neighbored slices. Thus we assume in the following, that we want to compute
a surface between two parallel slices. Most previous algorithms split the surface
reconstruction into three subproblems.

1. the correspondence problem, i.e. the problem to decide which contours on
the one slice are connected to which contours on the other slice.

2. the branching problem, i.e. if there is no one-to-one correspondence between
the contours on the two slices, the contours must be split (see Fig. [2d) or
connected (see Fig. 2k) by adding one or two additional segments to the
contour. These segments are called the bridge.

3. the tiling problem, i.e. given one contour in each slice which triangles should
be chosen to get an appropriate surface

Keppel [10] proposes to solve the tiling problem by area minimization, i.e.
given two contours, the triangulated surface with the minimal surface area should
be chosen as reconstruction. Sederberg, Hong, Kaneda, and Klimaszewski [8] go
one step beyond and propose to solve the branching problem by area minimiza-
tion, too. They describe an algorithm that, given two contours in one slice and
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Fig. 2. Different solutions for the branching and correspondence problem

one contour in the other slice, computes the best possible bridge, i.e. the two
segments, so that the area of the minimal-area triangulated surface is minimal.

We go even a step further and solve the correspondence problem by area
minimization, too. Thus we have to deal with the following problem: Given a set
of contours in two parallel slices, we compute the triangulated surface with the
minimal area.

3 Definitions and Notation

We introduce some notations. We assume that we are given the set of contours
on the two slices as a graph G = (V, 5), whose nodes V correspond to the corners
of the contours and where two points are connected by an edge in S, if the points
are connected by a segment in a contour. Let n = |V| and & be the number of
polygons in G. Let furthermore E be the set of edges of the complete graph
over V and T all possible triangles over V. A triangle is adjacent to a point p or
an edge pq if it contains the point or the edge, respectively. We call edges in S
segment edges and edges in F'\ S non-segment edges. Let F' be a set of triangles
over V. For two points p,g € V let F, ={t € F |pet}, F,y={t € F,|qget}
and EP(F) = {rs | prs € F}. Furthermore we assume that the contours are
directed in some way. For a point p let p~ its predecessor on the contour and p*
its successor. We also assume that the contours are numbered from 0 to k — 1
and that @ is the addition modulo £. For a point p let ¢, the index of the contour
of p. For an set of edges E' C E let E"" = {pq € E' | ¢, = ¢, = i}. For a subset
VICV,let Vi={peV'|c,=i}.

First we have to characterize those sets of triangles that correspond to tri-
angulated surfaces for the input. We define a triangulated surface between two
slices as a set of triangles with the following two properties.

1. For each segment-edge of an input contour, exactly one triangle adjacent to
it is in the surface.

2. Each non-segment-edge is either in the surface or not. In the first case, ex-
actly two adjacent triangles are in the surface, in the second case no adjacent
triangle is in the surface.

One could further restrict the set of surfaces by insisting to the following property.
3. Let F be the set of the triangles of the surface. Then EP(F) is a path betweeen
p~ and p* for every p € V.
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The last property forbids configurations as shown in Fig. Bk to be surfaces. We
call surfaces with property Bl normal surfaces. If we do not restrict the surfaces
to have property [3l we talk about general surfaces. We present ILP-formulations
and derive branch-and-cut algorithms for both cases. In all our experiments, the
general surface with the minimal area was a normal surface.

Let C = (po,...,pi,p0) be a cycle. A set of triangles F closes the cycle, if
|Fpq| =1 for all edges pg of the cycle and |F,,| is 0 or 2 for other pairs of points
in {po,...,p1}. Furthermore P (F) is a path between the two adjacent points of
pi- A cycle can be closed e.g. by the triangles p;p;11p;, 0 < i < [—2. One possible
normal surface is obtained by closing all contours. It is an easy observation that
all segment and non-segment conditions are satisfied for this surface.

4 ILP-Formulations and Cutting Planes

Both ILP-formulations use binary decision variables for the triangles, indicating
whether a triangle belongs to a surface or not. For all triangles t € T, let a;
be the surface area of the triangle t. The first two conditions above are easily
formulated as linear constraints.

teT
s.t. Z xp =1 for all pg € S, (1)
tETpq
> w<2 for all pg € E \ S, (2)
t€Tpq
Tpgr < Z Tpgs for all pg € E\ S,r € V\ {p,q}, (3)
seVr\{a}
xy € {0,1} forallteT .

The Equalities ([I)) enforce for each segment that exactly one adjacent triangle
in the surface, thus property [Ilis satisfied. To guarantee property 2] we need two
classes of inequalities. The Inequalities () enforce that at most two triangles
adjacent to a non-segment-edge are selected and Inequalities (@) enforce that
either no triangle or at least two triangles adjacent to a non-segment are selected.

The following lemma is crucial for the formulation for normal surfaces and
for the validity of the cutting planes we use.

Lemma 1. Let F be a surface and p € V be fized. The edges EP(F) form a
unique path P between p~ and p™ and a, possibly empty, set of cycles C1,...,Cj.
Furthermore P,C1,...,C} are pairwise node-disjoint.

Proof. From property [1l we conclude that there is exactly one edge adjacent to
p~ and pt. From property @ we conclude that for all other points there are either
0 or 2 adjacent edges. a

We now introduce some additional notation. For a point p let GP = (VP EP)
be the complete graph whose nodes correspond to V'\ {p}. We call a set of edges
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E’ C EP a p-path configuration, if E’ is the union of a path P between p~ and
pT and cycles C4,...C}, so that P,Cy,...,C; are pairwise node-disjoint. This
name is justified in Lemma ] where we show that for every p-path configuration
P there is a surface F, so that EP(F) = P.

Observation 1. If Zq,rGVP QgrZqr < ag 15 a valid inequality of the p-path con-
figuration problem in GP, the inequality qureTp GgrTpqr < ag 15 valid for the
general surface problem. Analogously, if quevv GgrZqr < ag 5 a valid inequal-
ity of the (p~,pT)-path problem in GP, the inequality >
valid for the normal surface problem.

pareT, YarTpgr < ag 18

This transformation of an inequality for GP to an inequality for the surface
problem is called lifting. The reverse transformation is called projection.

Look at any (p~,p*)-cut in GP. At least one edge of any path between
p~ and p* crosses this cut. Lifting the corresponding inequalities leads to the
following (exponential) class of valid inequalities for the general and normal
surface polytope.

ST gy >1forall V/ {pT} SV CVP\ {pT}. (4)
qeV/ reVP\V/

We use this inequalities as cutting planes. We show a separation algorithm in
Sect. B

To restrict the set of feasible solutions of the ILP above to normal surfaces,
we have to eliminate those surfaces, where at least one set EP(F) is not only a
path from p~ to p* but contains also a cycle C. The following (exponential) set
of inequalities can be used.

S me < > apsforallpgeVi{g SV CVP\{p~.pt}.
reVe\{q} reV’,seVe\V/
(5)

We first argue the validity of the inequality. Look at a node p and the path
between p~ and p* of the edges EP(F'). Let ¢ be any node. If ¢ is not on the
path, the left hand side of the inequality is 0 and thus the inequality is satisfied
for all V'. If q is on the path, the left hand side of the inequality is 2. The right
hand side of the inequality is at least two, since there is a path from ¢ to p~ and
a path from ¢ to pT.

We now argue that the inequalities restrict the set of feasible solutions as
desired. Assume that for one point p the edges EP(F) form a path P and a cycle
C'. Choosing ¢ as any point in C' and V' as the set of nodes in C, the left hand
side of the inequality is 2 whereas the right hand side is 0. Thus this inequality
is violated.

We handle these inequalities also by separation. The separation algorithm is
given in Sect. Bl
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5 Polyhedral Investigations for General Surfaces

We want to show that all described inequalities of the general surface ILP are
facet defining.

If one takes a closer look to the inequalities, one makes the following obser-
vation: for every described inequality ax < b for the general surface polytope,
there is at least one point p, so that a; = 0 for all t € T'\ T},. Thus we can project
these inequalities to an inequality in GP. Looking at the resulting inequalities
one observes that they are valid for the p-path configuration problem.

We first proof, that all p-path configurations can indeed be extended to gen-
eral surfaces (Lemma P)). Furthermore we will see that for all facets of the p-
path configuration polytope with a special property, the lifted inequality defines
a facet of the general surface polytope. We finally show that the projected in-
equalities of all described inequalities for the general surface polytope are facets
of the p-path configuration polytope and that they have the special property.

We will use the following observation several times.

Observation 2. Let P = (¢;,...,q;) be a path of segment edges, so that the
length of the path is smaller than the size of the contour. For any (normal)
surface F of the modified problem, where the path P is replaced by an edge
(¢i»q;), the set of triangles F U {qqi+1q; | i <1< j —2} is a (normal) surface
for the original input (see Fig. [3).

Fig. 3. The nodes ¢i41,...qj—1 were removed and a surface is constructed. Then the
triangles {qiqi+1q; | # <1 < j — 2} are added to the surface

We now show the crucial lemma of our proof. Every p-path configuration can
be extended to a general surface.

Lemma 2. Letp € V and P be a set of edges forming a p-path configuration in
GP. There is a general surface with T, = {pqr | gr € P}.
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Proof. Let F be the set of triangles induced by P. First notice that no segment
edge has more than one adjacent triangle in F' and no non-segment edge has
more than two adjacent triangles in F'. Furthermore only non-segment edges
adjacent to p can have two adjacent triangles. Let E’ be the set of edges that
need a further triangle, i.e. the set of segment edges without adjacent triangle
in F and the set of non-segment edges which have exactly one adjacent triangle
in F. We claim that E’ is a union of cycles, not containing the point p. Thus
closing all those cycles will lead to a correct surface.

We show that every point ¢ has an even number of adjacent edges in E’. If
¢ is not in P, the two adjacent segment edges are in E’, namely q¢~ and qq*. If
q is on the path and ¢~ and ¢* are on P, too, E' contains no edge adjacent to
g, since both segment edges have an adjacent triangle. If exactly one of ¢—, ¢*
is also on the path, say ¢—, the segment ¢~¢™ and ¢r are in E’, where r is the
adjacent point of ¢ in P different from ¢~. Finally, if neither ¢~ nor ¢ is on
the path, there are 4 adjacent edges in E’, namely ¢~ ¢, ¢*q, rq and sq, where r
and s are the two adjacent points of ¢ in P. The point p is not on a cycle, since
there are triangles adjacent to pp~ and to pp' in F. a

Note that, if the path is different from (p~,p™), the surface can be chosen,
so that it does not use the segment p~p*. This is obvious, if p~ and p* are
on different cycles. If p~ and p* are on the same cycle, we have to chose the
triangles that close the cycle carefully (Note that the edge p~p™ is not on a
cycle). If the path contains no further point on ¢,, p~ and p* lie on the same
cycle, since all edges on ¢, different from p~p and pp™ are in this cycle (all those
edges are in E’ and the nodes have degree 2 in E’). In this case there is also
an surface that contains the edge p~p™, since we can close the cycle so that the
edge p~pt is chosen.

Before we can make a facet proof, we need to know the dimension of the
polytope.

Lemma 3. The dimension of the general surface polytope is (g) —n, where n
is the number of nodes in G.

Proof. Let r; € V be any point with ¢,, = i. We have n equalities of type [l
in our description, one for each segment. Let pg € S*. The coefficient of the
triangle pgr;q1 is 1 for the equality for pg and 0 for all other equalities. Thus all
equalities are linearly independent. Hence the dimension of the surface polytope
is at most (5) — n.

We now look at the special case of k contours each containing exactly 3
points. For k£ = 2 and k£ = 3 the lemma can be easily checked by enumerating
all surfaces. Let k& > 4 and assume that we have proven the statement for all
[ < k—1.1It is known that the dimension of the polytope is (g) —n, if and only
if all valid equalities are linearly dependent to the known equalities.

We can use the fact that apgr,q, is 1 for one equality and 0 for all other
equalities to define a normal form of equalities. An equality is in normal form,
if apgr,, = 0 for all segments pg. Every equality that is linearly independent
to the equalities in our description, has an equivalent equality in normal form.
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There exists a valid equality linearly independent to the known equalities if and
only if there exists a equality in normal form different from 0 = 0.

Assume there is a valid inequality ), a;z¢ = ao in normal form and a,q, #
0 for three points p,q,r. Let ¢ be any contour with ¢ # ¢,,¢ # ¢4 and 7 # c,.
We look at all surfaces closing polygon i and choosing no other triangle adjacent
to any of the three points. The equality is valid for all those surfaces, which
is equivalent to ZtET\(TpUTqUTr) a:Ty = Go — Gpgr. This inequality must be a
valid inequality for k£ — 1 contours, thus we conclude that a; = 0 for all ¢t €
T\ (T, UT, UT,). This contradicts the assumption that a,q. # 0.

Let’s turn to the general case. In the facet proof, we will show that there are
(’;) —n affinely independent points that are active for a specific facet, e.g. for the
facet x,-p,+ > 0. This proof is by induction and uses as basis the case above.
Observing that a facet is not active for all surfaces (in the example, notice that
there is a surface that uses the triangle p~pp™), we conclude that there are at
least (”) —n + 1 affinely independent surfaces. This proves that the dimension

3

is (g) —n. O

We resign to proof the following lemma.
Lemma 4. The dimension of the p-path configuration polytope is (";1) —2.
We are now turning to our main theorem.

Theorem 1. Let p € V be fized so that the size of the contour of p is at least
4. Let quew aqrZqr < ag be a facet of the p-path configuration polytope. If
(C1) ap-p+ = ap and (C2) there is a p~p*-path P with PNV = {p~,p*} and
Y ecp Ge = ag then qureTp GgrTpqr < ag defines a facet for the general surface
polytope.

Proof. Let k be the number of contours. For every k we make an inductive proof
over the total number of points in the contours to show that the inequalities
that have the properties of the lemma are active for at least (g) — n affinely
independent surfaces. For n = 3k there is nothing to show (since there is no
contour with size at least 4). Thus let n > 3k.

We define the p-reduced surface polytope as the surface polytope where the
path p~pp™ is replaced by the edge p~p*. If n — 1 > 3k, there is at least
one inequality of the p-reduced surface polytope that has the properties of the
lemma. Since this inequality is not active for all surfaces, we can conclude that
the dimension of the p-reduced surface polytope is ("gl) —n+1.If n—1=3k,
we have already shown that the dimension of the p-reduced surface polytope is
("5) —n+1L

There are ("gl) —n+2 affinely independent surfaces which have the triangle
pp~pT, since fixing the triangle p~pp™ is equivalent to replacing the path p~pp™
by the edge p~p™ and thus we have the same number of affinely independent
surfaces as in the p-reduced surface polytope. From condition (C1) we conclude
that all of them satisfy the facet with equality. Furthermore there are ("_1) -3

2
affinely independent p-path configurations different from the path (p~—,p™) in
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GP which satisfy the projected facet with equality. These path can be extended
to surfaces which do not use the edge p~pT. These surfaces also satisfy the facet
with equality. We resign to give the rather simple proof that all those surfaces
are affinely independent. Thus we have ("gl) -n+2+ (";1) -3= (g) —n—1
affinely independent surfaces. Let F be the set of these surfaces.

We need one further surface to finish the proof. All surfaces in F satisfy the

equality

T

pp~pt = Z Tp-ptr - (6)

reVP\{p~.p*}

Due to (C2), there is a path P with PNV = {p~,p*} and > .pac = ap. A
surface that does not satisfy this equality can be obtained by extending the path
P so that the non-segment edge p~p™ is realized. The resulting surface is active
for the facet. Since it does not satisfy the Equality (@) it is affinely independent
from the surfaces F. a

We resign to proof the following lemma which summarizes our polyhedral
investigations on the p-path configuration polytope.

Lemma 5. The following valid inequalities for the p-path configuration polytope
are facet defining.

1. zgr >0 for all gr € EP.
2. Tgr <D ocvp sy Tqs Jor all g,r € VP, q £ 1,p~,pt.
8. D gevireviy: Tar = 1 forall{p~} C V' C VP\{p*} with2 < |S| < |VP|-2.

Now we can formulate the following lemma.

Lemma 6. Let p € V so that the size of the contour of p is at least 4. The
following inequalities are facet defining for the general surface polytope.

1. xpgr >0 for all q,7 €V, p,q,r pairwise disjoint.

2. Tpgr < Zse\/\{p,q,r} Tpgs for all g,r € VP, g #r.

3. quv,,rew\v/ Tpgr > 1 for all {p~} C V' C VP \ {pT} with 2 < |S| <
|VP| — 2.

Proof. We start with the first statement. If gr # p~p*, x4 > 0 is facet defining
for the p-path configuration polytope. Furthermore a,-,+ = 0 = ag and a,—, +
arp+ = 0= ag for any point r # ¢. If gr = p~p™, the inequality x,, > 0 is facet
defining for the ¢g-path configuration polytope and the conditions (C1) and (C2)
hold.

For the other two items notice that the corresponding path inequality is facet
defining for the p-path configuration polytope of GP and that the condition (C1)
holds. It is easy to find a path P so that (C2) holds. O
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6 Polyhedral Investigations for Normal Surfaces

The polyhedral investigations for normal surfaces follow almost the same path
as for general surfaces. There is one additional complication. We were not able
to show that all (p~,p™)-paths are extensible to normal surfaces. If the degree
of a node g in E’ is 4, the adjacent edges of ¢ in the surface we described needn’t
form only a path, but can have additional cycles. If every node has degree at
most 2, we can show that the constructed surface is normal.

From the following set of path we can proof that we can extend them to
normal surfaces.

Definition 1. A p-ordered path is a path P in GP between p~ and pt with the
following properties.

— For any point q in P different from p~ and pT, at least one of its adjacent
points in P lies in the same contour as q.

— For every contour i let s be the first point of P in contour i and t be the last
point. The subpath of P consisting of all nodes in contour i is a subpath of
one of the two s,t paths in the contour i.

We were able to show that the dimension of the p-ordered path polytope is
(”;1) — 2, where n — 1 is the number of nodes of GP. Thus we can exactly argue
as in the case of general surfaces and obtain the following theorem.

Theorem 2. Let p be fized so that the size of the contour of p is at least 4. Let
Zq,rEVP agrZqr < ag be a facet of the p-ordered path polytope. Let furthermore

pareT, YarTpgr < G0 be a walid inequality for the surface polytope. If (C1)
ap-p+ = ag and (C2’) there is a p-ordered path P with PNV = {p~,p*}
and ) cp ae = ag, then qureTp QgrTpgr defines a facet for the normal surface

polytope.

Note that in the theorem there is the additional precondition that the facet
of the p-ordered path polytope is valid for the normal surface problem.

Lemma 7. Let p € V and P be a set of edges forming an p-ordered path in GP.
There is a normal surface with T, = {pqr | qr € P}.

Proof. Assume first that every edge e in P that lies completely in one contour
is a segment edge. We conclude that for every node of the path, at least one
adjacent edge is a segment edge.

We show that the surface we constructed in Lemma P]is a normal surface.
Let ¢ be any point. Assume first that ¢ lies on the path P. If ¢~ and ¢ are
on the path P, the triangles gq¢~p and gqTp are the triangles that are adjacent
to g. Assume now that exactly one of ¢~ and ¢* are on the path, say ¢~. Let
r be the other adjacent edge of ¢ on the path. The path contains the triangles
qq~ p and grp that are adjacent to q. The cycle containing g contains the path
rqq™ and thus the triangles that close the cycle form a path between ¢t and r.
Thus all triangles adjacent to ¢ form a path between ¢~ and ¢™. If ¢ is not on
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P, the cycle containing ¢ contains the path ¢~ qgq™. Thus closing this cycle will
guarantee that the triangles adjacent to ¢ form a path between ¢~ and ¢™.
Assume now that there is a non-segment edge of P that lies in one contour,
say i. Let qo be the first node of P on contour ¢ and ¢, ...q; be the remaining
points of the contour going along the segment edges, so that the indices of the
nodes in contour ¢ in P are increasing. Let q,qy, b > a be a non-segment edge

of P in this contour. We can close the cycle g4, ¢a+1, - - -, gy and handle g,qp as
a segment edge. This is possible since no point between ¢, and g is on the path
P. O

We now summarize our investigations on the p-ordered path polytope.

Lemma 8. The following inequalities define facets for the p-ordered path poly-
tope.

1. zgr >0, for all gr € EP with qr #p~p~~ and qr # pTp™t. If ¢ and r lie in
the same contour different from c,, we assume furthermore that the size of
the contour is at least 4.

Tyr < Zsew’#r xgs for all g,r € VP with q,r # p~,pT and ¢y = ¢, # ¢p.

3. Y gevi revo\ys Tar 2 1 for all {p~} C V' CVP\{p*} with VNV #1 and
|(VP\V")NV?| # 1 for alli # c,. The nodes of the path (p~,p~,...,p T, pT)
have an initial part of nodes in V' followed by a path of nodes that are not
in V'

4' ZTEVP\{(I} xqr S Z»pev/,se\/p\vl Trs fOT’ a” {q} g V/ g Vp \ {p77p+} Zf

o

either
(a) cq # cp, V' OVi £ 1, [(VPA\V)NVE #1 foralli, [V' NV >3, and
|Vea| >4, or

(b) cqg=cp, V'OV AL |[(VP\V)NV #1 foralli, V' NV ={q}.
We finally state the following lemma.

Lemma 9. Let p € V be a point so that the size of the contour of p be at least
4. The following inequalities define facets for the normal surface polytope.

1. Xpgr 2 0, for all p,q,r € V, p,q,r pairwise disjoint. If ¢ and r lie in the
same contour, we assume furthermore that the size of the contour is at least
4. If p,q,r lie in the same contour we assume that at most one of the three
edges pq, qr, p is a segment edge.

2. Tpgr < X seve spr Tpgs for all p,g,r € VP with cqg = ¢ # ¢y

8. Y gevi revorys Tpgr > 1 forall {p=} C V' CVP\{p*} with [V'NV*| # 1 and
|(VP\V")NV?| # 1 for alli # c,. The nodes of the path (p~,p~,...,pTT,pT)
have an initial part of nodes in V' followed by a path of nodes that are not
in V',

4' ZTEVP\{Q} Lpgr < ZTEV’,SEVP\V’ Tprs fO’I" all {q} - 4 - Ve \ {p_vp+} Zf

either
(a) ¢y # cq, V' OV AL |(VPAV) OV #1 foralli. [VENV'| >3 and
|Vea| > 4, or

(b) cp =cq, V' NV £1, [(VPA\V' )NV #£ 1 for alli and V' NV = {q}.
Note that we now have to show the existence of a p-ordered path P which
satisfies condition (C2’).
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7 NP-Completeness

We will now show the NP-completeness of the minimal general and normal sur-
face problem for general cost functions. We do not analyze the Euclidean case,
where any point of a contour has a coordinate in the Euclidean Space and the
cost of a triangle is defined as its surface area.

Theorem 3. Given a set of contours, a function c that maps triples of points
of the contours to integers, and a constant k, the question whether there exists
a general surface of cost at most k is NP-complete. The same holds for normal
surfaces.

Proof. 1t is easy to see that the problem is in NP.

For the completeness, we show a reduction from maximal 3-dimensional
matching. The maximal 3-dimensional matching problem is defined as follows.
Given three disjoint sets X, Y, and Z and a subset D C X xY x Z, find a
matching of maximal cardinality. A matching is a subset M C D so that no
elements in M agree in any coordinate. The maximal 3-dimensional matching
problem is NP-complete (see [9]).

The reduction will be so that for any matching M there will be a normal
surface of cost |D| — | M| and no (general) surface of smaller cost.

For every v € X UY U Z, we introduce a contour vy, v, vs. For every element
d € D, we introduce a contour dy,ds,ds. The cost function ¢ is defined as
follows. For all d = (2,y,2) € D (where x € X, y € Y, and z € Z), we define
C(dldgdg) = 1, C(dldgl‘l) = 0, C(dll‘lxg) = 0, C(dgdgyl) = O, C(dgylyg) = 0,
c(dsdiz1) = 0, ¢(dzz122) = 0, ¢(d1z122) = 0, ¢(z12322) = 0, c(z32223) = 0,
c(daz1y2) = 0, c(z123y2) = 0, c(x392y3) = 0, c(d3y122) = 0, c(y1y3z22) = 0,
c(ysze23) = 0, and ¢(x3ys2z3) = 0. We call these triangles the triangles associated
with d. For all v € XUY UZ, we define ¢(vivav3) = 0. For the remaining triangles
t, we define ¢(t) = oo. (It is easy to avoid oo, by defining ¢(t) = |D| + 1.) See
Fig. [ for an example.

Let M C D be a matching. We can construct a surface of cost |D| — |M] as
follows. For all d € M, choose the triangles associated with d which have cost 0.
For all d ¢ M, choose the triangle dydads. For all v € X UY U Z which have no
adjacent triangle in M, choose the triangle vy, vs,v3. This constructs a normal
surface of cost |D| — |M]|.

Assume now there is a general surface F' of cost less than |D|— |M]|, where M
is a maximal matching. Let M’ = {d € D | did2ds ¢ F'}. Obviously |M'| > | M|
and thus M’ is not a matching. Let d and d’ be two elements in M’, which share
a common node, say z. Without loss of generality, let x € X. There must be a
triangle in F' adjacent to the edge didy. The only such triangle with finite cost
different from didads is didoxi; and hence it must be in F. Hence there is an
other triangle adjacent to dyx; in F. The only such triangle with finite cost is
dix1x9 and thus it must be in F. In the same way, we argue that the triangle

" T129 must be in F. Thus F contains at least two triangles adjacent to the
segment edge x1x2. This contradicts the property 1 of general surfaces. a
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<3 €T3

Ys

Fig. 4. The figure shows a tiny example: X = {z}, Y = {y}, Z = {2z} and D =
{(z,y, z)}. The segment-edges are shown as bold lines. The faces of the graph (including
the outer face) correspond to the triangles with finite cost. The triangle did2ds has
cost 1, the remaining triangles have cost 0. There are exactly two surfaces consisting
only of triangles of finite cost. We can either close all four contours, or we chose all
other faces of the planar graph (including the outer face)

8 Branch-and-Cut Algorithm

The input size of our problem instances, i.e. the total number of points in the
two slices, was up to 267 points in our experiments. This would lead to over
3,000, 000 triangles. Thus we cannot afford to compute the minimal area surface
with respect to all triangles. Therefore we restrict the possible triangles to the
Delaunay triangles. Only considering Delaunay Triangles is wide-spread for
surface reconstruction problems.

Assuming that the contours in one slice are non-intersecting, Cheng and Dey
[E] show how to modify the input so that there is a surface consisting of Delaunay
triangles. They showed that it is sufficient that all segments are edges of the 2D
Delaunay Triangulation of the individual slices. If a segment is not a Delaunay
edge, they propose to add an additional point in the middle of the segment and
recompute the Delaunay triangulation. This process is iterated until all segments
are Delaunay edges. We also use this approach in our experiments.

We now turn to the separation algorithms. Both classes of inequalities can
be separated by computing a number of minimal cuts.

Fix a p € V and look at the inequalities quv/ﬂ,evp\v, Tpgr > 1 for all
{p™} C V' C VP \ {pT}. The most violated inequality is achieved for the set
V' {p~} CV'CVP\{p"} that minimizes Y gevr revi\vr Lpgr Where 2 is the
actual LP solution. Thus we have to solve a minimal (p~, p*)-cut problem in G
with edge weights z*. To find the most violated inequality, we have to iterate
over all p € V. Thus the total running time is O(n*).

For the inequalities (B]) we fix p and ¢. Than we can find the most violated
inequality by finding the subset V', {¢q} C V' C V?\ {p~,p"} that minimizes
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Zrev,ysev,,\v, 3, This set can be found by computing a minimal (g, p*)-cut

in G? and by setting the edge capacity of an edge rs to x,. if rs # p~pT and
to infinity for the edge p~p*. The total running time is O(n®).

9 Experiments

We implemented a branch-and-cut algorithm for both ILP-formulations. We used
the branch-and-cut system SCIL [12] which is based on ABACUS [I] and LEDA
[I1]. The LP solver can be chosen among CPLEX [5], XPRESS [15] and SOPLEX
[13]. All our experiments were performed with CPLEX. SCIL provides an easy
handling interface to implement branch-and-cut algorithms and LEDA provides
the functionality to implement the separation algorithms. Furthermore we use
CGAL [3] to compute the Delaunay triangulations.

As input for our experiments, we use a dataset given by Barequest [2]. It
contains several sets of polygonal slices which originally came from CT-scans of
human organs.

In all our experiments the general surface with minimal area was a normal
surface.

Our experiments show that too many polygons were closed in the optimal
surface. The reason is that the slices of the input are rather far away from
each other compared to the size of the polygons. To reduce the number of closed
polygons, we compute the area of the triangles according to slices whose distance
is decreased by a constant factor. This results in surfaces that were very close
to the original surfaces. All correspondence and branching problems were solved
correctly.

The running time for our algorithm was very reasonable. For example the
reconstruction of the 50 slices of pelvis data-set takes about 9 minutes if we
compute the minimal area general surface and about 3.5 minutes if we restrict the
surface to be normal. The running time to compute all Delaunay triangulations
was about 25 seconds.

More experimental results can be found in [6].

10 Conclusion

We approached a problem arising from practical application with integer pro-
gramming techniques. We studied the corresponding polyhedra and experi-
mented with the resulting branch-and-cut algorithm. The results we obtained
are promising.

It would be interesting to find further facets and corresponding separation
algorithms for the polytopes. These could either be further lifted inequalities
from the p-path configuration or the p-ordered path polytope, or inequalities
that can not be obtained by lifting.

For the surface reconstruction problem for general point sets, there are al-
gorithms that provably find an surface that is within a certain distance and
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homeomorphic to the original surface, if the point set satisfies some conditions.
It would be interesting to obtain a similar result for our algorithm.

The next step seems to attack the surface reconstruction problem from points
in general position with integer programming methods. We formulated this prob-
lem as ILP, but we were not able to solve practical instances with our formula-
tion.
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Abstract Radio frequency bandwidth has become a very scarce re-
source. This holds true in particular for the popular mobile communica-
tion system GSM. Carefully planning the use of the available frequencies
is thus of great importance to GSM network operators. Heuristic op-
timization methods for this task are known, which produce frequency
plans causing only moderate amounts of disturbing interference in many
typical situations. In order to thoroughly assess the quality of the plans,
however, lower bounds on the unavoidable interference are in demand.
The results obtained so far using linear programming and graph theo-
retic arguments do not suffice. By far the best lower bounds are currently
obtained from semidefinite programming. The link between semidefinite
programming and the bound on unavoidable interference in frequency
planning is the semidefinite relaxation of the graph minimum k-partition
problem.

Here, we take first steps to explain the surprising strength of the semidef-
inite relaxation. This bases on a study of the solution set of the semidef-
inite relaxation in relation to the circumscribed k-partition polytope.
Our focus is on the huge class of hypermetric inequalities, which are
valid and in many cases facet-defining for the k-partition polytope. We
show that a “slightly shifted version” of the hypermetric inequalities is
implicit to the semidefinite relaxation. In particular, no feasible point
for the semidefinite relaxation violates any of the facet-defining triangle
inequalities for the k-partition polytope by more than v/2 — 1 or any of
the (exponentially many) facet-defining clique constraints by 3 or more.

1 Introduction

Frequency planning is the key for GSM network operators to fully exploit the ra-
dio spectrum available to them. This spectrum is slotted into channels of 200 kHz
bandwidth, characterized by their central frequency. Frequency planning has a
significant impact on the quantity as well as on the quality of the radio com-
munication services. Roughly speaking, radio communication requires a radio
signal of sufficient strength which is not suffering too severely from interference
by other signals. In a cellular system like GSM, these two properties, strong
signals and little interference, are in conflict.

* This article is based on results contained in the Ph. D. thesis of the author.

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 273 2002.
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1.1 Frequency Planning
The task of finding a “good” frequency plan can be described as follows:

Given are the transmitters, the set of generally available frequencies to-
gether with the local unavailabilities, and three upper-diagonal square
matrices. The first matrix specifies for every pair of transmitters how
far apart their frequencies have to be at least. These are called separa-
tion constraints. The second matrix specifies for every transmitter pair
how much co-channel interference is incurred in case they use the same
frequency (where permissible), and the third matrix specifies how much
adjacent-channel interference is incurred in case two transmitters use
neighboring frequencies (where permissible). One frequency has to be as-
signed to every transmitter such that the following holds. All separation
requirements are met, and all assigned frequencies are locally available.
The optimization goal is to find a frequency assignment resulting in the
least possible interference.

A precise mathematical model of our GSM frequency planning problem is
given in [2I12], for example. This model is widely accepted in practice, compare
with [7], but there are alternative models as well.

Finding a feasible assignment is A/P-hard in general. This is easily derived by
exploiting the connection to list coloring [13] or to T-coloring of graphs [20]. Nei-
ther can an approximation algorithms with reasonable performance exist unless
P =NP, see [12].

Numerous heuristic and a few exact methods for solving the frequency assign-
ment problem are known, see [2]25] for surveys. Although we are nowadays in the
situation that a number of heuristic methods performs well in practice, there is
an uncomfortable lack of quality guarantees on the per-instance-level—not just
in theory. Substantial efforts have been made to remedy this shortcoming over
the last decade, see [112223]25]31] but the results are not satisfactory. In partic-
ular, no exact method is presently known that is capable of solving large realistic
planning problems in practice.

1.2 Quality Guarantees

A novel approach was recently proposed to derive a lower bound on the un-
avoidable co-channel interference: The frequency planning problem is simplified
to a minimum graph k-partition problem, where the edge-weights represent co-
channel interference or separation constraints and k is the number of overall
available frequencies. A lower bound for the optimal k-partition partition (and,
thus, for the unavoidable co-channel interference) is computed from a semidefi-
nite relaxation of the resulting minimum graph k-partition problem.

Table Mlists computational results for five realistic planning problems, which
are publicly available over the Internet [I4]. The first column gives the instance’s
name. The next five columns describe several characteristics of the instance,
mostly in terms of underlying graph G = (V, E). This graph contains one vertex
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Table 1. Realistic frequency planning problems with quality guarantees

instance characteristics best assignment|| lower |gap

|V(G)Hp(G)[A(G)[w(G)[freqs. (k) co—ch.[ ad.-ch. || bound | [%]
K 267| 0.56| 238| 69 50| 0.37 0.00{| 0.1836| 102
B[4] 2775) 0.13| 1133| 120 75| 17.29 0.44|| 4.0342| 339
B[10] 4145| 0.13| 1704| 174 75(/142.09 4.11{|54.0989| 170
SIE2 977| 0.49| 877 182| 4 + T2|| 12.57 2.18|| 6.9463| 112
Sie4 2785| 0.11| 752| 100 39| 71.09 9.87||127.6320| 193

for each transmitter, and two vertices are joined by an edge whenever at least
one of the corresponding three matrix entries is non-zero. We list the number
|V (G)| of vertices in G, the edge density p(G) of the graph, the maximum degree
A(G) of a vertex, the clique number w(G), and the number of globally available
frequencies. (In the case of instance SIE2, the available spectrum consists of two
contiguous bands of size 4 and 72. In all other cases there is just one band.)
Columns 7 and 8 show the amount of co- and adjacent-channel interference
incurred by the best presently known frequency assignment for each instance,
see [12] for details. The last but one column contains the lower bound on the
unavoidable co-channel interference. Finally, the last column gives the relative
quality of the best known solution with respect to the bound on the unavoidable
(co-channel) interference.

The lower bound figures are computed using the semidefinite programming
solvers of Burer, Monteiro, and Zhang [4] and Helmberg [21]. Both are dual
solvers, that is, their results are dual approximations of the optimal value without
quality guarantee. The corresponding semidefinite programs involve a |V| x |V|
square matrix variable and (‘Vl;l) many linear constraints. Looking again at
Tab. Mreveals that these semidefinite programs are (very) large.

From the applications points of view, gaps of a few hundred percent are by far
not satisfying. Nevertheless, for large realistic planning problems these are the
first significant lower bounds to the best of our knowledge. We want to indicate
why the (approximate) solution of the semidefinite relaxation yields stronger
bounds than previous approaches.

1.3 Sketch of Results

In the remainder of this paper, we give first reasons for the surprisingly strong
bounds on the unavoidable interference obtained from semidefinite program-
ming. To this end, we study the relation between a class of polytopes associated
to the minimum graph k-partition problem (via an integer linear programming
formulation) and their circumscribing semidefinite relaxations. This is done in
terms of the hypermetric inequalities, which form a huge class of valid and in
many cases facet-defining inequalities for the polytopes. We show in Prop. Bl
that a “slightly shifted version” of the hypermetric inequalities is implicit in the
semidefinite relaxation. Propositions [, [0, [[] and [§ state to which extent the
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“shift” may by reduced under specific conditions. We also show, see Prop. [
that neither the semidefinite relaxation nor the linear relaxation, which is ob-
tained from the standard integer linear programming formulation of minimum
k-partition by dropping the integrality conditions, is generally stronger than
the other. This is particularly noteworthy since the semidefinite relaxation con-
tains only polynomially many linear constraints (in the size of the graph and k),
whereas the linear relaxation is of exponential size.

1.4 Preliminaries

The definitions and notations used here are mostly taken from [32] for graph
theory, from [30] for (integer) linear programming, and from [21] for semidefinite
programming. A thorough exposition of the notions used is contained in [12].

2 The Minimum k-Partition Problem

The minimum graph k-partition problem or MINIMUM K-PARTITION problem
we want to solve is formally defined as follows.

Definition 1. An instance of the MINIMUM K-PARTITION problem consists of
an undirected graph G = (V, E), a weighting w: E — Q of the edges, and a
positive integer k. The objective is to find a partition of V into at most k disjoint
sets Vi, ..., V, such that the value > }_, > vwer(cvi) W(ow) is minimized.

The MINIMUM K-PARTITION problem is studied in [5J6]. The complement-
ing MAXIMUM K-CUT problem is investigated in [S9[15/17/24]. Recall that both
problems have quite different characteristics in terms of their approximability.
Whereas the MAXIMUM K-CUT can be solved (1 — k~!)-approximately in poly-
nomial time, the MINIMUM K-PARTITION problem is not O(|F|)—approximable
in polynomial time unless P= AP. Results on the approximation of the MAXI-
MUM K-CUT problem are obtained in [I5|24]. These results are, however, of no
use for the bounding of unavoidable interference in GSM frequency planning.
The optimal cut value is underestimated so that the value of the MINIMUM K-
PARTITION is overestimated. No lower bound is supplied that way. Due to the
opposite sign restriction, the results from [I'7] do not apply either.

The class of polytopes associated with the MINIMUM K-PARTITION is defined
through the convex hull of the feasible solutions to the integer linear program-
ming formulation (II)~@) of the problem. This formulation is only valid for com-
plete graphs K,, with n > k > 2. (The graph G = (V, E) with edge weights
w is completed to Ky, and the edge weighting is extended to all new edges
by assigning a weight of zero.) We assume for notational convenience that the
vertex set of K, is {1,...,n} and that the edge set is {ij |1 <i<j< n}
One binary variable is used for every edge of the complete graph. The intended
meaning is that z;; = 1 if and only if the vertices ¢ and j are in the same partite
set of the partition.



The Semidefinite Relaxation of the k-Partition Polytope Is Strong 277

min Z Wij Zij (1)

i,jEV
Zih + 2nj — 2z <1 Vh,i,jeV (2)
> 2y > 1 VQ CV with |Q =k +1 (3)
i,j€EQ
Zij € {0,1} (4)

The triangle inequalities ([2)) require the setting of the variables to be con-
sistent, that is, transitive. The clique constraints ([B) impose that at least two
from a set of k + 1 vertices have to be in the same partite set. Together with
the constraints (2) this implies that there are at most k partite sets. In total,
there are 3 (l‘gl) many triangle and (k“ﬁl) many clique inequalities. The number
of clique inequalities grows roughly as fast as |V|¥ as long as 2k < |V|. We come
back to this point at the end of this section.

The well-known integer linear programming formulation of MAXIMUM K-
Cur is obtained by complementing the variables.

For the sake of simplicity, we assume k& > 3 in the following. Clearly, if
k = 1, then there is only one “partition;” in the case of k = 2, the MINIMUM
2-PARTITION problem is equivalent to the well-known MAXIMUM CUT problem,
see [11]2§] for surveys.

For all 3 < k < n, we define the polytope

'ng(Kn) = COHV{Z € {0, I}E(K") ‘Zm' + zij —zn; <1 Vh,i,jeV,;
Z zij>1 VQCV,Q=k+1} .

1,jEQ

P<i(K,,) is the set of convex combinations of all feasible solutions to the inte-
ger linear program (I)—(#). The resulting class of polytopes is studied in [6I8/9/12]
and the special case k = n is also investigated in [29]. Here, we merely highlight
a few points.

The polytopes are full-dimensional in the space spanned by the edge vari-
ables, and none contains the origin. All valid inequalities for P<y(K,,) that are
violated by the origin have large support. To be more precise, given some in-
equality a”z > ag, the support graph of a”z > ag is the subgraph of K,, induced
by all edges ij with a;; # 0. The following holds.

Proposition 1 ([12]). Let a2 < ag be a valid inequality for P<y(K,) and H
its support graph. If H is k-partite, then ag < 0, and if ag > 0, then \{Z] €EFE|

ai; 20} > (*31).

The hypermetric inequalities form a large and important class of valid and
in many cases facet-defining inequalities for P<y(K,) [6]. They sometimes do
separate the origin from P<y(K,), and they generalize a number of previ-
ously known inequalities, such as the triangle inequalities [I9], the 2-partition
inequalities [619], the (general) clique inequalities [5], and the claw inequali-
ties [29]. The right-hand sides of the hypermetric inequalities involve the function



278 Andreas Eisenblatter

fom (n, k) = maX{Enggk x; ;| Zle T =mn,x; € Z+}, which depends on
two integral parameters n and k, n > 0, k > 1. For given n and k, the value
frm (, k) is the maximum number of edges in a k-partite graph with 7 many
vertices. For our purposes, the following equivalent definition is more convenient:

o K) = (nm;)dk) [g"Q_i_ (k‘—n;nodk;) L%JQ

+ (nmod k)(k —n mod k) [%—‘ {gJ

The hypermetric inequalities for P<j(K,) are defined as follows.

Definition 2. Given k > 3 and a complete graph K,, and vertex weights b, € Z
with n = ZUGV( k) by, > 0. The associated hypermetric inequality is

Z byby 2yw > Z bybw — fam (777 k') . (5)

vweE(K,,) vwe€E(Ky)

The hypermetric inequalities are shown to be valid for P<(K,,) in [6/I0].
Let us consider the simple case in which all vertex weights are equal to one.
Then (@) bounds the number of edges that run within partite sets from below.
The corresponding inequality for the MAXIMUM K-CUT polytopes bounds the
number of edges in the k-cut from above.

Before concluding this section, let us return to the integer linear program
(D—@@). A linear programming relaxation is obtained by replacing the feasible
variable values {0,1} by their convex hull [0,1]. We call the resulting polytope
PLP(K,). Recall that all facets separating the origin from the polytope have a
support of at least (k'gl)‘ The smallest such examples are the exponentially many
clique inequalities (3). Among others, these inequalities with large support make
linear programming relaxation of (@)-(#) hard to deal with. Not surprisingly, no
major successes in solving MINIMUM K-PARTITION instances with a few hundred
vertices and k > 2 using the classical branch-and-cut approach are reported in
literature.

3 A Semidefinite Relaxation of Min k-Partition

Semidefinite programming is the task of minimizing (or maximizing) a linear
objective function over the convex cone of positive semidefinite matrices subject
to linear constraints. Here, a square matrix X with real-valued entries is positive
semidefinite (X > 0) if it is symmetric and its eigenvalues are non-negative.
We assume that the reader is familiar with semidefinite programming, see, for
example, the introductions/surveys given in [3121133].

An alternative formulation of the MINIMUM K-PARTITION problem can be
seen as a semidefinite program with “integrality” constraints, compare with
[1524]. The next lemma is the basis for this formulation.

Lemma 1 ([12J15)24]). For all integers n and k satisfying 2 < k < n+1 the
following holds:
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1. k unit vectors y, ..., ur € R" exist such that (u;,u;) = k_—jl for all i # j;
2. any given k unit vectors uy,...,u, € R™ satisfy >, (ui,uj) > —% and if
(ui,uj) <6 for alli# j, then § > k_—}l
According to the lemma, we may fix a set U = {uy,...,ux} € IR™ of unit

vectors with (u;,u;) = 75 for i # j (and (u;,u;) =1 for i =1,...,k). These k
vectors are used as labels (or representations) for the k partite sets. The MINI-
MUM K-PARTITION problem is then the task of finding an assignment ¢: V +— U
that minimizes the expression Zi’jev(K”) Cij % The quotient in
the summands evaluates to either 1 or 0, depending on whether the same vector
or distinct vectors are assigned to the respective two vertices.

We assemble the scalar products (¢(i), ¢(j)) into a square matrix X, being
indexed row- and column-wise by V. The matrix X has the following properties:
all entries on the principal diagonal are ones, all off-diagonal elements are either
k%ll or 1, and X is positive semidefinite. Conversely, every matrix X satisfying
the above properties defines a k-partition of V' in the same way as ¢ does [12].
Hence,

. k—1X;;+1
min ZijeE(Kn)cij (% (6)
s. t.
Xu=1 VieV (7)
-1 o
X=0 (9)

is an alternative formulation of the MINIMUM K-PARTITION problem.
Replacing the constraints (8) by k%ll < Xi; < 1 yields a semidefinite pro-
gram. Notice that X;; < 1 can be dropped as constraint since it is enforced
implicitly by X being positive semidefinite and X;; = 1. The semidefinite pro-
gramming relaxation obtained from ()—(f) is e-approximately solvable in poly-
nomial time [18].

This type of relaxation of a combinatorial optimization problem was first
introduced to compute the Shannon capacity of a graph [27] and later formed
the basis for the famous 0.878-approximation algorithm for the MAximum CuT
problem [I6]. The approximation algorithm was generalized to the MAXIMUM
K-CuT problem with positive edge-weights in [I5] and [24] independently. Notice
that the semidefinite relaxation of MAXIMUM K-CuT differs from that of (@l)-
(@) only in the objective function. Due the previously cited inapproximability
of MINIMUM K-PARTITION, however, a comparable approximation result as that
for MAXIMUM K-CUT is not to be expected for MINIMUM K-PARTITION.

As stated before, we want to investigate the strength of the semidefinite relax-
ation. In order to do so, we relate the solution set of the semidefinite relaxation
to the polytope P<j (K, ). This is done by considering a projection of an affine
image of the solution set into IR 2) in such a way that the objective function
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values are preserved. The image of the projection is called @}, and contains
ng(Kn)'

Let ¥ ,, denote the set of feasible solutions of the semidefinite relaxation
of @)@, that is, ¥, = {X € R”" | X = 0,X;; = 1,X;; > =%,i,j €
{1,...,n}}. In the case of k = 2, W, is the elliptope &, = {X € R™" |
X =0,X; =1i€e{l,. n}} For k > 2, ¥, is obtained by intersecting the
elliptope &, with the half—spaces defined by X;; > = for all 4,5 € {1,...,n}.
The elliptope is studied extensively in the hterature see [11] for a survey. It will
later be exploited that the elliptope can also be characterized as

gnZ{XESn‘XHZIfOI'Z:L,n
2 Y bbyXy > -3 8 forallbe 27 (10)
i0jAij = i .

1<i<j<n i=1

Next, we define an affine mapping that projects Uy, into IR \2 (3). Let Ty, : k R —
IR be the affine transformation = — k Ly 4 k, mapping 1 onto 1 and —5 onto
0. The affine transformation T} is extended to the set S, of n x n symmetrlc
real-valued matrices (which is isomorphic to IR(n;rl)) by letting Ty : S, — Sp,
S+ 21 8+ 1 E(n,n). Here, E(n,n) is the n x n matrix with all entries being

equal to one. Let (i pn: Sy — IR@)7 X = CGen(X) = 2z with z;; = (Tk(X))ij for
1 < j, and consider

The restriction of Ck,n onto ka is one-to-one, and Ckm\gk_n: Un — O,y is an
affine bijection. Moreover, for any given X € ¥ ,, and any given w € R 2) the
identity (W, Ty(X)) = (w,(k,n (X)) holds. Here, W is the symmetric matrix
obtained from w by letting Wi; = 0 and W;; = w;; for all 1 <4 < j §+1
(-,-) denotes the ordinary scalar products on the vector spaces S, and IR ),
respectively.

A direct consequence of our definitions is that the optimization problems
min — (W Tp(X))s.t. X € ¥, and min(w,z) s.t. z € Oy (11)

are equivalent.

The affine image Oy, ,, of the truncated elliptope ¥y ,, contains the polytope
P<i(K,) and is itself contained in the hypercube [0, 1](2)7 see [12]. A related
connection between the MAXIMUM CUT polytope and the elliptope is studied
n [26]. We call 6y, ,, a semidefinite relazation of P<y(K,,). O and P<y(K,,)
contain the same integral points.

Proposition 2. Given integers k, n with 2 < k < n, then O, and P<y(K,)
contain the same integral points.

Proof. Let Z be an integral (binary) vector in O ,. Let X denote the pre-image
of zZ under the mapping (j . All entries of the positive semidefinite matrix X
are either k_—jl or +1.
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No triangle constraint (@) is violated, because such a violation would imply
that X has one of the matrices

1 =1 1172 11 1
- -1
kjlll, 11y, 1_11m
1 11 =l 1 l— 1
as a principal sub-matrix. In all cases, the determinant is —(%)2 < 0. Hence,

none of these matrices may appear as a principal sub-matrix of X.
According to Lemmalll, no subset Q of size larger than k can induce a sub-

matrix X with all its off-diagonal elements equal to 7. Thus, at least one off-
diagonal element in Xg¢ equals 1 for each set Q of size k+ 1, and, consequently,
no clique constraint (@) is violated by z. a

4 The Semidefinite Relaxation Oy, and P<i(K,)

In this section, we investigate the relation between the semidefinite relaxation
Ok, and the polytope P<y(K,,) in more detail. The hypermetric inequalities (&)
play the central role. Our first result shows that a “slightly shifted version” of
the hypermetric inequality is valid for Oy, ,,. We also show, that neither Pé,f (Ky)
nor Oy, is generally contained in the other. B

Proposition 3. Given an integer k > 3 and an integral weight b; for every
vertex i € V(K,,). The following inequality is valid for Oy, -

2

Z bibjzij Z % Z b —k Z b22 . (12)

ijEE(Ky) i€V (Ky,) i€EV(Ky)

Proof. The function (i, maps any matrix X € ¥}, to a vector z € 6, such
that X;; = 25 (kz;; — 1) holds for every 1 <i < j < n. Plugging this into (I0)
yields

kzg—1 2k
23 b = Y b — > b > - Zzﬂ

1<i<j<n 1<i<j<n 1<z<j<n

This is equivalent to (2. O

The difference between the right-hand side of hypermetric inequalities (B])
and the right-hand side of ([{2)) is bounded by a term depending on the relation
between k and the sum of the vertex weights b;.

Proposition 4. Given an integer k > 3 and an integral weight b; for every
verter i € V(K,). Then the difference between the right-hand side of the hyper-
metric inequalities @) for the polytope P<i(Ky,) and the right-hand side of the
hypermetric inequalities (I2) for Ok p is
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k — ) b;) mod k
> b | modk (E*V(éf];) 2 .
i€V (Kn)

The upper bounded % for this expression is attained if (ZiEV(Kn) b;) mod k = g

Proof. Let p = \\(ZiEV(KW/) bz)/kJ and r = (ZieV(K”) b;) mod k, then simply
plugging these parameters into the right-hand side of (B) yields

k=02 b;) mod k
fhm Z bq’k =+ Z b; | mod k (ZZEV(K") )

, , 2k
i€V (K,) i€V (Kn)
k—r
= fom (Dk+ 1,k
frm (k +1, k) + 7 %
We expand this expression:
k—r
m (Pk+ 1,k
fom (Ok +7,k) +7 %

kp? kKZp? r r? roor?
_Me _ L _ k I L
( 9 + 5 5 pr+rpr+ 5 + Y

1
=5 (=k*p* +K*p® —kr —2kpr+2K°pr+ kv’ + kr —r?)
1
=5 (K*p* + 2k pr + kr* — k*p* — 2kpr — r?)
(k1) (pk +7)
= % . (13)

The right-hand side of (I2) is

2

1 2
2 )k x
eV (K,) 1€V (Ky)
2 2
1
iJEE(Ky) 1€V (Ky) i€V (Ky)

= ) bib- (k=) (Cievin b)°

5 2k
ijJEE(Ky)

TN by | Y bk
ijJEE(Ky) 1€V (Ky)

k— . b;) mod k
- S b | mod k (ZZE‘“;];) ) .

1€EV(Ky,)
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The first part of the claim follows from this. As far as the second part is con-
cerned, we observe that r&-=

k;k is a quadratic polynomial in 7. Its maximum of %
is attained for r = g This completes the proof. d

In addition to the binary restrictions on the variables, the integer linear
programming formulation (I)—(4) linked to P<j(K,,) contains only constraints on
triangles and on cliques of size k+1. Both classes of constraints are facet-defining
hypermetric inequalities for P<(K,,) [5]. For these two types of inequalities, the
following holds with respect to O, ,. Notice that (4) improves on the general
hypermetric inequality ([2)) for O_,.

Proposition 5. Given the complete graph K, and an integer k with 4 < k < n,
then for every z € Oy,

20k =2)(k—1)— (k-2
Zigtzip—za < 1+ ( i 3 )~ ) [< \/5] (14)
holds for every triangle and
k—1 1
o> 1 - Z
Z s 2 =g [> 2} (15)
jEE(Q)

holds for every clique Q of size k + 1 in K,,. Both bounds are tight.

All triangle inequalities (2)) and all clique constraints [B]) are “more than half
satisfied” by every point in 6y, in the sense that the violation is bounded by %
rather than by the worst possible 1.

In both cases, tightness follows from more general statements in Props.
and . These results, together with that from Prop. [, are proven by means of
semidefinite programming duality in Sec. Bl

Proposition 6. Given the complete graph K,, and an integer k with 3 < k < n.
Let Q be a clique in K, of size larger than k. Then

|Q|
> oz =S (QI—k) (16)
ijEE(Q)
is valid for Oy, and there is a point Z € Oy, satisfying Q) at equality.

Under certain conditions on the relation among k, |S|, and |T|, a “shifted
2-partition inequality” is tight for 6y ,.

Proposition 7. Given the complete graph K,, n > 4, and an integer k with
4 <k<n.LetS and T be non-empty, disjoint subsets of V(K,) with |S| < |T|.
Then

(B(S)) + 2(B(T) — 2(15,7) = 5 (71~ 181)° ~ k(T +1s]))  (17)

is valid for Oy, . Furthermore, there is a point Z € Oy, ,, satisfying (I7) at equality
if one of the following conditions holds:
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1.1S|=1and |T| > k—1;
2. |S| > 2, |S| +|T| < k and either |T| < |S|?, or |T| > |S|? together with

L < 1TP2=1812

= ITI-ISI?

The treatment of the case |S| = 1 in Prop. [dis not entirely satisfying, because
the most prominent representative of the 2-partition inequalities, namely, the
triangle inequalities, is not covered. The case of |S| =1and 2 < |T| <k —2is
therefore considered separately.

Proposition 8. Given the complete graph K,, and an integer k with 4 < k < n.
Let S and T be disjoint subsets of V(K,,) with 1 = |S| < |T| <k —2. Then
2(E(S)) + 2(E(T)) — 2([S, T])

th—Dk—1)— (k—1t)
k

(18)
>—1—

[> -]
is valid for Oy, and a point zZ € Oy, fulfills (I8)) at equality.

Finally, we show that ©}, and the polytope Pékp (K,) are incomparable
in general. Recall that PLF(K,) is associated to the linear program, which
is obtained from (I)-(#) by replacing [0,1] for {0,1} in ). It follows from
Prop. Bl that O, contains points which are not contained in PLE(K,,), that is,
O € 7)25 (K,). In general, the reverse inclusion does not hold either.

In order to see this, we fix integers k and n such that 4 < k < Vv/n. Let
2 € R(3) be the vector with all coordinates equal to k%_l Then z € PLP(K,)
because 0 < Z;; < 1 for all ¢j and Z satisfies all triangle inequalities @) as well
as all clique inequalities (B). The vector Z is, however, not contained in O,
because the valid inequality (2] with b; = 1 for every vertex i is violated by 2:

. (n\ 1  n(n-1) nn—Fk) 1
> Z”(Q)k+12(k+1) 2 T T

ijEE(Knp)

This follows from k (n—1) < (k+1)(n—k) <= 0 < n—k? and our assumption
v/n > k. In summary, the following holds.

Proposition 9. Given two integers k and n with 4 < k < \/n, then neither
Op.,n is contained in PLE(K,) nor is the converse true.

5 Proving Tightness Results Using Duality Theory

Two types of matrices are of importance in our proofs of Prop.[@, [1, and B Let
E(m,n) € R™ ™ be the matrix with all entries equal to 1. Let D% (n) denote
the symmetric square matrix of order n > 1 with all entries on the principal
diagonal equal to a and all other entries equal to 8. Some basic properties of
DB (n) are easily observed.
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Proposition 10. Forn > 1, the determinant of D*P(n) is given by
a n—1
det(D*?(n)) = (=) (a+(n—1)8) .

For 3 & {=%,a} the matriz D*"(n) is regular and its inverse is
1

(a—B) (a+ (n—1)p)

DB (n) is positive semidefinite if and only if « > 3 > —%; it is positive definite

if and only if strict inequality holds in both cases. (In case n =1, D*P(n) = [a]

and 3 =0 is assumed. The condition “B > —%" becomes void.)

n—

Da,ﬁ(n)_l — a+(n—2)ﬁ,—5(n) )

We need to know the conditions on «, 3, v, §, €, and s, t under which the

matrix
A_{UW@vMaﬂ
~ Bl s) D(1)

is positive semidefinite. These conditions can be derived by means of the Schur
Complement Theorem. (This theorem states that the composite matrix with
matrices X and Z as diagonal blocks and Y and Y7 as off-diagonal blocks is
positive semidefinite if and only if Z = Y7 XY when X is a positive definite
(n x n)-matrix, Z is a symmetric (m x m)-matrix, and Y is a (m x n)-matrix.)
Proposition 11. Given integers s,t > 1, the matriz

_ [D*P(s) vE(s,t)
A‘LE@ﬁDMw]

is positive semidefinite if and only if D*P(s), D%¢(t) are both positive semidef-
inite and (o + (s — 1)B) (6 + (t — 1)) > sty? holds.

Our tightness proofs are based on a pair of dual semidefinite programs. We
denote with E%(n) € S,, the symmetric (nxn)-matrix with entries 1 at positions
(i,7) and (4,1), and zeros elsewhere. We simply write E%/ if the dimension is clear
from the context.

Remark 1. For every matrix C' € S,,, the semidefinite programs
min Z Ci; Xij s. t.
1<i,j<n
(B" Xyu) =1, (EY X;)> k_—_ll Vi, je{l,...,n},i<j (19)
X esth

and

n
o Yij
many“ Z P s. t.
i=1 1<i<j<n (20)
¢ - Z yi; B9 € St wyu€R, yi; € Ry
1<i<j<n

are dual to each other. They are both strictly feasible.



286 Andreas Eisenblatter

The dual variable associated to the primal constraint (E%, X) = 1 is y;; and
that associated to the primal constraint (E¥, X) > = is y;;.

Proof. Duality is easily checked. We merely prove the strict feasibility here.

The identity matrix I,, is positive definite and strictly meets all inequality
constraints of (TJ). Hence, I,, is in the relative interior of the solution space, and
the first program is strictly feasible.

The vector y € IR(2) with y; = — Z?:l‘ciﬂ —n for all 7 and y;; = 1 for
all i < j is a feasible dual solution. All sign restrictions on y are strictly met,
and the matrix C' — Z1gi§jgn yi; 2% is positive definite, because it is strictly
diagonally dominant. Therefore, the program (Z0) is strictly feasible, too. O

The Prop.[0],[1, and B]can all be proven by exhibiting primal and dual feasible
solutions of matching objective function values for an appropriate semidefinite
program of the form given in Remark [l

We give a complete proof only for Prop. [, because in this case more than
just a tightness result for () for a special case is needed. The right-hand side
of (IR) is strictly larger that of (IZ), and a new validity proof is required. In
the other two cases, we merely give the matrix C for the objective function as
well as suitable primal and dual feasible solutions. In fact, since the objective
function values of the primal solutions attain the bound from (I2), (new) dual
solutions are strictly speaking not necessary.

Proof (of Prop.[8). We have to prove that (I8) is valid and tight for ©y ,. This
is done by considering the optimization problem (I9)) with the left-hand side
of (&) as objective function and by showing that the right-hand side of ([{]) is
the optimal solution value.

Let b be the edge weights obtained by setting I;ij =b;ib; with b; =1ifi €T,
b; = —1ifi e S, and b; = 0 otherwise. Moreover, let B denote the symmetric
matrix with b on its off-diagonal positions and zeros on the principal diagonal.
Recall from (III) that solving min ZMGE(K”) bibj zij s.t. z € Oy, is equivalent

to solving min %(E, Ti(X)) s.t. X € ¥ ,,. It suffices to consider the subproblem
on S UT, because every pair of dual solutions for the reduced problem can be
extended to the full problem without changing the objective function value.

We give solutions X and y to the dual programs (I9) and (20)), respectively,
with matching objective function values for the primal cost matrix B SUT,SUT =
C1t. We then compute £22(CM X) 4+ £ (CY* E(1+t,1+1)) and show that
this is the desired value.

Let us first consider the maximization problem (20). We fix a = t(kk;_lt) A
short computation reveals that 0 < a < 1 provided 1 <t < k—2. Let y11 = —%,
yi=—afori=2...,1+¢t,y1;,=y1 =0forallj=2,...14+¢t, and y;; =1—a
foralli,j € {2,...,14t},i < j. Then, the vector y is a feasible solution because
yi; > 0 for all ¢ < j and

+ i 1/a —E(1,t)
oLt _ Z yi; B _[—E(t,l) Da’a(t)} =0 .

1<i<j<n
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The latter is a direct consequence of Prop. [[1l
The objective function evaluates to

" 1
Zyu‘ - _1 Zyij
i=1 i
1

B k-1 0\ -1\ tt—1) k-1
_1<_ t(kt)) i <_ t(kt)>_ k—1 (1_ t(kt))
B tk—t) tk—1)—tt—1) [ k—1 t{t—1)

-V k-1 k—1 tlk—t) k-1

R ()22

Next, we argue that the matrix

1 o= E(L)

=L B(,1) DR

X =

is a primal feasible solution. Given that 1 < t < k — 2, all off-diagonal entries

are at least as large as k_—}l By Prop. [[dl X is positive semidefinite. We check

the only condition that is not trivially fulfilled, namely,

2
-1 k—t k—t
(H )k—1> K1 ( t(k—l))
The corresponding objective function value is
k—t £\ 2 tk—t) [(t\ 2
LEXY = =2t 4 | — — =2 — — .
(%) t t(k—1) <2>k—1 k—1 <2>k—1
For the dual transformed objective function value we obtain
k=1, flk=n () 2 ) -1 -2
2k k—1 2/ k—1 2k
Jk=1 fth—t) (Lt (L
k k— 2)k k 2/ k

D
VR OE—D (k=1

k

This proves the claims concerning the validity and tightness of (IJ]).
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Finally, we show that —/¢ bounds the above term from below. An application
of ’'Hospital’s rule yields that the expression —1 — ¥ t(k_t)(kk_l)_(k_t) converges
to —v/t as k goes to infinity. It remains to check that the value of the expression

is bounded from below by —v/%:

Cie oy VIO =T) ~ (k1)
k

= kVt—t>\Jt(k—t)(k—1)
N2 — 2RVE+ £ >tk — ) (k—1)  [= th® = t(t+ 1)k + ]
t>Q

0 2kVE > —t(t+ 1)k

t+1
g\/i<%.

The last inequality holds for all £ > 2. This completes the proof. a

Finally, we give hints for proving Prop. [6] and Prop. [[ analogously to the
previous proof.

Proof (of Prop. [@, Sketch). Use C = D%!(q) as objective and X = DVa=1 (q)
as primal solution. The resulting optimal value is 3 (¢ — k). This value is also
attained for the dual solution y with y;; = 1 for all ¢ and y;; = 0 for all ¢ # j. O

DY%1(s) —E(s,t)
—E(t,s) D%'(t)

. In

Proof (of Prop.[7, Sketch). Use the objective C* = [

1 1E1,1)

case of s = 1, use X = I
[%E(tl) DLA()
DY (s) yE(s,t)
vE(t,s) DV (t)
with k£ < t:_’;;. The resulting optimal value is w This value is also

attained for the dual solution y with y;; = 1 for all ¢ and y;; = 0 forall ¢ # j. O

} as primal solution, and X =

] in case of s > 2,k > s+t and either t < s2, or t > s together

6 Conclusion

The semidefinite relaxation from Sect. 3 of the combinatorial MINIMUM K-
PARTITION problem has been known for several years. The fact that such a
semidefinite program is (e-approximately) solvable in polynomial time is known
even longer. But just within the last one or two years SDP solvers have ma-
tured to the point, where the semidefinite programs associated to graphs of sizes
in the order of a few hundred vertices are computationally tractable in prac-
tice. Recall, however, that the semidefinite relaxation of MINIMUM K-PARTITION
cannot serve as the basis for a constant-factor approximation for MINIMUM K-
PARTITION unless P = N'P.

Our motivation has been to derive lower bounds on the unavoidable interfer-
ence in GSM frequency planning. In that sense, MINIMUM K-PARTITION is al-
ready a relaxations of our original problem. Nevertheless, the numerical bounds
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shown in Tab. [ are surprisingly strong. Clearly, similar investigations should be
performed for MINIMUM K-PARTITION directly.

We attribute the strength of the numerical bounds to a large extent to the
“shifted hypermetric inequalities” (I2), which are implicit in the semidefinite
relaxation. Hence, with respect to the integer linear programming formulation
([D-@@) of the MINIMUM K-PARTITION problem, all triangle constraints (2) are
violated by at most V2 =1 and all clique constraints (B) by less than % This
may serve as a preliminary explanation, but the relation between the MINIMUM
K-PARTITION and its semidefinite relaxation is certainly not yet settled.

Moreover, the substantial progress in the development of SDP solvers and our
promising computational results call for fathoming the following two questions:
Which semidefinite-programming-based k-partitioning heuristics perform well
in practice? (Simply applying randomized rounding may not be sufficient.) How
successful is a branch-and-cut approach to the MINIMUM K-PARTITION problem
based on semidefinite programming?
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Abstract. A cardinality constrained knapsack problem is a continuous
knapsack problem in which no more than a specified number of non-
negative variables are allowed to be positive. This structure occurs, for
example, in areas such as finance, location, and scheduling. Traditionally,
cardinality constraints are modeled by introducing auxiliary 0-1 variables
and additional constraints that relate the continuous and the 0-1 vari-
ables. We use an alternative approach, in which we keep in the model
only the continuous variables, and we enforce the cardinality constraint
through a specialized branching scheme and the use of strong inequalities
valid for the convex hull of the feasible set in the space of the continu-
ous variables. To derive the valid inequalities, we extend the concepts of
cover and cover inequality, commonly used in 0-1 programming, to this
class of problems, and we show how cover inequalities can be lifted to
derive facet-defining inequalities. We present three families of non-trivial
facet-defining inequalities that are lifted cover inequalities. Finally, we
report computational results that demonstrate the effectiveness of lifted
cover inequalities and the superiority of the approach of not introducing
auxiliary 0-1 variables over the traditional MIP approach for this class
of problems.

1 Introduction

Let n and K be two positive integers, and N = {1,...,n}. For each j € N, let
u; be a positive number. The cardinality constrained knapsack problem (CCKP)
is

max ZjeN CT;
djen ajT; < b,
at most K variables can be positive,
r; < uy, J €N,
xz; >0, jeN. (4
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We denote by S the set of feasible solutions of CCKP, i.e. S = {z € R" : z
satisfies (@)-()}, PS =conv(S), and LPS is the set of feasible solutions of the
LP relaxation, i.e. LPS = {z € R" : z satisfies (1), @), and @)}. We assume
that: a1 > --- > a, > 0 and b > 0; a; is scaled such that u; =1 and a; < b

Vj € N; and Zszl a; >band 2 < K <n—1 (otherwise the problem is trivial).
Theorem 1. CCKP is NP-hard. O

Constraint (@) is present in a large number of applications, such as portfolio
optimization [6l]27], p-median [T0], synthesis of process networks [5l]28], etc. It is
usually modeled by introducing 0-1 variables y;, j € N, and the constraints

T S’U,jyj,jEN, (5)
djenyi <K, (6)

see [R22].

Rather than introducing auxiliary 0-1 variables and the inequalities (@) and
(6) to model (@), we keep only the continuous variables, and we enforce (@l algo-
rithmically. This is done in the branch-and-cut algorithm by using a specialized
branching scheme and by using strong inequalities that are valid for PS (which
is defined in the space of the continuous variables). The idea of dispensing with
auxiliary 0-1 variables to model certain combinatorial constraints on continuous
variables and enforcing the combinatorial constraints directly in the branch-and-
bound algorithm through a specialized branching scheme was pioneered by Beale
and Tomlin [3/4] in the context of special ordered sets (SOS) of types I and II.

For several NP-hard combinatorial optimization problems, branch-and-cut
has proven to be more effective than a branch-and-bound algorithm that does
not account for the polyhedral structure of the convex hull of the set of feasible
solutions of the problem, see [7UI6T7/T921]24)26/31)34]. In this paper we study
the facetial structure of PS, with the purpose of using strong inequalities valid
for PS as cuts in a branch-and-cut scheme without auxiliary 0-1 variables for
the cardinality constrained optimization problem (CCOP):

max > jen G
ZjeNaijxj <b;,i €M, (7)
x satisfies (2))-),
where M = {1,...,m} and m is a positive integer.

Some potential benefits of this approach are [12]:

— Faster LP relaxations. Adding the auxiliary 0-1 variables and the new con-
straints substantially increases the size of the model. Also, the inclusion of
variable upper bound constraints, such as (Bl), may turn the LP relaxation
into a highly degenerate problem.

— Less enumeration. It is easy to show that a relaxation of the 0-1 mixed
integer problem may have fractional basic solutions that satisfy (). In this
case, additional branching may be required, even though the solution satisfies
the cardinality constraint.
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This approach has been studied by de Farias [9], and recently it has been used
by Bienstock in the context of portfolio optimization [6], and by de Farias, John-
son, and Nemhauser in the context of complementarity problems [13], and the
generalized assignment problem [11][14]. It has also been explored in the context
of logical programming, see for example [12]20].

In Sect. 2] we present polyhedral results. These results are used in Sect. B]
where we give a branch-and-cut algorithm to solve the model with continuous
variables only, and we compare its performance to solving a MIP formulation
with CPLEX. We conclude with some directions for further research.

2 Polyhedral Results

First we present some families of facet-defining inequalities for PS that are easily
implied by the problem, and which we call trivial, and a necessary and sufficient
condition for them to completely characterize PS.

Proposition 1. PS is full-dimensional. The vertices of PS have at most one
fractional component. If x is a vertex of PS that has a fractional component,
then © must satisfy (@) at equality. O

Proposition 2. Inequality () is facet-defining iff Zj(:_ll a;+a, > b. Inequality
(3) is facet-defining iff a; < b,j € N. Inequality (4) is facet-definingVj € N. O
Ezample 1. Let n =4, K =2, and () be

621 +4xo + 323+ x4 <6 . (8)

Then, @) for j € {1,2,3}, @) Vj € N, and (B) are facet-defining. Note that (&)
is stronger than x; < 1, which, therefore, is not facet-defining. a

We now give a necessary and sufficient condition for PS = LPS.

Proposition 3. PS = LPS iff 3 a; >b. O

n
j=n—K+1

When PS # LPS, all vertices of LPS that do not satisfy (&) can be cut off by
a single inequality. This inequality is presented in the next proposition.

Proposition 4. The inequality

JEN
is facet-defining iff a1 + Z?:n—K+2 a; <band Z;:i_K a; <b. a

Ezample 2. Let n =5, K =2, and () be
4y + 3x9 + 223 + 24 + 75 <6 . (10)

Then, 2521 x; < 2 is facet-defining. On the other hand, (@) does not define a

facet for PS in Example [ ad
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Proposition 5. Inequality {4) cuts off all vertices of LPS that do not satisfy

2. o
We now give a necessary and sufficient condition for the system defined by

(@, @), @), and @) to define PS.

Proposition 6. PS = LPS N {z : z satisfies @)} iff a1 + X jep_yas < 0

VI'C N — {1} such that |T| = K, > ,cra; <b, and ax = min{a; : j€T}. O

Now we study facet-defining inequalities for PS that are derived by applying
the sequential lifting procedure [25[33] to a family of inequalities that define
facets for lower dimensional projections of PS. We call these inequalities cover
inequalities. They are defined by sets of indices that we call covers. Our definition
of a cover is based on the similar concept used in 0-1 programming [II8[32]. A
major difference is that in our case the cover inequalities are valid for LPS,
whereas in 0-1 programming they are not valid for the feasible set of the LP
relaxation. However, by lifting our cover inequalities, we obtain facet-defining
inequalities for PS that are not valid for LPS, and therefore can be used as cuts
in a branch-and-cut scheme to solve CCOP. We present three families of facet-
defining inequalities for PS obtained by lifting cover inequalities in a specific
order. In the remainder of this section we denote PS(Ny, N1) = PSN{z € R":
z;=0Vje€ Npand z; =1Vj € N;}, where Ny and Nj are two disjoint subsets
of N, and similarly for LPS(Np, N1). Given a polyhedron P, we denote by V(P)
the set of all vertices of P.

Definition 1. Let C, Ny, and Ny be three disjoint subsets of N with N =
CUNoUN1 and |C| = K — [N1]. If 305cca; > b= ey, aj, we say that C' is
a cover for PS(Ny, N1), and that

Z a;x; <b— Z a; (11)
jec JEN:
is a cover inequality for PS(Ng, N1).
It is easy to show that
Proposition 7. Inequality ([1)) is valid and facet-defining for PS(No, N1). O

The lifting procedure is based on a theorem of Wolsey [33], see [9] for a proof.
Now we lift (II]) with respect to a variable x;, [ € Ny, to give a facet-defining
inequality for PS(No — {I}, N1) that is not valid for LPS(Ny — {I}, N1).

Proposition 8. Let C, Ny, and Ny be three disjoint subsets of N with N =
CUNQUN; and |C| = K—|Ny|. Suppose Ng # 0 and C' is a cover for PS(Ng, N1).
Leti € C andl € No be such that a; = min{a; : j € C} and 3o cc_(y aj+a <

b= sen, aj- Then,

Zajxj+ b—Zaj— Z a; xlgb—Zaj (12)

jec JEN: jecf{i} JEN;

defines a facet of PS(Ng — {1}, N1). O
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Ezample[dl (Continued). The set {1} is a cover for PS({2,3},{4}), and the cover
inequality is

Lifting (I3]) with respect to z2, we obtain 6z + 5ze < 5, which defines a facet
of PS({3},{4}). Lifting now with respect to x4, the lifting coefficient is

6x1 + 522 — 5
1—$4

ay = max{ cx € V(PS({3},0)) and z4 < 1}

If & € V(PS({3},0)) is such that #; <1 and

_6@‘1+5i‘2—5

o%1 S
171’4

then clearly &; > 0. Because of Proposition[l] Z; = 1 if 4 is fractional. However,
Z1 = 1= 24 = 0. Therefore, £, = 0. So,

oy =621+ 522 —5 .

Solving the (trivial) continuous knapsack problem that results from the lifting
problem when the value of Z4 is fixed, we obtain, &, = % and Zs = 1. Therefore,
ay = 2, and 621 + 5y + 2x4 < 7 defines a facet of PS({3},0). The lifting
coefficient of x3 is

7—6x; —Hre — 2
g = min{ S B B V(PS) and z3 > 0}
T3

If z € V(PS) is such that £3 > 0 and

7 — 631 —dbTo — 274
a3z = ~ )

€3

then, since K = 2, at most one of Z1, T2, and T4 can be positive. If Z3 = 1, either
Z4 = 1 and a3 = 5, or, by solving the (trivial) continuous knapsack problem that
results from the lifting problem when z3 =1 and 4 =0, T3 = %, and ag = 3.25.
If Z3 is fractional, Proposition [l implies that Zo = 1, and ag = 3. Therefore,
a3z = 3, and

6x1 4+ dxo + 33+ 224 <7

defines a facet of PS. a
From Proposition Blit follows that

Theorem 2. The inequality

n K—-1
Zmaa: a;,b— Zaj x; <b (14)
j=1 j=1

defines a facet of PS. ad
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Ezample @ (Continued). Inequality (I0) is not facet-defining, and it can be re-
placed with
4x1 4+ 329 + 223 + 224 + 225 < 6 .

O
We proved in Proposition@that (9) is facet-defining only if a; + Z;L:n_ K42 @
< b. We next present a family of facet-defining inequalities that are stronger than
@) when ay + 377, xipa; > b
Theorem 3. Suppose that a; + Z;‘l:nfl{th a; > b, Z;:n7K+2 a; < b, and
Z;:TLK a; <b. Then,

n—K—1 n n n
ai1zry + Z mam{aj,b— Z ai}mj—i— (b— Z ai> Z Z;
i J

j=2 1=n—K+2

defines a facet of PS. a
Note that when a; + 377 ., a; > b, (I3) is stronger than (@).
Ezample 3. Let n =4, K =2, and () be

6x1 + 322 + 203+ 2x4 <6 .

Then,
6x1 + 5x2 + bxg + dxy < 10 (16)

defines a facet of PS. Inequality (I8 is stronger than ijl x5 < 2. O

Next, we present a family of valid inequalities that under certain conditions
is facet-defining for PS. The family of inequalities is particularly useful when the
constraint matrix is not dense, a situation that is common in applications.

Proposition 9. Let C, Ny, and Ny be three disjoint subsets of N with N =
CUNoUN; and |C| = K — |Ny|. Assume that C is a cover for PS(Ng, N1), and
ap = min{a; : j € C}. Suppose that ;e a5 <b—> ey, aj, and ap =0
for somel € Ny. Then,

Zajxj+Aij+Zajxj§b—|— Z(aj—aj) (17)

jec JENo JEN: JEN:

is valid for PS, where A = b — ZjeC—{p} aj = jen, 4, and
_JA+a if ap > A+ a;
4= maz{ap,a;} otherwise.
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Theorem 4. Ifa; < A Vj € Ny, is facet-defining for PS. 0

Ezample 4. Let n =5, K = 3, and (@) be given by
5x1 + dxo + 3x3 + 0xy + 025 <9 .

Then,
Sx1 + dxo + 4x3 + 4wy + 4y < 13

is facet-defining for PS, where C = {1,2}, Ny = {3,4}, and N; = {5}. O

3 Solving CCOP by Branch-and-Cut

We tested the performance on difficult instances of CCOP of the

— MIP formulation, in which one introduces in the model auxiliary 0-1 vari-
ables, and models Constraint (2)) with Constraints (0l and (B)

— continuous formulation, in which one keeps in the model only the continuous
variables, and enforces Constraint () algorithmically through a branch-and-
bound algorithm by using a specialized branching scheme

— continuous formulation through a branch-and-cut algorithm by using a spe-
cialized branching scheme and the lifted cover inequalities introduced in Sect.
2l as cuts.

The number of knapsack constraints, m, and the number of variables, n, in
the instances of CCOP tested are given in the first column of Table 1. We tested
3 different instances for each pair m x n. The values of K for the instances
varied from 150 to 3,000, and the densities of the constraint matrix from 13%
to 50%. These values were chosen by selecting the hardest ones determined by
performing preliminary computational tests. The instances with the same m and
n had the same cardinality and density.

The instances were randomly generated as follows. The profit coefficients
¢j,j € N, were integers uniformly generated between 10 and 25. The nonzero
knapsack coefficients, a;;,% € M,j € N, were integers uniformly generated be-
tween 5 and 20. The m x density indices of the nonzero knapsack coefficients
were uniformly generated between 1 and n. The right-hand-sides of the knapsack
constraints were given by b; = max{|.3 3,y a;;], greatest coefficient of the ith
knapsack+1}, i € M.

The continuous formulation was tested using MINTO 3.0 [23)29] with CPLEX
6.6 as LP solver. Our motivation for using MINTO was the flexibility that it offers
to code alternative branching schemes, feasibility tests, and separation routines.
Initially we implemented the MIP formulation with MINTO. However, MINTO
proved to be too slow when compared to CPLEX 6.6 in solving the MIPs. Also,
CPLEX 6.6 has Gomory cuts, which we thought could be helpful in reducing
the effort required to complete the enumeration [2]. Note that by using CPLEX
to solve the MIPs and MINTO to solve the continuous formulation, the results
are biased in favor of the MIP formulation, since CPLEX is much faster than
MINTO.
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We adopted the specialized branching scheme proposed by Bienstock in [6],
which we briefly describe. Suppose that more than K variables are positive in a
solution Z of the LP relaxation of CCOP, and that z; is one of them. Then, we
may divide the solution space by requiring in one branch, which we call down,
that 2; = 0, and in the other branch, which we call up, that

Y a4 <K-1. (18)

JEN—{l}

Let Sqown = S N{z € X" : 2y = 0} and Syp = SN {z € N" : x satisfies ([I8)}.
Clearly S = Sqown U Sup, although it may happen that Z € Sup.

In general, suppose that at the current node of the enumeration tree the
variables x;,j € F', are free, i.e. have not been branched on, and that ¢ vari-
ables have been branched up. We branch at the current node on variable x, by
imposing in the down branch that x, = 0, and in the up branch that

Z IjSK—t—l.

JjEF—{p}

Even though the current LP relaxation solution may reoccur in the up branch,
this branching scheme ends within a finite number of nodes, since we can fathom
any node that corresponds to K up branches.

Since each knapsack constraint of CCOP has a large number of 0 coefficients
in the data we used to test CCOP, the conditions of Proposition [ are satisfied
in general, and (@) is facet-defining for the convex hull of the feasible sets of the
instances tested. Because of this, we included (@) in the initial formulation (LP
relaxation) of the instances of CCOP we tested, which considerably tightened
the model.

Initially, we wanted to use (I4]) of Theorem [2 in a preprocessing phase to
tighten any inequality in the initial formulation for which a;; < b — {i;l ail
for some ¢ € M,j € N. However, we did not detect this condition in any of
the instances we tested. Note that the specific way we defined b;,7 € M, in the
instances was such that the knapsack inequalities were already tight, in the sense
that a;; > b— Z{i}l a; Yi € M,j € N. On the other hand, (Id) might be useful
in real world instances where some defined models are not tight.

We also wanted initially to use ([[8) to define the up branches every time it was
stronger than (@), as would happen if the conditions of Theorem [3 were present
in at least one of the knapsack constraints. However, because of the number of
0 coeflicients in the data we tested, in general a;; + Z;:anH a;; < b;,i € M.

We used (7)) as a cut. Unlike ([4) and (IH), (I7) proved to be very useful in
the instances we tested, and therefore we used it in our branch-and-cut algorithm.

Given a point T that belongs to the LP relaxation of CCOP and that does not
satisfy (@), to find a violated inequality (I7) we have to select disjoint subsets
C,Ni C N, such that C # 0, [C| + [N| = K, > iccaij + D jen, @ij > bi,
Zjecf{p} a;j + ZjeNl a;j < b, with a;, = min{a;; : j € C}, a;; = 0 for some
jEN— (CUN1> with Zi; > 0, and
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Z ai;T; + A Z T + Z 0T > by + Z (o — aij), (19)
jec JENo jENT jEN
where Ny = N — (C' U Ny). It appears then the separation problem for (I7) is
difficult. Thus we used a heuristic, which we now describe, to solve the separation
problem.

Let ¢ € M be such that ZjeN ai;T; = b;. Because the terms corresponding
to j € C in (I0) are a;jx;, we require that a;; > 0 and Z; > 0 Vj € C. Because
j € Ny contributes o;x; to the left-hand-side and a; to the right-hand-side of
(D), we require that ; = 1 Vj € Ny. Since C' cannot be empty, we first select
its elements. We include in C' as many j € N with a;; > 0 and Z; € (0,1) as
possible, u p to K elements. If |C| = K, we include in Ny every j € N — C (in
this case Ny = (). If |C| < K, we include in Ny all j € N — C with Z; =1, in
nonincreasing order of a;; until |C|+4 |N;| = K or there are no more components
of  with Z; = 1. If |C|+|N1| < K or if thereisno j € N—(CUN;) with a;; =0
and Z; > 0, we fail to generate a cut for & out of row 4. If |C| + |N;| = K and
3j € N—(CUN;) with a;; = 0 and &; > 0, we make Ny = N —(CUNy). Finally,
if (I9) holds, we succeed in generating a cut for & out of row i. Otherwise, we
fail.

The following example comes from our preliminary computational experi-
ence.

Ezxample 5. Let m = 2, n = 100, and K = 20. The solution of the LP relaxation
is T given by T1 = %11 = T17 = Tooa = T43 = Tu5 = Tse = Tz = Tgo =
Te1 = Tez = Tea = Teg = Tyg = Trg = Tgo = Tge = Tgs = 1, T1g9 = 0.434659,
Z7s = 0.909091, Z7s = 0.65625, and ; = 0 otherwise. (Note that 3 variables are
fractional even though m = 2. This is because (@) was included in the original
formulation.) Let Ny = {j € N : Z; = 0}. Below we give the terms of one of the
knapsack constraints for which Z; > 0 and a;; > 0:

14xy + 30211 + 32219 + 20202 + 12245 + 1dwse + 12261 + 24270 + 32275
+24£U79 S 193 .

The 18 components of Z equal to 1 are all included in Ny, i.e. Ny = {1, 11, 17,
22, 43, 45, 56, 57, 60, 61, 62, 64, 68, 70, 79, 80, 86, 95}. We choose the cover
C ={19,75} and we let Ny = {78} U Nj, A = 11. Therefore the inequality (I7)
is

32219 + 32275 + 11w7g + 11 Z xj + 25x; + 32217 + 11217 + 1oy + 1lags
JEN
+ 23:645 + 25I56 + 11I57 + 111‘60 + 23(1761 + 111‘62 + 11%64 + 11:668 + 32I70+
32x79 + 1lzgg + 1lxgs + 11295 < 376. (20)

Since this inequality is violated by z, it is included in the formulation at the
root node. Because we fail to generate a cut for Z out of the other knapsack
inequality, this is the only cut included at this time, and we re-solve the LP
relaxation with (20) included in the formulation. O
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We search for a cut ([9) for # from every knapsack inequality (7) and we
include in the formulation in the current node as many cuts as we find. In case
we find cuts, we re-solve the LP relaxation with the cuts added. Otherwise, we
branch. We search for cuts in every node of the enumeration tree.

We used a Sun Ultra 2 with two UltraSPARC 300 MHz CPUs and 256 MB
memory to perform the computational tests. The results are summarized in
Table 1, which gives for each pair m x n the average number of nodes, CPU
seconds, and number of cuts for the MIP and continuous formulations. The sec-
ond column gives the average number of nodes over the 3 instances generated by
CPLEX to solve the MIP formulation to proven optimality. The next column,
Cont. B&B, gives the average number of nodes generated by MINTO to solve
the continuous formulation exactly with Bienstock’s branching scheme without
the use of cuts, i.e. through a pure branch-and-bound approach. The following
column, Cont. B&C, gives the number of nodes generated by MINTO to solve
the continuous formulation exactly with Bienstock’s branching scheme and (7))
as cuts, i.e. through a branch-and-cut approach. The column “% Red.” gives the
percentage reduction in number of nodes by using the continuous formulation
and a branch-and-cut algorithm with (7)) as cuts over the MIP formulation.
Note that overall, the percentage reduction in number of nodes by using branch-
and-cut over branch-and-bound for the continuous formulation was 70%. Thus
the use of a branch-and-cut approach to solve the continuous formulation can
be considerably more effective than pure branch-and-bound. The great overall
reduction of 97% in the average number of nodes by using the continuous formu-
lation with a branch-and-cut approach over the MIP approach indicates that by
adding auxiliary 0-1 variables and enforcing (2)) through their integrality does
not take as much advantage of the combinatorial structure of the problem as
in the continuous approach, where we fathom a node when (2)) is satisfied, and
where we branch by using Bienstock’s scheme. As mentioned earlier, (@) is usu-
ally facet-defining, and thus using it to define the up branches may considerably
help to reduce the upper bound on the up branches.

The four columns under “Time” in Table 1 have similar meanings to the four
columns under “Nodes”. The overall time reduction by using ([[7) as cuts in a
branch-and-cut scheme to solve the continuous formulation over pure branch-
and-bound was 62%. Because CPLEX is much faster than MINTO, the overall
time reduction of 78% of branch-and-cut on the continuous formulation over the
MIP formulation is very significant. We believe that such a great time reduction
is not just the result of the reduction in the number of nodes, but also due
to the fact that the size of the MIP formulation is 2 times greater than the
continuous formulation, which becomes significant in the larger instances. Also,
the degeneracy introduced by the variable upper bound constraints (@) may be
harmful.

The only cuts generated by CPLEX with default options were the Gomory
cuts. The column “Cuts Gom.” at the end of Table 1 gives the average number
of Gomory cuts generated by CPLEX. As we mentioned in Sect. B initially we
tested the MIP approach with MINTO. MINTO generated a very large number
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Table 1. Average number of nodes, time, and number of cuts for the MIP and the
continuous formulations

Nodes Time Cuts

mxn Cont. % Cont. % ||Gom.| (A7)
MIP| B&B| B&C|Red.|| MIP| B&B| B&C|Red.
20 x 500 36,364 681| 531 98 527 17 94| 82 12| 10
20 x 1,000(/109,587| 1,360 315| 99| 2,141 792 208| 90 750 23
20 x 1,500(| 33,761| 1,423| 229 99| 1,746 203 109 93 67 18
20 x 2,000(| 12,738| 2,753| 729| 94 802 839 318| 60 153] 72
20 x 2,500 46,873| 3,479| 1,157 97| 9,959| 1,558 770 92 148| 69
30 x 3,000(/196,010( 3,927| 1,092 99| 36,288| 3,570 720 98 205| 162
30 x 3,500( 20,746 161 3| 99| 14,507 44 12| 99 54 6
50 x 4,000 18,529 289| 112| 99| 14,798 57 491 99 97 11
50 % 4,500]| 26,311| 4,230] 1,358] 94| 35,601] 19,758 9,505 73| 79| 91
50 x 5,000( 39,776| 5,553| 1,749| 95|| 53,388| 23,570| 11,320 78 161] 211
50 x 5,500 43,829| 6,763| 2,129| 95|| 65,423| 27,140| 12,639| 80 134 287
50 x 6,000( 49,574| 7,981 2,727| 94| 72,751| 28,923| 13,547, 81 231| 320
50 x 6,500 54,251| 8,975| 3,152| 94| 85,721| 34,188| 15,754 81 166| 289
50 x 7,000( 17,524 163| 158 99| 24,439 SYud 715 97 61 15
70 x 7,500 45,279| 8,572| 1,359| 96| 96,714| 98,576 32,711 66 244| 412
70 x 8,000 32,497| 9,085| 2,168| 93| 89,238(106,684| 31,730| 64 315| 601
TOTAL |[|784,149|65,395|18,968| 97(|604,043|346,496|130,201 78| 2,202|2,597

of lifted flow cover inequalities (LFCIs), typically tens of thousands, even for the
smallest instances. The reason is because the violation tolerance for LFClIs in
MINTO is much smaller than in CPLEX. To verify the effectiveness of LFClIs in
CPLEX we increased their violation tolerance. Our preliminary tests indicated
that even though LFCIs help reduce the integrality gap faster, they are not
effective in closing the gap, and we then kept CPLEX’s default. The average
number of inequalities (7)) generated by MINTO is given in the last column of
Table 1.

Given the encouraging computational results, it is important to study the
following questions on branch-and-cut for CCOP:

how can lifted cover inequalities be separated efficiently?

— how can cover inequalities be lifted efficiently in any order, either exactly or
approximately, to obtain strong cuts valid for PS?

— in which order should cover inequalities be lifted?

are there branching strategies more effective than Bienstock’s [6]7 (See [12]

for an alternative branching strategy.)

Note that it is not possible to complement a variable x; with a; < 0, as is
usually done for the 0-1 knapsack problem, and keep the cardinality constraint
(2) intact. This means that the assumptions that b > 0 and a;; > 0Vj € N
of Sect. [M imply in loss of generality. Thus, it is important to investigate the
cardinality knapsack polytope when a; < 0 for some of the knapsack coefficients.
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Besides cardinality, there exists a small number of other combinatorial con-
straints, such as semi-continuous and SOS [12], that are pervasive in practical
applications. We suggest investigating their polyhedral structure in the space
of the continuous variables, and comparing the performance of branch-and-cut
without auxiliary 0-1 variables for these problems against the usual MIP ap-
proach.

Recently, there has been much interest in unifying the tools of integer pro-
gramming (IP) and constraint programming (CP) [30]. Traditionally in IP, com-
binatorial constraints on continuous variables, such as semi-continuous, cardi-
nality or SOS are modeled as mixed-integer programs (MIPs) by introducing
auxiliary 0-1 variables and additional constraints. Because the number of vari-
ables and constraints becomes larger and the combinatorial structure is not
used to advantage, these MIP models may not be solved satisfactorily, except
for small instances. Traditionally, CP approaches to such problems keep and use
the combinatorial structure, but do not use linear programming (LP) bounds.
The advantage of our approach is exploiting both the combinatorial structure
and LP bounds simultaneously.
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Abstract. We consider a batch processing system {p; : i =1,2,---,n}
where p; is the processing time of job i, and up to B jobs can be processed
together such that the handling time of a batch is the longest processing
time among jobs in the batch. The number of job types m is not fixed
and all the jobs are released at the same time. Jobs are executed non-
preemptively. Our objective is to assign jobs to batches and sequence the
batches so as to minimize the total completion time. The best previously
known result is a 2—approximation algorithm due to D. S. Hochbaum
and D. Landy [6]. In this paper, we establish the first polynomial time
approximation scheme (PTAS) for the problem.

1 Introduction

The non-preemptive batch processing system arises as a model of jobs processing
for the burn-in stage of manufacturing integrated circuits [2/3]. At that stage,
circuits are loaded into ovens and exposed to high temperature in order to test
the quality of chips and to weed out the chips that might endure an early fail-
ure under normal operation conditions. Usually, each chip has a pre-specified
minimum burn-in time, dependent on its type or customer’s requirement. Since
a chip might stay in the oven for a longer time, different types of chips can be
assigned into one batch and the batch will stay in the oven for the longest time of
the burn-in times of the chips. Once a batch is being processed, no preemption is
permitted. The scheduling problem is to assign chips into batches and sequence
the batches. We are interested in minimizing the total completion time.

There are two major classes of the batch processing problems: the unbounded
case where there is no limit on the number of jobs that can be assigned to a batch
and the bounded case. For the unbounded case with one release date, P. Brucker
et al. [2] designed a polynomial time algorithm via a dynamic programming ap-
proach and they also made a thorough discussion of the scheduling problem on
* Research is partially supported by a grant from the Research Grants Council of

Hong Kong SAR (CityU 1056/01E) and a grant from CityU of Hong Kong (Project
No.7001215).
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the batch machine with various constraints and objective functions. And for the
unbounded weighted case with different release dates, X. Deng and Y. Zhang [4]
proved that it is NP-hard to find the optimal schedule and they also presented
polynomial time algorithms for some special cases. A PTAS was obtained re-
cently by X. Deng, et al., [5] for unbounded case with different release dates.
There has not been much work done for the bounded case, however. For a fixed
number m of job types and one release date, D.S. Hochbaum and D. Landy [6]
presented an optimal algorithm MTB with a running time of O(m?3™) and for
variable m they gave a highly non-trivial 2—approximation algorithm when all
the jobs arrive at the same time.

The above 2-approximation algorithm is based on several important proper-
ties of a specially structured optimal schedule.

A major break-through in methodology of designing PTAS for scheduling
problems came very recently in the seminal work of Foto Afrati et al. [1]. They
made a novel combination of time stretching, geometric rounding and dynamic
programming approaches, to obtain a general framework for obtaining PTAS for
several classical scheduling problems. Our work is motivated by their success.
In Sect. 2, we introduce notations and simplify the bounded batch processing
problem by applying the geometric rounding technique as well as the structural
properties of the work of D.S. Hochbaum and D. Landy [6].

Our main contribution is an optimal solution for jobs with processing time
in geometric series: (1 + €)?, where € is a given positive number and i is an
integer. The solution takes a quite non-trivial dynamic programming approach.
Even though one may argue that the approach of Foto Afrati et al. may render
the task of PTAS design simple for scheduling problems and we are inspired by
their work, our solution is not a consequence of theirs. Our result builds upon
a concise mathematical structural lemma of D.S. Hochbaum and D. Landy [6].
It requires further development of structural analysis of the optimal solution
and a sophisticated dynamic programming. In Sect. 3 we state several structural
properties of the optimal schedule for this class of jobs. These properties form
the basis of our algorithm that is presented in Sect. 4. We end this paper with
remarks and discussion in Sect. 5.

2 Preliminaries

We consider one non-preemptive batch processing machine and m job types

numbered 1,...,m, each type t € {1,...,m} has n; jobs and a processing time,

i.e., the minimum burn-in time, p;, where p; < p3 < ... < py,. The batch machine
m

can handle up to B < n = >_ n; jobs simultaneously and we call such a machine
t=1

a bounded batch processing machine. For a batch of jobs, its handling time is

defined to be the longest processing time among the jobs in the batch. Jobs

processed in the same batch have the same start time and the same handling

time(i.e., the start time and the handling time of the batch). For each job Jy j of

type t, its completion time, denoted by Cy 1, is the sum of the start time and the
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handling time of the batch that includes it, where the subscript ¢ (1 <t < m)
is the index of the job type and k is the index of the job in type t under an
arbitrary index method and 1 < k < n;. Therefore, all the jobs in the same

batch have the same completion time. Our target is to schedule all jobs so that
m  ng

the total completion time Y. > C}j is minimized.
t=1 k=1
We need several important structural properties due to Chandru V. et al., [3],
D.S. Hochbaum and D. Landy [6], as well as some lemmas given by Foto Afrati

et al., [1]. We present them in subsequent subsections.

2.1 Geometric Rounding

To establish a PTAS, for any given positive number ¢, we need to find a 1 + e
optimal solution by our algorithm. Our framework is that for a given €, we
first apply geometric rounding to reduce the problem to a well-structured set of
processing times, with a loss of no more than 1+¢. Then we design a polynomial
time algorithm for the rounded problem. The following crucial lemma is due to
Foto Afrati et al. [I]

Lemma 1. [1] With 1 + € loss, we can assume that all processing times are
integer powers of 1 + €.

For simplicity, we still use previous symbols for the problem produced by
rounding the processing times, i.e., m for the number of job types, n; and p; for
the number and the processing time of jobs in type t, respectively, t € {1,...,m},
and p; < pg < ... < P, Notice that the processing times now are integer powers
of 1 + ¢, and we call the new problem the rounded problem. When there is no
ambiguity, we always refer to the rounded problem in the following discussion.

2.2 Reduction to Leftover Batches

Given two types s and t, we say that type s is smaller than type t if s < ¢
(i.e., ps < pt). For a batch B;, we define its handling time p(B;) as the longest
processing time among jobs in B;. Using notations given by Chandru V. et al.
[B], a batch is called full if it contains B jobs, and homogeneous if it contains jobs
of a single type, where B is the maximum batch size that the batch machine
can handle. D.S. Hochbaum and D. Landy [6] extended those terminologies as
follows: a batch is called t—pure if it is homogeneous with jobs of type ¢t. A batch
which is not full is called a partial batch. If p; = p(B;) is the longest processing
time in a batch B;, then t is called the dominant type of B; and alternatively ¢
dominates batch B;.
The following three lemmas are due to Chandru V. et al. [3].

Lemma 2. [3] Consider k batches {B, ..., B} of jobs. Let p(B;) and |B;| be
the handling time and the number of jobs in batch B;, respectively. Then the
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sequence S = {Bji,..., Bx} of batches in the increasing order of the indices is
optimal if
p(B1)

| B

p(Ba)

<..< p(Br)
| B

T | By

(1)

Following definitions of Chandru V. et al. [3], we say that a sequence of
batches satisfying () is in batch weighted shortest handling time (BWSHT)
order.

Lemma 3. [J] There exists an optimal solution containing [n:/B] homogeneous
and full batches of type t, where [r] denotes the lower integer part of a real number
r. Furthermore, these batches will be sequenced consecutively.

By Lemma [B] we can possibly first assign some jobs into homogeneous full
batches for each type ¢ € {1,...,m}. Then there are still n, — B[n;/B] remaining
jobs for each type t € {1,...,m}, we call these jobs leftover jobs, and the batches
containing those jobs leftover batches. We have the following lemma for leftover
jobs and leftover batches.

Lemma 4. [3] There exists an optimal solution in which the jobs in each leftover
batch are consecutive with respect to their processing times, that is, for any three
leftover jobs with processing times p; < p; < py, if a batch contains the jobs with
processing times p; and py, it must also contains the job with processing time p;.

2.3 Reduction to Leftmost Batches
The following three lemmas are given by D.S. Hochbaum and D. Landy [6].

Lemma 5. [6] In every optimal schedule that satisfies the properties of Lem-
mas [@ —[4 each job type t € {1,...,m} dominates at most one leftover batch.

Lemma 6. [d] In any optimal schedule, if there are two leftover jobs i and j
with processing times p; < p; such that the batch containing job j precedes the
batch containing job i, then job j must be in a full batch.

Define a basic schedule as one that satisfies the properties described in Lem-
mas [ — Bl To reduce the number of possible schedulings of the leftover jobs,
D.S. Hochbaum and D. Landy [6] introduced the concept of leftmost batching as
follows.

They first defined a batching as a list of leftover batches and a batching is
called basic when it satisfies the properties described in Lemmas[4 and [, namely:

e jobs are consecutive with respect to processing time in each batch, and
e each job type dominates at most one leftover batch.

Definition 1. [6/ Given two sets of job types, F, P C {1,...,m}, with FNP =
0, we say that a basic batching A agrees with the pair (F, P) if for each job type
te{l,...,m},
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o t € F if and only if t dominates a full batch in A;
e t € P if and only if t dominates a partial batch in A;
o t & FFU P otherwise.

For a given pair (F, P), there may be more than one basic batchings that agree
with it, or there may be no basic batching that agrees with it, in which case the
pair (F, P) is called infeasible. If there is at least one basic batching that agrees
with a pair (F, P), we define a new batching, denoted by L(F, P), which is called
the leftmost batching with respect to (F, P) as the unique basic batching that
agrees with (F, P) and in which all jobs are pushed to the “left” as much as
possible. This means that if the batches are arranged from left to right in order
of increasing handling times (i.e., processing times of dominating types), then it
is impossible to move a job from its current batch into a batch to the left and
the resulting batching still agrees with (F, P).
The following essential lemma is due to D.S. Hochbaum and D. Landy [6].

Lemma 7. [6] There exists an optimal schedule S for the burn-in problem such
that S is basic and the leftover batches of S form a leftmost batching.

3 More Structural Properties

Given a batch B; dominated by type i and a batch B; dominated by type j, if

p(B) _ p(B)

|Bj | Bi

and correspondingly Bj; is called an out—of-order large batch of B;. According

to Lemmas [l and Pl in an optimal schedule, we must have |B;| = B and B;

must be ahead of B; if B; is an out-of-order small batch of Bj;. Since all the
processing times are integer powers of 1 + €, we have the following lemma.

1 < j and , then we call B; an out-of-order small batch of B;,

Lemma 8. In an optimal schedule, if B; is an out—of-order large batch of B;,
then we have
j—i< [log . B].

Proof. Suppose p(B;) = (1 + €)* and p(B;) = (1 + €)?, where ¢ and j are the
types dominating batches B; and B; and 1 <7 < j < 'm, x and y are integers and
x < y. Recall that different types have different processing times, i.e., different
powers of 1 + € and that the job types are indexed in the order of increasing
processing times, we have that the processing time of each job type between i
and j must be a number of the power of 1 + € between (1 + €)® and (1 + €)Y,
ie., 7 —1i <y — z. Recall that we consider leftover batches only and that each
type dominates at most one leftover batch. According to the previous discussion,
since B; is an out-of-order large batch of B;, we must have

p(B;) _ p(By)
B~ 1B

1< ‘Bz| < B, |B]| = B and

implying
(I+e)* _ pBi) _pByj) _ (A+e)

= > =
1 | Bi] | Bj| B
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and subsequently y —z <log;,. B=y—z < [logl_Ire B] by the integrality of
z and y. Finally, we have

j—i<y—x< [10g1+eB]~
The proof is complete. a
For any given type t, let

ts=t— [logy, B], t=t+ [logy, BJ.

For a given type t and a batch B; dominated by ¢, we denote by OS; a set of
some out—of-order small batches with respect to By, and call it an out—of-order
small batch set of By. Similarly, we denote by OL; a set of some out—of-order
large batches of B; and call it an out—of-order large batch set of B;. When there
is no ambiguity, we call OS; an out—of-order small batch set without specifying
the possessor By, and similarly call OL; an out—of-order large batch set. Notice
that for any given batch By, the number of OS[s and the number of OL}s can
be exponentially large in general. However, the following analysis shows that
Lemma [§ allows us to focus on a polynomial number of them.

According to Lemma [8, all batches in OS; must be dominated by types
between t; and t — 1.

Given a type t and a batch B; dominated by ¢, let (F, P)srp, denote any
possible (F, P)-pair of job types between ¢, and ¢t — 1, and L(F, P)grp, denote

t—1
the leftmost batching of jobsin |J LJ(x)\B; with respect to (F, P)srp,, where
r=tg
LJ(x) is the leftover—job set of type z.
Given a type t and a batch B; dominated by ¢, let (F, P, B)s be any possible

batching of the following types:
type 1,. L(F, P)srp, for some (F, P)grp,—pairs,
t—1
type 2,. the leftmost batching of jobs in |J LJ(x)\ B and j largest smaller
rx=tg
jobs (jobs smaller than type t, refer to Lemma H) with respect to some
(F, P)srp,—pairs(in this case, all the batches are still dominated by types
between ty and ¢t — 1), where j is any possible number between 1 and B — 1.

Note that for a given batch By, the numbers of (F, P, Bt)sls of type 1, and
type 2, are O(BU°81+¢3)) and O(B(*+1981+c3)) | respectively, due to the fact that
the number of possible (F, P)szp, pairs is O(BU°81+¢3)) (there are at most
log, . B different types between type ¢t —1 and t,, and each type ¢ can belong to
one the three categories, i.e., t dominates a full batch; ¢ dominates a partial batch;
t does not dominate any batch. Therefore there are totally 30081+ B) = Blogi14.3)
possible ways for deciding the (F, P)grp,—pairs).

For each (F, P, B;)s described above, let

OS(F, P, By)s = {out-of-order small batches of B; in (F, P, By)s}.

The following lemma ensures the reduction of the number of O.S}s to polynomi-
ally small.
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Lemma 9. In an optimal schedule as described in Lemma 7, for each batch By,
its out—of-order small batch set OS; must be the same as one OS(F, P, By)s for
some (F, P, B;)s and the number of OS.s is no more than O(B1+1°814¢3)),

Proof. Otherwise, in the optimal schedule, the batches dominated by types be-
tween ts and t — 1 is not a locally leftmost batching. Suppose the corresponding
(F, P)—pair of these batches is (F, P), and the (F, P)—pair of the all the batches
in the schedule is (F, P),. Then, we can move some jobs to the left and the re-
sulting local batching still agrees with (F, P)s, and subsequently the resulting
whole batching still agrees with (F, P),, i.e., the handling time of each batch
does not change. However, since some jobs are pushed to the left which means
their completion times become smaller, the completion time of the new schedule
is smaller than the original optimal schedule, which leads to contradiction (the
reason we consider type2; is that a batch dominated by a type between ¢; and
t — 1 may also include jobs of types smaller than t;). We can learn the number
of OS{s from the above discussion.

Now we discuss the case for OL;. Given a type ¢t and a batch B; dominated
by t, according to Lemma 8, all batches in OL; must be dominated by types
between ¢ + 1 and ¢;.

Let (F,P)rrp, be any possible (F, P)-pair of types between ¢ + 1 and ¢

and L(F, P)rrp, the leftmost batching of jobs in U LJ(x)\ By with respect to

(F, P)rLp, (notice that type ¢t does not domlnate any batch in L(F, P)rLB,).
Given a type ¢ and a batch B; dominated by type ¢, let (F, P, B;)rr be any
possible batching of the following types:

type 1;. L(F,P)rpp, for some (F, P)rp,—pairs, and we denote (F, P, By)r, of
this type as T1(F, P, B) LL;

¢
type 2;. the leftmost batching of jobs in Lj LJ(x)\ B\ LJ; with respect to
=t

=
some (F, P)rp,—pairs, where LJ; is the set of j consecutively largest jobs of
types between t+1 and ¢;(in this case, some largest types between t+1 and ¢
may not dominate any batch, refer to Lemmald]) and j is any possible number
between 1 and B — 1. We denote (F, P, By) 1, of this type as To(F, P, B;) ..

Notice that, for a given type t and a given batch By, the number of possible
(Ty(F, P, By)11)'s is O(BU°81+<3)) and the number of possible (T5(F, P, B;).1,)'s
is O(B(1*198143)) as the number of (F, P) 1 p, pairs is O(B°81+¢ 3))(the reason
is like that in the previous discussion).

For a given Ty (F, P, B;)rr, (resp. a To(F, P, By)r1), let T1(F, P, B)r, (resp.
T>(F, P, By)1,) denote the batching which contains all the batches in
T, (F, P, B;:)rr (resp. To(F, P, By)rr) and all the full homogeneous batches of
types between t + 1 and t;.

Given a T1(F, P, B;)1, and T5(F, P, By)y, set

OBT(F, P, B;)1, = {out-of-order large batches of B; in T\ (F, P, B:)1},
OBTy(F, P, B;)1, = {out-of-order large batches of B; in To(F, P, By)r}
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The following lemma restricts the number of OL}s to polynomially small.

Lemma 10. In an optimal schedule as described in Lemma 7, for each batch
By, its out—of-order large batch set OL; can only be the same as either one
OBT,(F, P, B;)1, (now we say that OLy is of type 1) or one OBTy(F, P, B;)r,
(now we say OL; is of type 2) and consequently the number of OL}s is no more
than O(BUH1og14c3)),

Proof. The proof is similar to that of Lemma[d (the reason we consider type 2,
is that some largest jobs of type between t + 1 and #; may be processed in a
batch which is dominated by a type larger than t;).

Let OL; denote the remaining batching of Ty (F, P, B;), by omitting batches
in OL; if OL; = OBTy(F, P, B;)r,, and the remaining batching of T>(F, P, B;),
if OLy = OBT»(F,P,B,)y.

4 The Dynamic Programming Solution

The state variables in our dynamic programming solution is indexed in the form
of (¢, B, OS;,OL;), which means the “present” type is ¢, the “present” batch in
the scheduling is a leftover batch B; dominated by type t, the “present” out—of-
order small batch set of B, is OS; and the “present” out—of-order large batch
set of By is OL;. Our dynamic programming entry O(t, By, OS;, OL;) denotes

both the optimal schedule and its value of all jobs in |J J(x) U B, UOS; \ OL,

with the assumption that batch B; and batches in Og’t tkeep unchanged, where
J(x) is the job set of type z.

What we should point out here is that in O(t, By, OSt, OL;), the full homoge-
neous batches of type t are always scheduled first. Let O(t, By, OS;, OL;)" denote
the schedule and its value obtained from O(t, B, OS;, OL;) by omitting the full
homogeneous batches of type t.

When computing O(¢t, B, OS;, OL;), the most important thing is to enumer-
ate all the possible next “present” batches. Notice that according to Lemma [8]
all the batches in OS; can’t be scheduled later than batches dominated by types
larger than ¢;, and that t; + 1 is the smallest type by which a batch is domi-
nated can’t be scheduled earlier than B;. Hence, we enumerate all possible next
“present” batches from batches dominated by type t; + 1 on.

Given (t, By, OS;, OL;), next “present” batch By and next “present” type t’
can only be as follows:

e if OL; is of type 1, then By includes j consecutive leftover jobs of types
larger than ¢; for some 1 < j < B, and ¢’ is the largest type in By;

o if OL; is of type 2, then By includes all the jobs in LJ; and j consecutive
larger jobs(smallest jobs larger than type t;, refer to Lemma M) for some
1<j< B—|LJ, and ¢ is the largest type in By.
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Given t, B;, 0S;, OL;,t" and By, next “present” out—of—order small batch set
OSy of By is a subset of out-of-order small batches of By in OL;, and the
next “present” out—-of-order large batch set OLy of By is a possible subset of
out—of-order large batches of By that can be similarly defined as the definition
of OL; of B; by substituting ¢’ for ¢t and By for B;.

Let M (B, By) denote the batching that contains the batches in OS; UOL;U
OLy \ OSy(notice that M (By, By) maybe include full homogeneous batches).
It is easy to see that in an optimal schedule all the batches in M (By, By) must
be scheduled between B; and By once t' and By are given. Therefore, the cost
caused by the batches in M (B, By) is only dependent on the local schedule,
i.e., sequence of these batches (because the delay caused by these batches to the
later batches is equal to the sum of the handling times of all these batches).
Let CM (B, By) denote the optimal local schedule and its value of batches in
M(By, By).

For each type t, let f; = [n;/B] denote the number of full homogeneous
batches of type ¢, where n; = |J(t)| denotes the number of jobs of type ¢.

Now, we are ready to present our dynamic programming equations.

4.1 Dynamic Programming Equations

Base case. For each ¢ between m — [log, . B| and m, for each possible leftover
batch B; that is dominated by ¢, for all possible out—of-order small batch
set OSy and out—of-order large batch set OL; of B; as described in Lemma
9 and Lemma 10 (in this case, OL; can be only of type 1),

O(t, Bt, OSt, OLt)/ =Dt (|Bt‘ + |OLt U OStD + Opt(OLt U OSt),

where |OL; U OSy| is the number of jobs in OL; U OS; and opt(OL; U OSy)
denotes both the optimal sequence and its value of batches in OL; U OS;
(notice that we can compute it with a time of no more than (log, . B)?),
and

1
O(t, B,,0,,0L,) = O(t. B, 05, 0L) + p - (27 g

+ fi- (1B +[OL; U OSH])) -

Recursion. For each ¢t between 1 and m — [logl_|r€ B] — 1, for each possible
leftover batch B; that is dominated by type t, for all possible out—of-order
small batch set OS; and out—of-order large batch set OL; of B; as described
in Lemma 9 and Lemma 10, let

rx=t+1
then
O(t, By, OS;, OLy)

B (t,B,s 7151%370Lt/){pt|y| + CM(Bta Bt’) + O(tlv Bt’ ’ OSt/v OLt’)/}v
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where the minimum is taken over all possible (¢, By, OSy, OLy/) as described
before, and

1
O(t, B;,08;,0L;) = O(t, B;,0S;,0Ly)" + py - (ft(f;—i_)B + fi- Y|> .

Conclusion.

{O(tv Bta OSt7 OLt)}7

min
(t,Bt,08:,0Ly)
where the minimum is take over all possible dynamic programming states

(t, By, OS5, OLy).

4.2 The Theorem
After the above analysis, we finally obtain the following results.

Theorem 1. Within a time of no more than O(m - B{7H1°81+:27) . (log, . . B)?),
our algorithm gives a solution to the rounded problem.

Proof. 1t is easy to verify that our algorithm produces a schedule no worse than
the optimal schedule described in Lemma 7. Suppose S is an optimal schedule
described in Lemma 7. Suppose the first leftover batch of S is dominated by type
to and we denote this batch as By,, the first leftover batch dominated by a type
larger than to —1+log;, . B is dominated by type t1 and we denote this batch as
By, and the first leftover batch dominated by a type larger than ¢; —1+log, . B
is dominated by type to and we denote this batch as By, and so on. Suppose the
last batch we get in this way is dominated by type ¢, and we denote this batch
by B, (Since full homogeneous batches can be processed easily, we don’t discuss
them). For short, we denote by A;; as the sequence of leftover batches between
By, and By, by Ao the sequence before By, and by A, the sequence after By, .
It is easy to find the corresponding OS;, (batches in A;(; 1) dominated by types
smaller than t;) and OL;, (batches in A(;_;); dominated by types larger than
t;). Then the optimal schedule can be viewed as the concatenation of all the
described A;; ‘s and By, ’s, which can not be better than the schedule given by
our algorithm which is the best among all this kind of concatenations.
Regarding the computing complexity, we need consider at most

O(m - BUt1981+¢9)) states where there are at most m types, for each type t,
there are at most B? batches B; which may include 1 to B — 1 type-t jobs and
some other consecutively smaller jobs and for the fixed By, there are at most
BUHog1:c3) 085 and BOH181+¢3) OL!s according to Lemma 9 and Lemma, 10.
For each state, there are at most O(BGH1°81+¢3) . (log, | . B)?) cases, where there
are at most B2 next “present” batches By, and there are at most O(B 11981+ 3))
out-of-order large batch set’s OLy, and the computation of CM (By, By) spends
a time of no more than (log, . B)?. 0

Corollary 1. We give a PTAS for the original burn-in problem of minimizing
total completion time of bounded batch scheduling with all jobs released at the
same time.

Proof. We can complete the proof immediately by Lemma 1 and Theorem 1. O
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5 Remarks and Discussion

In this work, we obtain the first PTAS for the batch processing problem when the
batch size B is finite, number of job types is variable and all jobs arrive at time
zero. The techniques we apply to achieve this include geometric rounding [1] and
several structural properties of an optimal solution described in [3/6] and Sect. 3,
as well as a quite complicated dynamic programming solution.
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Abstract. We present an asymptotic PTAS for Two-Dimensional Bin
Packing, which requires packing (or cutting) a given set of rectangles
from the minimum number of square bins, with the further restriction
that cutting the rectangles from the bins can be done in two stages,
as is frequently the case in real-world applications. To the best of our
knowledge, this is the first approximation scheme for a nontrivial two-
dimensional (and real-world) generalization of classical one-dimensional
Bin Packing in which rectangles have to be packed in (finite) squares. A
simplification of our method yields an asymptotic PTAS for the two-stage
packing of rectangles in a bin of unit width and infinite height. More-
over, we point out that our method may lead to a better approximation
guarantee for Two-Dimensional Bin Packing without stage restrictions,
provided some structural property holds.

1 Introduction

The classical one-dimensional Bin Packing (BP) is one of the most widely studied
problems in Combinatorial Optimization. In particular, a huge amount of work
has been done to analyze the worst-case performance of heuristic algorithms [4].
The approximability status of BP, namely the existence of Asymptotic (Fully)
Polynomial Time Approzimation Schemes (A(F)PTASs), was essentially set-
tled in the early 80s by the work of Fernandez de la Vega and Lueker [8] and
Karmarkar and Karp [10]. In contrast, many open questions exist about the ap-
proximability of important two- (and more-)dimensional generalizations of BP,
many of which arise from real-world applications.

In this paper, we will consider two-dimensional geometric generalizations of
BP, in which rectangles (called also items in the following) of specified size have
to be packed in other (larger) rectangles (called bins). The most studied version of
the problem is the one in which a specified edge for each item has to be packed
parallel to a specified edge of a bin. Such a requirement is called orthogonal
packing without rotation. Different results were obtained for the two cases in
which, respectively, there is a unique bin (called also strip) where one edge
is infinitely long, called Two-Dimensional Strip Packing (2SP), and there are
“enough” many identical bins of finite width and height, called Two-Dimensional
(Finite) Bin Packing (2BP). For 2SP, a long series of results, starting with the

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 315 2002.
© Springer-Verlag Berlin Heidelberg 2002
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work of Baker, Coffman and Rivest [I] and Coffman, Garey, and Johnson [5]
and ending with the elegant AFPTAS proposed by Kenyon and Rémila [11],
settled the approximability of the problem. On the other hand, for 2BP the
best known asymptotic approximation guarantee is 2 4+ ¢ (for any ¢ > 0) that
can be achieved by applying the method of [11], packing all the items in an
infinite strip and then cutting this strip into slices so as to get bins of the
required size, packing the items that are split between two bins in additional
bins. Apparently, there is no way to extend the method of [II] to 2BP so as
to get an approximation guarantee strictly better than 2. On the other hand,
to the best of our knowledge, there is no result that rules out the existence of
an APTAS for 2BP. For the special case in which squares have to be packed,
Seiden and van Stee [I3] presented an approximation algorithm with asymptotic
guarantee 14/9 + ¢ (for any € > 0). It has to be remarked that, in the case of
squares, it is trivial to round-up the sizes of the items so as to get a constant
number of distinct sizes without significantly increasing the optimal value. On
the other hand, the same is apparently impossible for general rectangles.

The above situation for the case of orthogonal packing without rotation is
common to all the two-dimensional variants of bin packing that we are aware of:
when the items have to be packed in finite bins, there is a huge gap between the
approximation guarantee that can be achieved by known methods and the one
that is excluded by negative results. The only problem that one may consider
as an exception is the classical BP itself, that coincides with the one-stage, two-
dimensional orthogonal bin packing without rotation. In this paper, we make one
step further, deriving an APTAS for the two-stage, two-dimensional orthogonal
bin packing without rotation, also called Two-Dimensional Shelf Bin Packing
(2SBP), which arises in real-world applications. Roughly speaking, the problem
calls for packing the items in the bins in rows so as to form a sequence of shelves
(or levels), see Fig.[Il To the best of our knowledge, this is the first approximation
scheme for a nontrivial two-dimensional (and real-world) generalization of BP
in which rectangles have to be packed in other finite rectangles. As a byprod-
uct, we also obtain an APTAS for the two-stage, two-dimensional orthogonal
strip packing without rotation, also called Two-Dimensional Shelf Strip Packing
(2SSP). (Actually, as one may expect, the derivation of such a result for this
latter problem is substantially simpler than for 25BP.)

Our approximation scheme is subdivided into several steps: although basi-
cally all the techniques used in each single step are analogous to those in other
approximation schemes (not necessarily for BP), their combination into the over-
all picture is certainly far from trivial. In particular, many known techniques are
applied with an unusual purpose. For instance, we apply the geometric grouping
technique of [10] in order to round the heights of “small” (thin) items, whereas
grouping was used so far only to round the size of “large” items. For “large”
items, we first round the heights and then the widths, achieving a constant num-
ber of “large” rectangle sizes. This typically does not work for other geometric
problems. Moreover, we combine enumeration of the “large” item packings with
the solution of Integer Linear Programs (ILPs) in order to pack optimally the
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(a) (b)

Fig. 1. Examples of two-staged patterns: non-exact (a) and exact (b) cases

“small” items, whereas for the other schemes that we know the solution of an
LP is typically sufficient for this purpose. Finally, the structure of the ILPs in
our method appears to be more complex than the one of the ILPs used in other
approximation schemes.

The degree of sophistication of our method, which may be unavoidable, per-
haps reflects the difficulty in designing approximation schemes (if any exist) for
the more complex 2BP or, anyway, for k-stage versions of the problem with
k> 3.

Finally, it has to be remarked that our algorithm has an astronomical run-
ning time for any reasonable value of the required accuracy. Such a situation is
common to all the other (A)PTASs that we are aware of, although ours is much
worse than most others since we must perform several times some complete enu-
meration combined with the solution of an ILP with a huge (constant) number
of variables. On the other hand, from a practical viewpoint, the structure of
an APTAS may inspire the design of (parts of) heuristic algorithms that are
effective in practice. Moreover, the existence itself of an APTAS is often a good
theoretical indicator that practical instances of the problem will not be “too
hard” to solve.

Two-Stage Packing

The two-stage name is originated from cutting applications in which the items
have to be cut from the bins. Formally, by following the definition introduced
by Gilmore and Gomory [9], two-stage cutting/packing requires that the final
pattern is such that each item can be obtained from the associated bin by at
most two stages of cutting. Namely, after a first stage in which the bins are
cut into shelves, the second stage produces slices which contain a single item. If
an additional stage is allowed in order to separate an item from a waste area,
as in Fig. 0l (a), the problem is called two-stage with trimming (also known as
non-ezact case); otherwise, the problem is called two-stage without trimming
(exzact case), as in Fig. [0 (b). The case with trimming is the one considered in
this paper, being more frequently found in practical applications. Gilmore and
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Gomory [9] also introduced the case in which the items have to be obtained
by at most three stages of cutting (three-stage cutting). The difference between
two-stage with trimming and three-stage is that slices may contain more than
one item in the three-stage case.

Staged cutting problems have practical relevance in all the cases where the
raw material to be cut has a low cost with respect to the industrial costs involved
by the cutting process, such as, e.g., in many wood, paper or glass cutting appli-
cations. Real-world applications involving two-stage cutting problems in the steel
industry can be found in de Carvalho and Rodrigues [6l7], while an industrial
three-stage cutting problem was recently considered by Vanderbeck [14].

Note that two-stage packing with trimming is equivalent to packing the items
in the bins in shelves, where a shelf is a row of items having their bases on a line
which is either the base of the bin or the line drawn at the top of the tallest item
packed in the shelf preceding the current one in the bin (see again Fig. [ (a)).
The fact that many classical heuristics for 2SP [5J2] and 2BP [3] pack the items
in this way gives additional relevance to two-stage cutting (with trimming).

Preliminaries and Outline

In all the problems that we consider we are given a set N = {1,...,n} of items,
the j-th having width w; and height h;; we also say that item j has size (w;, h;).
A shelfis a set S C N whose width, defined by > .o w;, does not exceed 1. The
height of the shelf is defined by max;cg h;.

In 2SSP the items have to be packed in shelves within a strip of width 1 and
infinite height, so as to minimize the overall height of the shelves. In 2SBP the
items have to be packed in shelves and the resulting shelves in identical bins of
width and height 1 (i.e. the overall height of the shelves in each bin must not
exceed 1) so as to minimize the number of nonempty bins. Clearly, both 2SSP
and 2SBP are generalizations of BP, which arises when h; =1 for all j € N.

Consider a minimization problem P, letting Zp denote the set of all its in-
stances. Given an instance I € Zp, let optp(I) denote the value of the optimal
solution for I. If no confusion arises, we will write Z for Zp and opt(I) for optp(I).
For a given constant p > 1, an asymptotic p-approximation algorithm is an al-
gorithm that produces a solution of value at most p-opt(I) + J for every I € Z,
where ¢ is a constant independent of I. An APTAS is an algorithm that receives
on input also a required accuracy € > 0, runs in time polynomial in the size of
the instance, and produces a solution of value at most (1 + ¢) - opt(I) + ¢ for
every I € Z, where ¢ is a constant independent of I. (Actually we may replace
the constant 6 by o(opt(I)) above, but this simpler definitions are sufficient for
our purposes.)

The main result of this paper is an APTAS for 2SBP, which is presented in
Sect. Pland whose approximation guarantee is shown in Sect.[3. A simplification
of this algorithm leads to an APTAS for 2SSP, mentioned in Sect. . Finally,
in that section we also discuss the possibility for our algorithm to be a (y + ¢)-
approximation algorithm for the famous 2BP for any € > 0 and for some v < 2,
that would improve on the current best approximation achievable, equal to 2+«.

jES
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Algorithm APTAS;spp:

Let € be the required accuracy and define ¢ :=2/574.
(a) Decomposition:
(a.1) Guess the parameter f (1 < f <t := [1/52-‘) and for ¢ € IN round-up all
heights in (e/ %, /Tty to /171,
(a.2) Form the shelves in the final solution by considering separately each set Aj;,
i € IN, containing the items with heights in [¢7+%~1 &f+(=D! " (je. pack the
items belonging to different sets in different shelves).
(b) Item Subdivision, Vertical Melting and Grouping:
For each set of items A;, ¢ € IN, distinguish between wide items (having width > ¢)
and thin items (having width < €), and:
(b.1) Allow thin items to be cut vertically in the packing.
(b.2) Round the heights of the wide items by linear grouping.
(b.3) Round the widths of the wide items with the same height after Step (b.2) by
linear grouping.
(b.4) Round the heights of the thin items by geometric grouping.
(c) Definition of Low Shelves:
Solve the 2SSP instance defined by the items in each set A;, ¢ € IN\ {0}, by
enumeration of the shelves with wide items combined with ILP (I)—(#), determining
the packing in (low) shelves for the items in each set.
(d) Horizontal Melting and Definition of Bins:
(d.1) Allow the low shelves found in Step (c) to be cut horizontally in the packing.
(d.2) Solve the 2SBP instance defined by the items in Ap and by the shelves found
in Step (c) by enumeration of the shelves with wide items in Ag combined with
ILP (B)-([@)), determining the packing in the bins for the items in Ap and the
low shelves found in Step (c).
(e) Horizontal Solidification:
Pack the low shelves that are cut horizontally in the solution in separate bins by
next fit.
(f) Vertical Solidification:
Pack the thin items that are cut horizontally in the solution in separate bins by
next fit decreasing height.

Fig. 2. General structure of the algorithm

2 Description of the Algorithm

The general structure of our APTAS for 2SBP is shown in Fig.[d, where IN de-
notes the set of integer nonnegative numbers (including 0). Below, we describe
in detail each step, showing that the running time is polynomial for every fixed
value of the required accuracy . In the next section, we will prove the approx-
imation guarantee of the method. Generally, since we modify the widths and
heights of the items several times, when describing a step we will denote by w;
and h;, respectively, the width and height of each item j before performing the
step.

Decomposition. In Step (a.l), we suppose that the guess of f is correct, i.e.
the one that leads to the best final solution. This can be achieved by trying all
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possible O(1/¢?) values of f. For each item j € N such that h; € (e/+i, g/ Fit=1)
for some i € IN we redefine h; := &/ T#~1,

In Step (a.2), let A; := {j € N : h; € [¢/T~1 /T(E=D1) for i € IN, noting
that Ag = {j € N : h; € [¢/71,1]}. Of course, we can avoid considering all sets
A; such that A; = ). Accordingly, there are O(n) nonempty sets A; that can be
defined in O(n) time.

Grouping. In Step (b), let A; (i € IN) be the instance considered and define
the set of wide and thin items in A;, respectively, by C; := {j € A; : w; > ¢}
and B; := {j €A : w; < 6}.

In Steps (b.2) and (b.3), linear grouping is the classical grouping proposed
in [§]. Namely, in Step (b.2), let hy > ho > ... > hy, be the heights of the items
in C; after sorting. If ¢; < 2/e'*1 we leave these heights unchanged, defining
for convenience g; := £;. Otherwise, letting k; := Vist"’lj, we form g; := [¢;/k;]
groups of k; consecutive items, starting from the k; tallest ones, and letting the
last group contain ¢; — (g; — 1)k; items. We redefine the heights of the items in
each group as the height of the first (tallest) item in the group. After this step,
it is easy to check that the number g; of different heights in C; is upper bounded
by 3/t +1 = O(1/&'™t) (details are left to the full paper).

In Step (b.3), if ¢; < (g; + 1)/e'*!, we leave the widths of all items in C;
unchanged. Otherwise, we consider separately the sets of items in C; with the
same height h; after Step (b.2), for j =1,...,g;, each denoted by D;;. For each
set D;j, let wy > wy > ... > wp,; be the widths of the items after sorting. We
form d;; := [m;;/p;] groups of p; := |£;e"™! /g;| consecutive items starting from
the p; widest ones and letting the last group contain m;; — (d;; — 1)p; items
(possibly forming only one group). We redefine the width of the items in each
group as the width of the first (widest) item in the group. After this step, it is
easy to verify that the number of different widths in C; is upper bounded by
gi(gi +2)/et™ + gi = O(1/3+1D) (again, details are in the full paper).

According to the above discussion, for each 4, the number s; of distinct item
sizes in each set C; after Steps (b.2) and (b.3) is bounded by a constant, namely
si < gi - (9i(gi +2) /" + gi) = O(1/e2H).

In Step (b.4) we group the heights of the thin items (whose widths are un-
changed afterwards) according to the geometric scheme of [10]. To this aim, let
B, be the set of thin items considered, hy > hy > ... > hg, be the heights of
the items in B; after sorting, and W; := . 7. w; be the overall width of these
items. We form groups with consecutive items, starting from the first (tallest)
one, so that the overall width of the items in each group adds up to ezxactly etW;,
with the possible exception of the last group, for which the overall width of the
items is W; — |1/t | e!W; (if this value is not 0). Note that such a subdivision is
always possible since we allow thin items to be cut vertically, and therefore we
may insert only a vertical fraction of an item in a group. As for linear group-
ing, we redefine the heights of the items in each group as the height of the first
(tallest) item in the group. The overall number of heights for the items in B;
after this step is [1/e'] = O(1/g"), i.e. it is bounded by a constant. We can
represent each group by a single equivalent item that may be cut vertically.
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Enumeration Plus ILP. In Steps (¢) and (d) we separately pack the items in
each set Ay (¢ € IN) by complete enumeration of the possible ways of packing the
wide items in shelves, and, for each possibility, solution of an ILP with a constant
number of variables to pack the thin items. (The final solution for each set is
the one associated with the ILP with the best value among all the possibilities.)
In particular, in Step (c) we consider each set Ay, £ € IN'\ {0}, and solve the
associated 2SSP instance, optimally packing the items in so-called low shelves so
as to minimize the overall height of the shelves. In Step (d), we consider set Ag
along with the shelves produced in Step (c¢) and optimally solve the associated
2SBP instance, i.e. we pack the items in Ag in shelves and the shelves in bins,
together with the low shelves (that may be cut horizontally) so as to minimize
the number of bins used.

For Step (c), consider a generic set Ay (¢ € IN'\ {0}). Since the number s,
of different sizes for the wide items in Cy is bounded by a constant, and each of
the associated widths is at least €, i.e. at most |1/e] such items fit in a shelf, the
number of different ways of packing the items in Cy in shelves is polynomially
bounded. More precisely, each shelf can be represented by a vector with s, non-
negative integer components, where the j-th component represents the number of
items of size j in the shelf, each component being at most |1/¢|. So the number of
shelf types is O(|1/g]**), and each solution is defined by the number n,. of shelves

of each type r used. Noting that n, < n for each r, the number of possibilities to
. A+
be considered in a complete enumeration is O(|Cy|lY/5]™) = O(n(l/e)l/

i.e. polynomial in n. Consider a possible way of packing the wide items in shelves.
Since we are considering all the possibilities, we can assume that, in the optimal
solution of 2SSP for Ay, the wide items are partitioned into shelves exactly in
this way. Clearly, the number of different sizes of the resulting shelves is bounded
by a constant. Specifically, let p be the number of these sizes and, for each size
(w;, h;) (i =1,...,p), let M, be the number of shelves with this size. In particu-
lar, recall that if a shelf contains the items in set S C C}, its width is defined by
ZjeS w; and its height by max;cg h;. Moreover, let ¢ be the number of groups
of thin items, letting (w;,h;) (j = 1,...,¢) denote the size of the equivalent
item. For convenience, we assume hy > hg > ... > hy (strict inequality). This is
allowed since we can replace possible groups with the same height by a unique
group of items (hence not all w; are necessarily equal).

We construct an ILP in which the variables represent the possible shelves
that can be obtained by combining a shelf with wide items with some thin
items. First of all, we consider shelves with thin items only, the tallest of which
has height h;, called shelves of type j. Such a shelf has height h; and can contain
thin items (of height h; or smaller) for a total width of up to 1. Moreover, we
consider shelves of type (i,j), obtained by combining a shelf with wide items
of size (w;, h;) with some thin items, the tallest of which has height h;. The
height of a shelf of type (i,7) is given by h;; := max{h;,h;}. We also define
w;; := 1 —w; to be the horizontal space for thin items (of height h;j or smaller)
in the shelf. As a special case, we let a shelf with wide items only be a shelf of
type (i,q + 1), letting h; 411 := hy.
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In the ILP, we have variables x;; and y; to denote, respectively, the number
of shelves of type (i,7) and j in the optimal solution. The corresponding ILP
reads as follows:

P g+l

minimize ZZh”x” +Zh]y] (1)
=1 j=1
q+1

subject to Z%‘j:ﬁi, i=1,...,p, (2)
j=1
Zzwlkx1k+zl yk>zwk7 -: a"'a‘L (3)
i=1 k=1
xij,ijOmteger, i=2,...,p,]:1,...,q+1. (4)

Objective function () requires the minimization of the overall height of the
shelves. Constraints (2)) ensure that all the shelves of wide items formed in the
enumeration step are packed. Finally, constraints (B) guarantee that there is
enough space for the thin items in the shelves, noting that these items can be
cut vertically and that thin items of height h; can be packed either in a shelf of
type k or in a shelf of type (i, k) with k& < j. Since the number of variables is
constant, this ILP can be solved in polynomial time by the algorithm of [12]. In
particular, the number of variables is O(pq) = O((l/e)t+1/54(t+l)).

Step (d) is analogous to Step (c¢) in many respects. Shelves of type j or (i, 5)
are defined exactly in the same way. Note that each self of type j or (i,7) has
height at least /71, i.e. at most [1/e/ 71| such shelves can be packed in a bin.
Along with the fact that the number of shelf types is constant, and that the low
shelves produced in Step (c¢) can be cut horizontally in this step, this yields a
constant number of bin types, say d, where, for s =1,...,d, we let u;;; and v;,
be, respectively, the number of shelves of type (i, 7) and type j packed in bin of
type s. Moreover, we let rg be the residual vertical space for the low shelves in
bin of type s, i.e. 1y :=1— Z‘;—:l hjvjs — Z‘Hl hiju;js. In order to pack all
low shelves, we must simply be sure that the overall residual vertical space in the
bins is not smaller than the overall height of the low shelves, say H. Therefore,
letting z; denote the number of bins of type s used, the optimal bin packing
solution can be found by solving the following ILP:

d
minimize Z Zs (5)
s=1
d q+1
subject to Z Zumg 2s=m;, 1=0,...,p, (6)
s=1 \j=1

d J
Z(Zzwzkuz33+zl Uks) Zs>zwka Jj=1,. '~7Q7(7)

s=1 \i=1 k=1
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d
erzs > H, (8)
s=1
zs > 0 integer, s=1,...,d. 9)

The overall number of variables is d = O((pq + p)*/=’ ) = O((1/¥/=" ™ (1 +
1/et)VE.

Solidification. Clearly, given a solution to ILP (B)-(@), we can pack all the low
shelves in the bins since they can be cut horizontally. In particular, we can find
a packing in which at most one shelf per bin is cut. These shelves, whose height
does not exceed £/, are packed in Step (e) in additional bins by next fit [], i.e.
they are considered in an arbitrary order and packed in the current bin as long
as they fit. When the current shelf does not fit, the current bin is closed and a
new bin is considered, ending the procedure when all shelves have been packed.
The corresponding running time is O(n).

Finally, in Step (f), we consider thin items in each set A; (i € IN) that are cut
vertically in the solution. Note that there is at most one such item for each shelf
in the solution. We consider these items in decreasing order of height and pack
them in new shelves by a next fit policy, closing the current shelf and starting a
new one when the current item does not fit in the shelf. The shelves formed in
this way (for all sets A;) are packed in new bins by next fit. The corresponding
algorithm is known as next fit decreasing height [5] and runs in O(nlogn) time.

Overall, the running time of APTASsgpp is polynomial for fixed g, the bot-
tleneck of the algorithm being by far Steps (c¢) and (d). For future reference, we
state this result formally.

Lemma 1. APTASsspp runs in polynomial time for every fized .

3 Proof of Approximation Guarantee

In order to prove that our algorithm is an APTAS we analyze each step in
Fig.[2 Note that Steps (b.1) and (d.1) correspond to a relazation of the problem,
therefore the optimal solution value cannot increase after performing these steps.
Moreover, Step (d.2) finds an optimal solution for the problem, after rounding
and melting, hence it cannot be responsible for an increase in the optimal solution
value. On the other hand, Steps (a.1), (a.2), (b.2), (b.3) and (b.4) define a new
instance for which the solution value is worse than before. Moreover, Step (c)
defines the shelves for the items in UielN\ {0y Ai s0 as to guarantee that the overall
height of the shelves is minimized — note that this is not necessarily optimal
for 2SBP. Finally, Steps (e) and (f) perform an adjustment of the (infeasible)
solution, increasing the number of bins.

Generally, in this section, for a generic step we will denote by z the value
of the optimal solution before performing the step and by z’ the value of the
optimal solution afterwards. The approximation guarantee follows from a series
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of simple lemmas, each showing that z’ < (1 4+ &) + § for (small) constants
v and § for some step in the algorithm. We will repeatedly use the following
well-known fact for BP (stated here in terms of 2SBP):

Fact 1 Given a set of shelves whose overall height is H (and each having height
at most 1), these shelves are packed in at most 2H + 1 bins by neat fit.

We analyze the steps that possibly increase the optimal solution value in
order of appearance in the algorithm. In the analysis, we will often implicitly
assume ¢ < 1/2, which is certainly true for any reasonable value of the required
accuracy €.

Lemma 2. There exists a value f € {1,...,t} such that, for Step (a.1), 2/ <
(14 2e)z + 1.

Proof. Consider an optimal solution for the 2SBP instance before rounding-up
heights and let H denote the overall height of the shelves in the solution. Clearly
z > H. We say that a shelf is rounded-up if its height increases after Step (a.l).
Note that the this may happen only if the height of the tallest item(s) in the
shelf is rounded-up, and therefore the sets of rounded-up shelves in the solution
are disjoint for distinct values of f. Hence, by an obvious average argument,
there exists a value of f such that the overall height of the rounded-up shelves is
not larger than 1/¢t- H. The increase in the height of these shelves after rounding
is by a factor of at most 1/e. Accordingly, a feasible solution after round-up
is obtained by removing from their bins the shelves whose height is increased
and packing them in at most 2(1/¢)(1/t)H + 1 additional bins by next fit, since
their overall height is at most (1/¢)(1/¢t)H. Noting that (1/€)(1/t) < e by the
definition of ¢ completes the proof.

Lemma 3. For Step (a.2), 2/ < (1+4e)z+ 1.

Proof. Recall that Step (a.2) corresponds to imposing that the items in each set
A; be packed in distinct shelves. Consider an optimal solution for the instance
before decomposing, letting H denote the overall height of the corresponding
shelves and noting that z > H. Consider a shelf containing item set S C N
and let P:={i e N: SNA; # 0}. If |P| = 1, this shelf is feasible also after
decomposing. Otherwise, letting i; be the height of the shelf and k£ the minimum
index in P, we may leave the items in SN Ay in the shelf, as well as define |P|—1
new shelves, one for each set SN A;, i € P\ {k}. Since the height of each item
in Ajyip1 is not larger than e!™% times the height of each item in Ay (i € IN),
the overall height of these new shelves does not exceed

144t 1+ity tvip €
1€EN:k+i+1€P i€IN i€IN

Therefore, the overall height of the new shelves after performing the above for
all shelves in the original solution does not exceed 2¢H, i.e. the new shelves can
be packed in at most 4eH + 1 additional bins by next fit.
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Lemma 4. For Step (b.2), 2/ < (1+2¢)z+ 1.

Proof. Consider an optimal solution for the instance before grouping heights,
and let h{ > hb... > h% be the heights of the shelves with items in A; in
this solution, i.e. the overall height of the shelves in the solution is given by
H =3, H; where H; := Zj;l hy. Clearly, 2 > H. We will use Ei‘and k; as
defined in the previous section for Step (b.2). Note that H; > £;e+* since at
most 1/ wide items can be in a shelf, and the height of each item is at least
fHit—1
5 . , ,

Let hiy > hy... > h; be the heights of the shelves with items in A; after
Step (b.2). We have E;-Jrki < hz for j = 1,...,s; — k;. This means that the
vertical space for shelf of height hé in the original solution can be used for

the shelf of height E; 1k, after grouping. The height of the remaining shelves is

Z;@:lﬁ; < kef =Dt < ¢H; by the definition of k;. The overall height of the
remaining shelves (considering all sets A;) is therefore at most ), . eH; = ¢H,
and they can be packed by next fit in at most 2¢e H + 1 additional bins.

Lemma 5. For Step (b.3), 2/ < (1+2¢)z+ 1.

Proof. Consider an optimal solution for the instance before grouping widths.
Letting H; denote the overall height of the shelves with items in A;, we have
H; > £;e7*% as already observed in the proof of Lemma [l Moreover, let H :=
ZiG]N H; and note z > H. Let {;, g;,mj, p; be defined as in the previous section
for Step (b.3), and consider the items in each set D;;, assuming they are sorted
according to nondecreasing values of the widths before grouping and letting w;
denote the width of item j after grouping. If m;; > p;, we have Wy4p, < wyi

for £ = 1,...,m;; — p;. Hence, the horizontal space for item k in the original
solution can be used for item &k + p; after grouping. The remaining items in D;;
are 1,...,p;. Analogously, if m;; < p;, we have items 1,...,m;; remaining. The

height of the remaining items in A; is therefore at most g;p;e/ T(=Dt < ¢H; by
the definition of p;. Hence, the overall height of the remaining items (considering
all sets A;) is at most ) ;. eH; = ¢H, and these items can be packed by next
fit in no more than 2¢ H + 1 bins (in the worst case, each item goes in a separate
shelf).

Lemma 6. For Step (b.4), 2/ < (1+2¢)z+ 3.

Proof. Consider an optimal solution for the instance before grouping heights
of the thin items. Letting W; denote the overall width of the thin items in A;
and H; the overall height of shelves with items in A;, we have H; > W,el+it=1
(each shelf can contain thin items for a total width of at most 1). As usual, let
H := ), Hi and note z > H. Considering groups 1,...,q; formed in Step
(b.4), the space for the items in group j in the original solution can be used for
the items in group j+1 after grouping (j = 1,...,¢;—1). As to the items in group
1, their overall width is e/W;. Recalling that thin items can be cut vertically,
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these items fit in [e!W;] < e!W; 41 shelves of height at most e/ *(=D* (actually,
if i = 0 this height is at most 1). The overall height of these shelves (considering
all sets A;) is at most

Z(6W+1 fHGE-1)t ZW€f+zt+ZEf+(z Nt <

i€IN i€IN i€IN
eH+1+el Y () <eH +2,
i€IN

(see also the proof of Lemma[3)), where on the left of the first “<” we wrote ¢/~
instead of 1 for convenience. Hence, these shelves can be packed in no more than
2¢ H + 3 bins by next fit.

Lemma 7. If the low shelves can be cut horizontally (Step (d.1)) then it is
optimal to define these shelves so that their overall height is minimized (Step(c)).

Proof. Obvious.

Lemma 8. For Step (e), 2/ < (1+2¢)z+1.

Proof. Let B be the number of bins in the solution after Step (d). Clearly, one
can assume that at most B low shelves are cut horizontally in this solution.
Their overall height is at most £/ B since the height of each low shelf is at most
7. Hence, these shelves are packed in at most 2e/ B+ 1 < 2¢B + 1 bins by next
fit.

Lemma 9. For Step (f), 2/ < (1+4e)z+ 3.

Proof. The main argument in the proof is from [5]. Let H; be the height of the
shelves with items in A; in the solution, letting hll <...< h; be the height
of these shelves in nonincreasing order. As usual, let H := ), H; and note
z > H. For each shelf ¢, at most one thin item j of width w; < ¢ and height
h; < R} is vertically cut. If we pack these items in new shelves in decreasing
order of height by next fit, at least |1/e] of them will fit in each shelf. Hence,
letting El denote the height of the p-th new shelf constructed this way, we have

h < h;Ll/eJH (i.e. in the worst case the first new shelf has height h{, the second

helght h[1/6J+1’ ...). We have that
pll/e]

i € i
hopjes ST D o

L=(p—1)[1/e]+1

since hp l1/e)+1 is smaller than all the [1/e] values h, for £ = (p—1)[1/e] +
1,...,p|1/e] and 1/ |1/e] < e/(1 —¢€). Accordingly, the total height of the new
shelves is at most

1 i i— £
Bt X hyye STV H
p>0:p|1/e]+1<s;
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This implies that the overall height of the new shelves (considering all sets H;)
is at most

Soeltiniy E g S H42<2H+2,
. 1—¢ 1—¢
i€IN
(see also the proof of Lemmal6]), and these shelves are packed in at most 4e H + 3
bins by next fit.

According to Lemmas PI] the final solution produced by APTASoggp for an
instance I has value at most

(1 +2¢)°(1 + 4e)?opt (1) + 11 < (1 + 574e)opt (1) + 11 = (1 +&)opt (1) + 11,

by the definition of € (the inequality is tight for € = 1/2). Hence, the following
theorem follows from Lemmas [THAl

Theorem 1. APTASsspp is an APTAS for 25BP.

4 Further Implications: Better Approximation for 2BP?

The first thing to observe is that our algorithm can easily be modified to get
an APTAS for 2SSP, the case in which the items must be packed in shelves
within a unique bin of infinite height. In this case, it is sufficient to scale all
item heights so that they are all < e?, i.e. Ay = ) for every possible f, skipping
steps (d) and (e). The overall height of the shelves produced, i.e. the value of
the solution found, will be near-optimal for at least one value of f. We call the
resulting algorithm APTAS,55p. The proof of the following theorem is analogous
to (actually slightly simpler than) the proof of Theorem [II.

Theorem 2. APTASsssp is an APTAS for 25SP.

Of course, algorithm APTASsgpp is also an approximation algorithm for the
classical 2BP without level (i.e. two-stage) restrictions. Since the asymptotic
2.125-approximation algorithm for 2BP described in [3] actually constructs a
solution which is feasible for 2SBP, we have that the asymptotic approximation
guarantee of our algorithm is not worse than 2.125 + ¢ for any € > 0. Actually,
we suspect that the situation may be much better, i.e. our method may improve
on the asymptotic 2+ ¢ approximation guarantee of [11] which is the best known
so far. Clearly, letting v be the smallest constant for which there exists another
constant § such that

optagpp(I) < v optopp(I) + 6, for all I € Zopp,

the following is implied by Theorem [l

Corollary 1. Algorithm APTASsspp is a polynomial-time asymptotic (y + €)-
approzimation algorithm for 2BP for any & > 0.
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If the correct value of v is < 2, we would get a better approximation for 2BP.
On the other hand, proving v < 2 (if true) may be quite difficult. All we know
so far is 1.6910... < v < 2.125, where the upper bound of course is from [3].
Considering the counterpart of v for the strip case, i.e. the smallest constant «
for which there exists another constant (3 such that

optagsp(f) < @ optygp (1) + 3, for all I € Tosp,

we can show that « is arbitrarily close to 1.6910... This part is deferred to the
full paper.
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Abstract. We study resource constrained scheduling problems where
the objective is to compute feasible preemptive schedules minimizing
the makespan and using no more resources than what are available. We
present approximation schemes along with some inapproximibility re-
sults showing how the approximability of the problem changes in terms
of the number of resources. The results are based on linear programming
formulations (though with exponentially many variables) and some inter-
esting connections between resource constrained scheduling and (multi-
dimensional, multiple-choice, and cardinality constrained) variants of the
classical knapsack problem. In order to prove the results we generalize a
method by Grigoriadis et al. for the max-min resource sharing problem
to the case with weak approximate block solvers (i.e. with only constant,
logarithmic, or even worse approximation ratios). Finally we present ap-
plications of the above results in fractional graph coloring and multipro-
cessor task scheduling.

1 Introduction

In this paper we consider the general preemptive resource constrained scheduling
problem denoted by P|res..., pmin|Cax: There are given n tasks T = {T, ...,
Ty}, m identical machines and s resources such that each task 7} € T, is pro-
cessed by one machine requiring p; units of time and r;; units of resource 1,
i =1,...,s, from which only ¢; units are available at each time. One may as-
sume w.l.o.g. that r;; € [0,1] and ¢; > 1. The objective is to compute a preemp-
tive schedule of the tasks minimizing the maximum completion time Cp,ax. The
three dots in the notation indicate that there are no restrictions on the number
of resources s, the largest possible capacity o and resource requirement r values,
respectively. If any of these is limited, the corresponding fixed limit replaces the
corresponding dot in the notation (e.g. if s < 1, then P|resl.., pmin|Ciax is used,
or if 7;; < r, then P|res..r, pmtn|Cmax). We will study different variants of the
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problem and their applications in multiprocessor task scheduling and fractional
graph coloring.

1.1 Related Results

Resource constrained scheduling is one of the classical scheduling problems.
Garey and Graham [12] proposed approximation algorithms for the non-preemp-
tive variant P|res...|Cpax with approximation ratios s + 1 (when the number of
machines is unbounded, m > n) and min(Z, s + 2 — 255H) (when m > 2).
Further results are known for some special cases: Garey et al. [13] proved that
when m > n and each task T; has unit-execution time, i.e. p; = 1, the problem
(denoted by P|res...,pj = 1|Cmax) can be solved by First Fit and First Fit De-
creasing heuristics providing asymptotic approximation ratio s + - and a ratio

10
between s + ((s — 1)/s(s + 1)) and s + %, respectively. De la Vega and Lueker

[6] gave a linear-time algorithm with as;ijmptotic approximation ratio s + € for
each fixed € > 0. Further results and improvements for non-preemptive variant
are given in [BIBRIZY].

For the preemptive variant substantially less results are known: Blazewicz
et al. [2] proved that when m is fixed, the problem Pm|pmin, res...|Cimax (with
identical machines) and even the variant Rm/|pmin, res...|Ciax (with unrelated
machines) can be solved in polynomial time. Krause et al. [25] studied P|pmin,
resl..|Cpax, i.e. where there is only one resource (s = 1) and proved that both
First Fit and First Fit Decreasing heuristics can guarantee 3 — 3/n asymptotic
approximation ratio.

A related problem is multiprocessor task scheduling, where a set 7 of n
tasks has to be executed by m processors such that each processor can execute
at most one task at a time and each task must be processed by several pro-
cessors in parallel. In the parallel (non-malleable) model P|size;|Cmax, there is
a value size; € M = {1,...,m} given for each task 7T} indicating that 7} can
be processed on any subset of processors of cardinality size; [1I78J1823]. In
the malleable variant P|fctn|Cpayx, each task can be executed on an arbitrary
subset of processors, and the execution time p;(¢) depends on the number ¢ of
processors assigned to it [27/31/40]. Regarding the complexity, it is known [718]
that the preemptive variant P|size;, pmtn|Crax is NP-hard. In [20], focusing on
computing optimal solutions, we presented an algorithm for solving the prob-
lem P|size;, pmin|Chax and showed that this algorithm runs in O(n) + poly(m)
time, where poly(.) is a univariate polynomial. Furthermore, we extended this
algorithm also to malleable tasks with running time polynomial in m and n.
These results are based on methods by Grétschel et al. [I7] and use the ellipsoid
method.

Another related problem is fractional graph coloring, see e.g. [TOJT6l28I30/3213536].
Grotschel et al. [I6] proved that the weighted fractional coloring problem is NP-
hard for general graphs, but can be solved in polynomial time for perfect graphs.
They have proved the following interesting result: For any graph class G, if the
problem of computing a(G,w) (the weight of the largest weighted independent
set in G) for graphs G € G is NP-hard, then the problem of determining the
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weighted fractional chromatic number x¢(G,w) is also NP-hard. This gives a
negative result of the weighted fractional coloring problem even for planar cubic
graphs. Furthermore, if the weighted independent set problem for graphs in G
is polynomial-time solvable, then the weighted fractional coloring problem for G
can also be solved in polynomial time. The first inapproximability result for the
unweighted version of the problem (i.e. where w, = 1 for each vertex v € V') was
obtained by Lund and Yannakakis [28] who proved that there exists a § > 0 such
that there is no polynomial-time approximation algorithm for the problem with
approximation ratio n°, unless P=NP. Feige and Kilian [I0] showed that the
fractional chromatic number x¢(G) cannot be approximated within 2(]V|!~¢)
for any € > 0, unless ZPP=NP. Recently, the authors [T9] proved that fractional
coloring is NP-hard even for graphs with x#(G) = 3 and constant degree 4.
Similarly, as it was shown by Gerke and McDiarmid [14], the problem remains
NP-hard even for triangle-free graphs. Regarding the approximability of the frac-
tional chromatic number, Matsui [30] gave a polynomial-time 2-approximation
algorithm for unit disk graphs.

1.2 New Results

The results presented in this paper are based on linear programming formula-
tions. They are typically of the following form:

min ZheH Ty
s.t. ZheH:seh T > ws, Vs e S, (1)
xp > 0, Vh € H,

where S is a finite set (usually the set of all tasks), and H C 29 is a set consisting
of subsets of S satisfying some combinatorial property (usually each contains
tasks that can be scheduled together at the same time). These linear programs
will have — in general — exponentially many variables, but special underlying
structures allowing efficient approximations. A linear program of form (Il can be
solved (approximately) by using binary search on its optimum and computing
at each stage an approximate solution of a special max-min resource sharing
problem of the following type:

A* = max A
st fi(z1,...,zn) > A, i=1,..., M, (2)

(xl,...,xN) € P,

where f; : P — IR", i = 1,...,M, are — in general — nonnegative concave
functions defined on a nonempty convex set P C IRY. Furthermore, approxi-
mate solutions for Problem () can be computed by an iterative procedure that
requires in each iteration for a given M-vector (pi,...,pan) the approximate
maximization of Zf\il pifi(x) over all x = (x1,...,xN) € P. Interestingly, these
subproblems for different variants of resource constrained scheduling turn out to
be knapsack type problems (multiple-choice, multi-dimensional, and cardinality
constrained knapsack) with efficient approximation algorithms. For fractional
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graph coloring the subproblem is the well-known maximum weighted indepen-
dent set problem.

In Sect. Plwe describe the methodology used for solving the max-min resource
sharing problem approximately. Let f(z) = (fi(z),..., fm(x)) and A(p) =
max,ep p’ f(z). Based on the paper of Grigoriadis et al. [15], we derive the fol-
lowing result extending some of the previous works on computing approximate
solutions for fractional covering problems [I53341]: If there exists a polynomial-
time approximation algorithm with approximation ratio ¢ for the subproblem,
i.e. for finding a vector #(p) € P such that p” f(#) > L A(p)), then there is also
a polynomial time approximation algorithm for the max-min resource sharing
problem that computes a feasible solution with objective function value %)\*.
Interestingly, the number of iterations (hence also the number of calls to the
solver for the subproblem) is bounded by O(M (In M + In ce =3 + ¢~ 2)), indepen-
dently of the width [33] of P and the number of variables. If — in particular
— there is a (fully) polynomial time approximation scheme ((F)PTAS) for the
subproblem, one also gets a (F)PTAS for the original problem and the number
of iterations is at most O(M (In M + e~2)) [I5]. This fact can be particularly
useful for models with exponentially many variables.

In Sect. Bl we describe a linear programming approach for the preemptive
resource constrained scheduling problem, where there are no assumptions on s
or m > n, they are arbitrary numbers and parts of the input. We show by using
the linear programming formulation that there is an approximation algorithm for

our scheduling problem with approximation ratio O(sﬁ), where the minimum
resource capacity cpin = min; ¢; > 1. Furthermore, we argue that if for each
resource i, capacity ¢; > glog(%), then there is a polynomial time (1 + ¢)
approximation algorithm.

Then with the aim of obtaining stronger approximation results we study re-
stricted variants, where s is fixed. In particular, we show that for any constant
s > 2, there exists a PTAS computing an e-approximate preemptive schedule
satisfying the s resource constraints. In fact this is the best one can expect re-
garding approximation, since as we show it, this variant even with s = 2 cannot
have a FPTAS unless P=NP. However, if we assume that s = 1 (i.e. the num-
ber of resources is pushed to its lower extreme), the problem posses a FPTAS.
Next, we apply our approach to the case where there are only a limited num-
ber of processors. We give a FPTAS for the variant of the problem with one
resource improving the previously known best (3 — %)-approximation algorithm
by Krause et al. [25]. The method can be used to obtain a PTAS for a more
general variant with fixed number of resources, where the input also contains
release and delivery times for each task. In Sect.[H we study the preemptive mul-
tiprocessor task scheduling problem P|size;, pmtn|Cmax and its generalization
P| fetn;, pmin|Cpax to malleable tasks. We show the existence of FPTASs for
both problems.

Finally, we apply our linear programming based approach — that was initially
introduced for preemptive resource constrained scheduling — to the problem of
computing the fractional weighted chromatic number. We prove an approxima-
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tion analogue of the above mentioned classical result of Grotschel, Lovasz and
Schrijver [16] on the equivalence between polynomial-time (exact) computations
of (G, w) and x;(G,w): If for a graph class G there exists a polynomial-time 1-
approximation algorithm for computing a(G, w), then there is also a polynomial-
time ¢(1 + €)-approximation algorithm for computing x (G, w) for graphs in G.
By applying this general result for intersection graphs of disks in the plane, we
also obtain a PTAS for the fractional coloring problem providing a substantial

improvement on Matsui’s result [30].

2 Approximate Max-Min Resource Sharing

In this section we will follow the presentation of [15] and use the notation in-
troduced there. Let f : B — IRQ/I be a vector with M non-negative, contin-
uous, concave functions f,,, block B a non-empty, convex, compact set and

e’ =(1,...,1) € RY". Consider the optimization problem

(P) A = max { A : f(x) > Xe, x€ B},

and assume without loss of generality that A* > 0. Let A(f) = mini<,<pr fim, for
any given function f. Here we are interested in computing a (c, €)-approximate
solution for (P), i.e. for an approximation guarantee ¢ = ¢(M) > 1 and an
additional error tolerance € € (0,1) we want to solve the following problem:

(Pee) compute z € B such that f(z) > [1(1—¢)X]e .
In order to solve this resource sharing problem we study the subproblem
A(p) =max {p" f(z) : z€ B}

forpe P={pc¢e RM . Zﬁl p; = 1, p; > 0}. Here we use an approximate
block solver (ABS) that solves the following subproblem:

ABS(p, ¢) compute % = x(p) € B such that pTf(2) > L1A(p) .

By duality we have \* = max,ep minyep p? f(z) = minyep max,ep p? f(z).
This implies that \* = min{A(p) : p € P}. Based on this equality, one can
naturally define the problem of finding a (c, €)-approximate dual solution:

(De,e) compute p € P such that A(p) < c(1+e)A* .

Then the following result holds:

Theorem 1. If there exists a polynomial time block solver ABS(p,c) for some
c>1 and any p € P, then there is an approximation algorithm for the resource

sharing problem that computes a solution whose objective function value is at
least 1(1 — e)A*.

The running time of the approximation algorithm depends only on ¢, M and %
In particular, if there is a (F)PTAS for the block problem computing an & € B
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such that pT f(#) > (1 —€)A(p) for any constant € > 0, then there is a (F)PTAS
for the resource sharing problem [15].
The algorithm uses the logarithmic potential function

n M
(0, f) =m0+ 5 > In(fm —0),
m=1

where § € R, f = (f1,..., fu) are variables associated with the coupling con-
straints f,, > A, 1 <m < M and ¢ > 0 is a tolerance (that depends on €). For
6 € (0,A(f)), the function &, is well defined. The maximizer 6(f) of function
®,4(0, f) is given by the first order optimality condition

M

o 1

TN -1

W 2 F @
This has a unique root since g(6) = fg el f is a strictly increasing func-
tion of #. The logarithmic dual vector p = p(f) for a fixed f is defined by

t0(f)
pnlf) = 2 1

By (@), we have p(f) € P. We will also use the following properties [I5]:
Proposition 1.

(@) p(HTf = L+1)0(f).

(b) ?&"2 < 0 < B

Now define parameter v = v(z, &) by

p'f—p"f
prf+p"f
where p € P, f = f(x), f= f(&) and & € B is an approximate block solution

produced by ABS(p, ¢). The following lemma provides a generalization of a useful
result in [15]:

Lemma 1. Suppose ¢ € (0,1) and t = €/5. For a given © € B, let p € P
computed from ([{) and & computed by ABS(p,c). If v(xz,&) < t, then the pair
(x,p) solves (P..) and (D...), respectively.

v(z,2) = (5)

Proof. First rewrite condition v < ¢t by using (&): pr(l —t) < pTf(1+t). Then
use that p” f > 1A(p), p” f = (1 +t)6 and 6(f) < A(f) by Proposition 0l This
gives

(1+1t) ¢ (141)? (1+41)°

— =c—70 ——\(f) <c1 A(S).
" f = erE0() < { TN () < el + )
Using \* < A(p) < c(14+€)A(f), one has A(f) > = 1+e/\* 1(1—€)A* for any € >
0, which gives (P,..). Using A(f) < A*, one gets A(p) < c(1+€)A(f) < c(1+€)N*
which is (D). O

Ap) <p"f<c
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The main algorithm works as follows:

Algorithm Improve(f, B, ¢, x)
(1) set t :==¢/5;v:=t+1;
(2) while v >t do
(2.1) compute 6(f) and p € P;
(2.2) set & := ABS(p, ¢);
(2.3) compute v(z, Z);
(2.4) if v > t then set = (1 — 1)z + 74, where 7 € (0,1) is an appropriate
step length
end
(3) return(z,p).

— tbv : TF T
The step length can be defined by 7 = A T Notice that § < p* f+p* f

(by Proposition[), and therefore 7 € (0,1). Furthermore, v > ¢ > 0 implies that
7 > 0. For the initial solution, let 20 = ﬁ 2%21 (™) where #(™) is the solution
given by ABS(e,, ¢) obtained for unit vector e, with all zero coordinates except
for its m-th component which is 1. The next lemma provides a bound on f(z?).

Lemma 2. For each p € P, \* < A(p) < cMpT f(2°). Furthermore, f,,(z°) >
ﬁ%/\* foreachm=1,..., M.

Proof. The first inequality follows from duality. For the second inequality,

A(p) = max{pT f(x) : x € B} = max{zgzlpmfm(m) : x € B}
< Znﬂf:lpmmax{fm(a:) . x € B},

where max{f,,(z) : z € B} A(en). Since #(™) is the solution computed by
ABS(em, ¢), fm(2™) > 1 A(e,) implying that A(e,) < cfp (z(™)). Therefore,

Ap) < sz:1 pmfm(ac(m)). Using the concavity of f,, we get

Zf 2O < Mf, <1/MZM>> = Mfn(2°) .

(=1

Combining the two inequalities, we obtain

M M
) < Cmefm(i?(m)) < cM Zp7nfm(170) = CMpr(xo) .
m=1 m=1
Finally, fo(2%) > & fin(20™) > L2 A(e) > 410 O

Let ¢1(f) = @4(0(f), f), which is called the reduced potential function. The
following two lemmas proved in [15] are used here to bound the number of
iterations.

Lemma 3. For any two consecutive iterates x and x' of Algorithm Improve, it
holds that ¢(f') — ¢¢(f) > tv?/4M.
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Lemma 4. For any two points ' € B and x € B with A\(f) > 0, ¢:(f') —
de(f) < (1+¢)n AP) where p is the vector defined by @ -

pTf~’

Theorem 2. Algorithm Improve solves (P..) and (D) in O(M2M 4 M 4

Mncy jterations.
€

Proof. Let Ny be the number of iterations to reach an iterate z! with corre-

sponding error v < 1/2 starting from our initial solution z°. For all iterations

with v > 1/2, each iteration increases the potential by at least tv?/4M > t/16 M

(see Lemmal3)). By Lemmald the total increase is bounded by ¢;(f1) — ¢¢(f°) <
o

(1+¢)In ;t(ff()]. Since t = ¢/5 and A(p°) < cMp®T fO (by Lemma BI), we obtain

that

(14-¢/5)16M In(cM) M In(cM)
< _ (s

Now suppose that the error v, < 1/2¢ for iterate * € B, and let N, be the

2
Netviyy

number of iterations to halve this error. We get ¢;(f**%) — ¢:(f%) > Tt =
2 ~

A{gi\y . On the other hand, the definition of v, implies p’* f*(1 —v,) = p*T (1 +

vg). Using ABS(p, ¢), we get a solution ¢ with pfT f¢ > 1 A(p*). Combining the

two inequalities,

€

A(p®) c(1+ vp)
DS T < (14 4vy).

The last inequality holds since vy < 1/2. Since d > 0, Lemma B implies that
be(FN) = () < (T4t)(Inc+In(1 4 4vp)) < (1+1)(Inc+ 4uvyp).

This gives now an upper bound

N, < 16M(1+t)(21nc+4vg) _ O(M(lnc;—w))
tug €V

One gets the total number of iterations by summing Ny, over all /=0,1.. . ., [ln(%)] .
Therefore, the total number of iterations is bounded by

Mn($)1 Mn($)1

Mlne M MIn(eM) Mlne M
No+O | —— 22t 4 2t < 0 — .
ot € ; + € ZZ:; - € + €3 + €2

O

The total number of iterations can be improved by the scaling method used
in [3315]. The idea is to reduce the parameter t step by step to the desired
accuracy. In the s-th scaling phase we set €5 = €,_1/2 and t; = €5/5 and use
the current approximate point z°~! as its initial solution. For phase s = 0,
use the initial point z° € B. For this point we have p? f(z") > ﬁ/l(p). We
set €9 = (1 —1/M). Using Lemma [ f,,,(z°) > 2 1\*. This implies f,,(2°) >
LA =11 -1+ )N =11 — )N, foreach m=1,..., M.
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Theorem 3. For any accuracy € > 0, the error scaling implementation com-
putes solutions x and p of (Pee) and (D..), respectively, in

N = OMInM + Mlnc/e* + M/e?)
iterations.

Proof. To reach the first ¢g € (1/2,1) in the primal and dual problem we need
O(M (Inc+1n M)) iterations (by Theorem ). Let N, be the number of iterations
in phase s to reach ¢4 for s > 1. By Lemma [] each iteration of phase s increases
the potential function by at least ¢3/4M = 6(e3/M). Lemma [ implies that for
x=2°and ¢’ = 2%,

A(p®)

psTfs :

Note that z° is a €51 = 2¢, solution of (P, ,), and therefore f(z°) > (1 —
2¢5)2A"e. Furthermore, since A(p*) < (1 + 2€,)A*, A(p®) < AHE2SN(f5) <
15 p*T f#, implying that ;(f;) < c%(1 + 8¢,). Then one can bound N, by
O(M(Inc + €5)/€3), and as before, the overall number of iterations is bounded
by

G, (fT1) = 00, (f%) < (1+t5)In

+7

No+ > N, < O(MlnM+ e

s>1

Mlnc M)
O

Remark: The root 6( f) can often be computed only approximately, but an accu-
racy of O(e? /M) for 0(f) is sufficient such that the iteration bounds remain valid.
With this required accuracy, the number of evaluations of the sum Zn]\le ﬁ
is bounded by O(In(M/e€)). This gives O(M (In M/e)) arithmetic operations to
determine 6(f) approximately. The overhead can be further improved by using

the Newton’s method to O(M (Inln(M/e))) [15].

3 General Linear Programming Approach

In this section we study the preemptive resource constrained scheduling problem.
First we consider the case with unlimited number of machines m > n. In fact, if
m < n, the machines can be handled as the (s + 1)st resource with requirement
rst+1,; = 1 and capacity cs41 = m. For our scheduling problem, a configuration is
a compatible (or feasible) subset of tasks that can be scheduled simultaneously.
Let F' be the set of all configurations, and for every f € F', let x; denote the
length (in time) of configuration f in the schedule. Clearly, f € F' iff Zjef rij <
c,fori=1,...,s.

By using these variables, the problem of finding a preemptive schedule of the
tasks with smallest makespan value (subject to the resource constraints) can be
formulated as the following linear program [20]:

min ZfeF Ty

s.t. ZfeF:jef Ty
Ly

3 j:17"'7na (6)



338 Klaus Jansen and Lorant Porkolab

One can solve (6) by using binary search on the optimum value and testing
at each stage the feasibility of the following linear system for a given r €
[Pmax; MPmax):

Z X f > Dy, j:17"'7n’ (xf)fEFEPD
fEF:jESf

where

P:{ xffeF:ZfEf—T’ IfZO,fEF}.
feFr

This can be done approximately (hence leading to an approximate decision pro-
cedure) by computing an approximate solution for the following max-min re-
source sharing problem:

1
A =max({ A: Z —xp >N j=1,....n, (zf)per€P » . (7)
rerges Pi

The latter problem can also be viewed as a fractional covering problem with
one block P, and n coupling constraints. Let the coupling (covering) constraints
be represented by Ax > \. By using the approach presented in Sect. Bl prob-
lem (@) can be solved approximately in O(n(6=2 4+ 6 3Inc + Inn)) iterations
(coordination steps), each requiring for a given n-vector y = (y1,...,yn) a i-

approximate solution of the problem, ‘
Aly) = max{ yTAx : z€e P} . (8)

Since P in (§) is just a simplex, the optimum of this linear program is also
attained at a vertex & of P corresponding to a (single) configuration f . A similar
argument was used for the bin packing problem by Plotkin et al. [33]. At this
vertex Ty = and Z¢ = 0 for f # f. Therefore, it suffices to find a subset f
of tasks that can be executed in parallel and has the largest associated profit
value ¢ 7 in the profit vector ¢! = y” A. But for given multipliers yi, ..., ¥n, this
problem can also be formulated as follows,

or equivalently as a general s-dimensional Knapsack Problem (sD-KP) or Pack-
ing Integer Program (PIP),

max EJ 1 pJ
s.t. ijl n]xj < ¢, i=1,...,s, (9)
zj € {0,1}, ji=1,...,n

Let K(n,s,c) denote the time required (in the worst case) to compute a -

approximate solution for (). At each iteration, in addition to solving (@) (ap-
proximately), we also need to compute the new y vector based on Az for the
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current x. Though the dimension of z is exponential, the computation requires
only updating the previous Ax value, since the current x is (1 —7)x 4+ 7& (for an
appropriate step length 7 € (0, 1]), where & is the vertex of P corresponding to
the solution of (@) at the current iteration. Thus the number of non-zero com-
ponents of x can increase by at most one at each iteration, and each update of
Az takes O(n) operations.

Initially, 2" has at most n non-zero components obtained from solving n sub-
problems (one for each n-dimensional unit vector as y) requiring O(nK(n, s, c))
time, and computing the initial 4 in O(n?) time. Approximating the root and
determining the next price vector p can be done in O(nlnln %) = O(n?) time (for
e.g. § > 1/n). Later each update of Az* can be done in O(n) time. For any fixed
7, the algorithm requires O(n(§=2 + = 3Inc + Inn)(K(n,s,c) + nlnln(nd—1))
time.

By binary search on r one can obtain a solution (zf)fep With >, pay =
(L+e/4)r* and 3 cpcpxp > 1(1—0)p;, where r* is the length of an optimal
schedule. Now one can define Ty = zsc(1 + 46) and obtain } ;cp o, Tp >
(1—6)(1+48)p; = (1 + 35 — 46%)p; > pj for § < 3/4. In this case the length of
the generated schedule is at most cr*(1446)(1+¢/4) = cr*(1+46 +€/4+ de) <
cr*(1 + €) by choosing € < 1 and 6 < 3¢/20. Since the optimum of (@) lies
within interval [Pmax, "Pmax], the overall complexity of the algorithm can be
bounded by O(nln2(e”2 + ¢ *Inc+Inn)(K(n,s,c) + nlnln(ne~!))) time. For
K(n,s,¢) > O(nlnln %) we obtain O(nln(ne=')(e ? + e ?Inc+Inn)K(n,s,c))
time.

The number of iterations can be improved by computing an approximate non-
preemptive schedule with a greedy algorithm. The main idea is to use a modified
list scheduling algorithm. The classical list scheduling algorithm is defined as
follows. First consider the tasks in any fixed order L = (T5,,...,T;, ). At any time
if there are positive quantities available from all resources, the algorlthm scans L
from the beginning and selects the first task T}, (if there is any) which may validly
be executed and which has not been already (or is not currently) executed. If a
task is finished, it will be removed from the list. Garey and Graham [12] showed
that this list scheduling algorithm for non-preemptive tasks gives a (s + 1)-
approximation ratio (comparing the length of the produced schedule and the
optimum non-preemptive schedule). To compare with the optimal preemptive
makespan C}; , we allow to overpack the resources with one task at each time.
Let Cmax(H) be the length of this (infeasible) pseudo-schedule and consider a
task T}, that is finished at time Cpax(H ). Then for each time t € [0, Cpax(H)—pr)
at least one resource is completely used by the tasks. Let [(¢) be the total length
of intervals where resource i is overpacked. Clearly, we have [(i) < C} . and
Pk < Pmax < Chhax- The length of the pseudo schedule is at most Y7, (i) +py <

(s + 1)C} .« By replacing the overpacked tasks to the end we obtain a feasible
schedule of length Cms) < < (2s+1)C} - This implies that C .. < Cha (MLS) <
(2s + 1)Cf Ly, 6. 1/(2s + 1)Cr(n1\§)lis) <O < CMES) Hence the binary search
for the optimum of (B requires only O(ln 6) steps (instead of O(In )) improving

the previous running time to
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0 (n (K(n, s,¢)+nlnln %) min(In(se™ 1), In(ne 1)) (e >+ ¢ 3Inc+1In n))

If the block problem posses an approximation scheme, then the factor e 31nec
can be removed. As main result we obtain:

Theorem 4. Let T be a set of instances of the preemptive resource constrained
scheduling problem. If there is a polynomial time approximation algorithm for
the corresponding s - dimensional knapsack instance with ratio c, then for any
€ > 0 there is a polynomial time algorithm for preemptive resource constrained
scheduling restricted to T with approzimation ratio c(1 + €).

The number of configurations in the final solution can be reduced from
O(n(e 24+ e 3Inc+1nn)) to O(n) within O(n(e "2+ 3Inc+Inn)M(n)) time
where M(n) is the time to invert a (n x n) matrix. The maximum number of
tasks per configuration is bounded by ¢ = min(n, min]_, mz; o )). Therefore,

the number of preemptions can be bounded by O(nt).

4 Approximability as a Function
of the Number of Resources

As we have seen in the previous section, the s-dimensional Knapsack Problem is
a key subproblem in our approach whose solution (for various inputs) is required
repeatedly. It is well known that the approximability of this problem varies with
the dimension s. Therefore in this section we will specialize the above general
result by making different assumptions on s and using different approximation
algorithms for the sD-KP. In particular, we will obtain a sequence of approxi-
mation results for our scheduling problem where the approximation will improve
(constant, PTAS, then FPTAS) as move from arbitrary to fixed number of re-
sources and eventually to the case with a single resource. To contrast these
approximation algorithms, we will also present some inapproximability results
for the first two variants.

4.1 Arbitrary Number of Resources

In this section we consider the case when s is arbitrary, i.e. it is part of the input.
First we give the presentation of our approximation algorithms, then we briefly
discuss some simple inapproximability results.

Approximation Algorithms. It is known [34)37] that for general s, sD-KP
or equivalently PIP has a £2(1/s'/¢min) approximation algorithm when all rij €
[0,1], ¢min = min; ¢; > 1 and i—j > 0. This implies the following result:

Theorem 5. For any number s of resources, there is a polynomial-time approx-

imation algorithm with performance ratio O(s<min ) for the preemptive resource
constrained scheduling problem.

This result can be further improved by using the algorithm by Srinivasan [37].
Furthermore, Srivastav and Stangier [38[39] showed that if ¢ > 19 log(2s)
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and OPT > 12/€* (where OPT is the optimum value of the linear relaxation of
[@)), an e-approximate solution for sD-KP can be computed in polynomial-time.
The running time of the algorithm is bounded by O(K,(n,s,1) + sn?In(sn)),
where K,.(n, s, 1) is the time required to solve (exactly) the linear programming
relaxation of ([@). Combining these with our approach presented in the previous
section and extending the algorithm to arbitrary OPT, we obtain the following.

Theorem 6. For any number s of resources, if ¢; > % log(2s) and r; € [0, 1],
for each i and j, there is a polynomial time approximation algorithm that com-
putes a (1 + €)-approximate solution for the preemptive resource constrained

scheduling problem.

The last two results can also be generalized to P|res..., pmin|Cpax with limited
number of machines, i.e. when m < n. Note that Theorems [B and 6] hold only
under some special conditions on resource capacities and requirements. Therefore
it is natural to ask whether they can be eliminated at least when s is fixed.
After presenting some inapproximability results, we will show in Sect. that
if s is fixed, though the problem remains NP-hard, approximating its optimum
becomes much easier. In particular we prove that for any fixed s the general
problem has a PTAS.

Inapproximability. For any graph G = (V, E) one can construct a resource
constrained scheduling problem with n = |V tasks and s = | E| resources, where
vertices correspond to tasks and edges to resources in the following way: The
resource capacities are all 1, i.e. ¢, = 1 for each e € E, while resource requirement
rey = 1, if v € e, and 0 otherwise. Independent sets of vertices correspond to sets
of tasks that can be executed together at the same time, therefore the (fractional)
coloring problem for graphs can be viewed as a special case of (preemptive)
resource constrained scheduling. Hence the inapproximability results in [28/[10]
imply the following:

Theorem 7. For any 6 > 0, the preemptive resource constrained scheduling
problem with n tasks and s resources has no polynomial-time approximation al-
gorithm with approzimation ratio n*~°, neither for some § > 0, unless P = NP;
nor for any § > 0, unless ZPP = NP.

Note that this negative result holds even for the restricted case when each
processing time is of unit length, and all capacities and resource requirements
are either 0 or 1. This shows that for arbitrary s the problem is not only hard,
but even approximating its optimum is difficult. Using that s < n? in the special
case above we get:

Corollary 1. The preemptive resource constrained scheduling problem with n
tasks and s resources has no polynomial-time approximation algorithm with ap-
proximation ratio s/2>=°, neither for some § > 0, unless P = NP; nor for any
6 >0, unless ZPP = NP.
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4.2 Fixed Number of Resources — PTAS

In this section we study how the approximability of the problem changes under
a restricting assumption on the number of resources. We consider here the case,
when s > 1 is a fixed constant larger than one. As we argue below this restriction
allows us to prove substantially better approximation result than the one above.
Namely, we will show that under the discussed assumption, the problem posses
a PTAS, and then we will also prove that - in fact - this is the best one can
expect (unless P=NP).

Approximation Algorithms. It is known [29/T1] that for any fixed s, sD-
KP has a PTAS. Let K(n,s,d) denote the time required (in the worst case)
to compute a d-approximate solution for the sD-KP. Using that s is constant,
the running time of our scheduling algorithm is bounded by O((K(n,s,c) +
nlnln(ne=!))nln(e~!)(e=2 + Inn)). The currently known best bound [3] for
K(n,s,0(e) is O(nlzl=%) = n®). By using this bound and the above ar-
gument, we obtain the following result.

Theorem 8. For any fized number s of resources, there is a PTAS for the pre-
emptive resource constrained scheduling problem with running time n©(<).

Notice that for fixed s, there is also a O(n) time (s + 1)-approximation
algorithm for the sD-KP [3], which implies the following:

Corollary 2. There is a (s+1)(1+€)-approzimation algorithm for the preemptive
resource constrained scheduling problem with running time O((n?Inln(ne=1))
In(e 1) (72 +1Inn)).

Inapproximability. The running time of the previously described algorithm
depends exponentially on the accuracy, and as the next result shows this depen-
dence cannot be improved to polynomial, unless P=NP.

Theorem 9. For any s > 2, there is no FPTAS for the preemptive resource
constrained scheduling problem with s resources, unless P = NP.

Proof. We use a reduction from the NP-complete problem Partition: Given a set
A and a size s(a) € IN for each a € A, where n = |A| is assumed to be even,
cllecide whether there is a subset I of A such that [I| = n/2 and ) .;s(a) =
IS

Let Smax = maxgea s(a). Now construct n tasks and two resources with
capacities £ > . 4 s(a) and 3 3" 4 (Smax—(a)), where each task a € A requires
(s(a), Smax — $(a)) of the two resources and has processing time p, = 1. If there is
a solution I of the partition problem, then |I| =n/2, 3 ., s(a) =13 .4 s(a)
and >,/ (Smax — $(a)) = 3 3,4 (Smax — s(a)). This means that set I can be
executed in parallel on both resources. Furthermore, the set A\ is also a solution
for the partition problem and can be executed also parallel on both resources.
Therefore, one can schedule all tasks in two phases in a non-preemptive way:
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in one phase all tasks in I (of length 1), and in the other phase all tasks in
A\ T (also of length 1). This gives a schedule with makespan Ciax = 2 and the
minimum makespan is C, . = 2 (by using an argument based on the required
minimum area for all tasks). If there is no solution of the partition problem,
then we can still split the set in three parts I1,..., I3 according to resource

1 such that Zaelj s(a) < 23 ,c45(a). Now only one of these parts can have

Zaelj (Smax — s(a)) > % Y aca(Smax — s(a)). By splitting this set (according to
resource 2) in three parts, we obtain a feasible non-preemptive schedule of length
Cmax < 5. This implies that C}; .. < 5.

Assume now that there is a FPTAS for the preemptive 2-resource constrained
scheduling problem and then show that this leads to a contradiction. The FPTAS
gives for each € > 0 a poly(n, 1/€) time algorithm to obtain a schedule with length
< CF o (14€) < CF L +5e. If we choose e = 1/5n then we obtain in poly(n) time
a preemptive schedule with length < C¥ .+ 1/n. The length of the preemptive
schedule (given by the FPTAS with ¢ = 1/5n) is larger than 2 + 1/n if and
only if the partition problem has no solution. If the length of the schedule is
larger than 2 + 1/n, then C},. > 2 implying that we have a no-instance of
the partition problem. Consider the other direction: For each time step ¢ there
are at least n/2 + 1 tasks which are not executed at step t; otherwise we had
a solution of the partition problem. To see this consider a set I of n/2 tasks
executed at one time step. This implies that ), ., s(a) < 1/23 4 s(a) and
> acr(Smax — 5(a)) < 23" ca(Smax — s(a)). Both of these inequalities can be
transformed into:

(1/2)8max — D_4er $(a) < 3 (Smax — s(a))
< % ZaeA(Smax —s(a)) = (n/2)smax — Zael s(a) .

Then, 3 ,e; 5(a) = 5 2,4 5(a) and 3 (Smax—5(a)) = 5 2 qe 4 (Smax —s(a)).
Therefore, I is a solution of the partition problem.

Let ne(i) be the total length in interval [0, 2] where task 7T; is not executed.
Using the property above, Z?Zl ne(i) > 2(n/2+1) = n+2. This implies that at
least one task T) has ne(k) > 1 + 2/n. Therefore, this task is executed at most
1—2/n in interval [0, 2] and the schedule length is at least 2+2/n. This argument
implies that we can test (using the FPTAS) the existence of a solution for the
partition problem in polynomial time, which is impossible, unless P=NP. a

In the proof above we have used an idea of Korte and Schrader [24]. They
proved that there is no FPTAS for the sD-KP with s = 2, unless P = N P. Since
it was essential in the proof of Theorem [ that s is (at least) two, it is natural
to ask again, what happens when s = 1. In this case - as it will be demonstrated
in the next section - there is a FPTAS for the problem, and hence the negative
result of Theorem [ does not hold any longer.

4.3 Single Resource — FPTAS

Clearly, the general approach presented in Sect. can also be used for the
special case when there is only one resource. Note that the number of itera-
tions in computing an approximate solution for (@) is independent of s, so it
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remains O(n(6=2 + Inn)), as above. The only difference is that the subprob-
lem one has to solve (approximately) at each iteration becomes the classical
(1-dimensional) Knapsack Problem (instead of the s-dimensional variant). This
can be solved approximately with any ©(d) accuracy in O(nmin(Inn,In(1/0)) +
1/62min(n,1/81n(1/4))) = O(nd—?) time [22]. In addition, we have to count the
overhead of O(n InIn(ne~!)) operations in each iteration (i.e. the computation of
the root and the new price vector). Hence the previous bound can be substituted
for K(n,s,©(0)) in the analysis above in Sect. 2] and therefore for any fixed r
the procedure requires O(n? max(6=2,Inln(né~1))(6~2 + Inn)) time (including
also the overheads arising from computing the initial solution).

Similarly to the discussion in Sect. £2] one can use binary search on r to
find a good approximation for the optimum of (f). The initial interval for r can
be determined by a strip packing algorithm (called longest task first) [A40] that
computes a non-preemptive schedule of length at most three times the length of
the an optimal preemptive schedule. These all imply the following:

Theorem 10. If there is only one resource, the resource constrained scheduling
problem has a FPTAS which runs in O(n?In(e~!) max(e=2,InIn(ne=1))(e~2 +
lnn)) time.

So far we have assumed that m is sufficiently large (e.g. m > n), or other-
wise processors can be treated as an extra resource. But having seen above the
the dividing line (regarding approximability) between instances with 1 and 2
resources, one may naturally ask how easy or difficult it is to compute approxi-
mate solutions for the problem when there is one resource and a limited number
of machines. Krause, Shen and Schwetman [25] gave a polynomial-time (3 — 1)-
approximation algorithm for the problem. This can be substantially improved
by following our approach and extending Theorem [I0] to this variant. First for-
mulate it as a restricted preemptive 2-resource constrained scheduling problem,
where the m identical machines correspond to the 2nd resource with ry; = 1 for
each task j and capacity co = m. It is easy to check, that the subproblem in
this case is the cardinality constrained (Z?Zl x; < 'm) knapsack problem, which
has a FPTAS with running time O(nm?e~1) [3]. In addition, the initial interval
for the binary search on r can be bounded as for s = 2 resources. Hence the
following holds:

Theorem 11. There is a FPTAS for Plresl.., pmin|Cpax with running time
O(n?In(e~!) max(m?e~!, Inln(ne~1)(e72 + Inn))).

This result can also be extended to the variant P|ress.., r;, pmitn|Lax, where
the input contains release r; and delivery ¢; dates for each task T}, and the
objective is to find a schedule minimizing the maximum delivery completion
time Lyax = max; Cj + g;.

Theorem 12. There is a FPTAS for Plresl..,r;, pmin|Lyax that runs in time
poly(n,1/e).
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5 Multiprocessor Task Scheduling

In this section we address preemptive multiprocessor task scheduling problems,
where aset T = {T1,...,T,} of n tasks has to be executed by m processors such
that each processor can execute at most one task at a time and a task must be
processed simultaneously by several processors.

Since we consider here the preemptive model, each task can be interrupted
any time at no cost and restarted later possibly on a different set of processors.
We will focus on those preemptive schedules where migration is allowed, that
is where each task may be assigned to different processor sets during different
execution phases [17)8]. The malleable variant of multiprocessor task scheduling,
P| fetn;, pmin|Cmax can be formulated as the following linear program [20], where
M; denotes the set of different cardinalities that processor sets executing task
T} can have.

min e p xfl
S.t. Z@GM]' mszFU*l(J)‘:[ fL'f Z 17 J :17...7"7,, (10)
rzy > 0, VfeF .

Here the goal is to find for a given r a vector x € P = {(zy) : Y icpay =
r,xy > 0, f € F} that satisfies all the other constraints in (0). This corresponds
to a vector z € P such that Ax > 1 — §. Again, we get a subroutine to find a
vertex # in P such that ¢T'% > ¢’z for all 2 € P, where ¢ = yT A. For each
task T; we have now different values in M; and hence in the corresponding
Knapsack Problem the profit y;/p;(¢) depends on the cardinality ¢ € M, while
the capacity of the knapsack remains m, as before. The subroutine corresponds
now to a generalized Knapsack Problem with different choices for tasks (items).
The problem we have to solve (approximately) for a given n-vector (y1,...,yn)
can be formulated as follows:

max 3251 Y pen, 50y it
s.t. Z?:l ZzeMj C-zje < m, (11)
e, Tie < 1, j=1,....n,
zie{0,1}, (eM;, j=1,....n.

In fact, this is the Multiple-choice Knapsack Problem.

Lawler [26] showed for this problem that an e-approximate solution can be
computed in O3, |M;|In|M;| + 3>, [Mj[n/e) = O(nmInm + n?m/e) time.
In order to obtain a lower bound, one can compute d; = miny<y<m p; (¢) and
dmax = max;d;. Then dpax < OPT < ndmax. In this case, the overhead
O(nlnln(n/e)) = O(nlnlnn + nlnin(1/€)) = O(n? + ne~1t) is less than the
running time required by the knapsack subroutine. Hence by using an argument
similar to the one in the previous section, one can obtain the following result.

Theorem 13. There exists a FPTAS for P|fctn;, pmin|Crax whose running
time is bounded by O(n(e=2 + Inn)In(ne=1)(nmInm +n?me=1)).
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Other variants of P|fctn;, pmin|Cpax concern preemptive scheduling on par-
allel processors, where the underlying interconnection network is not completely
disregarded (note that in the original formulation, we assumed nothing about the
network architecture). Based on the above results the following can be shown:

Theorem 14. If the processors are arranged in a line or hypercube network,
P|fctn;, pmin|Crax has a FPTAS that runs in O(n(e~2+Inn) In(ne=1)(nmInm+

j
n?me=1)) time.

6 Weighted Fractional Coloring

Let G = (V, E) be a graph with a positive weight w, for each vertex v € V.
Let Z be the set of all independent sets of GG. The weighted fractional coloring
problem consists of assigning a non-negative real value x; to each independent
set I of G such that each vertex v € V is completely covered by independent
sets containing v (i.e. the sum of their values is at least w,) and the total value
>~ ; @1 is minimized. This problem can also be formulated as a linear program of
form (@). Similarly to Sect. [l this linear program can be solved approximately
by using binary search on the optimum value r* and computing at each stage
for the current r an approximate solution for a fractional covering problem of
form (). Let wmax = max,cy w, be the maximum weight of a vertex. By binary
search, one can obtain a solution (x7)rez with > ;. 25 = (1 + ¢/4)r* and
Y rerwer T1 = 1/¢(1 — 6)w,. Now one can define 5 = xrc(1 + 46) and obtain
Y rerwer &1 = (1=0)(1+46)w, = (1436 —46%)p; > p, for < 3/4. In this case,
the length of the generated fractional coloring is at most ¢r*(1+46)(1 +¢/4) =
er*(1 446 + €/4 4+ de) < er*(1 + €) by choosing € < 1 and § < 3e¢/20. Since
the optimum lies within the interval [wWmax, MWmax|, the overall complexity of
the algorithm can be bounded by O((nlnn+nlnc/e3 +n/e2)(WIS(G,n,c,d)+
nlnln(n/e))In(ne=t)), where WIS(n,c,d) is the time required to compute an
approximate weighted independent set for a weighted graph (G,w). The above
arguments imply the following result.

Theorem 15. Let G be a graph class. If there is a polynomial time algorithm for
the weighted independent set problem restricted to graphs G € G with approxima-
tion ratio 1/c for ¢ > 1, then for any € > 0 there is a polynomial time algorithm
for the fractional weighted coloring problem restricted to G with approzimation
ratio ¢(1 + €).

Corollary 3. Let G be a graph class. If there is a (F)PTAS for the computation
of the weighted independent set in a graph G € G and weights w, then we obtain
a (F)PTAS for the fractional weighted coloring problem for graphs G € G.

Using a recent result [9] for computing the maximum weighted independent
set in intersection graphs of disks in the plane, we obtain the following:

Corollary 4. There is a PTAS for the computation of the fractional weighted
chromatic number for intersection graphs of disks in the plane.
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Since this graph class contains planar graphs and unit disk graphs, Corol-
lary [B] implies the following result which also provides a substantial improve-
ment on Matsui’s polynomial-time 2-approximation algorithm [30] for unit disk
graphs:

Corollary 5. There is a PTAS for the computation of the fractional weighted
chromatic number for planar and unit disk graphs.

7 Conclusion

In this paper we have studied preemptive variants of resource constrained
scheduling and the closely related fractional coloring problem. The approach
we presented is based on linear programming formulations with exponentially
many variables but with special structures allowing efficient approximations.
The linear programs are solved (approximately) in an iterative way as cover-
ing problems, where at each iteration subproblems of the same type have to
be solved. Interestingly, for resource constrained scheduling these subproblems
turned out to be knapsack type problems (multiple-choice, multi-dimensional,
and cardinality constrained knapsack) with efficient approximation algorithms.
For fractional coloring, it is the well known maximum weighted independent set
problem.

For some of the subproblems we have encountered, there are only relatively
weak polynomial-time approximation results (i.e. with constant, logarithmic, or
with even worse approximation ratios). To handle these cases too, we have ex-
tended some of the methods in [I533/41] to the case where the subproblem can
be solved only approximatively. The underlying algorithm is independent from
the width [33] and the number of variables. We note that by using other tech-
niques [21] (via the ellipsoid method and approximate separation) with higher
running time the approximation ratio ¢(1 + ¢€) in Theorems @l and can be
improved to ratio c.

We mention in closing, that by using the same approach, similar approx-
imation results can be expected for various other preemptive scheduling and
fractional graph problems, e.g. for fractional path coloring, call scheduling, band-
width allocation, scheduling multiprocessor tasks on dedicated processors, as well
as open, flow and job shop scheduling.
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Abstract. We consider the following integer feasibility problem: “Given
positive integer numbers ag, ai,...,an, with ged(ai,...,a,) = 1 and
a = (a1,...,an), does there exist a nonnegative integer vector x sat-
isfying ax = ao?” Some instances of this type have been found to be
extremely hard to solve by standard methods such as branch-and-bound,
even if the number of variables is as small as ten. We observe that not
only the sizes of the numbers ag, a1,...,an, but also their structure, have
a large impact on the difficulty of the instances. Moreover, we demon-
strate that the characteristics that make the instances so difficult to solve
by branch-and-bound make the solution of a certain reformulation of the
problem almost trivial. We accompany our results by a small computa-
tional study.

1 Introduction

1.1 Problem Statement and Summary of Results

In the past decade there has been a substantial progress in computational inte-
ger programming. Many large and complex instances can now be solved. There
are, however, still many small instances that seem extremely hard to tackle by
standard methods such as branch-and-bound or branch-and-cut, and it is still
quite unclear what makes these instances so hard. Examples are the so-called
market share problems [6/T], some feasibility problems reported on by Aardal
et al. [2], and certain portfolio planning problems [16]. All of these are gener-

alizations of the following simple problem. Let ag, a1, ..., a, be positive integer
numbers with ged(aq,...,a,) =1 and a; < ag, 1 <i <n, and let
P={xeR": ax =ag,z >0} . (1)

The problem is:
s X=PNZ"#07? (2)

If the components of & may take any integer value, then the problem is easy.
There exists a vector ¢ € Z" satisfying ax = aq if and only if ag is an inte-
ger multiple of ged(ay, ..., ay). The nonnegativity requirement on & makes the

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 350-[366] 2002.
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problem NP-complete. In this study we focus on infeasible instances to rule out
that a search algorithm terminates fast because we found a feasible solution by
luck.

In our study we demonstrate that if it is possible to decompose the a-
coefficients as a; = p;M + r; with p;, M € Z~q, r; € Z, and with M large
compared to p; and |r;|, then the maximum size of the right-hand side coefficient
ag for which ax = ag has no nonnegative integer solution becomes large. This is
proved in Theorem [T]in Sect.[3.1l An infeasible instance with a large value of aqg
is particularly difficult for branch-and-bound applied to formulation P. More-
over, we show that if the a-coefficients can be decomposed as described above,
then the reformulation obtained by using the projection suggested by Aardal,
Hurkens, and Lenstra [2] is computationally very easy to solve by a search al-
gorithm similar to the algorithm suggested by H.W. Lenstra, Jr. [14], since the
projected polytope will be thin in the direction of the last coordinate. This is
demonstrated in Sect. The projection, based on lattice basis reduction, is
briefly described in Sect.

To illustrate our observations we report on a modest computational study
on infeasible instances from the literature, and infeasible instances that we gen-
erated ourselves. About half of the instances have a-coefficients that decompose
as described in Sect. Bl and the rest of the instances have random a-coefficients
of the same size as the first group of instances. The smallest of the instances has
five variables, and the largest has ten. The computational results, presented in
Sect. [, clearly confirm our theoretical observations.

1.2 Integer Programming and Branching on Hyperplanes

The polytope P as defined by (@) has dimension n — 1, i.e., it is not full-
dimensional. In the full-dimensional case the following is known. Let S be a
full-dimensional polytope in IR"™ given by integer input. The width of S along
the nonzero vector d is defined as W(S,d) = max{d’ @ : = € S} — min{d" = :
x € S}. Notice that this is different from the definition of the geometric width
of a polytope. Consider the problem: “Does the polytope S contain a vector
x € Z"? Khinchine [12] proved that if S does not contain a lattice point,
then there exists a nonzero integer vector d such that W (S, d) is bounded from
above by a constant depending only on the dimension. H. W. Lenstra, Jr., [14]
developed an algorithm that runs in polynomial time for fixed dimension n, and
that either finds an integer vector in S, or a lattice hyperplane H such that at
most ¢(n) lattice hyperplanes parallel to H intersect S, where ¢(n) is a constant
depending only on the dimension n. This is the same as to say that an integer
nonzero direction is found such that the width of S in that direction is bounded
by a constant depending only on n. The intersection of each lattice hyperplane
with S gives rise to a problem of dimension at most n — 1, and each of these
lower-dimensional problems is solved recursively to determine whether or not S
contains an integer vector. One can illustrate the algorithm by a search tree hav-
ing at most n levels. The number of nodes created at each level is bounded from
above by a constant depending only on the dimension at that level. A search
node is pruned if, in the given direction, no lattice hyperplane is intersecting the
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polytope defined by the search node. We are not aware of any implementation
of Lenstra’s algorithm. Cook et al. [5] implemented the integer programming
algorithm by Lovdsz and Scarf [15], which is similar in structure to Lenstra’s
algorithm, and they observed that, for their instances, the number of search
nodes created by the Lovasz-Scarf algorithm was much less than the number of
nodes of a branch-and-bound tree. To compute a good search direction in each
node was, however, more time consuming than computing an LP-relaxation.
This raises the question of understanding if there are situations in which good
search directions can be determined fast.

Here we will consider a full-dimensional projection of P as suggested by
Aardal, Hurkens, and Lenstra [2]. An important conclusion of our study is that
for the most difficult infeasible instances, i.e., the instances that have decompos-
able a-coefficients as outlined in the previous subsection and described in more
detail in Sect. Bl this projection itself yields an integer direction in which the
projected polytope is provably thin. This direction is the last coordinate direc-
tion. So, if we apply a tree search algorithm as that of Lenstra to the projected
polytope, but branch only in coordinate directions in the order of decreasing
variable indices, then we observe that the instances become very easy. If the
a-coefficients do not possess the decomposition property, then the instances are
relatively easy to solve using branch-and-bound on formulation P.

1.3 Notation

We conclude this section by introducing some definitions and notation. |z| de-
notes the Euclidean length in IR™ of the vector . The identity matriz is denoted
by I, and the matrix consisting of zeros only is denoted by 0. If we want to
make the dimension of a matrix clear, then it is indicated as a superscript, for
example, I™ is the n x n identity matrix, and 0P*9) ig the p X q matrix con-
sisting of zeros. The matrix A is said to be in Hermite normal form if it has the
form [C, 0], where C is a lower triangular, nonnegative matrix in which each
diagonal element is the unique maximum row entry. The Hermite normal form
of the matrix A is denoted by HNF (A). A set of the form L = L(by,...,b;) =
{22:1 Aibiy, N € ZZ,1 < i <1}, where by,...,b; are linear independent vectors
in R", I <, is called a lattice. The set of vectors {b1,...,b;} is called a lattice
basis. Notice that a lattice may have several different bases. The determinant

of the lattice L, d(L), is defined as d(L) = v B' B, where B is a basis for L.
If the lattice L is full-dimensional we have d(L) = |detB|. The rank of the lat-
tice L, rk L, is the dimension of the Euclidean vector space spanned by L. The
integer width of a polytope S in the non-zero integer direction d is defined as
Wi (S,d) = |max{d’z: z € S}| — [min{d"z : z € S}]. The number of lattice
hyperplanes in the direction d that intersect S is equal to W;(S,d) + 1, so if
Wi(S,d) = —1, then S does not contain an integer vector.

2 The Reformulation and the Search Algorithm

The starting point of the reformulation of () suggested by Aardal, Hurkens,
and Lenstra [2] is the integer relaxation X = {x € Z" : ax = ap} of X. The
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relaxation X can be rewritten as Xg = {x € Z" : * = 2;+Boy, y € Z" '},
where x; is an integer vector satisfying ax; = ag, and where By is a basis for the
lattice Lo = {& € Z" : ax = 0}. That is, any integer vector &, not necessarily
nonnegative, satisfying ax = a¢ can be written as a sum of an integer vector
xy satisfying ax = ag and an integer linear combination of vectors x¢ satisfying
axg = 0. Since ged(ay,...,a,) = 1 and ag is integer, we know that a vector
xs exists, and determining x; can be done in polynomial time. Aardal et al.
determine xy and B as follows. Consider the lattice

{zeZ"“:z:B(j),meZ”,yGZ}, (3)
where
7™ gnx1)
B= [ otxm p, . (4)
Nga —N2a0

Aardal et al. showed that if N7 and N; are chosen appropriately, then the
basis B’ obtained by applying Lovdsz’ basis reduction algorithm [I3] to B (H)
is of the following form:

B(()"X(n_l)) xF u
B = [ 0o0x(=1) Ny |, (5)
ox(=1) o N,

where By is a basis for the lattice Lo, and where x; is an integer vector satisfying
axy = ag. Let
Q={yeR"': Boy>—z}. (6)

Problem () can now be restated as:
sQNZ" 1 #£07? (7)

The polytope @ is a full-dimensional formulation, and as mentioned in the
previous section we can apply Lenstra’s [14] algorithm, or any other integer
programming algorithm, to ). Here we will consider a tree search algorithm
inspired by Lenstra’s algorithm, but using only unit directions in the search.

At the root node of the search tree, choose an index i : 1 < i < n — 1.
Determine the integer width in the direction e;, i.e., determine u = |max{ely :
y € Q}], and | = [min{ely : y € Q}]. If | < u, then create a search node
for each value k =1,...,u, and if [ > u, then stop. Suppose that I < u. Choose
a new index ¢/, 1 < ¢ < n—1, i/ # ¢, and any of the nodes just created,
say the node corresponding with value k¥ = k’. Fix y; = k’, and determine
u=|max{e;y: y € Q, y; =k}, and |l = [min{e;y : y € Q, y; = K'}].
Repeat the procedure described above until all nodes have been investigated.
For an example of a search tree, see Fig. Il Notice that the search tree created in
this way is similar to the search tree of Lenstra’s algorithm in that the number
of levels of the tree is no more than the number of variables in the problem
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|l =u =
222

ys = 222

y6_64\y6=65
I>u

l>u

Fig. 1. The search tree for instance prob2 (cf. Sect. M)

instance, and that the number of nodes created at a certain level corresponds to
the width of the polytope in the chosen search direction.

Here we will investigate a class of instances that are exceptionally hard to
solve by branch-and-bound when using the original formulation in ax-variables,
but that become easy to solve when applying the branching scheme described
above to the reformulated problem in y-variables (@) because the width in the
unit direction e, _; is small. Below we give an example of such an instance.

Ezample 1. Let
P ={x € R®: 12223z, + 12224z, + 36672x3 = 149389505, > 0} .

A vector xy and a basis By for this instance is:

~1 0 12224
xp = | 1221 By = | —3-1222
3667 1 3667

The polytope @ is:
Q= {y € R?: 12224y, > 1, —3y; — 1222y, > —1221, y; — 3667y, > —3667} .

Moreover, we have Wi(Q,e;) = 4074 and W;(Q, ez) = —1, so if consider the
search direction e, first, we can immediately conclude that Q N Z? = 0.

If we solve the formulation in x-variables by branch-and-bound with objective
function 0 using the default settings of CPLEX 6.5, it takes 1,262,532 search
nodes to verify infeasibility. a

An instance such as the one given in Example [[l may seem quite artificial,
but many of the instances reported on in [6/TJ2I16] show a similar behavior, and
some of these instances stem from applications. To try to explain this behavior
therefore seems relevant also from the practical viewpoint.
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3 The Class of Instances

3.1 The Coefficient ag

The linear relaxation of Problem () is an n-simplex {x € RY,: az = ap}. An
instance of problem (&) is particularly hard to solve by branch-and-bound if it is
infeasible and if the intersection points of the n-simplex with the coordinate axes
have large values. Branch-and-bound will then be forced to enumerate many of
the possible combinations of z1, . .., z, with 0 < x; < ag/a;. Since the instance is
infeasible we cannot “get lucky” in our search, which may happen if the instance
is feasible, and if we by chance have chosen an objective function that takes us
to a feasible solution quickly. Example[T] of the previous section illustrates such a
hard infeasible instance. Similar, but larger, instances are virtually impossible to
solve using a state-of-the-art branch-and-bound algorithm such as implemented
in CPLEX.

To create infeasible instances with maximum values of ag/a; we choose ag as
the largest number such that ax = ag has no nonnegative integer solution. This
number is called the Frobenius number for ay, ..., a,, denoted by F(aq,...,a,).
Computing the Frobenius number for given natural numbers aq,...,a, with
ged(ag, ..., a,) = 1 is NP-hard. In Appendix 1 we discuss the algorithm that
we used in our computational study. For n = 2 it is known that F(aj,as) =
aras — a1 — ag. (In “Mathematics from the Educational Times, with Additional
Papers and Solutions”, Sylvester published the problem of proving that if a;
and ay are relatively prime integers, then there are exactly 1/2(ay — 1)(ag — 1)
nonnegative integers « less than a;as —a; —as for which a1 +asx2 = « does not
have a nonnegative integer solution. The solution to this problem was provided
by Curran Sharp in volume 41 (1884) of the journal. The precise reference is
[21]]. See also Schrijver [I8] p. 376.) For n = 3 the Frobenius number can be
computed in polynomial time, see Selmer and Beyer [20], Rodseth [17], and
Greenberg [9]. Kannan [11] developed a polynomial time algorithm for computing
the Frobenius number for every fized n. His algorithm is based on the relation
between the Frobenius number and the covering radius of a certain polytope.
Some upper bounds on the Frobenius number are also known. If a1 < ag < --- <

ap, Brauer [3] showed that F(aq,...,a,) < aja, —aj; — a,. Other upper bounds
were provided by Erdds and Graham [8] and Selmer [19].
Below we determine a lower and an upper bound on F(aq,...,a,) that are of

the same order. In particular, we observe that if a; is written as a; = p;M + r;,
with p;, M € Z~o, 7 € Z, and with M large compared to p; and |r;|, then
the lower bound on F(aq,...,a,) becomes large. This implies that instances
in which the a-coefficients decompose like this have relatively large Frobenius
numbers.

Theorem 1. Let a; = p;M+r;, fori=1,...,n, let (r;/p;) =max;=1_. {ri/pi},
and let (1 /pr) = min;—1,__,{ri/p:}. Assume that:

1. a1 <az <---<ap,
2. pi, M € Zwo, 7, € Z foralli=1,...n,
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3. Z?:l ‘TZ“ < 2M,
4. M >2—(r;/p;),
5. M > (rj/p;) = 2(r/pr) -

Then, we obtain f(p,r, M) < F(ai,...,an) < g(p,r, M), where

(M2pjpr, + M (pjri + pirg) + r5m1) (L = 375757

PrTi — DTk

f(p,r,M): -1

and
g(p,r,M) = M2P1Pn + M(plrn +pnr1 — 1 _pn) +rirn — T — T -

Proof. The upper bound g(p, r, M) is derived from the result by Brauer [3] that
F(ay,...,an) < aran, —a; — an.
In our proof of the lower bound we introduce the following notation:
B={zecR": ax =0},
A, ={xeR": ax =n, ¢ >0},
C={xeR":px=0, ra =0} .

The lattice Lg is as defined in Sect. 2.

c-bv C C+b C+2b

Lattice L¢ is contained in parallel hyperplanes generated by C'

Fig.2. B, C, and Lo

The idea behind the proof is as follows. We define a homomorphism from
A, to R/ZZ such that @ € Z"™ N A,, maps to 0, if such a vector x exists. An
integer number n for which 0 is not contained in the image of A, under this
map then provides a lower bound on the Frobenius number. We define such a
homomorphism by first defining a projection 7 along the vector b of A; onto
B, where b is in the same plane as A;. Then we consider a homomorphism
f: B — IR/Z. We show that the kernel of f is Ly + C. Due to the First
Isomorphism Theorem (see e.g. Hungerford[10], p. 44) we know that B divided
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out by (ker f), i.e., B/(Lo + C), is isomorphic to IR/ZZ. The image of mp(A1)
under the isomorphism B/(Lo+C) — IR/Z is an interval [[, u] in IR/ZZ. Finally
we determine an integer number n such that [nl, nu] does not contain an integer
point. The integer n then yields a lower bound on the Frobenius number under
the conditions given in the theorem.

We first define a linear mapping 7 : R" — B given by mp(2) = © — (ax)b,
where b satisfies pb = 0 and rb = 1, and hence ab = 1. When M — oo, then
(A1) — —b. Notice that —b ¢ C as rb = 1.

Next we define the homomorphism f : B — IR/Z given by & — (px
mod 1).

Claim: The kernel of f is Lo+ C.

First we show that (Lo + C) C (ker f). If & € Ly then « € ZZ, which
implies px € ZZ, and hence (px mod 1) = 0. If € C, then px = 0.

Next, show that (ker f) C (Lo + C). Notice that each element in B
can be written as c+y, +y, with c € C, y; € Ly, and y, € C such that
the absolute value of each element of y, is in the interval (—1/2,1/2)
and such that y, ¢ C. Since f(c+y; +y,) = f(c) + f(y1) + f(y2) =0
and since f(¢) = f(y;) =0, as ¢ € C and y; € Ly, we obtain f(y,) =0,
and hence (py, mod 1) = 0. If py, = 0, then, since y, € B, ry, = 0,
but this contradicts y, & C. So, 0 = ay, = Mpy, + ry,, and since py,
is integral we have that ry, is an integer multiple of M. Now, observe
that since the absolute value of each element of y, is less than 1/2, then,
due to Assumption 3 of the theorem, ry, < 1/23 " |r;| < M, and
therefore y, = 0 is the only possible solution. This concludes the proof
of our claim.

Due to the First Isomorphism Theorem the homomorphism f induces an
isomorphism f' : B/(Lg + C) — IR/ZZ. Below we determine the image of Ay
under the composition of the mappings 7 : R" — B and B — B/(Lo + C) —
IR/ZZ. This composition of mappings is a homomorfism.

We use v; to denote vertex i of A;. Vertex v;, is the vector (0,...,0,1/a;,
0,...,007 =(0,...,0,1/(p;M +1;),0,...,0), where 1/a; = 1/(p; M + ;) is the
ith component of v;. Applying the linear mapping 7 to v; yields 7y (v;) = v; —b.
Next, by the isomorphism  +— (px mod 1), mp(v;) becomes

Di - 1
Mpi+ri  M+ri/p

Let d; denote 1/(M + r;/p;), and recall that (r;/p;) = max;=1 . »{r:/p;}, and
(ri/px) = ming—1,_n{ri/p:i}. Then, the image of A; is an interval [d;,ds] of
length
I = PrT5 — DTk
M?pipy + M (p;jri + perj) + 157K

Now we will demonstrate that there exists an integer n > Ll_fdjj such

that the interval [nd;, ndy| does not contain an integer point. This implies that
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L#J is a lower bound on the Frobenius number. Notice that 1 —2d; > 0 due
to Assumption 4.

Let k = LlfLdej. The interval [I1, Is] = [kd;j, kdi] has length less than or
equal to 1 — 2d;. Let £ = |kd;]. Notice that ¢ < I;. Now define k' = ¢/d;. The
number k' < k yields an interval [I{, I3] = [K'd;, k'd}], such that I{ is integral.
The interval [I5, I5+2d;) does not contain an integer since the length of [I{, I5]
is less than or equal to the length of the interval [I7, I3], and since I7 is integral.
Now define k* = |k'] + 1. We claim that the interval [I7, I3] = [k*d;, k*dy]
does not contain an integer point. To prove the claim, first assume that &' is
integer. Then k*d; = I{ + d; and k*dp < I{ + 1 due to Assumption 5 that
implies that dj, < 2d;. Next, assume that k" is fractional. In this case we obtain
Ii < k*d; < I +dj, and, due to the same reasoning as for k' integer, we
obtain k*dy < Ij + 1. This finishes the proof of our claim. We finally notice
that k* > Llfjdj |, so we can conclude that L%J yields a lower bound on the
Frobenius number. We obtain

1-2d;|  1-2d; | _
L |~ L

(M?pjpi + M (pjri + prj) + rjri) (1 — W)

—1.
DkTj — PjTk
O

Example 2. The a-coefficients in Example [[l decompose as follows. Let M =
12223.

a)p = M + 0,

as = M + 1,

a3 =3M + 3.
Theorem [I] yields a lower bound on the Frobenius number equal to 149381362.
The Frobenius number for this instance is 149389505. a

For all our instances that decompose with short vectors p and r relative to M,
the Frobenius number is large, see the computational study in Sect. @l We have
computed the lower bound on the Frobenius number for these instances and in
all cases it was close to the actual value. It would be interesting to investigate
whether it is possible to use similar techniques to tighten the upper bound on
the Frobenius number for instances of this sort.

In the following subsection we demonstrate that instances with a-coefficients
that decompose with large M and relatively short p and r are trivial to solve
using the reformulation outlined in Sect. 2l These are the instances that are ex-
tremely hard to solve by branch-and-bound due to the large Frobenius numbers.

3.2 The Coefficients aq,...,a,

For the further analysis of our class of instances we wish to express the deter-
minant of the lattice Ly = {& € Z" : ax = 0} in terms of the input a. We
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will begin by stating a theorem that is more general than what we actually need
here. The following notation is used. Let A be an integer m x n matrix with
m < n. Moreover, let

Ly ={xeZ": Az =0},

La ={yeZm":Ax=y, xc Z"},

Lar={zecZ" : ATx =2, xc Z™},

Lor ={wezZ™: ATz =0} .

Remark 1. Suppose that A has full row rank. Then rk Lo = m — n, and Lor =
{0}, which implies that d(Lor) = 1.
Remark 2. Suppose that HNF (A) = (I,0). Then Ly = ZZ™, and d(La) = 1.

Theorem 2.

d(LAT)

d(Lg) = ~d(L . 8

( 0) d(LA) ( OT) ( )

Proof. The proof will be presented in the complete version of the paper. a
Corollary 1. If A has full row rank, then

d(Lar)
d(Lg) = . 9
Proof. See Remark [l regarding d(Lgr). |

Corollary 2. If m =1, that is, A = a, and if gcd(ay,...,a,) =1, then
d(Lo) = d(Lpr) = lal . (10)

Proof. We have d(Lgr) = 1, see Remark[Il. We also have HNF (a) = (1,0, ...,0),
since ged(ay, ..., a,) = 1, which implies that La = ZZ and, hence, d(LA) =1,
see Remark 21 The vector a forms a basis for L 47,80 d(Ls7) = vaTa =|a|. O

Remark 3. Notice that d(Lo) can also be computed as d(Lg) = 1/ Bg By.

Write a; = p;M + r; with p;,, M € ZZ<q and r; € Z. Recall that C denotes
the orthogonal complement of the hyperplane spanned by p and r, cf. the proof
of Theorem 1.

Proposition 1. The lattice Lo contains the lattice C N Z"™. The rank of the
lattice C N Z"™ is equal to n — 2.

Observe that the lattice CNZZ™ is generated by elements independent of M,
and if p and »r are short, then C' N Z™ will consist of relatively short vectors.
The determinant of Ly is equal to the length of the vector a, Corollary 3, and
this value does depend on the value of M. Since Ly contains C' N Z", and since
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the rank of Lg is just one higher than the rank of C'NZZ", the size of d(Lg) has
to be realized mainly by one generating vector.

Suppose p and r are short relative to M. Lovdsz’ [13] basis reduction algo-
rithm yields a basis in which the basis vectors are ordered according to increasing
length, up to a certain factor. In a basis By for Lg, such as we generate it, the
first n — 2 vectors form a basis for the lattice C' N Z™. These vectors are short,
while the last, (n —1)%*, vector is long since it has to contribute to a large extent
to d(Lo)

FEzample 3. Recall the decomposition of the a-coefficients from Examples[Il and
Let M = 12223.

a1:M+O,
G,Q:M+1,
a3:3M—|—3,

sop=(1,1,3)T and r» = (0,1, 3)T. The first column of By is short. This vector,
(0,-3,1)T, is orthogonal to a, p, and 7. The second, and last, column of By,
(12224, —1222, —3667)7, is long. 0

The question is now what the implications are for the polytopes P as defined
by @) and @ as defined by (@). For P it means that one step in the direction of
the last basis vector b,,_1 is long, so the width of P is small in direction b,,_;. For
the reformulation () it means that the width of Q) in the direction e,,_ is small.
In Example [l we observed that W;(Q, e2) = —1, which immediately gave us a
certificate for infeasibility. The argument regarding the length of the columns of
By presented above also holds in the more general case that the a-coefficients
decompose as follows:

a; =piM+r;N, fori=1,...,n,

where p;, M, N € Z>q, r; € ZZ, and where M and N are assumed to be large
compared to p; and |r;].

4 Computational Results

To illustrate our results we have solved various instances of type (). The in-
stances are given in Table [l In the first column the instance name is given.
Next, in column “a”, the a;-coefficients are given, and in the last column the
Frobenius number can be found. For all the instances we computed the Frobe-
nius number using the algorithm described in Appendix 1. The instances can
be divided into two groups. The first group contains instances cuwwl-cuww5b
and probl-prob10, and the second group consists of instances prob11-prob20.
Instances cuwwl-cuwwb5 were generated by Cornuéjols, Urbaniak, Weismantel,
and Wolsey [7], and the remaining instances were generated for this study. For
each of the instances cuwwl-cuww5 there is a decomposition a; = p; M + r; with
short vectors p and 7. In Table 2] we give values of M that yield short vectors
p and r for these instances. Instances probl-prob10 were generated such that
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Table 1. The instances

Instance a Frobenius
number
cuwwl 12223 12224 36674 61119 85569 89643481
cuww2 12228 36679 36682 48908 61139 73365 89716838
cuww3 | 12137 24269 36405 36407 48545 60683 58925134
cuww4 | 13211 13212 39638 52844 66060 79268 92482 104723595
cuwwb | 13429 26850 26855 40280 40281 53711 53714 67141 45094583
probl 25067 49300 49717 62124 87608 88025 113673 119169 33367335
prob2 11948 23330 30635 44197 92754 123389 136951 140745 14215206
prob3 39559 61679 79625 99658 133404 137071 159757 173977 58424799
prob4 48709 55893 62177 65919 86271 87692 102881 109765 60575665
prob5 28637 48198 80330 91980 102221 135518 165564 176049 62442884

prob6 20601 40429 40429 45415 53725 61919 64470 69340 78539 95043 | 22382774
prob7 18902 26720 34538 34868 49201 49531 65167 66800 84069 137179 27267751
prob8 17035 45529 48317 48506 86120 100178 112464 115819 125128 129688 | 21733990
prob9 3719 20289 29067 60517 64354 65633 76969 102024 106036 119930| 13385099
probl0 |[45276 70778 86911 92634 97839 125941 134269 141033 147279 153525|106925261

probll |11615 27638 32124 48384 53542 56230 73104 73884 112951 130204 577134
probl2 |14770 32480 75923 86053 85747 91772 101240 115403 137390 147371 944183
probl3 |15167 28569 36170 55419 70945 74926 95821 109046 121581 137695 765260
probl4 1828 14253 46209 52042 55987 72649 119704 129334 135589 138360 680230
probl5 |13128 37469 39391 41928 53433 59283 81669 95339 110593 131989 663281
probl6 [35113 36869 46647 53560 81518 85287 102780 115459 146791 147097 1109710
probl7 |14054 22184 29952 64696 92752 97364 118723 119355 122370 140050 752109
probl8 |20303 26239 33733 47223 55486 93776 119372 136158 136989 148851 783879
probl9 |20212 30662 31420 49259 49701 62688 74254 77244 139477 142101 677347
prob20 |[32663 41286 44549 45674 95772 111887 117611 117763 141840 149740 1037608

Table 2. A value of M for instances cuww1-5 yielding short p and

cuwwl cuww2 cuww3d cuwwd cuwwd

M| 12223 12228 12137 13211 13429

the a-coefficients have a decomposition a; = p;M + r; N with short p and r.
We randomly generate M from the uniform distribution U[10000, 20000], N
from U[1000, 2000], p; from U[1, 10], and r; from U[—10, 10]. In contrast, the
second group of instances probl1l-prob20 were randomly generated such that
the a-coeflicients are of the same size as in probl-prob10, but they do not nec-
essarily decompose with short vectors p and r. We chose the same size of the
a-coefficients since this yields values of d(Lg) of approximately the same size as
for the instances probl-prob10. For instances probl1-prob20 coefficient a; is
randomly generated from U[10000, 150000].

The computational results of verifying infeasibility for the instances is re-
ported on in Table[3 For each of the instances we computed d(Lg), the length of
each of the basis vectors of the basis B, and the number of lattice hyperplanes
intersecting () in the coordinate directions e; and e,_;. We then applied the
integer branching algorithm described in Sect.2]to Q. The number of nodes that
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were generated, and the computing time in seconds are given in the columns “#
Search tree nodes” and “Time”. Finally, we attempted to solve the instances,
using the original formulation P, by standard linear programming based branch-
and-bound using CPLEX version 6.5.3 . The number of nodes needed by branch-
and-bound, and the computing time in seconds are reported on in the columns
“# B&B nodes” and “B&B time”. For the branch-and-bound algorithm we set
the node limit to 50 million nodes. If an instance was not solved within this
node limit, this is indicated by “> 50 x 10%” in the column “# B&B nodes”.
The time t needed to evaluate the 50 million nodes is then indicated as “> t” in
the column “B&B time”. All the computations were carried out on a Sun Ultra
60 Model 2360 workstation with two UltraSPARC-II 359 MHz processors (our
implementation is sequential) and 512 MB of memory.

We make the following observations. First, the Frobenius number of the in-
stances cuwwl-cuwwb and probl-prob10 is about two orders of magnitude larger
than the Frobenius number of instances probl1-prob20 (see Table [[J). Infeasi-
ble instances are typically harder to solve than feasible ones, and the larger the
intersection points ag/a; between the n-simplex P and the coordinate axes, the
harder the instance becomes for branch-and-bound. So, as a class, the first group
of instances is harder for branch-and-bound, even if we would use a smaller
value of the right hand side coefficient than the Frobenius number, since the
large Frobenius number indicates that there are other large integer values « for
which ax = « has no nonnegative integer solution. In Table B] we can see that
instances cuwwl-cuwwb5 and probl-probl10 are considerably harder to solve by
branch-and-bound than instances prob11-prob20. The presolver of CPLEX was
able to verify infeasibility for instances cuww2 and prob10, but none of the other
instances in the first group was solved within the node limit of 50 million nodes.
All of the instances probl1-prob20 were solved by branch-and-bound within
half a million search nodes and one minute of computing time.

We also observe that the shape of the polytope @ is very much influenced by
the decomposition of the a-coefficients. If the coefficients decompose with short
vectors p and r relative to M, then the width of the corresponding polytope
@ in the unit direction e,_; is very small. This made the instances trivial for
our tree search algorithm applied to Q). All instances were solved using less than
twenty search nodes and a fraction of a second computing time. For instances
probl1l-prob20 where the a-coefficients are generated randomly from a certain
interval we observe that the width of @ is of the same size in all unit directions,
and in general greater than two. Our tree search algorithm applied to @) there-
fore needed more nodes and longer computing times than for the first group
of instances. Still, none of the instances prob11-prob20 needed more than 126
nodes and about a tenth of a second computing time.
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Appendix 1: Computing the Frobenius Number

Since the main aim of this paper is not to compute the Frobenius number — we
use the Frobenius number to create infeasible instances — our approach is quite
simple and based on the following theorem by Brauer and Shockley [4].

Theorem 3. [4] Let ay,...,a, be positive integer numbers with ged(ay,. ..,
an) = 1. Given i € {1,...,n}, let t; be the smallest positive integer congru-
ent to I mod a; that can be expressed as a nonnegative integer combination of
aj, 1<j<mn, j#i. Then

Flay,...,a,) =

- t—a; . 1
ey 1

One can compute the Frobenius number using a sequence of integer optimiza-
tion problems as follows. To compute as few optimization problems as possible
we assume that a; in Theorem [l is the smallest of the a-coefficients. Here we
assume that a; is the smallest a-coefficient. The value ¢; for [ = 1,...,a; — 1
can be computed as:

n n
t = min{z a;T; Zaixi =l+aim, T € Z3,} . (12)

=2 =2

Since the instances of type (I2)) that we tackled are hard to solve by branch-
and-bound we again applied the reformulation described in Sect. 2]to each sub-
problem and solved the reformulated subproblems by branch-and-bound. No-
tice that the reformulation only has to be determined for [ = 1. The basis for
L={xeZ": —az1+ Y . ya;x; = 0} is independent of [, and if we have
computed xy for I =1, then lx; can be used in the subsequent computations of
subproblems | = 2,...,a; — 1. Cornuéjols et al. [7] used a formulation similar to
(I2) for computing the Frobenius number, but instead of using the reformulation
described in Sect. 2l combined with branch-and-bound, they used test sets after
having decomposed the a-coefficients.

In Table[d we give the computational results for the Frobenius number com-
putations. In the two first columns the instance name and number of variables
are given. Then, the computing time and the total number of branch-and-bound
nodes needed for all a; — 1 subproblems are given. Since a; can vary quite a lot,
we report on the average number of branch-and-bound nodes per subproblem in
the last column.
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Table 4. Results for the Frobenius number computations

Instance | # Vars | Time | Total # Ave. # nodes
B&B nodes | per subprob.
cuwwl 5 50.0 11652 1.0
cuww?2 6 62.3 25739 2.1
cuww3 6 64.6 39208 3.2
cuww4 7 76.3 28980 2.2
cuwwb 8| 130.2 210987 15.7
probl 8| 891.3 3782264 150.9
prob2 8 90.2 53910 4.5
prob3 8| 396.2 571199 14.4
prob4 8| 371.1 204191 4.2
prob5 8| 257.6 349320 12.2
prob6 10 | 9057.3 39164012 1901.1
prob7 10 | 200.7 93987 5.0
prob8 10 | 304.8 577948 33.9
prob9 10 | 162.6 91223 24.5
probl10 10 | 586.8 445777 9.8
probll 10 | 241.3 577134 49.7
prob12 10 | 515.8 1518531 102.8
prob13 10 | 391.8 998415 65.8
probl14 10 | 476.7 1551241 848.6
probl5 10 | 418.0 1178543 89.8
probl16 10 | 821.7 2063690 58.8
probl7 10 | 385.4 1027115 73.1
prob18 10 | 567.3 1494456 73.6
prob19 10 | 499.0 1289971 63.8
prob20 10 | 799.2 2070667 63.4
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Abstract. We obtain a number of results regarding the distribution of
values of a quadratic function f on the set of n X n permutation matrices
(identified with the symmetric group S,) around its optimum (minimum
or maximum). We estimate the fraction of permutations o such that f(c)
lies within a given neighborhood of the optimal value of f and relate the
optimal value with the average value of f over a neighborhood of the
optimal permutation. We describe a natural class of functions (which
includes, for example, the objective function in the Traveling Salesman
Problem) with a relative abundance of near-optimal permutations. Also,
we identify a large class of functions f with the property that permu-
tations close to the optimal permutation in the Hamming metric of S,
tend to produce near optimal values of f, and show that for general f
just the opposite behavior may take place.

1 Introduction

The Quadratic Assignment Problem (QAP for short) is an optimization problem
on the symmetric group S,, of n! permutations of an n-element set. The QAP is
one of the hardest problems of combinatorial optimization, whose special cases
include the Traveling Salesman Problem (TSP) among other interesting prob-
lems.

Recently the QAP has been of interest to many people. An excellent survey
is found in [5]. Despite this work, it is still extremely difficult to solve QAP’s of
size n = 20 to optimality, and the solution to a QAP of size n = 30 is considered
noteworthy, see, for example, [1] and [4]. Moreover, it appears that essentially
no positive approximability results for the general QAP are known, although
some special cases have been established, see [2], and it is known that it is NP-
complete to get an approximation with even exponential fall-off for MIN QAP
with positive coefficients [3].

The goal of this paper is to study the distribution of values of the objective
function of the QAP. We hope that our results would allow one on one hand
to understand the behavior of various heuristics, and, on the other hand, to

* This research was partially supported by NSF Grant DMS 9734138.

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 367 2002.
© Springer-Verlag Berlin Heidelberg 2002
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estimate the optimum using some simple algorithms based on random or partial
enumeration with guaranteed complexity bounds. In particular, we estimate how
well the sample optimum from a random sample of a given size approximates
the global optimum. This gives an approximation guarantee with respect to the
average.

1.1 The Quadratic Assignment Problem

Let Mat,, be the vector space of all real n xn matrices A = (a;;), 1 <4,j < nand
let S,, be the group of all permutations o of the set {1,...,n}. There is an action
of S, on the space Mat,, by simultaneous permutations of rows and columns:
we let 0(A) = B, where A = (a;;) and B = (by;), provided b, (;),(j) = as; for all
i, =1,...,n. One can check that (¢7)A = o(7A) for any two permutations o
and 7. There is a standard scalar product on Mat,, :

B> = Z aijbij s where A= (aij) and B = (bm‘) .

i,j=1

Let us fix two matrices A = (a;;) and B = (b;;) and let us consider a real-
valued function f :S,, — IR defined by

n n
F(0) = (B,0(A)) = D batiyoyais = Y bijlo—1(iya-1(j) - (1)
i,j=1 i,j=1

The problem of finding a permutation ¢ where the maximum or minimum

value of f is attained is known as the Quadratic Assignment Problem. It is one of

the hardest problems of Combinatorial Optimization. From now on we assume
that n > 4.

Our approach produces essentially identical results for a more general prob-

lem. Suppose we are given a 4-dimensional array (tensor) C' = {c?l 11 <

0,5, k1 < n} of n* real numbers and the function f is defined by

Z CO’( Yo(3) (2)

3,j=1

If c;cjl = a;jby; for some matrices A = (a;;) and B = (by), we get the
special case (1) we started with. The convenience of working with the generalized
problem is that the set of objective functions (2) is a vector space.

We remark in Sect. 1] that the Traveling Salesman Problem (TSP) can be
considered as a special case of the QAP.

1.2 Definitions

For two permutations 7,0 € S, let the distance dist(o,7) be the standard
Hamming distance, that is the number of indices 1 < i < n where ¢ and 7
disagree:
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dist(r,0) = |i : o(i) # 7(9)| .
One can observe that the distance is invariant under the left and right actions
of S,, :
dist(coy,009) = dist(o1, 02) = dist(o10, 020)

for all o1,09,0 € S,. For a permutation 7 and an integer & > 0, we consider the
“k-th ring” around 7 :

U(r, k) ={o €S, : dist(o,7) =n—k} .

Hence for any permutation 7 the group .S, splits into the disjoint union
of n rings U(t, k) for k = 0,1,...,n — 2,n. The ring U(r, k) consists of the
permutations that agree with 7 on precisely k symbols.

Let f: S, — IR be a function of type (1) or (2). Let

F=2 3 fo)

" o€S,

be the average value of f on the symmetric group and let
fo=f—Ff

be the “shifted” function. Hence the average value of f is 0. Let 7 be a per-
mutation where the maximum value of fy is attained, so fo(7) > fo(o) for all
o € S, and fo(r) > 0 unless fo = 0 (the problem with minimum instead of
maximum is completely similar). We maintain the definitions of f, fo and 7 in
future sections.

We remark that it is easy to compute the average value f, see Lemma [0

We are interested in the following questions:

e Given a constant 0 < v < 1, how many permutations o € S, satisfy fo(o) >
v fo(7)? In particular, how well does the sample optimum of a set of randomly
chosen permutations approximates the true optimum?

e How does the average value of fy over the k-th ring U(7, k) compare with the
optimal value fo(7)? In particular, is a random permutation from the vicinity
of the optimal permutation better than a random permutation from the whole
group 5,7

We define the function v(m) for m > 2:

G2 h = S (1)
v(im) = i where m—Z(— ) i
7=0
For m = 0 we let v(m) = 0. From the definition 0 < v(m) < 2, and v(m)
approaches 1 rapidly as m increases.
The following functions p and ¢ on the symmetric group S,, play a special
role in our approach. For a permutation o € S, let

plo) = i:o(i) =i
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be the number of fixed points of o and let
tlo)=|i<j:o(i)=j and o(j) =i

be the number of 2-cycles in o.

One can show that p(c), p?(c) and (o) are functions of type (2) for some
particular tensors {c;jl} We denote by e the identity permutation in .S, and by
| X| the cardinality of a set X.

2 Results

Our results are divided into four cases, which arise from considering the repre-
sentations of Mat,, under the action of S,, (see Sect. BI). We begin with the
most special case, which we call the “bullseye,” and which already includes the
symmetric TSP. We then consider two different generalizations of the bullseye —
the “pure” QAP and the symmetric QAP. Finally, we briefly mention the general
case, which is technically more complicated than the symmetric case, but has
essentially similar bounds.
The proofs are discussed in Sect. [

2.1 Bullseye Distribution

Suppose that the matrix A = (a;5) in (1) is symmetric and has constant row
and column sums and a constant diagonal. For example,

0O 1 0 ...0 1

0 1 ... 0 0

01 0..00 C(1if [i—j|=1modn
vt T {0 otherwise

—_

0 0 0 ...01
1 0 0 ... 10
satisfies these properties and the corresponding optimization problem is the Sym-
metric Traveling Salesman Problem.
Similarly, for the generalized problem (2) we assume that for any & and [ the
matrix A = (a;;), where a;; = ¢}, is symmetric with constant row and column
sums and has a constant diagonal.

It turns out that the optimum has a characteristic “bullseye” feature with
respect to the averages over the rings U(7, k).

Theorem 1 (Bullseye Distribution). Let

k* — 3k +v(n —k)

a(n, k) = R

)

where k =0,1,...,n—2,n and v is as defined in Sect. [T 2.



The Distribution of Values in the Quadratic Assignment Problem 371

Then we have
1
Tom 2 f@) =amhhe)
’ oeU(t,k)
fork=0,1,....n—2,n.

We observe that as the ring U(7, k) contracts to the optimal permutation 7
(hence k increases), the average value of f on the ring steadily improves (as long
as k > 3). It is easy to construct examples where some values of f in a very

Distribution of values of the objective function with respect to the Hamming distance

from the maximum point

. = [

Maximum value Large average Medium average Small average

Fig. 1. Bullseye distribution

small neighborhood of the optimum are particularly bad, but as follows from
Theorem [ such values are relatively rare. In our opinion, this suggests that
this special case may be more amenable to various heuristics (see, for example,
[B]) than the general symmetric case. Incidentally, one can observe the same type
of the “bullseye” behavior for the Linear Assignment Problem and some other
polynomially solvable problems, such as the weighted Matching Problem.
Estimating the size of the ring U(7, k), we get the following result.

Corollary 2. Let us choose an integer 3 < k < n —3 and a number 0 < v <1

and let 12 )
-3
S

The probability that a random permutation o € S, satisfies the inequality
folo) = vB(n, k) fo(r)

is at least
(A —=7)B(n, k)
3k! ’
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2.2 Pure Distribution

We can consider a slightly more general problem where we relax the condition
that A is symmetric, but keep the constant row and sum columns. For example,
the matrix

01 0 ...... 0

0 0 1 0 0 1if j=i+1modn
A= e ) Qij = {0 otherwise

0 0 ...... 0 1

1 0 ......... 0

satisfies these properties and the corresponding optimization problem is the
Asymmetric Traveling Salesman Problem.

Similarly, for generalized problems (2) we assume that for any & and [ the
matrix A = (a;;), where a;; = ¢, has constant row and column sums and has a
constant diagonal.

We call this case pure, because the objective function f lacks the component
attributed to the Linear Assignment Problem. Generally, an arbitrary objective
function f in the Quadratic Assignment Problem can be represented as a sum
f = f1+ f2, where f; is the objective function in a Linear Assignment Problem
and fs is the objective function in some pure case.

The behavior of averages of fy over the rings U(7, k) is described by the
following result.

Theorem 3. Let us define three functions of n and k:

ar(n,k)=1—v(n—k)
k*—3k—n—3v(n—k)+vin—kn+4

age(n, k) = S and
k*—3k—n—2v(n—k)+v(n—Fkn+3
azo(n, k) = n? —4n+3 ’

where k =0,1,...,n—2,n and v is the function of Sect. [L2.
If n is even, then for some non-negative v, and 7o such that v1 +v9 =1 we
have

1
TR Z folo) = (71041(7% k) +72042e(n,k)>f0(T)
oeU(T,k)
fork=0,1,....n—2,n.
If n is odd, then for some non-negative y1 and o such that v1 + v = 1 we
have

o 2 fale) = (men(n.) + 10, (n 1)) olr)

oceU(T,k)
fork=0,1,....n—2,n.

We observe that there are two extreme cases. If v; = 0 and 75 = 1 then f
exhibits a bullseye type distribution of Sect.[Z1l If vy = 1 and 5 = 0 then f
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exhibits a “damped oscillator” type of distribution: the average value of fy over
U(r, k) changes its sign with the parity of & and approaches 0 fast as k grows. In
short, if f has a damped oscillator distribution, there is no particular advantage
in choosing a permutation in the vicinity of the optimal permutation 7. For a

Distribution of values of the objective function with respect

to the Hamming distance from the maximum point

o L ] I

Maximum Large average Medium average Small average
value

Fig. 2. Damped oscillator distribution

typical function f one can expect both ~; and v, positive, so f would show
a “weak” bullseye distribution: the average value of fy over U(t, k) improves
moderately as k gets smaller, but not as dramatically as in the bullseye case of
Theorem [1

Still, it turns out that we can sufficiently many reasonably good permutations
to get a version of Corollary [2 with only slightly worse constants.

Corollary 4. Let us choose an integer 3 < k < n —>5 and a number 0 < vy < 1
and let

k2 —3k+1

ﬂ(nak):ng_?)n_’_l .

The probability that a random permutation o € S, satisfies the inequality
fo(o) = vB(n, k) fo(T)
is at least

(1 —=7)B(n, k)
10k!
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2.3 Symmetric Distribution

We now consider what happens when we relax the condition of constant row
and column sums. We will focus on the case of a symmetric matrix A, but the
situation for general A is similar. Overall, the distribution of values of f turns
out to be much more complicated than in the bullseye special case.

Theorem 5 (Symmetric Distribution). Let us define three functions of n
and k:

2nk —2n —k* =3k —v(n— k) +6

ar(n,k) = n?—5n+6
—nk k2 +k —k)—4
age(n, k) = nhrnt 2+ l—u(n ) and
n—
—n?k +nk? +n? +nk +nv(n — k) —4n — 3k + 3
age(n, k) =

N2 —Tn+3 ’

where k = 0,1,...,n—2,n and v is the function of Sect.[1.2.
If n is even, then for some non-negative v1 and o such that y1 +v2 =1 we
have 1
= > fol0) = (men(n, k) + 120sc(n, k) fol)
|U(T’ k)| oeU(T,k)
fork=0,1,....n—2,n.
If n is odd, then for some non-negative y1 and o such that v1 + v = 1 we
have )
e fo(@) = (a(n, k) +12020(n, k) ) fo(7)
U(r, k)| 2

ocU(T,k)
fork=0,1,....n—2,n.

For any choice of 71,79 > 0 such that 3 + v = 1 there is a function f of
type (2) for which the averages of fo over U(r, k) are given by the formulas of
Theorem [5l Moreover, at least in the case where n is even, one can choose f to
be a function of type (1). We plan to include these proofs in [9].

Remark 6 (Spike Distribution). In Theorem[B] we see that there are two extreme
cases. If vy = 1 and 72 = 0 then f has a bullseye type distribution described in
Sect. 211 If v = 0 and 2 = 1 then f has what we call a “spike” distribution. In
this case, for 2 < k < n— 3 the average value of fy over U(7, k) is negative. Thus
an average permutation o € U(7,n — 3) presents us with a worse choice than
the average permutation in S,,. However, the average value of fy over U(r,0) is
about one half of the maximum value fo(7). Thus there are plenty of reasonably
good permutations very far from 7 and we can easily get such a permutation by
random sampling.

The distribution of a typical function f around its optimal permutation in
the symmetric QAP is a certain mixture of the bullseye and spike distributions.
This interference of the bullseye and spike distributions (which, in some sense,
are “pulling in the opposite directions”) provides, in our opinion, a plausible
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Distribution of values of the objective function with respect to the Hamming distance

from the maximum point

. I B

Maximum value Small average Large average

Fig. 3. Spike distribution

explanation of the computational hardness of the general symmetric QAP even
in comparison with other NP-hard problems such as T'SP.

We obtain the following estimate for the number of near-optimal permuta-
tions.

Corollary 7. Let us choose an integer 3 < k < n —3 and a number 0 < v <1

and let
3k—5

k)= .
Bln. k) n2—kn+k+2n-5
The probability that a random permutation o € S, satisfies the inequality

Jo(o) > ~vB(n, k) fo(T)

is at least
A =7)B(n, k)
5k!2k
One can notice that the obtained bound is essentially weaker than the bound
of Corollary 2

2.4 Notes on General Distribution and Algorithms

If we consider the general (possibly asymmetric) case, the distribution is more
complicated. An arbitrary general distribution can be expressed as a convex
combination of 4 extreme distributions if n is even, and 5 if n is odd. Using this,
we can derive a bound not much worse than that of Corollary [7l

Corollary 8. Let us choose an integer 3 < k <n —>5 and a number 0 < v <1
and let k_ 92

ﬁ(n’k):nQ—nk+k—2 '
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The probability that a random permutation o € S, satisfies

Jo(o) = ~B(k,n) fo(7)

is at least
5k!

We do not get any new type of a distribution, but we can find a sharper spike than
in the symmetric case. It is possible to construct a function f of type (2) where

Distribution of values of the objective function

with respect to the Hamming distance

from the maximum point

Maximum value Below average value

Fig. 4. Sharp spike distribution

the maximum value of 1 is attained at the identity and at every permutations
without fixed points. The value of f is negative on any permutation with at least
1 and at most n — 2 fixed points.

By choosing the appropriate k in Corollaries [4] and Rl we get the following
algorithmic interpretation of our results.

Corollary 9. 1. Let us fit any o > 1. Then there exists a 6 = d(a) > 0
such that for all sufficiently large n > N(«) the probability that a random
permutation o in S, satisfies the inequality

o
folo) = ﬁfo(T)
is at least 6n~2. In particular, one can choose § = exp{fca In a} for some

absolute constant ¢ > 0. If, in problem (1), matriz A has constant row and
column sums, then one can choose 6 = exp{—c\/aln a}.
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2. Let us fiz any € > 0. Then there exists a 6 = d(e) < 1 such that for all
sufficiently large n > N(€) the probability that a random permutation o in
Sy, satisfies the inequality

folo) 2 n™1 " fo(7)

is at least exp{—n’}. In particular, one can choose any § > 1 — .
If, in problem (1), matriz A has constant row and column sums, this bound
improves to

folo) = n=fo(7)
for any § > 1 —¢€/2.

We conclude that for any fixed a@ > 1 there is a randomized algorithm of
O(n?) complexity which produces a permutation o satisfying part 1 of Corol-
lary @ This simple randomized algorithm produces a better bound in a more
general situation than some known deterministic algorithms based on semidefi-
nite relaxations of the QAP (cf. [T0] and references therein).

If we are willing to settle for an algorithm of mildly exponential complexity
(that is, exp{n®} for some 8 < 1), we can achieve the bound of Corollary [
part 2.

3 Methods

First, we comment that it is easy to compute the average value f of a function
f defined by (1) or (2).

Lemma 10. Let f : S, — R be a function defined by (1) for some n x n
matrices A = (a;;) and B = (b;;). Let us define

n
Qg = E Qij, 0222 Qij

1<i#j<n
Bi= > by Zb“ .
1<i#j<n
Then o 0
f= n(nl—ll) * 2712 '

Similarly, if [ is defined by (2) for some tensor C = {c;jl}, 1<i4,5,k1<n

then
LU K

1<z;£j<n 1<k#l<n 1<i,l§n

f=

The proof is found in [8].

Remark 11. Suppose that f(o) = (B,0(A)) for some matrices A and B and all
o € S, is the objective function in the QAP (1) and suppose that the maximum
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value of f is attained at a permutation 7. Let A7 = 7(A) and let fi(0) =
(B,0(A1)). Then f1(o) = f(o7), hence the maximum value of f; is attained
at the identity permutation € and the distribution of values of f and f; is the
same. We observe that if A is symmetric then A; is also symmetric, and if A has
constant row and column sums and a constant diagonal then so does A;. Hence,
as far as the distribution of values of f is concerned, without loss of generality we
may assume that the maximum of f is attained at the identity permutation e.

Next, we introduce our main tool.

Definition 12. Let f : S, — IR be a function. Let us define function g :
S, — R by

o) = o 3 flotow) Q

’ w€eSy,

We call g the central projection of f.

It turns out that the central projection captures some important information
regarding the distribution of values of a function.

Lemma 13. Let f: S,, — R be a function and let g be the central projection
of f. Then

— The averages of f and g over the k-th ring U(e, k) around the identity per-
mutation coincide:

1 1
Ten 2= O mem 2 o)

o€eU (e,k) o€U(e,k)

— The average values of f and g on the symmetric group coincide: f = G;
— Suppose that f(e) > f(o) for all o € S,,. Then g(g) > g(o) for all o € S,,.

We study the distribution of values in the central projection and, using
Lemma [[3, deduce various facts about the distribution of values of objective
functions of types (1) and (2).

3.1 Action of the Symmetric Group in the Space of Matrices

The crucial observation for our approach is that the vector space of all central
projections g of functions f defined by (1) or (2) is 4-, 3-, or 2- dimensional
depending on whether we consider the general case, the symmetric case, or the
bullseye case of Sect. Bl If we require, additionally, that f = 0 then the dimensions
drop by 1 to 3, 2 and 1, respectively. This fact is explained by the representation
theory of the symmetric group (see, for example, [6]).

In particular, Mat,, decomposes as the sum of four isotypical components of
the irreducible representations of the symmetric group in the space of matrices.
We write Mat,, = L,+L,,—1,1+Ln_22+L,_21,1 where each of the four subspaces
is invariant under conjugation by S,,. We describe these subspace, recalling that
n > 4.
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Subspace L,: Let L. be the space of constant matrices A:
a;;j =a forsome o andall 1<4,5<n.

Let L2 be the subspace of scalar matrices A:

;= {a =y for some «
L0 if i £y ’
Finally, Let L, = L}L + L%. One can observe that dim L,, = 2 and that L,, is
the subspace of all matrices that remain fixed under the action of S,,.

Subspace L,_1,1: Let L} _;, be the subspace of matrices with identical rows
and such that the sum of entries in each row is 0. Similarly, let L%_Ll be the
subspace of matrices with identical columns and such that the sum of entries in
each column is 0. Finally, let Lf’%l’l be the subspace of diagonal matrices whose
diagonal entries sum to zero. Let Ly_11 = L}, y; + L% 4+ L3 . One can
check that the dimension of each of L, ,,, L2 ,; and L}, ; is n— 1 and that
dim Ly, 1,1 = 3n — 3. Moreover, the subspaces L,, ; ;, L7 ; ; and L}, ; do not
contain non-trivial invariant subspaces. The action of S, in L,_; 1, although
non-trivial, is not very complicated. One can show that if A € L,,_1 1 + L,,, then
the problem (1) of optimizing f(o) reduces to the Linear Assignment Problem.

Subspace L, _23: Let us define L,,_5 2 as the subspace of all symmetric ma-
trices A with row and column sums equal to 0 and zero diagonal. One can check
that L,_o 2 is an invariant subspace and that dim L,_22 = (n? — 3n)/2. Also,
L, _5 2 contains no non-trivial invariant subspaces.

Subspace L, _21,1: Let us define L,,_5 1 1 as the subset of all skew symmetric
matrices A with row and column sums equal to 0. One can check that L,,_2 1,1
is an invariant subspace and that dim L, 211 = (n? — 3n)/2 + 1. Similarly,
L,,_21, contains no non-trivial invariant subspaces.

The following proposition from representation theory describes the central
projection g obtained from the quadratic function (1). We recall the definitions
of the central projection (Definition [[2)) and the functions p(s) and t(o) from

Sect. 2

Proposition 14. For n x n matrices A and B, where n > 4, let f : S, — R
be the function defined by (1) and let g : S,, — R be the central projection of f.

1. If A€ L, then g is a scalar multiple of the constant function
xn(o) =1 foral oc€8, ;
2. If A€ L,_11 then g is a scalar multiple of the function

Xn-11(0) =plo) =1 forall oc€8, ;
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3. If A€ L,_o9 then g is a scalar multiple of the function

1 3
Xn—2,2(0) = t(0) + §p2(0) - ip(a) forall oc€s8, ;

4. If A€ L3211 then g is a scalar multiple of the function

1 3
Xn—-2,1,1(0) = §p2(0) — §p(a) —tlo)+1 forall c€S, .

Proposition [[4follows from the representation theory of the symmetric group
(see, for example, Part 1 of [6]). The functions Xy, Xn-1,1, Xn-2,2 and Xn—2.11
are the characters of corresponding irreducible representations of S,, for n > 4
(see Lecture 4 of [6]). The irreducible characters are linearly independent, and,
moreover orthonormal.

3.2 Proof Techniques

Theorem [: Consider the situation of Theorem [1. The conditions on A are
exactly that A € L,, + L,_2 2. Without loss of generality, we may assume that
the maximum of fy(o) is attained at the identity permutation . Excluding the
non-interesting case of fy = 0, by scaling f, if necessary, we can assume that
fo(e) = 1. Let g be the central projection of fy. Then we have g = 0 and
1=g(e) > g(o) for all o € S,,. Moreover, since A € L,,+ L,,_2 2, by Parts 1 and
3 of Proposition [[4] g must be a linear combination of the constant function y,,
and Xp—2,2. Since § = 0, g should be proportional to x,—_22 and since g(¢) = 1,

we have (0) + p2(0) ()
_ 2 _ 2t(o) +p°(o) —3plo
900) = Tz 3 X2 T n? —3n '
On a given ring U (e, k), the value of p(¢) is constant. A technical calculation

gives us the sum of ¢ over the permutations in U(e, k).

Lemma 15. We have

1 1
|U(E,k‘)‘ Z t(O’) = 51/(]{),

o€U(e,k)
where v(k) is the function of[I.2 and € is the identity permutation.

The proof is a combinatorial exercise, and will be included in [9].

Theorem B} Now consider the situation of Theorem Bl where A has constant
row and column sums, but may not be symmetric. We have A € L,, + L,,_22 +
Ly—21,. Using the normalizations we applied to the bullseye case, we get the
central projection g of fy to be a linear combination of x,_22 and xp_21,1.
The condition that g is maximized at the identity can be interpreted as a finite
set of linear inequalities g(e) > g(o) for ¢ # o € S,,. These define a cone in
IR?. After eliminating redundant inequalities, we find the cone is generated by
two functions of (p,t) with one depending on the parity of n. With the added
restriction that g(e) = 1, we find that g is a convex combination of two extreme
functions.

Summing these two extreme functions over the ring U(e, k) gives Theorem B
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Theorem [B: If we take A to be symmetric, as in Theorem [ but don’t require it
to have constant row and column sums, then we have A € L, +L,,_1,1+ L,_22.
Proceeding as in the pure case, we can express the central projection g of fy as
a convex combination of two extreme functions, and sum over the ring U (e, k).

For general A, we can extend our methods to the three-dimensional linear
space spanned by Xp—1,1, Xn—2,2 and Xn—2,1,1. In this case we will arrive at four
or five extreme distributions depending on the parity of n. Further details will
be included in [9].

Notes and Lemmas: To get the frequency estimate of Corollary 2] we need
to estimate the number of permutations with a given number fixed points and
2-cycles. We recall the conjugacy class structure of the symmetric group.

Let us fix a permutation p € S,,. As w ranges over the symmetric group S,
the permutation w ™! pw ranges over the conjugacy class X (p) of p, that is the set
of permutations that have the same cycle structure as p. The central projection
(3) is exactly the function g whose value at each permutation o is the average
of f on the equivalence class of that permutation.

To get estimates on f from our estimates on g, we will rely on a Markov type
lemma, which asserts, roughly, that a function with a sufficiently large average
takes sufficiently large values sufficiently often.

Lemma 16. Let X be a finite set and let f : X — IR be a function. Suppose
that f(z) <1 for all x € X and that

Zf >p for some (>0 .

|X| zeX

Then for any 0 < v < 1 we have

{o e X: f(z) 2B} > BL-7y)X] .
Proof. We have

XZf — Y @i Y @)
| | | |90f(w )<Bvy | |9L’¢f($)257
I{ -f )28}

< By + ‘X|

Hence
{a: f(a) > By} = B -)|X] .

We use generating series to calculate the number of permutations with given
cycle structures. Let us fix some positive integers ¢; : i =1,...,m and let a,, be
the number of permutations in S,, that have no cycles of length ¢; for 1 < i < m.
The exponential generating function for a,, is given by

Srr o Lol 5]

n=0 i=1
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where we agree that ag = 1, see, for example, pp. 170-173 of [7]. It follows that
the number of permutations o € S,, without fixed points is asymptotically e~!n! .
More precisely, it is equal to d,n! , where d,, is as defined in Sect. Similarly,
the number of permutations without fixed points and 2-cycles is asymptotically
e~3/2n! . We will use that the first number exceeds n!/3 and the second number
exceeds n!/5 for n > 5.

Corollary We can now prove Corollary Bl We again scale fy so that its
maximum is 1.

Let us estimate the cardinality |U(r,n — k)| = |U(e,n — k)|. Since o €
U(e,n—k) if and only if o has k fixed points, to choose a o € U(e,n—k) one has
to choose k points in (Z) ways and then choose a permutation of the remaining
n — k points without fixed points. Estimating the number of permutations with
no fixed points, we get

n

U(r,n — k)| > <k>(n— B3 = o -

Applying Lemma [[6 with § = 3(n, k) and X = U(r,n — k), from Theorem [II
we conclude that

(1 =B, k)|U(r,n - k)|

(1 - BB
3k! ’

P{o € 50 folo) 2 B(n. k)| >

Y

Corollaries H, [T and B: To prove Corollaries @ [l and Bl we look at the
extreme distributions found in the corresponding theorems. For the pure case,
both extreme distributions (the bullseye and the damped oscillator) have enough
good values near the optimum to produce the estimate of Corollary . Then it
is not hard to show that the estimates also hold on convex combinations of the
two extreme distributions.

The strategy of picking permutations close to the optimum fails in the general
symmetric case of Theorem Bl because there are relatively few good permutations
close to the optimum in the spike distribution. However, in the case of the spike
distribution there are many permutations with no fixed points that yield good
objective values. It is possible to show that for any convex combination of the
spike and bullseye distributions from the symmetric case that either the strategy
of picking points close to the optimum or the strategy of picking points far from
the optimum yields enough permutations to give the bound of Corollary[7. Note
that this bound is weaker than the bound of Corollary [ Similarly, the bound of
Corollary[§ is obtained by showing that a suitable strategy works for any convex
combination of the four or five extreme distributions of the general case.

These computations are technical, and will be included in [9].
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4 Concluding Remarks and Open Questions

The estimates of Theorems [l and Blon the number of near-optimal permutations
can be used to bound the optimal value by a sample optimum in branch-and-
bound algorithms. Those estimates are (nearly) best possible for the generalized
problem (2). However, it is not clear whether they can be improved in the case
of standard QAP (1), or how to improve them in interesting special cases. In
particular, we ask the following

e Question: Let f : .S,, — IR be the objective function in the Traveling Salesman
Problem (cf. Sect. 21)), let f be the average value of f and let fo = f — f. Let 7
be an optimal permutation, so that fo(7) > fo(o) for all o € S,,. Is it true that
for any fixed v > 0 there is a number § = §(y) > 0 such that the probability

that a random permutation o € S, satisfies the inequality fo(o) > 7 fo(7) is at
n
least n 0 for all sufficiently large n?

Another question is whether approximations can be obtained deterministi-
cally. The random sampling algorithm in the “bullseye” case can be relatively
easily derandomized. Whether the same is true for the sampling algorithms in
the non-bullseye cases is not clear at the moment.

Our methods can be applied to study the distribution of values in the As-
signment Problems of higher order and their special cases, such as the Weighted
Hypergraph Matching Problem.
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Abstract. The linear programming duality is well understood and the
reduced cost of a column is frequently used in various algorithms. On
the other hand, for integer programs it is not clear how to define a
dual function even though the subadditive dual theory was developed
a long time ago. In this work we propose a family of computationally
tractable subadditive dual functions for integer programs. We develop a
solution methodology that computes an optimal primal solution and an
optimal subadditive dual function. We report computational results for
set partitioning instances. To the best of our knowledge these are the
first computational experiments on computing the optimal subadditive
dual function.

1 Introduction

The LP duality was established a long time ago. With each primal problem there
is an associated dual problem with the same optimal objective value. Many algo-
rithms compute both a primal and a dual solution, e.g. simplex and primal-dual
algorithms. Given a dual vector we define the reduced cost of a column, which es-
timates how much would the addition of the column change the objective value,
and the sensitivity analysis can be carried out using the dual information. Large-
scale LPs can be efficiently solved with SPRINT, see e.g. |Anbil et al. (1992).
The idea of SPRINT is to solve many small LP subproblems and gradually add
columns to the subproblem based on the reduced cost values. Columns with small
reduced cost are more likely to improve the incumbent solution and therefore
they are appended to the subproblem.

This paper addresses the questions of a dual function, reduced cost, and sen-
sitivity analysis for IPs. The original motivation for this study was in designing
an algorithm for large-scale IPs that mimics SPRINT. Such an approach solves
at each iteration an IP consisting of a small subset of columns. Columns are then
appended to the current IP and the problem is reoptimized. The key question
related to the success of this approach is what columns to append, i.e. what
is the equivalent notion to the LP reduced cost. Dual vectors are also used in
the Benders decomposition algorithms, see e.g. Nemhauser and Wolsey (1988).
Currently these approaches can be applied only to mixed integer linear programs
since they require a dual vector. But if applied to IPs, they raise the question
of a dual function for IPs. In LP it is known that all the alternative optimal
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solutions can be found among the columns with zero reduced cost. It would be
very useful if we can produce alternative IP solutions, e.g. among several optimal
solutions we can select the most robust one. Again, as shown in this work, an
available dual function for IPs makes such a task much easier.

For integer programs the subadditive duality developed first by|Johnson (1973)
gives us a partial answer to these questions.

Definition 1. A function F : R™ — R is subadditive on Z C IR™ if F(z+y) <
F(z)+ F(y) forallx € Z,y € Z such that x +y € Z.

If Z is not specified, we assume Z = IR™. Johnson showed that for a feasible IP

min cz max F(b)
Az =b = F(a;) < ¢ i=1,...,n (1)
reZY F subadditive ,

where A = (ay,...,a,) € Z™* " b € Z™,c € Z". We refer to the second
problem as the subadditive dual problem. At least theoretically the answer to
all of the raised questions are in the optimal subadditive function (OSF) F.
In other words, the analog to the optimal dual vector in LP is the OSF. The
reduced cost of a column ¢ can be defined as ¢; — F'(a;) and most of the other
properties from LP carry over to IP, e.g. complementary slackness, F'(b) provides
a lower bound on the optimal IP value, and the alternative optimal solutions
can be found only among the columns i with ¢; = F(a;). However there are
still two fundamental issues that need to be addressed; how to encode F and
how to compute F. Theory tells us that an OSF can always be obtained as
a composition of C-G inequalities, see e.g. INemhauser and Wolsey (1988), but
such a function would be hard to encode and hard to evaluate. Very little is
known about how to compute an OSF. [Llewellyn and Ryan (1993) show how
an OSF can be constructed from Gomory cuts. Our work originates from the
work done by [Burdet and Johnson (1977), where an algorithm for solving an IP
based on subadditivity is presented. Both of these two works do not present any
computational experiments.

We give a new family of subadditive functions that is easy to encode and
often easy to evaluate. We present an algorithm that computes an OSF. As
part of the algorithm we give several new theorems that further shed light on
OSFs. The contribution of this research goes beyond a novel methodology for
computing an OSF. There are many implications of having an OSF: the reduced
cost can be defined, the sensitivity analysis can be performed, we can obtain
alternative optimal solutions, and new approaches for large-scale IPs can be
developed (‘integer’” SPRINT, Benders decomposition for IPs).

In Sect.2 we present a new subadditive function that is computationally
tractable. We give several interesting properties of this function. In addition we
generalize the concept of reduced cost fixing. Sect.Blfirst outlines the algorithm
that computes an optimal primal solution and an OSF. We show how to obtain
an OSF given an OSF of the preprocessed problem and we show how to obtain
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an initial subadditive function from the LP formulation with clique inequalities.
In this section we also present the entire algorithm that computes an optimal
primal solution and an OSF. In the last section we report the computational
experiments. We conclude the introduction with a brief description of the Burdet-
Johnson algorithm.

The Burdet-Johnson Algorithm

Burdet and Johnson show that there is a subadditive function 7 : IR — IR such
that 7(e;) < ¢; for every column 4, and the optimal value z'F to the IP equals to
MiNy feasible to IP Y _;c v TiTi- Here e; is the ith unit vector and N = {1,2,...,n}
are the column indices. Note that such a function does not serve our purpose
since it is defined on the set of all the columns and not rows. Based on m we do
not see an appropriate way to define the reduced cost. However we do use such
a 7 to obtain a good starting point for our desired F'.

Their subadditive function is based on the concept of generator subsets.
Given a subinclusive set E € Z', ie. if y € E then for every 0 < z < y
it follows that © € E, and a vector 6 € IR™ they define a function n(x) =
max, S, Y + d(x —y), where S(z) = {y € Z'} : y < x}. A candidate set H

is defined as H = {x € Z"} : « ¢ E,S(x) \ {z} C E}. They showed that if
m(z1 4+ x2) < cxy + cao (2)

for all z1 € E, x5 € E and x1 + xo € H, then 7 is subadditive.

Their algorithm starts with £ = () and § equal to the optimal dual vector
of the LP relaxation. In every iteration first F is expanded, which is called
the enumeration step, and then § is adjusted. The enumeration step selects an
element from H and appends it to E. This operation is followed by an update
of H and § has to be adjusted to satisfy (@), i.e. subadditivity. Given fixed E
and H, the maximum dual objective value is obtained by solving the LP

max g (3a)

mo— 0z —y) <cy for all y € E, x feasible to IP, and y <z (3b)
oz < cx reH (3¢)

d, mp unrestricted . (3d)

Burdet and Johnson show that (BH) give the dual objective value and that (3d)
are equivalent to (@). In other words, we maximize the dual objective value
by (3b) while maintaining subadditivity with (@d). The enumeration step and
the adjustment of § are then iterated until an optimal solution is found. The
algorithm is given in Algorithm 1, where we denote by w” the best lower bound
on 2.

We tried to implement this algorithm but we were not able to solve even
very small problems. We took this framework and we substantially enhanced
the algorithm. We present the enhanced algorithm in Sect. B3l
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1: E=0,H ={e; : i € N},§ = optimal dual vector of the LP relaxation,

wP = —oo0.
2: loop
3:  z=argmin{§; :x € H,dx >0}
4: E=FU{z},H=HU{Z+e;:i€ N,y L for every y < T+e;,y € Z' }
5:  Update d by solving (B). Let 7, be the optimal value.
6:  wP =max{w? 7}
7. If wP = min{ex : © € H, Az = b}, then we have solved the IP and exit.
8: end loop

Algorithm 1. The Burdet-Johnson algorithm

2 The Generator Subadditive Functions

Here we present the approach only for the set partitioning problems min{cz :
Az = 1,z binary}, where 1 is a vector with all components equal to 1. We denote
by z'¥ the optimal value. In addition, we assume that the problem is feasible.
The extension to general IPs, the theory for infeasible IPs, and additional results
are given in [Klabjan (2001h) and |[Klabjan (20014l).

Given a vector a € IR™, we define a generator subadditive function F, :
R™ — IR as

Fo(d) =ad— maXZ(aai —¢)x;
i€E
APz <d

x binary ,

where E = {i € N : aa; > ¢;} is a generator set and A% is the submatrix of A
corresponding to the columns in E. The generator set £ depends on « but for
simplicity of notation we do not show this dependence in our notation. Whenever
an ambiguity can occur, we write F(«). In addition, for simplicity of notation
we write H = N \ E.

It is easy to see that F, is a subadditive function. It is also easy to see
that F,(a;) < aa; < ¢; for all i € H by taking r = 0 in max{(aA? — cF)z :
APy < q;,x € Z‘f‘} and that F,(a;) < ¢; for all ¢ € E by considering x = ¢;
in max{(aAf — Pz : APz < a;,x € Z‘f‘} Therefore Fi,(a;) < ¢; for all
i € N. This shows that F, is a feasible subadditive function and therefore F, (1)
provides a lower bound on z'F. The vector « is a generalization of dual vectors
of the LP relaxation. Every dual feasible vector « to the LP relaxation has to
satisfy aa; < ¢; for all i € N, however « in the definition of F,, can violate some
of these constraints. Indeed, if y* is an optimal solution to the dual of the LLP
relaxation of the IP, then E = () and F),- gives the value of the LP relaxation.

The equivalence () states that among all the subadditive dual functions there
is one that attains the equality however it does not say anything for specially
structured subadditive functions like Fy,.
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Theorem 1. There exists an o such that F,, is an OSF, i.e. F,(1) = 2IF.

Since potentially we want to use F, to compute reduced costs ¢; — F'(a;)
for many columns i, e.g. the idea of an integral SPRINT), it is desirable that
the cardinality of F is small. Our computational experiments show that this is
indeed the case in practice. Even problems with 100,000 columns have only up
to 300 columns in F.

Theorem [l can be proved directly but here we give a constructive proof based
on valid inequalities.

Proposition 1. Let miz < ﬂé,j € J be wvalid inequalities for {Ax < 1,2 €
Z'" }. Let

z¥ =min cz
Az =1 (4)
ﬂ'jxgﬂ'g jedJ
x>0

and let (a,) be an optimal dual vector to this LP, where « corresponds to
constraints [{). Then F,(1) > z*.

Proof. The dual of the LP stated in the proposition reads
max la — Z ﬂ'gwj
jeJ

aiawagfngci i€N (5)
jeJ

« unrestricted, v > 0.

The optimal value of this LP is z* and let («,v) be an optimal vector. The
statement F, (1) > z* is equivalent to

max{(aA? — ¢F)x: APz <1, binary} < 1o — 2* . (6)

Let 2 be a binary vector such that AFz < 1. We have

(@Af — Bz < Z Zxﬂrfw (7)

iCE jeJ
=Yy mr<Yy ym=la-z", (8)
jeJ el JjeJ

where () follows from (), and the inequality in (§) holds since m/x < ﬂg, jed
are valid inequalities for {A¥x < 1,z binary} and v > 0. This shows (@) and it
proves the claim. a

Theorem [ now easily follows from Proposition [l since the convex hull of
{Az = 1,2 € Z"'} can be obtained from valid inequalities to {Az < 1,z €
Z" }. Next we give two theorems that have a counterpart in LP and are used
in our algorithm.
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Theorem 2 (Complementary slackness). Let z* be an optimal primal so-
lution. If xf =1, then aa; > ¢; in a generator OSF F,.

This theorem easily follows from the general complementary slackness condition
xf(c; — F(a;)) =0, where x* is an optimal solution and F' an OSF.

Since F, is always a valid subadditive function, F, (1) is a lower bound on
2P In IP the reduced cost fixing based on an LP solution is a commonly used
technique for fixing the variables to 0. The next theorem establishes an equivalent
condition based on a subadditive dual function.

Theorem 3 (Extended reduced cost fixing). Let F be a feasible subadditive
dual function, i.e. F is subadditive and F(a;) < ¢; for alli € N, and let 2 be
an upper bound on 2. If ¢;, — F(ay,) > /¥ — F(1) for a column k € N, then
there is an optimal solution with xj = 0.

Proof. Let k be a variable index such that ¢, — F(ay) > ¥ — F(1). Consider

the IP min{cz : Az = 1,2, = 1,2 € Z'} }. We show that the optimal value of

this IP is greater or equal to z'F.

The subadditive dual problem of this IP reads

max G(1,1)
G(a;,0) < ¢ i€ N —{k}
G(ax,1) < cp,
G subadditive ,

(9)

where the extra coordinate in columns corresponds to the constraint xp = 1.
Consider the feasible subadditive function G(d, s) = F(d) + (cx — F(ax))s to ([@).
The objective value of this function is G(1,1) = F(1) + (cx — F(ax))1 > z'¥ and
therefore the objective value of the subadditive dual problem (@) is at least z'¥.
This in turn implies that the objective value of the IP with z;, = 1 is at least
z" which concludes the proof. O

If Fis a subadditive valid function, then .\ F(a;)z; > F(1) is a valid
subadditive function, Nemhauser and Wolsey (1988). Therefore for F' = F,, we
get that

D cimi+ Y (aa)z; > Fo(l) (10)
i€E i€H
is a valid inequality. These inequalities are used in our computational experi-
ments.

2.1 Basic and Minimal Generator Subadditive Functions

Note that the generator subadditive functions form an infinite family of func-
tions since « is arbitrary. In linear programming extreme points suffice to solve
the dual problem and there are only a finite number of them. A similar result
holds for the generator subadditive functions. Namely, it suffices to consider
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only those generator subadditive functions, called basic generator subadditive
functions, with « an extreme point of a certain polyhedra. By using these func-
tions we can extend the traditional Benders decomposition algorithm for mixed
integer programs to integer programs. The details are given in [Klabjan (20011).
In addition, if ({0) is a facet, then F,, is a basic generator subadditive function.

A valid inequality is minimal if is not dominated by any other valid in-
equality. A generator subadditive function is minimal if ([IQ) is a minimal valid
inequality. Minimal generator subadditive functions have two interesting proper-
ties. Consider the set packing problem max{(aA¥ — c¥)z : APz <1,z binary}.
F, is a minimal generator subadditive function if and only if this set pack-
ing problem has an optimal solution z* such that there is a binary vector
2’ with A(2’ + 2*) = 1. The following more interesting property is shown in
Klabjan (2001b)). If F, is minimal generator subadditive function, than for ev-
ery ¢ € I there is an optimal solution z* to the set packing problem with z} = 1.
This statement shows that this set packing problem has a wide variety of optimal
solutions. Since a generator OSF is minimal, these properties can facilitate us in
designing algorithms for obtaining all optimal primal solutions.

3 Solution Methodology

We first briefly describe the main ideas of our algorithm that finds a primal
optimal solution and it simultaneously computes an OSF F,,.

We first preprocess the problem. We use all of the 9 preprocessing rules de-
scribed in [Borndorfer (1998) except that we do not check for dominated columuns.
In addition, we have detected 2 more preprocessing rules. In the next step we
solve the LP relaxation of the preprocessed problem and we add clique inequali-
ties, Nemhauser and Wolsey (1988). They are separated with a standard heuris-
tic. Next we form an initial ' by considering the dual prices of the LP relaxation
with cliques.

Computational experiments have shown that finding in one ‘attempt’ an OSF
is not computationally tractable. Instead we gradually remove columns that do
not change the optimal value from the problem. This has an implication that the
resulting OSF is not necessarily subadditive in IR™ but it is only subadditive on
a subset of still active columns. The algorithm proceeds in 3 stages. In stage 1 an
optimal primal solution and an optimal subadditive function is found. However
the subadditive function is only subadditive on a small subset of columns. In this
stage we use the Burdet-Johnson framework. In stage 2 we improve subadditivity
by obtaining a subadditive function that satisfies the complementary slackness
conditions. The resulting function is still not necessarily subadditive on all the
columns but it turns out that only few columns violate subadditivity. In stage 3
we do the last correction to make the function subadditive on IR™™.

3.1 Preprocessing and the Generator Subadditive Functions

The problem is first preprocessed and then a generator OSF is found. Since we
want to obtain an OSF to the original problem, we have to show how to get
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such a function given an OSF to the preprocessed problem. In preprocessing
the preprocessing rules are iteratively applied. All of the 10 preprocessing rules
are applied in several passes until in the last pass we do not further reduce the
problem. To be able to construct an OSF of the original problem, we have to
show how each preprocessing rule affects the subadditive function. If we want
to easily construct the function, then we have to show how to obtain an OSF
F5 from an OSF F, of the preprocessed problem, after one step of a given
preprocessing rule. It is crucial here that the new function is again a generator
subadditive function since otherwise we loose the structure and it would be hard
to successfully unwind the preprocessing steps.

Fortunately for most of the preprocessing rules we can apply the following
proposition. For an i € N let A; = {j € M : aj; = 1}, where M = {1,...,m} is
the set of all the rows, and similarly for j € M let A7 = {i € N : a;; = 1}.

Proposition 2. Let F, be an OSF for min{cx : Ax = 1,z binary} and let
r be a row of A. Let a,11 be a new column with the cost c¢,+1. Furthermore,
let r ¢ Apir, let D, car i + Tnp1 < 1 be a wvalid inequality for {(x,znq1) :
Az+an 12541 < 1,2 binary, x,41 binary}, and let us define Fy(an41) = Qap41.
Then the LP

min 1y
a;y < ¢; — Fyla;) 1eN—A"
(a; = Dy < ¢; — Fi(a;) i€ A" andi=n+1
1y >0

has an optimal solution y* and Foyy- is an OSF for min{cx + cpp1Tn41 1 Az +
Gpt1Tn+1 = 1,z binary, x,1 binary}.

Let us show how to use the theorem for dominated rows. If r,n + 1 are two
rows such that A™ C A™*!, then we can fix to 0 all the variables in A?t! \ A"
and we can remove row n+ 1 from the problem. Suppose now that Fj is an OSF
for the problem without row n + 1 and the columns in A"™1\ A". First we can
append back row n + 1 without the columns in A1\ A" to the matrix and
define oo = (&,0) — (ar/2)ey + (@r/2)en+1. It is easy to see that F, is an OSF
for the new problem. Now we can handle the removed columns from A"*1\ A"
by Proposition 2 to get an OSF for the original problem.

3.2 Clique Inequalities and the Generator Subadditive Functions

Consider the LP relaxation together with some clique inequalities. The LP value
gives a lower bound on z'F. In our algorithm we use the following corollary to
Proposition [.

Corollary 1. Let

quzmin{ca;:szl,ingl jeJx>0},
iGCj
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where Cj,j € J, are cliques in the conflict graph. Let o be the optimal dual
vector corresponding to constraints Az = 1. Then F,, has the value at least 24,
ie. Fo(1) > z¢4,

If we can solve a set partitioning problem to optimality by adding clique inequal-
ities, then by Corollary [1] the generator OSF is readily available.

In our implementation we first run a primal heuristic to obtain z'¥, which
is the best known upper bound on z'F. Then we solve the LP relaxation with
cliques and we run the primal heuristic again but this time with the strengthen
formulation with cliques. At the end we apply reduced cost fixing.

3.3 Stage 1: Obtaining an Optimal Primal Solution
with the Use of Subadditive Functions

In this stage we find an optimal primal solution and an approximate subadditive
dual function by using the Burdet-Johnson framework. Since we are interested
in obtaining a subadditive function in IR™, we choose § = aA, where « is an
unknown vector. This mapping also substantially simplifies (3H) since now they
read mp — la + a(Ay) < cy for all y € E.

We first enhance their algorithm with a concept that is the equivalent to prun-
ing in branch-and-bound algorithms. Instead of searching for a subadditive func-
tion in all IR" we require subadditivity only on {z : Az = 1, cx < z'¥, 2 binary}.
It means that we can remove from H all the elements that yield an objective
function value larger than z'*. Namely, if h € H and

min{cz : Ar = 1,z; = 1 for all ¢ with h; =1,z > 0} (11)

is greater or equal to z'¥, then h can be removed from H. However computing
this LP for every element in H is too expensive and therefore we compute the
exact value only for the element that is selected to be added to E. Note that
the cardinality of H can double in each iteration. For the candidate element h,
if the objective value of (Il) is greater or equal to z'F | then h is permanently
removed from consideration and the selection process is repeated.

The second major enhancement we employ is the selection of an element from
H that is added to E. In view of the above discussion, we would like to append
to E such an element that introduces the fewer number of new elements in H.
Note that the elements in H yield constraints (Bd) and therefore it is desirable
to have only a small number of them. It can be seen that this is equivalent to
maximizing ([I)) and therefore selecting an element from H that has the highest
objective value of () is beneficial for both goals, i.e. pruning and having a
small H. We avoid computing ([[T) for every element in H by using pseudo costs,
Nemhauser and Wolsey (1988). On the other hand, when an element is moved
from H to E, the corresponding constraint (Bd) is relaxed into a constraint (3h).
Therefore we would like to relax the most binding constraint, i.e. a constraint
with «Ah = ch.

The overall selection can be summarized as follows. Among all the elements
h in H that satisfy a«Ah = ch, we select the element with the largest pseudo cost
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since such an element is most likely to be pruned and it keeps H small. Next
we solve (1) and if the element can be pruned, we permanently delete it and
we repeat the selection procedure. Otherwise the element is added to E. If the
solution to (1)) is integral and better than the best known primal solution so
far, we update z'F.

At every iteration we apply the extended reduced cost fixing and we add to
the problem () the subadditivity cut resulting from the current subadditive
function.

Note that at the end we assert that there are no feasible solution, i.e. the cur-
rent solution is optimal. We are optimal when {z : Ax = 1,cx < z'¥, z binary}
is empty, which implies that there is a subadditive function with infinity objec-
tive value. Therefore the stopping criteria is when the dual objective mg becomes

greater or equal to 2.

3.4 Stage 2: Improving the Feasibility
of the Subadditive Dual Function

The goal of this stage is to obtain a subadditive function that is subadditive
on the set {z : Ax = 1,cx < 2' 2 binary}. Such a function has to satisfy the
complementary slackness conditions.

This stage is very similar to stage 1. In stage 1 we record F and H every
time we obtain a better primal solution. The last recorded E' and H are used as
a warm start for stage 2. The algorithm follows closely the algorithm in stage 1
with a few changes. The selection of an element from H that is added to F is
now more targeted toward improving the dual objective.

3.5 Stage 3: Computing a Generator Optimal Subadditive Function

In this stage we obtain a generator OSF. We take o from stage 2 as a starting
point. Fy, is an OSF on all the columns that have not been pruned in stage 2.
This F,, is not necessarily an OSF since the columns i that have been pruned may
have aa; > c;. In this case we would have to add ¢ to E, which can potentially
decrease F,(1). We call the columns that have been pruned in stage 2 and
have aa; > ¢; infeasible columns. Typically we have several thousand infeasible
columns. Stage 3 makes these columns feasible by modifying F and a.

First we reduce the number of infeasible columns by slightly adjusting «.. The
procedure is based on the following theorem.

Theorem 4. Let F, be a generator OSF for the set partitioning problem with
the input data ¢ and A, let chi1,an+1 be a column with aani1 > cpy1, and
assume that

min Z(ci — Fo(a;)x; + (Cnt1 — Qpt1)Tnp1

Az + apy1Tp41 =1 (12)
x Z O7xn+1 2 0
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is greater or equal to 0. If v is an optimal dual vector to this LP, then Foy, is a
generator OSF for the set partitioning problem with the input data (¢, cny1) and
(Aa an+1) .

Proof. First note that the objective value of (IZ) is O since the optimal IP
solution gives the objective value 0. Therefore y1 = 0. For all i € H U {n + 1}
clearly (a+7)a; < ¢; since v is dual feasible to (IZ). This implies that E(a+7v) C
E.

It suffices to show that

Inax{((oz+’y)AEch)m cAPr <1,z e Z‘f‘} <(a+7)1-F,(1) = al—F,(1).

(13)
Let 2 be a binary vector with APz < 1. For every i € E let Fo(a;) = aa; —
(aAF — cP)2t where APt < a;, 2 € Zlfl. Then we have

Z(vai +aa; — )z < Z(aAE —c)lr; = (aAP — cF) Z 2ty

i€E i€E i€k
<max{(aA¥ —cP)x: APxr <1,z ¢ Z‘f‘} =al — F,(1),

where the first inequality follows from dual feasibility of v to (IZ) and the second

one from 4 .
AE(Z ') = Z(AEzl)mi < Zaixi <1.
icE icE i€E
The last equality holds by optimality of F,. This shows ([3) and therefore the
claim. a

Note that if z,,+1 = 0 in the above LP, then the objective value is 0 since all
of the coefficients are nonnegative and the optimal IP solution gives a solution
with 0 objective value. Therefore the condition in the theorem is likely to hold.
We apply this theorem iteratively for all the infeasible columns. If the condition
is not met, then we leave the column infeasible. This procedure reduces the
number of infeasible columns from several thousand to only a dozen.

Obtaining feasibility for remaining infeasible columns is the most computa-
tionally intensive part of the entire algorithm and we call the next algorithm
the enlarge generator algorithm. For each infeasible column i we proceed as fol-
lows. We add i to F to obtain a generator subadditive function that satisfies
the complementary slackness but it is not necessarily optimal since the addition
of a new column to E can reduce the value of max{}; p(aa; — ¢;)z; : Apw <
1,z binary}. Given F we maximize the dual value by solving the LP

max1 (14a)

n+ APz —1) < cFx APy <1,z binary (14b)
aa; < ¢ 1€ (14c)

aa; > ¢ z; =1 (14d)

(n,a) e R x R™. (14e)
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Here we assume that x* is an optimal solution to the set partitioning problem,
which has already been obtained in phase 1. Constraints (I4d)) express the com-
plementary slackness conditions (see Theorem [2). Given a solution to this LP,
we choose a column from H with the largest dual value and we move it from H
to E. The process is repeated until the objective value 7 becomes z'F.

Next we describe how we solve ([[4). This LP has a large number of rows due
to the large number of feasible solutions to {A¥x < 1,z binary} and therefore
it is solved by row generation. Given an optimal solution (n*,a*) to ({4) with
only a subset of rows ([[4H]), we have to find the most violated row by solving
the set packing problem

2* = max{(a*A¥ — cF)z : A2 < 1,2 binary} . (15)

If z* < 1a* —n*, then (n*, «*) is an optimal solution to (Id). Otherwise, we add
the constraint 7+ a(A¥x* — 1) < cPa* to (@), where x* is the optimal solution
to (@), and we repeat the procedure.

Since in general, ([IH]) is NP-hard, solving this problem at every iteration
with a commercial branch-and-cut solver to optimality is too time consuming
and therefore we solve (I5) approximately. It has been observed in the past that
if separation is solved approximately, then it is beneficial to add several rows at
the same time. Therefore we have developed a heuristic that generates several
‘good’ solutions. In the context of set covering, Balas and Carrera (1996) assign
to each column several greedy estimates and they generate several set covers by
randomly selecting an estimate type. We use their idea to generate the initial
set packing solutions. For simplicity of notation let d = a*A¥ — c¥, let t; be the

number of nonzero elements in column 4, and let £ = {i1,is,. .., g }. For every
column ¢ € F we define the greedy estimates
d; d;
1 2 7 3 0
1_ g4 2 _ M 3_ %
9i ' 9i t; 9i 1+ logt;
14t logt; R to2

Several random set packing solutions are obtained by repeating 4 times the
following procedure. We first choose a random estimate type k, i.e. k is a random
number between 1 and 6. Next we greedily find a set packing Z based on the
greedy estimates g*. We find additional set packing solutions by either randomly
selecting an element to add to or to remove from the set packing z. To obtain
high cost set packing solutions, we want to remove elements with low cost and
add elements with high cost. Let X be the random variable that selects an
element from E. We define the probability distribution of X as

where M = max{d;, : ;;, = 1} and w = >, - _odi; + >, - _ (M —d;,).
3§ i JiTig
Note that the probability distribution depends on Zz.



396 Diego Klabjan

Table 1. Computational Results for the Instances from [Eso (1999)

size preprocessing time CPLEX
name|rows cols [rows cols time|stage 1 stage 2 stage 3|| E | inf| time
spll 104 2775 63 519 47 438 240
sp2 173 3686 150 3528 59 39 0 0 223 0 5
sp3 111 1668 73 967 26 3 0 0 97 0 18

To generate alternative set packing solutions resulting from Z, we iterate the
following K times, where K is a parameter. Generate a random number X. If
Tx =1, then we set Tx = 0. If Tx = 0 and T + ex is a feasible solution to (T3],
then we set x = 1. Every time we find a different Z, we add the corresponding
constraint (I4h) to the current LP if it is violated.

If this row generation procedure does not find a single violated constraint,
then we solve () to optimality by a branch-and-cut algorithm.

To further reduce the computational time for solving (I4)) we use complemen-
tary slackness. For any vector x we use the notation supp(z) = {i : 2; # 0}. By
complementary slackness it follows that in a generator OSF F,, we have aa; > ¢;
for every column i € supp(z*), which is guaranteed by (I4d). Therefore we can
assume that the columns in supp(z*) are in E. If we include them explicitly in
E, then (IH) becomes hard to solve, leading to high execution times. Instead
we consider some of them only implicitly in E. We denote by E' C E the set
of columns that have to be included explicitly. In each iteration of the enlarge
generator algorithm in stage 3, let R = {i € supp(z*) : supp(a;) Nsupp(a;) =
() for every j € E'}. We maintain the property that £ = E’ U R. By definition
of R, and since z* is a set packing vector with d; > 0 for every i € supp(z*), it
follows that z* from (I3) is equal to ), p d; + max{dz : AP’z < 1,z binary}.
Thus in separation it suffices to solve max{dz : A¥'z < 1,z binary}. Every time
we add a new column j ¢ supp(z*) to E, we need to reduce R and expand E’.

This strategy reduced the computational time for solving (I4) on average
by 50%. In early iterations, when E’ is small, the reduction is larger. As E’
grows, more columns have to be moved from R to E’ and the benefit gradually
disappears.

4 Computational Experiments

The computational experiments were carried out on the set partitioning in-
stances used by [Hoffman and Padberg (1993) and [Eso (1999). They were per-
formed on an IBM Thinkpad 570 with a 333 MHz Pentium processor and 196
MBytes of main memory. We used Visual Studio C++, version 6.0, and CPLEX,
CPLEX Optimization (1999), as a linear programming solver.

The computational results for the instances from [Hoffman and Padberg (1993)
are presented in Table [ and 3 instances from [Eso (1999) are given in Table [II
Instances with an integral solution to the LP relaxation are omitted since Fy-
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Table 2. Computational Results for the Instances from|[Hoffman and Padberg (1993)

size preprocessing time CPLEX
name|rows cols |[rows cols time|stage 1 stage 2 stage 3‘| E| inf| time
aa0l 823 8904 605 7531 32 3803 84 ? 7 95 723
aa03 825 8627 537 6695 30 25 7 164 142 0 88
aa04 426 7195 342 6123 17 ? ? ? ?7 7 908
aa05 801 8308 521 6236 21 106 19 ? 71 97
aa06 646 7292 486 5858 23 52 23 ? ?7 5 39
klo1 55 7479 47 5915 49 12 63 273 100 13 14
kl02 71 36699 69 16542 8 240 271 ? ?7 60 118
nw03 59 43749 53 38958 6 29 0 0 19 0 48
nw04 36 87482 3546189 16 5757 445 ? 7998 378
nw06 50 6774 37 5964 45 10 0 0 58 0 8
nwll 39 8820 28 6436 28 4 0 0 3 0 6
nwl3 5116043 48 10900 4 9 0 0 4 0 18
nwl8 124 10757 81 7861 90 100 0 0292 O 13
nw20 22 685 22 536 0 0 0 0 13 0 0
nw2l 25 577 25 421 0 0 0 0 4 0 0
nw22 23 619 23 521 0 0 0 0o 7 0 0
nw23 19 711 15 416 0 4 0 0 52 0 2
nw24 19 1366 19 926 2 1 0 0 52 0 1
nw25 20 1217 20 844 0 0 0 0o 9 0 0
nw26 23 771 21 468 1 0 0 0o 7 0 1
nw27 22 1355 22 817 3 0 0 0 4 0 0
nw28 18 1210 18 582 3 0 0 0 10 O 0
nw29 18 2540 18 2034 6 3 5 14 50 4 1
nw30 26 2653 26 1877 22 1 0 0 27 0 1
nw3l 26 2662 26 1728 14 1 0 0 13 0 1
nw32 19 294 17 250 0 2 0 0 28 O 1
nw33 23 3068 23 2308 26 2 2 3 16 1 1
nw34 20 899 20 718 2 0 0 0o 3 0 1
nw35 23 1709 23 1191 7 0 0 0 3 0 1
nw36 20 1783 20 1244 15 5 0 14 67 12 0
nw37 19 770 19 639 0 0 0 0o 3 0 0
nw38 23 1220 20 722 9 0 0 0 6 0 1
nw39 25 677 25 565 1 0 0 0o 9 0 0
nw40 19 404 19 336 0 0 0 0 11 0 0
nw4l 17 197 17 177 0 0 0 0 4 0 0
nw42 23 1079 20 791 4 1 0 0 30 O 0
nw43 18 1072 17 982 0 0 0 0o 3 0 0
us02 100 13635 44 5197 289 247 0 0 287 0 17
us04 163 28016 95 4080 53 3 0 0 25 O 68

is a generator OSF for these instances, where y* is an optimal dual solution
to the LP relaxation. In the Padberg-Hoffman instances, due to the low physi-
cal memory on the notebook, we were not able to solve instances nw05, nwl7,
us01, and nw16 is omitted since it is solved by preprocessing. Only 3 instances
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from Eso are solved by CPLEX and therefore all remaining sp instances are not
presented. The sp11 instance is infeasible and our algorithm finds an unbounded
LP (I4). All the times are CPU times in seconds. The column ’inf’ shows the
number of infeasible columns before we apply the enlarge generator algorithm
and the last column gives the CPU time for solving the problem by the branch-
and-cut solver CPLEX. The ’?” denotes that we have exceeded the time limit of
2 hours.

The problem aa04 is hard and we were not able to finish stage 1 in the
given time limit. For 5 other problems we were able to solve stages 1 and 2, but
the enlarge generator algorithm exceeded the time limit. Note that only for the
problems with positive number in the ’inf’ column we have to apply the enlarge
generator algorithm. It takes a substantially amount of time to apply the enlarge
generator algorithm (for example k101). The problem aa05 is interesting since
we only have a single infeasible column and yet it takes more than 2 hours to
find the final generator OSF.

An important fact from these two tables is the observation that |E| is rela-
tively low for all of the instances. Even instances with more than 10,000 columns
have the cardinality of E less than 300.

The overall computational times, which are the sum of the preprocessing
times and the times for solving the 3 stages, are acceptable for a methodology
that reveals much more information about an IP instance than just an optimal
IP solution. It is unreasonable to expect that the computational times would be
lower than branch-and-cut computational times since the latter algorithm finds
only a primal optimal solution. Nevertheless, these computational results show
that it is doable to obtain an optimal subadditive dual function.

4.1 Obtaining All Optimal Solutions

Given an optimal generator OSF F,, by complementary slackness, all optimal
solutions to the IP are found only among the columns ¢ with aa; > ¢;. These
columns have zero reduced cost, which for a column 7 is defined as ¢; — F,(a;).
Given all such columns, we found all optimal solutions to the set partitioning
problem by a naive methodology of enumerating all of them, i.e. solving several
IPs. For selected instances we present the computational results in Table Bl
From the second column we observe that we do not have many columns with
zero reduced cost and therefore enumerating all optimal solution is acceptable,
which is confirmed by the execution times given in the last column. The fourth
column shows the number of columns that are at 1 in all optimal solutions.
We observe that larger instances have alternative optimal solutions, which is
important for robustness. A decision maker can select the best optimal solution
based on alternative objective criteria.

4.2 Sensitivity Analysis

Given a generator OSF, we can perform sensitivity analysis. We have performed
two computational experiments.
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Table 3. All Optimal Solutions

no. 0 reduced no. cols at no. cols at no. optimal time in

name  cost cols 1in z* 1lin all  solutions seconds
nw36 8 4 4 1 0
nw33 13 5 5 1 0
nw29 12 4 4 1 0
nw04 17 9 9 1 0
k101 42 13 32 6 2
aa06 312 93 95 2 17
aa05 449 101 103 2 30
aa03 403 102 102 1 28
aall 255 101 101 1 15

Table 4. Addition of Negative Reduced Cost Columns

[0,25%] [25%, 50%)
name|obj. improvement no. improvements|obj. improvement no. improvements
nwl§ 4.70% 5.5% 15.0% 99%
nw06 5.10% 1.0% 3.50% 2.0%
nw24 11.5% 2.5% 13.1% 3.5%
us02 3.30% 1.5% 7.80% 1.5%
kl01 12.5% 3.0% 24.0% 0.5%

In the first one we have generated random columns with negative reduced
cost. The generated columns reflect the structure of the instances, e.g. the cost is
of the same order and the number of nonzeros per column is also of the same or-
der as those of the existing columns in the constraint matrix. On average, among
200,000 randomly generated columns only 10% had negative reduced cost and
therefore we know beforehand that the remaining columns do not decrease the
IP objective value. We added, one at the time, each generated column with neg-
ative reduced cost to the IP and solve it to find the new optimal value, which
is clearly at most z'F. The computational results are presented in Table @ The
objective improvement shows the average ratio (2 — z7%) /2P where 27V is
the IP objective value to the set partitioning problem after adding a column with
the negative reduced cost. The number of improvements represents the percent-
age of the negative reduced cost columns that actually improve the objective
value. Note that because of degeneracy after adding such a column we might
not decrease the objective value. The last two columns show the improvements
if the absolute value of the reduced cost is between 25% and 50% of z'¥ and the
remaining two columns if it is between 0 and 25%. With the exception of nw18,
the problems are degenerate since only approximately 2% of the columns with
negative reduced cost actually decrease the objective value. On the other hand,
the objective improvements are solid. With the exception of nw06, the objective
value improvements are larger when the reduced cost is smaller.
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Table 5. Changing Right Hand Sides

name F, LP relaxation

nwl8 2.7% 17.2%
nwl3 0.7% 4.20%
nw24 5.8% 4.80%
us04 2.5% 4.80%

In the second experiment we have considered changing right hand sides. If
F,, is a generator OSF to the set partitioning problem, then for any row i the
value F,(1 — e;) gives a lower bound on z; = min{cz : Az = 1 — e;,x binary}.
This holds since F, is a subadditive dual feasible function to this IP. We have
compared this bound with the lower bound obtained by the optimal dual vector
of the LP relaxation to the set partitioning problem. Table [ shows the average
over all rows 7 of values (z; — lb)/z;, where b denotes the corresponding lower
bound. Except for the nw24 instance, the bound obtained by the generator OSF
is substantially better. Note that F,,(1—e;) does not necessarily produce a better
lower bound, which is shown by instance nw24.
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Abstract. We study the problem of finding a most profitable subset of
n given tasks, each with a given start and finish time as well as profit and
resource requirement, that at no time exceeds the quantity B of available
resource. We show that this NP-hard RESOURCE ALLOCATION problem
can be (1/2 —¢)-approximated in polynomial time, which improves upon
earlier approximation results for this problem, the best previously pub-
lished result being a 1/4-approximation. We also give a simpler and faster
1/3-approximation algorithm.

1 Introduction

We consider the following optimization problem. Suppose we have a limited
supply of one reusable resource and are given a set of n tasks each of which
occupies a fixed interval of time and requires a given amount of the resource.
Further, each task has an associated profit which we obtain if we schedule that
task. Our goal is to select a subset of the n tasks to schedule, so that the resource
available is sufficient at all times for all simultaneously scheduled tasks, and so
that the profit obtained is maximized. Let us call this problem the RESOURCE
ALLOCATION PROBLEM or RAP for short.
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This abstractly specified problem actually occurs in several concrete guises.
For instance, we may be given a set of network sessions, with fixed start and
finish times, that compete for a limited amount of bandwidth between two fixed
endpoints in the network. Leonardi et al. [6] observe that a research project
on scheduling requests for remote medical consulting on a satellite channel re-
quires solving a slight variant of this very problem. Hall and Magazine [5] were
interested in maximizing the value of a space mission by deciding what set of
projects to schedule during the mission, where an individual project typically
occupies only a part of the mission. Due to its various guises, RAP is known by
several other names such as BANDWIDTH ALLOCATION PROBLEM, RESOURCE
CONSTRAINED SCHEDULING and CALL ADMISSION CONTROL.

To formulate the problem precisely, we are given an integer B (the total
available amount of the shared resource) and a collection of n tasks, with starting
times s;, finishing times ¢;, resource requirements b;, where b; < B, and profits
pi. All these numbers are nonnegative integers and s; < t; for all i. We want to
identify a subset S C [n] of tasks to schedule which maximizes ), 4 p; among
those S satisfying the following constraint:

Vi > b <B.

i [s4,t3)Dt

RAP is a natural generalization of the (polynomial-time solvable) problem of
finding a maximum weight independent set in a weighted interval graph.

1.1 Prior Work

There has been a flurry of research activity focusing either on RAP itself or
on problems with a similar flavor. All tend to be NP-hard; in RAP, setting each
s; = 0 and t; = 1 gives KNAPSACK as a special case of RAP. Accordingly, research
on RAP strives to obtain polynomial-time approximation algorithms. Since it is
not known whether RAP is MaxSNP-hard, the possibility of a polynomial-time
approximation scheme (PTAS) remains open.

Using LP rounding techniques, Phillips et al. [§] obtain a 1/6-approximation
algorithnﬂ for RAP. Actually they solve a more general problem in which each
task occupies not a fixed interval of time but has a fixed length and a window
of time in which it is allowed to slide. Using the local ratio technique, Bar-Noy
et al. [2] obtain results which imply a 1/4-approximation algorithm for RAP.
Bar-Noy [3] has since informed us that the techniques in [2] can in fact yield a
1/3-approximation algorithm. Using different ideas, Chen et al. [4] have recently
obtained a 1/3-approximation for RAP in the special case where the profit of
each task 7 equals its “area” (t; — s;)b;.

The STORAGE ALLOCATION PROBLEM is a related problem in which, in
addition, the resource must be allocated to the scheduled tasks in contiguous

! Since RAP is a maximization problem, approximation factors of algorithms for it will
be at most 1 — the larger the factor, the better.
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blocks, which must not change during the lifetime of the task. Both Bar-Noy et
al. [2] and Leonardi et al. [6] study this problem and the latter paper obtains
a 1/12-approximation algorithm, which is the current best. The former paper
obtains results for several related problems.

1.2 Owur Results

We present three algorithms for restricted versions of RAP. Suitably combining
these algorithms leads to approximation algorithms for the general case. The
best approximation ratio that we can obtain improves upon previous results
mentioned above.

Theorem 1.1. Consider RAP with the restriction that every task satisfies b; >
6B, for a constant 0 < § < 1. There is an algorithm that solves the problem
ezactly and runs in time O(n?/9+0M),

Theorem 1.2. For every d, 0 < § < 0.976, there is a randomized O(n?log® n)-
time algorithm for the special case of RAP in which all b; < §B, which achieves

a (1 — 4e)-approximation with high probability, where € = \/(8/3)d In(1/0) B.
Since lims_,0 6 In(1/0) = 0, we conclude that for any € > 0 there is a 6 > 0 such

that there is a randomized, polynomial-time, (1 — 4¢)-approximation algorithm
ifall b; <JB.

Theorem 1.3. The restriction of RAP to inpuls having all b; < B/2 has a
deterministic polynomial-time 1/2-approxzimation algorithm.

In what follows, we shall refer to our algorithms which prove the above the-
orems as the Large Tasks Algorithm, the Small Tasks Algorithm and the List
Algorithm, respectively.

To obtain results for unrestricted RAP, we can “combine” the algorithms for
special cases in a certain manner. The combined algorithm’s running time will
be the sum of the running times of the constituents. Combining the Large Tasks
and Small Tasks algorithms gives the following result.

Theorem 1.4. Given any constant € > 0, there is a randomized polynomial-
time algorithm that approximates RAP within a factor of at least 1/2 — e, with
high probability. The exponent in the running time is poly(1/e). (More precisely,
the exponent is a constant times the smaller of the two positive 0’s that satisfy

e =/6log(1/0).)

One can trade approximation guarantee for running time, and simplicity,
by combining the List Algorithm with a well-known interval graph algorithm
(details in Sect. M):

Theorem 1.5. There is a deterministic 1/3-approximation algorithm for RAP
with running time O(n2log?n).

The technique of the proof of Theorem is very simple and quite different
from that used by Bar-Noy [3] to obtain the same approximation ratio.

2 This statement is vacuous unless § < 0.0044.
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1.3 Organization of the Rest of the Paper

The remainder of the paper proves the above theorems. In Sect. B]we make some
basic definitions and explain how to combine algorithms. Section [ describes the
Large Tasks Algorithm, the Small Tasks Algorithm and the recipe for combining
them to obtain Theorem [[4] Finally, Sect. dl describes the List Algorithm and
proves Theorem [LH.

2 Preliminaries

Assumption 2.1 Throughout the paper we shall assume that the tasks are num-
bered 1 to n in order of increasing starting time, ties broken arbitrarily, i.e.,
1< 7= 8 < 5.

Definition 2.2. We say that task i is active at an instant t of time (where t
is any real number) if t € [s;,1;). Also, for each i, we define S; to be the set of
tasks in {1,2,...,1} that are active at time s;: S; = {j <i : t; > s;}. Note that
1€ 5;.

Notice that a task is considered active at its start time s; but not at its finish
time t;; this prevents task 7 from competing for resources with a task which ends
at time s;.

We observe that RAP can be easily expressed as an integer linear program as
follows:

Maximize Y ., p;z; (1)
s.t. Ejesibj.IjSB, 1<i<n, (2)
and z; € {0,1}, 1<i<n. (3)

This integer program has a natural LP relaxation, obtained by replacing (3] by
the constraint
0<x; <1, 1<i<n. (4)

We shall refer to the LP given by (@), @) and @) as LPMAIN.

Definition 2.3. A set U C {1,...,n} of tasks is called a packing if its charac-
teristic vector satisfies the constraints (2)—(3]).

2.1 Solving the LP

We note that LPMAIN can be solved by a min-cost flow algorithm, based on
the following previously-known construction similar to the one described in [I].
Construct the network AV, with vertex set V(N) = {1,2,...,n,n+1}. For every
1 <4< n,add an arc (,7+ 1) of capacity B and cost 0. For every task i, define
ri =min{j : 1 < j < n and s; > t;}, with the convention that the minimum
over an empty set is n+ 1. Then add an arc (r;, ) of capacity b; and cost —p; /b;.
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These are all the arcs of A/. A valid flow in N with flow on the arc (r;,4) equal
to f; corresponds to a feasible solution to LPMAIN with x; = f;/b; and has cost
Z?’:l p;z;. Therefore a min-cost flow in N corresponds to an optimum solution
to LPMAIN.

The best known strongly polynomial-time min-cost flow algorithm, due to
Orlin [7], solves LPMAIN in O(n?log® n) time.

2.2 Combining Two Algorithms for Restricted RAP

Suppose algorithm Aj, works when each b; > 7 and yields an exact (optimal) so-
lution, and algorithm Ag works when each b; < 7 and yields an a-approximation
for some constant a < 1. The dividing point 7 may depend on B.

1. Divide the tasks in the input instance into small tasks (those with b; < 7),
and large tasks (those with b; > 7).
2. Using Ag, compute an a-approximation to the optimal packing that uses
small tasks alone.
. Using Ap, compute an optimal packing that uses large tasks alone.
4. Of the two packings obtained in Steps 2 and 3, choose the one with greater
profit.

w

Note that in any problem instance, if OPT denotes the profit of the optimal
packing and OPT, (respectively, OPTg) denotes the profit of the optimal packing
using only large (respectively, small) tasks, then

1
cither OPTg > —— -OPT or OPT, > —% .OPT .
1+« 1+«

Therefore the above combined algorithm achieves an approximation ratio of at
least a/(1 + «).

3 The Large and Small Tasks Algorithms

In this section, we prove Theorems [[.I] and For the former, we give a dy-
namic programming algorithm that does not consider LPMAIN at all. For the
latter, we solve LPMAIN and use a randomized rounding scheme to obtain a good
approximation. We then derive Theorem [T.4] from these two results as indicated
above.

3.1 Dynamic Programming for the Large Tasks

We describe how to solve RAP exactly, provided each b; > dB. We begin with
some definitions.

Let U be a packing. We shall denote the profit of U, i.e., the sum of profits
of all tasks in U, by p(U). If U # ), we denote the highest numbered task in U
by top(U); this is a task in U which starts last.
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Definition 3.1. For a packing U # (), we define its kernel ker(U) to be the set
of all tasks in U which are active at the time when top(U) starts: ker(U) = {i €
U [sisti) 3 Stop)} = 10 €Ut > spopwy - We also define ker(() = 0).

Definition 3.2. A packing U is called a pile if ker(U) = U.

A pile is a clique in the underlying interval graph and it is a feasible solution
to the RAP instance. Any kernel is a pile. Now define the real function f on piles
V' as follows:

f(V) =max {p(U) : U is a packing with ker(U) =V} .

Note that f(@) = 0. Clearly, if we can compute f(V') for all V, we are done. We
show below how to do this efficiently.

For any packing U # 0, let U' = U \ {top(U)}. For a pile V # 0, let T(V)
denote the following set of piles:

T(V) = {W2V': Wisapileand t; < siopv) forall j € W\ V') } . (5)

Clearly T(V) # 0, since V' € T(V). In words, T (V') consists of all piles obtained
from V' by removing its highest numbered (“rightmost”) task and adding in zero
or more tasks that end exactly when or before this removed task starts. We shall
need some facts about the functions defined so far:

Lemma 3.3. In any instance of RAP, the following hold:

(i) For any packing U # 0, top(U) = top(ker(U)).

(ii) For any packing U # 0, ker(U’) 2 (ker(U))’.

(iii) Let V # 0 be a pile and W € T(V'). If W # 0 then top(W) < top(V).

(iv) Let V # 0 be a pile, W € T(V), and U be a packing with ker(U) = W.
Then U U {top(V)} is a packing.

(v) Let V # 0 be a pile, W € T(V), and U be a packing with ker(U) = W. Then
ker(U U {top(V)}) = V.

(vi) Let V # 0 be a pile and X be a packing with ker(X) = V. Then ker(X') €
TV).

Proof. The proofs are straightforward.

(i) This is trivial from the definitions.

(ii) When U is a singleton this is trivial, so we assume that U has at least two
elements; so U’ # ().

Let k = top(U) and k' = top(U’) < k. Let j € (ker(U))’; by part (i), this
means j € ker(U) \ {k}, i.e., j € ker(U) C U and j < k; therefore j € U’ and in
particular j < k’. By Assumption 21l we have s; < s, and since j € ker(U), we
have t; > s, > sj/; thus j is active when k" = top(U’) starts and so j € ker(U").
(iii) For any j € W, by (B, either j € V' whence j < top(V), or else j € W\ V'
and hence s; < t; < s¢op(v) Whence j < top(V'). Thus, in particular, top(W) <
top(V).

(iv) First of all, note that if ker(U) = W = 0, then U = () and {top(V)}
is trivially a packing, since every singleton is. So we may assume W # () and

U # 0.
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Let k = top(V) and ¢ = top(U). By parts (i) and (iii), £ = top(U) =
top(ker(U)) = top(W) < top(V) = k. Thus top(U U{k}) = max{¥¢, k} = k. This
means that at any time 7 < s, the set U U {k} of tasks satisfies the feasibility
constraint (2) at time 7 (because U is given to be a packing). It remains to show
that the feasibility constraint is satisfied at time s as well. To this end, we shall
show that the set of tasks in U U {k} which are active at time s, is a subset of
V; since V is a packing, this will complete the proof.

Let j € U U {k} be active at time sj. If j = k we immediately have j € V.
Otherwise, since j is active at time si, and k& > £ as shown above, t; > s, > s,.
Also, j < top(U) =4, s0 s; < sp. Thus j is active at time s¢, so j € ker(U) = W.

Suppose j ¢ V. Then j ¢ V' and by (@) we see that t; < sy, a contradiction.
Therefore j € V and we are done.

(v) First, note that W = ) implies U = () and, by (@), V' = 0, which means V'
is a singleton: V' = {top(V)}. The statement is now trivial. So we may assume
W # 0 and U # 0.

Let k = top(V'). As shown above, top(UU{k}) = k. Suppose j € ker(UU{k}).
Then j is active at time si. In the proof of part (iv) we have already seen that
this implies j € V. Thus ker(U U {k}) C V.

Now suppose j € V. Since V' is a pile, j is active at time sypv) = s As
shown above, k = top(UU{k}), so j is active at the start time of job top(UU{k}).
We claim that j € U U {k}. Indeed, if j # k, then j € V' \ {k} = V'. Since
W e T(V), by definition of T(V) (see (B)) we have W D V'. Thus j € V' C
W C U, which proves the claim. This in turn shows that j € ker(U U{k}). Thus
V C ker(U U {k}).

(vi) Since V' is nonempty, so is X. Let k = top(V) = top(X). By part (ii),
ker(X') 2 (ker(X))" = V'. Let j € ker(X’) \ V'. Looking at (§), in order to
prove that ker(X’) € T(V), we must show that t; < s,. Suppose not. Since
Jj €ker(X’) C X’ C X, we have j < k. This means j is active at time sy, since
we've assumed that t; > s; therefore j € ker(X) = V. But j ¢ V'; s0 j = k.
However, j € X' = X \ {k}, which is a contradiction. O

The key to the dynamic programming algorithm is the following lemma:

Lemma 3.4. Let V # () be a pile. Then

FV) = prop(v) + | max f(W) . (6)
Proof. Let R denote the right-hand side of ().

We first establish that f(V) > R. Let W € T (V) be a pile that maximizes
f(W) among all such W, and let U be a packing with ker(U) = W that maxi-
mizes p(U) among all such U. If W = () we have R = pyop(vy. Since V is a pile,
it is a packing with kernel V', so f(V)) > p(V) > prop(v) = R.

So assume W # (. Then U # ). Now R = pyopvy + f(W) = prop(v) + p(U).
By parts (i) and (iii) of Lemma B3] top(U) = top(ker(U)) = top(W) < top(V).
Therefore top(V) ¢ U. By parts (iv) and (v) of Lemma B3] U U {top(V)} is a
packing with kernel V. By definition of f this means

f(V) > p(UU{tOp(V)}) = p(U)+ptop(V) = R.
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Now we establish that f(V) < R. Let X be a packing with ker(X) =V that
maximizes p(X) among all such X; then f(V) = p(X). Also, X is nonempty
since V is. By part (i) of Lemma B.3, top(X) = top(V) = k, say. Since k € X,
p(X) = pr + p(X \ {k}) = pr + p(X’) < pr + f(ker(X")), where the inequality
follows from the definition of f. By part (vi) of Lemma [33] ker(X') € T(V).
Therefore

F(V) = p(X) < o+ fller(X)) < pit max f(W) = .

which completes the proof of the lemma. a
We now describe the dynamic programming algorithm.

Proof (of Theorem [11]). Compute f(V) for all piles V in increasing order of
top(V), using formula (). By part (iii) of Lemma B3], every pile W € T(V),
W £ (), satisfies top(W) < top(V') so that when computing f(V) we will have
already computed f(W) for every W involved in (@). Then compute the profit
of the optimal packing as the maximum of f(V') over all piles V.

The above algorithm computes only the profit of an optimal packing, but it
is clear how to modify it to find an optimal packing as well.

The running time is clearly at most poly(n) times a quantity quadratic in the
number of piles. Since each task has b; > § B, the size of a pile is at most 1/6 and
so the number of distinct nonempty piles is at most Z,Elz/f ! ) <@+ n)t/e.
This gives a running time of O(n?/°t9M)  as claimed. a

3.2 Randomized Rounding for the Small Tasks

In this subsection we prove Theorem [L2. Accordingly, we assume that the tasks
in the input instance satisfy b; < 0B and § < 0.976. We set

8
Equgéln(l/é). (7)

We shall describe an algorithm, based on randomized rounding of an LP
solution, which returns a solution to RAP whose expected performance ratio is
at least 1 — 2¢. Repeating this algorithm several times one can get a (1 — 4¢)-
approximation with high probability, thereby proving the theorem.

If 1 — 4e < 0, there is nothing to prove, so we may assume that e < 1/4.
Since f(§) = 1/(8/3)d1n(1/0) is increasing on (0,1/e), decreasing on (1/e,1],
£(0.976) > 1/4, £(0.0044) > 1/4, and § < 0.976, we infer that

0 < 0.0044 . (8)
We solve LPMAIN using the algorithm indicated in Sect. Bl Suppose this

gives us an optimal fractional solution (x1,zs,...,x,) with profit OPT*. We
then choose independent random variables Y; € {0,1}, ¢ = 1,2,...,n, with
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PrlY; = 1] = (1 — €)x;. Now, if we define the (dependent) random variables
71,2, ..., Zy, in that order, as follows:

7 — 1, 1fY7:1and Zjesi\{i}ijjSB_bi s
! 0, otherwise ,

then clearly {i : Z; = 1} is a packing, and its expected profit is Y. | p; - Pr[Z; =
1]. We shall now lower bound the probability that Z; = 1. For this purpose we
need a simple probabilistic fact and a tail estimate, collected together in the
following lemma.

Lemma 3.5. Let X, Xo,...,X,, be independent random variables and let 0 <
B1, B2y oy B < 1 be reals, where fori € {1,2,...,m}, X; = 5; with probability
pi, and X; = 0 otherwise. Let X =", X; and p = E[X]. Then

@) o(X) < Vi

(ii) For any X\ with 0 < X < /i, Pr[X > p+ A\ /] < exp (f )‘; (1- )\/\/ﬁ)> .

Proof. For part (i):

where the second inequality follows from 3; < 1.

To prove part (ii), put ¢ = In (1+)\/\/ﬁ) > 0. Trivially, ¢ > \/\/p —
A?/(2p) since 0 < A/\/i < 1. By Markov’s inequality, Pr [X > pu+ A\\/n] =
Pr [e!X > et HAVE] < Ble!]/ exp(tp + tA/R). Now

m
[~
=1

EleX]=F

=1

= H (1—ps +pz‘€wi)
i=1

< [Iexp (pi(e"® — 1))
=1
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Further,

m

;pi (etﬁl — 1) = ;pi <tﬁl + a(tﬁi)Q + g(tﬂi):g n >

<3 pifis (¢ — 1)
i=1
=M (et - 1) )
where the inequality follows from the fact that each 8; < 1. This gives
Pr[X > p+ A/ < exp (u(e’ — 1) — tu — tAy/1)

<exp (AVE— AR+ A/2 =2+ X%/ (2y/n))
— exp(—X2/2 + N/ (2y)

where the last inequality follows from the lower bound on t. a

Lemma 3.6. Under conditions (@) and @), Pr[Z; = 1] > (1 — 2¢)x;.

Proof. Conditions ([d) and (&) imply € > 57d. This fact will be used twice below.

Fix an ¢. We shall estimate the probability m; = Pr[Z; = 0| Y; = 1]. Notice
that Z; does not depend on Y; when j < 4. Since Z; <Yj for all j and b; < 65,
we now have

b;Y; 1-6
™= Pr{ Z' bjzj>B—bZ} < Pr[. Z. (;BJ>6} )
Jj€Si\{i} J€Si\{i}

Now the random variables {b;Y;/(6B)};jes,\{i}, and 85 = b; /(6 B), pj = (1—¢)x;
satisfy the conditions of Lemma Let Y be the sum of the new random
variables and let ;= E[Y]. We have

bj ].—E bjl’j ].—E
—_— —_— —_ K3 = <
H ,Z,éB (I =2) 5 Z 5 = 5 0
j€Si\ {3} j€Si\{i}

by constraint (2)) of LPMAIN. We now consider two cases.

Case 1: p < (7/8)(1 —6)/6. Part (i) of Lemma 33 gives o(Y) < \/p.
Using (@) and Chebyshev’s inequality we get

mgPr{Y>1g5}

gPrDY—u‘ > é-—~

6452

Sh-oe
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By our assumption about y, this is less than 566 /(1 —d) and now by (8],
m; < 5T6.

Case 2: 1 > (7/8)(1—0)/d. Set A such that p+ /i = (1—79)/5. Then
A, considered as a function of p, is decreasing. From this and (I0) we
have

=0y %}5—175 e—20 e—90 56 ¢

) — _-
N = /% Vo —e) = VT BTV

Also, 1 = A\/\/pp =2 — (1 —0)/0p > 6/7, by the assumption about ,
and further, we trivially get A < \/z. By (@) and part (ii) of Lemma [3.5]
applied to the variables {b;Y;/(0B)}jes,\ (i} and their sum Y, we obtain

m < Pr[lY > p+ A/g]

< exp ( - )‘;(1 - /\/\/ﬁ))

o [ L3686
PAl72\57) 57

<d.
In either case, m; < 576. Hence,
Pr[Z;=1]=(1—m)-Pr]Y; =1] > (1 -578)(1 —&)a; > (1 —e)%x; > (1 —2¢)a; ,
which completes the proof of the lemma. a

Proof (of Theorem[I.2). The randomized rounding procedure computes a pack-
ing; let the random variable P denote its profit. As noted in the comments
preceding Lemma BH, E[P] = 31" | p; - Pr[Z; = 1] which, by Lemma 36 is at
least (1 — 2¢)OPT* > (1 — 2¢)OPT. However, P never exceeds OPT. Markov’s
inequality now implies Pr[P > (1 — 4¢)OPT] > 1/2. By repetition, we can now
suitably amplify the probability of obtaining at least 1 — 4¢ of the profit. The
bound on the running time follows easily from Subsect. 211 ad

3.3 Proof of Theorem [1.4]

We have already described in Subsect. how to combine the two algorithms
described above. In the terminology of that section, we would have a« = 1 — 4¢
and 7 = 0B where ¢ and § are related according to (7). As argued at the
end of that section, this would lead to an approximation ratio of a/(1 + a) =
(1 —4e)/(2 —4e) > 1/2 — 2¢ for general RAP.

Given an ¢, in order to achieve this 1/2 — 2¢ approximation, we solve ([7)) for
0 (we use the smaller 0 obtained) and use this § in the Large and Small Tasks
Algorithms.
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4 The List Algorithm

In this section we give a fast and simple 1/2-approximation algorithm in the
case when each b; < B/2; this will prove Theorem [[3 Tt is inspired by a similar
“coloring” algorithm of Phillips et al [§]. Our algorithm has the advantage that
it does not have to round to a large common denominator; therefore it is faster
and obtains a 1/2-approximation, rather than a (1/2 — ¢)-approximation.

Our algorithm generates a list of packings with the property that the “av-
erage” of the packings in the list has large profit. To be precise, we first solve
LPMAIN and obtaining an optimal fractional solution (z1,x2, . .., ;) whose profit
is Y7 | piw;. Our rounding algorithm will produce a list Uy, Us, ..., Uy, of sets
of tasks, together with non-negative real weights x(Uy), ..., 2(U,,) for these sets.
These sets and weights will satisfy the following properties:

. Each set Uy is a packing.

. 0 < x(Ug) <1 for each set Uy.

. For each i we have >, ; 5, z(Ux) = ;.
- e 2(Uk) < 2.

Define the profit of a set to be the sum of the profits of the constituent
tasks. Our algorithm will select a maximum profit set from the list it con-
structs. Let P be the profit of the set picked by the algorithm. Then, assum-
ing that the above properties hold, § Y7 | pixi = 511 > .1, 5 Pit(Uk) =
Sy 35(Uk) Yiicr, Pi < Yopey 32(Uk)-P < P, where the first equality follows
from Property 3, the first inequality from Property 1 and the final inequality
from Property 4. Therefore we indeed have a 1/2-approximation algorithm.

We now describe the procedure for generating the sets Uy, and weights a(Uy).
Initialize a list £ of sets to an empty list. Then consider the tasks in the order
1,2,...,n. For task i:

N R

1. If x; = 0 proceed to the next task. (If there are no more
tasks, stop.)
2. Search L for a set not containing ¢ to which ¢ can be added
without violating Property 1.
3. If no such set exists, create a new set V = {i} with weight
(V) =x; and add V to L. Set x; = 0 and return to step [
4. Otherwise, suppose U € L is such a set.
da. If x; < x(U) then decrease x(U) to z(U) — z;, create a
new set V = U U {i} with weight (V) = z; and add V
to L. Set x; = 0 and return to step [
4b. If z; > x(U), add i to U and decrease x; to x; — x(U).
Return to step [

Lemma 4.1. After processing all the tasks as above, L will hold a list of tasks
satisfying all four properties.
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Proof. Let &; denote the original values of x; that were input to the above pro-
cedure. It is easy to verify that the procedure maintains the following invariant:

zi+ Y aUj)=#;, 1<i<n. (11)
3:U;21
Properties 1 and 2 are clearly satisfied. Property 3 follows from (I]) and the
fact that after all tasks have been processed, each z; = 0.

It remains to prove that Property 4 holds; we shall show that it holds as an
invariant of the procedure. A new set may be added to the list £ either from
step[3 or step 4a. In the latter case, the weight of a set is split amongst itself and
the newly created set, leaving the sum of all weights unaffected. In the former
case, the newly created set is a singleton consisting of task ¢, say. Consider the
list £ immediately after this singleton is added. Note that every task j in a set
in £ satisfies j < i. For each set U € L let b(U) be the sum of b; over all j € U
such that task j is active at the time when task i starts (i.e., s; < s; < t;, since

j <i). Then
b)) =>" > ba(U) (12)
vel UeLl JjEU
s;<s;<tj
= > b oYy, w(U) (13)
Jii<i, UeLl:U>sj
sj<s;<tj
= Y b (14)
33 <i,
sj<s;<tj
<B. (15)

Equation (I3]) holds because we process tasks in the order 1,...,n, (Id) holds
because of (1) and the fact that when task ¢ is being processed we have x; =0
for all j < i, and (IB) holds because of constraint (2] of LPMAIN.

Let £’ be the sublist of £ consisting of those sets which contain i. For U € £’
we clearly have b(U) > b;. For U € L\ L', since we're in the case when step Bl
is executed, it follows that task ¢ did not fit into any set in £\ £ and so
b(U) > B — b;. Therefore we get

B> Y baU)+ Y (B=b)ax(U) = bi#i+(B—b) Y x(U)

vecL’ UeL\L’ UeL\L!

where the equality follows from ([Il). Consider the last expression; if we have
> verye ©(U) > &;, then the expression is a decreasing function of b;. Since
b; < B/2, we get
B . B
UeL\L’
If, on the other hand, we have >y, 0 #(U) < &; < 1, then (I6) clearly holds.

Thus (I6) always holds, and applying () to it gives B > £ 3, _ . 2(U), whence
Property 4 follows. a
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Proof (of Theorem [1.3). We combine two RAP algorithms as described in
Sect.2.2] with a = 1/2 and 7 = B/2 in the terminology of that section. For
one half we use the above List Algorithm.

For the other half, observe that if each task in a RAP instance has b; > B/2,
then two tasks which are active together (at some instant of time) cannot both
be in a packing. Therefore, a packing in this case is simply an independent set
in the underlying interval graph of the RAP instance; so the problem reduces
to (weighted) MAX-INDEPENDENT-SET for interval graphs. This problem is well-
known to be solvable (exactly) in O(nlogn) time (see, e.g., [2]).

The combination gives us an approximation guarantee of «/(1 4+ ) = 1/3.

Finally, consider the running time of the List Algorithm. Note that the size
m of list £ is at most n, since each task creates at most one new set to be added
to £. This means that the List Algorithm does at most O(n?) work after solving
the LP. From Subsect. Il we know that the LP can be solved in O(n?log®n)
time. This completes the proof. a
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Abstract. The advertisement placement problem deals with space and
time sharing by advertisements on the Internet. Consider a WWW page
containing a rectangular display area (e.g., a banner) in which adver-
tisements may appear. The display area can be utilized efficiently by
allowing several small advertisements to appear simultaneously side by
side, as well as by cycling through a schedule of ads, displaying different
ads at different times. A customer wishing to purchase advertising space
specifies an ad size and a display count, which is the number of times
his advertisement should appear during each cycle. The scheduler may
accept or reject any given advertisement, but must be able to schedule
all accepted ones within the given time and space constraints, while hon-
oring the display count of each. The objective is to schedule a maximum-
profit subset of ads. We present a (3 + ¢)-approximation algorithm for
the general problem, as well as (2 4 €)-approximation algorithms for two
special cases.

1 Introduction

The Advertisement Placement Problem. The last decade has witnessed
the advent of the World Wide Web and graphical browsers, and the consequent
explosion in the use of the Internet. From a network serving mainly academia,
the Internet has grown into a global communications network providing a diverse
range of services such as search engines, email, real-time video conferencing,
software archives, etc. Virtually all of these services are conveniently accessible
through the World Wide Web, and many of them are provided free of charge.
The evolution of the Internet has tracked a positive feedback loop, in which
easy accessibility and low (or no) cost create an ever-expanding user base, which,
in turn, attracts investors and developers, who bring about a further increase in
the quality, diversity, and accessibility of services. While many of the services
remain free of charge, investors still expect to make money. It has always been
assumed that this would be achieved, at least in part, through advertising on
the Web (as well as more sinister activities, such as collecting and selling in-
formation on users). Although the quick-profit promise of the Internet has yet

* Part of this work was done while the second author was at Bell Labs, Lucent Tech-
nologies, 700 Mountain Ave., Murray Hill, NJ 07974 and the first author was visiting
there.
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to be realized, the fact remains that nearly every commercially operated web
site providing some free service contains advertising, most often in the form of a
banner stretching across the top of the page. Such banners are often utilized to
better advantage by periodically changing their contents, and it is also common
practice to place several side-by-side advertisements in a single banner. Thus,
advertising on the web combines time and space sharing between advertisers.

In the advertisement placement problem we are given a schedule length of
L time slots and a collection of ads which we must schedule within this time
frame. (Presumably the schedule is cyclic, repeating every L time units.) The
advertisements must be placed in a rectangular display area whose contents can
change every time unit. The advertisements all share the same height, which is
the height of the display area, but may have different widths. Several ads may
be displayed simultaneously (side by side), as long as their combined width does
not exceed the width of the display area, which we normalize to 1 for simplicity.
In addition, each advertisement specifies a display count (in the range 1,..., L),
which is the number of time slots during which the ad must be displayed. The
actual time slots in which the advertisement will be displayed may be chosen
arbitrarily by the scheduler, and, in particular, need not be consecutive. There
are two problems to consider. In the resource minimization problem all ads
must be scheduled, and the objective is to minimize the width of the display
area required to make this possible. In the profit mazimization problem each
advertisement has a non-negative profit associated with it, and the scheduler
may accept or reject any given ad. The objective is to schedule a maximum-
profit subset of ads within a display area of given width. Both problems are
NP-hard [].

Although the prime motivation for these problem has to do with advertising,
we can also consider continuous time and arbitrary display durations (rather
than discrete time slots and integral display counts). This generalized setting
models any scheduling situation in which jobs require the use of a certain amount
of resource (or a certain number of machines) for varying amounts of time, all
jobs have a common release-date and a common due-date, and preemption and
migration are allowed at no cost. This model has been studied quite extensively
in the scheduling community [2], particularly, the profit maximization version,
in both the single machine and the multiple machine settings [3/4l5]. In the
models studied, a job was assumed to require the use of only one machine at
any given moment. Therefore, the results obtained for these models do not carry
over to our setting, where each job may require a different number of machines
(corresponding to different advertisement widths).

Previous Work. The advertisement placement problem was introduced and
studied by Adler et al. [1]. They considered both resource minimization and profit
maximization. Nearly all of their results pertain to the special case of divisible ad
widths, i.e., when the advertisement widths are hq,...,h, such that h; divides
hiy1 for all 4, and in addition, for the profit maximization case, hy = 1/k for
some positive integer k. For the resource minimization problem, they gave an
efficient algorithm that finds an optimal schedule in the case of divisible ad
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widths. This algorithm implies an efficient 2-approximation algorithm for general
ad widths (by rounding up the widths to the nearest (non-positive) power of 2).
For the profit maximization problem, Adler et al. only considered the special
case where the ad widths are divisible and the profit of each ad is proportional
to its “volume” (width times display count). They devised a 2-approximation
algorithm for this case. They also obtained several results for the on-line version
of the profit maximization problem. Their work was implemented, and a Java
demonstration is available at http://www.bell-labs.com/project/collager.

Independently of our work, Dawande et al. [0] also considered the adver-
tisement placement problem. They suggested a simple max{2 — 1/(L — ljin +
1),2—2/(L+1)}-approximation algorithm for resource minimization (where Iy,
is the minimum ad display count) and a min{10/3,4L/(L + 1) }-approximation
algorithm for profit maximization. They also obtained better results for several
special cases.

Our Results. Our main result is a (3+¢)-approximation algorithm for the profit
maximization problem with arbitrary ad widths and profits. The complexity of
our algorithm is polynomial in the problem parameters and 1/e. Our approach
is opposite to that of Adler et al. [1] in that whereas they consider ads for
assignment in non-increasing order of width, we consider them in non-decreasing
order. Although non-increasing order has a better chance of yielding optimal
solutions, (indeed, as pointed out by Adler et al., it results in an assignment of
all ads if such an assignment exists), the opposite order maintains a more even
distribution of ads in time slots, making for a better approximation guarantee.
This is also true for the resource minimization problem; our approach yields an
approximation factor of 2 without having to round the ad widths.

In addition to the general profit maximization problem, we also consider two
special cases, for which we show (2 + €)-approximation algorithms. The special
cases are: (1) ad widths do not exceed one half of the display area width, and (2)
each advertisement must either occupy the entire display area, or else have width
at most one half of the display area width (i.e., no ad width is in the real interval
(0.5,1)). Note that the second special case contains the case of divisible widths.
It also contains the first special case, but we consider them separately because
our solution for the first case is much simpler than for the second. In fact, the
(24 ¢€) approximation factor for the first case is achieved by a slight modification
of our algorithm for the general problem, and this modified algorithm is then
used as a stepping stone to obtain the (2 + €) performance guarantee for the
second special case.

Finally, we demonstrate that the integrality gap of the straightforward linear
programming relaxation of the ad placement problem is 3. Actually, we show a
stronger result: we observe that the familiar knapsack problem can be obtained
from the ad placement problem by relaxing some, but not all, of the integrality
constraints, and show that this relaxation incurs a gap of 3.

Organization of This Paper. In Sect. [Z] we define the profit maximization
problem precisely and introduce some notation and terminology. In Sect. [3 we
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present the main ideas of our approach and the 2-approximation algorithm for
the resource minimization problem. In Sect. H] we describe the algorithm for
the profit maximization problem and our treatment of the two special cases. In
Sect. [5l we show that the integrality gap is 3.

2 Problem Statement, Notation, and Terms Used

For simplicity, we develop the algorithm in terms of the following discrete bins
formulation, which is essentially the formulation given by Adler et al. [1]. This
formulation is equivalent to the informal description of the ad placement problem
in the previous section. In Sect. B2 we discuss briefly how our algorithm may
be adapted to the more general scheduling problem that results when time is
continuous and ad widths are arbitrary rationals.

The discrete bins formulation of the problem follows. The input consists of
L > 0 unit size bins numbered {0,...,L — 1}, and n jobs labeled ji,..., jn.
Each job j; is defined by a triplet (h;,l;,w;), where 0 < h; < 1 is the job’s
height, I, € {1,...,L} is its length, and w; > 0 is its weight. In terms of the
advertisement scheduling problem discussed earlier, job heights correspond to
ad widths and job lengths correspond to display counts. A feasible solution is
a subset of jobs S C {j1,...,Jn} together with a feasible assignment for S. A
feasible assignment for S is defined as an assignment of /; bins to each job j; € S,
such that the total height of jobs to which any given bin is assigned does not
exceed 1. More formally, a feasible assignment of S is a mapping « : S — P(L)
(where P(L) is the power set of {0, ..., L — 1}) such that:

1. For all j; € S, |a(ji)| =l
2. Forallbe {0,...,L — 1}, > hi < 1.
i| ji€S AbEa(ss)
The weight of a feasible solution (S, «) is the total weight of jobs in .S, denoted
w(S). The goal is to find a maximum-weight feasible solution.

We will find it convenient to think of feasible assignments as placing copies of
jobs in bins rather than assigning subsets of bins to jobs. In other words, rather
than assigning bins 0, 3, 4, and 7 to job jg we speak of placing the four copies
of jo in bins 0, 3, 4, and 7. (Here we have assumed lg = 4.) Indeed, we formulate
the algorithm in terms of progressively placing job copies in bins. Taking this
metaphor one step further, we introduce the notions of volume and capacity.
The volume of a single copy of job j; is simply its height h; and the volume of
the entire job is h; - [;. The capacity of each bin is one volume unit. Also, since
our algorithm places job copies one at a time, it is useful to define the occupancy
of a bin at a given moment as the total volume of job copies present in the bin
at that moment.

3 Elements of the Algorithms

Our algorithm combines two key elements: Knapsack Relazation and Smallest
Size Least Full (SSLF') heuristic.
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Knapsack Relaxation. Consider a feasible solution. It consists of selecting
a subset of jobs and distributing all of their copies among the available bins.
Clearly, the solution must obey the condition that the total volume of jobs
selected does not exceed the total capacity of all bins, namely L. Thus, the
familiar knapsack problem may be viewed as a relaxation of our problem: for a
given input instance I we define an instance of knapsack in which the knapsack
capacity is L and the objects are the jobs in I. The size and weight of each object
are equal to the volume and weight of the corresponding job, as defined by I.
Every feasible solution to our problem defines a feasible solution with the same
weight to the knapsack instance. Thus, the optimum weight for the knapsack
relaxation is an upper bound on the optimum weight for our problem. It is well
known that a fully polynomial time approximation scheme (FPTAS) exists for
knapsack (see, e.g. [7, Chapter 2, pp. 69-74]). We use this fact in our algorithm.

Smallest Size Least Full (SSLF) Heuristic. The SSLF heuristic actually
consists of two separate heuristics governing the order in which jobs are consid-
ered and the order in which bins are considered.

Smallest Sizel] First (SS). Sort the jobs by height in non-decreasing order.
The jobs will be considered for placement in the bins in this order.

Least Full First (LF). When a job is up for placement, place its copies in the
following manner. Let [ be the length of the job. Repeat the following { times:
place one copy of the job in the bin with minimum occupancy among the bins
that do not currently contain a copy of the job (breaking ties arbitrarily).

The salient property of the LF heuristic is expressed in the next lemma, which
is implied by the proof of Claim A.3 in [1]. We provide a proof here for com-
pleteness.

Lemma 1. Suppose jobs are placed in bins according to the LF heuristic (re-
gardless of the order in which the jobs are considered, and allowing bins to over-
flow). At any given moment during the assignment let hmax be the mazimum
height of a job considered so far, and denote by f(b) the occupancy of bin b.
Then f(') — f(V") < hmax for all bins ' and b".

Proof. The proof is by induction. Consider a pair of bins ' and b”. Initially, both
bins are empty and the claim holds. Suppose the claim is true after the first k—1
jobs are processed, and consider the placement of the kth job, whose height we
denote h. The claim can only be violated if f(b’) — f(b”) increases (since hpax
can only increase), and this can only happen if the algorithm places a copy of
the kth job in o' but not in b”. However, in this case, the LF heuristic implies
that f(b) < f(b") before the assignment, and thus f(b') — f(b") < h < hmax
afterwards. A simple extension of this argument shows that the claim holds at
all times, not just between jobs.

An immediate consequence of Lemma [l is a 2-approximation algorithm for
the resource minimization problem.

! Following [I] we use the term size rather than height.
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Theorem 1. Assigning jobs by the SSLF heuristic yields a 2-approximate solu-
tion for the resource minimization problem.

Proof. The LF heuristic does not necessarily place every job copy in a bin of
minimum occupancy, but rather in a bin of minimum occupancy among the bins
not containing a copy of the same job. The SSLF heuristic, on the other hand,
does place every job copy in a bin of minimum occupancy overall, and this is
implied by Lemma [Il. Thus the SSLF heuristic can be viewed as an instance of
Graham’s algorithm for scheduling on identical machines [8], which achieves an
approximation guarantee of 2.

4 Algorithms for the Profit Maximization Problem

Our (3 + ¢)-approximation algorithm for the general problem proceeds by three
steps.

1. Use an FPTAS to solve the knapsack relaxation, and obtain a set of jobs S
such that w(S) is at least 1/(1+¢/3) times the optimum value for knapsack.

2. Place the copies of the jobs in S in the bins according to the SSLF heuristic.
Do so until some bin overflows. Let j; be the offending job. Partition S into
three subsets S; = {all jobs placed successfully}, So = {j;}, and S5 = {all
remaining jobs in S}. If no overflow occurs, then define S; = S and Sy =
S3 = 0.

3. Return the maximum-weight set among Sy, S2, and Ss3, together with an
assignment. If S; is returned, the assignment is the one found in Step 2; if
So is returned, the assignment is trivial; if S5 is returned, the assignment is
constructed as described below.

To complete the description of the algorithm, it remains to show how to
construct an assignment for Ss. Let us examine the state of the bins just before
the algorithm attempts to place job j; (the offending job). Let k be the number
of bins whose occupancy is 1 — h; or less. We know that k < [;, for otherwise job
ji would not cause an overflow. Furthermore, since the placement of j; does cause
an overflow, we know that the occupancy of at least one bin is strictly greater
than 1—h;. Thus, by Lemma [I] the occupancy of every bin is greater than 1—2h;
(because the SSLF heuristic ensures that jobs are considered in non-decreasing
order of height and thus hy.x = h;). Thus, we have k bins with occupancy
greater than 1 — 2h; and L — k bins with occupancy greater than 1 — h;. Hence
the total volume of the jobs in Sy is more than (L — k)(1 — h;) + k(1 — 2h;) =
L—Lh; — kh; > L — Lh; — [;h;. Now, the total volume of jobs in S is at most
L (by the knapsack relaxation) and the volume of j; is I;h;, so the total volume
of jobs in Ss is less than Lh;. Finally, by the SSLF heuristic, the height of every
job in S3 is at least h;, and thus the total length of these jobs is less than L.
Placing a set of jobs with total length less than L in L bins is easy: simply place
each job copy in a bin of its own.

Theorem 2. The algorithm finds a (3 + €)-approzimate solution.
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Proof. Let OPT and OPTxk be the optimum value for our problem and for the
knapsack relaxation, respectively, and let S; be the solution returned by the
algorithm. Then

w(S;) = max {w(S)), w(S:), w(S3)}
S (w(S1) + w(S2) + w(Ss)),

v

4.1 Two Special Cases

As we show in Sect. Bl the analysis of our algorithm is tight (up to €) for general
input. There are, however, special cases in which our algorithm can be used as
a basis to achieving an approximation factor of 2 + . We present two such cases
next.

The first special case we consider is the case in which h; < 1/2 for all i.
Suppose we run the algorithm and obtain 51, Sz, and S3. Observe that the total
length of jobs in S5 U S5 is less than 2L, since the contribution of Sj is less than
L (as we have seen in the previous section) and Ss consists of a single job, whose
length is at most L (by definition). Since no job height is greater than 1/2, we
can construct an assignment for Sy U S5 as follows. Create a list of the job copies
such that the copies of each job appear consecutively and place the ith copy on
the list in bin number ¢ mod L. We obtain a (2 + €)-approximate solution by
choosing the better solution between S; and S5 U Ss.

The second special case is when every job of height greater than 1/2 has
height 1. We combine our algorithm with the dynamic programming approach
of the standard knapsack FPTAS. The idea is to find a combination of full-height
jobs (i.e., jobs of height 1) and small jobs (jobs of height at most 1/2) that can be
scheduled successfully. Recall that the knapsack FPTAS scales the job weights
and rounds them to integers. It then calculates an upper bound wp.x on the
optimal rounded weight (i.e., the optimum with respect to the new job weights),
and uses dynamic programming to find S(w) for w =0,1,. .., Wnax, where S(w)
is a minimum total-size subset of jobs with total weight precisely w. (Note that
S(w) may be undefined for some values of w.) Let L(S(w)) be the total size of
the jobs in S(w). The FPTAS returns S(w*), where w* is maximum such that
L(S(w*)) does not exceed the knapsack’s capacity.

We are not interested in the solution returned by the FPTAS, but rather
in the sets S(w) that it generates. The key property of these sets is the fol-
lowing. Let wy,ws,...,w be the sequence of ws (in ascending order) for which
S(w) is defined. Let OPTk(c) be the optimum value for the knapsack prob-
lem with a knapsack of capacity c. If the FPTAS is run with a knapsack of
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capacity L, then for all 4, w(S(w;)) > OPTk(c) — OPTk(L) - ¢/(1 + €) for all
¢ € [L(S(w;)), L(S(wit1))). (We define L(S(wg+1)) = 00.) We make use of this
as follows. Let ¢ > 0 be sufficiently small relative to e. (The exact choice of ¢
is discussed later.) We run the knapsack FPTAS with accuracy parameter ¢’ on
the full-height jobs, using a knapsack capacity of L, and obtain the sets S(w;).
For every w; we first place the copies of the jobs belonging to S(w;) in L(S(w;))
bins, and then run our previously described (24 ¢’)-approximation algorithm on
the small jobs to find a solution using the remaining L — L(S(w;)) bins. Thus,
we obtain for each w; a feasible solution that is a combination of full-height jobs
and small jobs. As we show next, an appropriate choice of ¢’ ensures that the
best of these solutions is (2 + €)-approximate.

Consider an optimal solution Sypy = X UY to the knapsack relaxation (with
the original weights, not the scaled and rounded ones) using a knapsack of ca-
pacity L, where X consists of full-height jobs and Y consists of small jobs. Let
x =max{i|L(S(w;)) <|X|}. Then, L(S(ws)) < |X| < L(S(wz+1)), and there-
fore w(S(wy)) > OPTk(|X|)—OPTk(L)-€'/(1+€) > w(X)—w(Sops)-€'/(1+€).
(Recall that w(Sept) = OPTk(L) by definition.) In addition, because the num-
ber of bins used for the jobs in Y is at most L — | X| < L — L(S(w,)), running
our (2 + €')-approximation algorithm on the small jobs with L — L(S(w,)) bins
will yield a solution whose weight is at least w(Y)/(2 + €’). Thus, the feasible
solution we construct for w, has weight at least

€ w(Y) 1 € w(Sopt)
_ _ > — >
w(X) 1+e’w(50pt)+2+e’ w(SOpt)<2—|—6’ 1+e’> = 24¢’

where the last inequality holds if €’ is chosen small enough relative to €. One can
easily verify that ¢ = ¢/8 is sufficient (assuming ¢ < 1). The solution we find
is therefore (2 + €)-approximate, since the knapsack optimum value is an upper
bound on the optimum value for the advertisement placement problem.

4.2 Polynomial-Time Implementation

A straightforward implementation of our algorithm runs in super-polynomial
time, since the placement of jobs in bins according to the SSLF heuristic requires
£2(L) time. This cannot be avoided if the contents of each bin must be specified
explicitly in the output. However, a more compact representation is possible,
which results in a polynomial-time implementation of the algorithm.

Recall that when the algorithm selects a bin according to the LF heuristic,
it chooses the currently least full bin, breaking ties arbitrarily. Let us not break
ties arbitrarily, but rather always select the lowest numbered bin among the
contestants. Doing so leads to each job being placed in “consecutive runs” of
bins. Thus, after processing ¢ — 1 jobs the set of bins can be partitioned into
at most i super-bins, which are simply sets of consecutive bins, such that the
contents of all bins belonging to the same super-bin are identical. Let us define
the occupancy of a super-bin to be the occupancy of any one of its bins. Then, to
assign the ith job we repeatedly select a super-bin of minimum current occupancy
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and place a copy of the job in each of its constituent bins. If necessary, we split
the last super-bin in order to maintain the invariant that all the bins constituting
a given super-bin have identical contents. Thus, we can formulate the algorithm
entirely in terms of super-bins and dispense with the original bins completely.
The running time and output size in a straightforward implementation of this
algorithm depend polynomially on n and 1/e (the output size depends only on
n), and are independent of L.

It is now clear that the requirement that L and the [;’s be integers serves
no real purpose. Our algorithm can deal just as easily with the generalized
problem in which L and the [;’s are arbitrary rationals, and jobs may be split
into “pieces” at arbitrary points along their [; axis and the resulting pieces may
be placed anywhere in the interval [0, L]. This generalized problem models any
scheduling situation in which jobs require the use of a certain amount of resource
for varying amounts of time, all jobs have a common release-date and a common
due-date, and preemption and migration are allowed at no cost.

5 The Integrality Gap of the Knapsack Relaxation

For simplicity, we return to the discrete bins version of the problem, although
everything we say in this section applies to the general problem (defined at the
end of the previous section) as well.

The feasibility constraints in our problem contain two types of integrality
constraints. (In fact, the problem can be formulated as an integer programming
problem in which these two sets of constraints translate into integrality con-
straints on two different sets of 0-1 variables.) The integrality constraints are:
(1) every job must either be accepted in its entirety or rejected completely, and
(2) every job copy must be either present in its entirety in a given bin or absent
from it completely (e.g., it is impossible to place one half of a job copy in one
bin and the other half in another bin). Relaxing the constraints of the second
type yields the knapsack problem. Hence, the term integrality gap is appropriate
in connection with the knapsack relaxation.

As we have shown in the previous section, the integrality gap is at most 3.
We now demonstrate that it is at least 3 as well. Consider the following problem
instance. The input consists of three identical jobs, each with length L/2 + 1,
height 1/2 + §, for sufficiently small §, and weight w. Clearly, the total volume
of all three jobs is roughly 3L/4 (for sufficiently large L) and thus the optimum
for the knapsack relaxation is 3w. On the other hand, no feasible assignment
exists for more than one job, since every such assignment would have to place
at least one pair of job copies in the same bin, and that is not allowed because
their combined height exceeds 1. Thus, the optimum value for our problem is w,
and hence the integrality gap is 3.

The integrality gap of 3 does not necessarily imply that the worst case per-
formance ratio of our algorithm is at least 3, only that no analysis comparing it
against the knapsack optimum can yield a ratio better than 3. To see that our
algorithm’s worst case ratio is indeed greater than or equal to 3, we can extend
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the above example by adding a fourth job of height 1, length L, and weight 3w.
In the first step of the algorithm, the FPTAS might return the first three jobs,
resulting eventually in a solution of weight w, while the optimal solution consists
of the fourth job and has weight 3w.
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Abstract. In this paper we study the following problem. There are n
pages which clients can request at any time. The arrival times of re-
quests for pages are known. Several requests for the same page may
arrive at different times. There is a server that needs to compute a good
broadcast schedule. Outputting a page satisfies all outstanding requests
for the page. The goal is to minimize the average waiting time of a
client. This problem has recently been shown to be NP-hard. For any
fixed a, 0 < a < %, we give a é— speed, polynomial time algorithm
with an approximation ratio of ﬁ For example, setting a = % gives
a 2-speed, 2-approximation algorithm. In addition, we give a 4-speed,
l-approximation algorithm improving the previous bound of 6-speed, 1-
approximation algorithm.

1 Introduction

There has been a lot of interest lately in data dissemination services, where
clients request information from a source. Advances in networking and the need
to provide data to mobile and wired devices have led to the development of large-
scale data dissemination applications (election results, stock market information
etc). While the WWW provides a platform for developing these applications, it
is hard to provide a completely scalable solution. Hence researchers have been
focusing their attention on Data Broadcasting methods.

Broadcasting is an appropriate mechanism to disseminate data since multiple
clients can have their requests satisfied simultaneously. A large amount of work
in the database and algorithms literature has focused on scheduling problems
based on a broadcasting model (including several PhD theses from Maryland and
Brown) [704IT/5]2I823]6]. Broadcasting is used in commercial systems, includ-
ing the Intel Intercast System [15], and the Hughes DirecPC [13]. There are two
primary kinds of models that have been studied — the first kind is a push-based
scheme, where some assumptions are made on the access probability for a cer-
tain data item and a broadcast schedule is generated [BJ9U7IT7/6]. We focus our
attention on the second kind, namely pull-based schemes, where clients request
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the data that they need (for example via phone lines) and the data is delivered
on a fast broadcast medium (often using satellites) [5]. This model is motivated
by wireless web applications. This work deals entirely with the pull-based model,
where requests for data arrive over time and a good broadcast schedule needs to
be created.

A key consideration is the design of a good broadcast schedule. The challenge
is in designing an algorithm that generates a schedule that provides good average
response time. Several different scheduling policies have been proposed for on-
line data broadcast. Aksoy and Franklin [5] proposed one such online algorithm.
Their algorithm, called RzW, takes the product of the number of outstanding
requests for page with the longest waiting time to compute the “demand” for
a page. The page with the maximum demand is then broadcast. Another rea-
sonable heuristic is to take the sum of waiting times of all outstanding requests
for a page to compute its demand. Tarjan et al [22] have recently shown how to
implement this algorithm efficiently. Not surprisingly, the worst case competitive
ratio of these algorithms is unbounded, as shown in [I8].

While the practical problem is clearly online, it is interesting to study the
complexity of the offline problem as well. In trying to evaluate the performance
of online algorithms, it is useful to compare them to an optimal offline solution.
In addition, when the demands are known for a small window of time into the
future (also called the look-ahead model in online algorithms) being able to
quickly compute an optimal offline solution can be extremely useful. Many kinds
of demands for data (e.g., web traffic) exhibit good predictability over the short
term, and thus knowledge of requests in the immediate future leads to a situation
where one is trying to compute a good offline solution.

One could also view the requests in the offline problem as release times of
jobs, and one is interested in minimizing average (weighted) flow time. While
this problem has been very well studied (see [11] and references therein), the
crucial difference between our problem and the problem that has been studied is
the fact that scheduling a job satisfies many requests simultaneously. (The term
“overlapping jobs” has also been used to describe such scheduling problems in

the past.)
The informal description of the problem is as follows. There are n data items,
1,...,n, called pages. Time is broken into “slots”. A time slot is defined as the

unit of time to transmit one page on the wireless channel. A request for a page
J arrives at time ¢ and then waits. When page j has been transmitted, this
request has been satisfied. Arrival times of requests for pages is known, and we
wish to find a broadcast schedule that minimizes the average waiting time. There
has been a lot of work on this problem when we assume some knowledge of a
probability distribution for the demand of each page [6I[7IT7].

In the same model, the paper by Bartal and Muthukrishnan [8] studies the
problem of minimizing the maximum response time. The offline version has a
PTAS, and there is a 2-competitive algorithm for the online version [§]. (They
also credit Charikar, Khanna, Motwani and Naor for some of these results that
were obtained independently.)
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The recent paper by Kalyanasundaram et al. [18] studies this problem as well.
They showed that for any fixed €,0 < € < %, it is possible to obtain a %-speed
ﬁ—approximation algorithm for minimizing the average response time, where a
k-speed algorithm is one where the server is allowed to broadcast k pages in each
time slot. For example by putting e = % they obtain a 3-speed, 3-approximation.
The approximation factor bounds the cost of the k-speed solution compared to
the cost of an optimal 1-speed solution. (This kind of approximation guarantee
is also referred to as a “bicriteria” bound in many papers.) Note that we cannot
set € = % to get a 2-speed, constant approximation. Their algorithm is based on
rounding a fractional solution for a “network-flow” like problem that is obtained
from an integer programming formulation. This problem has recently shown to
be NP-hard by Erlebach and Hall [14].

Our Results: We consider a different Integer Program(IP) for this problem,
and show that by relaxing this IP, for any fixed a € (0, %], we can obtain a
é—speed solution that is a ﬁ—approximation. For example, by setting o = %
we obtain a 2-speed, 2-approximation. By setting o = % we obtain a 3-speed,
1.5-approximation. Note that our algorithm improves both the speed and ap-
proximation guarantee of their algorithm [18]. This can be viewed as a step
towards ultimately obtaining a 1-speed algorithm. The rounding method is of
independent interest and quite different from the rounding method proposed
by Kalyanasundaram et al. [1§]. Moreover, our formulation draws on round-
ing methods developed for the k-medians problem [10]. This connection with
scheduling is perhaps a surprising aspect of our work. Erlebach and Hall [14]
showed that one can get a l-approximation via a 6-speed algorithm. Here we
show how to use the method in this paper to get a l-approximation via a 4-

speed algorithm.

2 Problem

The problem is formally stated in [I8], but for the sake of completeness we will
describe it here. There are n possible pages, P = {1,2,...,n}. We assume that
time is discrete and at time ¢, any subset of pages can be requested. Let (p,t)
represent a request for page p at time t. Let 77 denote number of requests (p, t).
Let T be the time of last request for a page. Without loss of generality, we can
assume that T is polynomially bounded. A time slot ¢ is the window of time
between time ¢t — 1 and time ¢t. We also have a k-speed server that can broadcast
up to k pages at any time t. We say that a request (p,t) is satisfied at time S?,
if S? is the first time instance after ¢t when page p is broadcast. In this paper, we
work in the offline setting in which the server is aware of all the future requests.
Our goal is to schedule the broadcast of pages in a way so as to minimize the
total response time of all requests. The total response time is given by

ZZT?(Sf—t) i

Consider the example shown in Fig. [l The table on the left shows requests for
the three pages A, B, and C at different times. An optimal schedule for this
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Input:r? Response time:r? (57 — t)
t=0[t=1[{t=2|t=3|t=4 t=0[t=1[t=2|t=3|t=4
page Al 3 2] 2[00 page Al 9 | 4 [ 2[00
pageB 2 | 0|2 |00 pageB| 2 1 0|4 |00
pageCl 0 | 2 | 0| 0] 2 pageC| O | 2 | 0| 0 | 2

Fig. 1. The table on the left is an example input and the table on the right shows the re-
sponse time for each request in an optimal schedule of broadcasting pages B, C, A, B, C
at times 1,2, 3,4, 5 respectively

instance broadcasts pages B,C, A, B,C at times 1,2,3,4,5 respectively. The
table on the right of the figure shows the response time for each request in the
optimal schedule. Adding up the response time of each request gives us the total
response time of 25.

3 Integer Programming Formulation

The Broadcast Scheduling Problem can be formulated as an integer program as
follows. The binary variable yi, = 1 iff page p is broadcast at time ¢'. The binary
variable xf,, = 1 iff a request (p,t) is satisfied at time ¢ > ¢ i.e. y}, = 1 and
yp, = 0,t < t” < t'. The constraints (2)) ensure that whenever a request (p,t) is
satisfied at time t', page p is broadcast at ¢'. Constraints (3] ensure that every
request (p, t) is satisfied at some time ¢’ > t. Constraints (@) ensure that at most
one page is broadcast at any given time.

T+n
min 3 Y N (¢ —t)-1] - ad, (1)
P t t'=t+1
subject to
yh — b, >0, Vp,t,t' >t (2)
T+n
S oab, 21 pt (3)
t'=t+1
dYoyh <, W (4)
p
zt, € {0,1}, Vp, .t (5)
yp €{0,1}, vp,t' (6)

The corresponding linear programming (LP) relaxation can be obtained by
letting the domain of z}, and yf, be 0 < f,,y}, < 1. For the example in
Fig. M running an LP solver produces a fractional schedule that broadcasts
pages {A, B},{A,C},{A, B},{A, B},{C} at times 1, 2, 3, 4, 5 respectively, where
broadcasting { P, P,} at any time ¢ means that exactly half of page P and half
of page P, are broadcast at time t. The cost of this fractional solution is 24.5.
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REQUEST CONSOLIDATION(page p, &)

L Ny {tyg,}
2 L fp
3 ré’l’ — rf’l
4 for k<[ —1down to 1 do
5 ft(oyp, tr) < mint/{Z:z:tkJrl a:fkt > a}
6 if (ft(a,p,tr) < t;) then
7 N, N U {tx}
8 I+ k
9 7’;’; — Tfl
10 else
11 g(p,tr) + 1
/' /
12 R
13 i 0
14  return N

Fig. 2. Algorithm for Consolidating Requests

4 Outline of the Algorithm

Let I be the given instance of the problem. The algorithm solves the LP for I to
obtain an optimal (fractional) solution. It uses the LP solution to create a sim-
plified instance I’. A L-speed (L is an integer) fractional solution is constructed
for instance I’, which is converted into a é—speed integral solution for I’ using
a min-cost flow computation. The integral solution for I’ is then converted into

a schedule for I.

5 Algorithm

Step I: Let I be the given instance of the problem. For any page p, let N, =
{t1,t2,...,ty,} denote the times at which requests for page p are made in in-
stance I. We first solve the LP for I to obtain an optimal fractional solution
(x,y). Let ft(a,p,t) be the first time instance when a-fraction of request (p, t)
get satisfied in the LP solution, i.e. ft(o,p,t) = min{t"| Zi:lzﬂ_l v, > a}.
We consolidate the requests in I, transforming the instance I into a simpli-
fied instance I’ which has the following property. If N;, represents the times of
positive requests for page p in I’ then for any times {#,,%,} € N,, such that
t,, < t,, we have ft(a,p,t),) <

t,,, where « is any fixed fraction in (0, 3]. For
every request (p,t) that is grouped with a request (p, g(p,t)), g(p,t) > t, we have
ft(a,p,t) > g(p,t). Let T;[Ep,t) denote the number of requests (p, g(p,t)) in I'.
This transformation is done separately for each page. The pseudo-code for this

transformation is given in Fig.

Step II: Now we find a é—speed fractional solution to instance I’. Let N; =
{t},th, ... ,t}p} be the times of positive requests for page p in I’. Note that at
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(plat,j)

[0, l,r’fl(tx_t’j)]

(Pot'm)  [0.Lr 5 (ty-t' )] ty
X Y

Fig. 3. The minimum cost flow network N. Each edge e € N has a label of the form
[l,u,c], where | and u denote the lower and the upper bounds respectively on the
amount of flow through e and ¢ denotes the cost per unit flow

least a-fraction of each request (p,t;) € I’ gets satisfied before i, in the LP
solution (z,y), i.e. ft(a,p,t;) <t;,,. Consider the solution (x,y), where

zh, if ' < ft(a,p,t)
t'—1 .
2, =1 a— Sop—par T ift = ft(a,p,t)
0 otherwise

By scaling all the y values and the z, values by é we obtain a feasible

é—speed fractional solution, (éxa, éy)

Step III: To obtain a é—speed integer solution to instanBé I’, we construct a
minimum cost flow network N. N is the flow network that consists of a bipartite
graph G = (X, Y, E). Each node in X corresponds to a request (p,t’) € I'. Each
node in Y corresponds to a time instance at which a page can be broadcast.
There is an edge between (p,t) € X and ¢’ € Y if x4 > 0. Note that for any
two nodes in X, say (p1,t;) and (pz,t5), that share a neighbor in Y, p; # po.
This edge has a lower capacity of 0 and an upper capacity of 1 and a cost of
rP(t' — t). In addition, we have a source and a sink in N. There is an edge of 0
cost from the source to a node (p,t) € X with a lower and upper capacity of 1.
Each edge from a node t € Y to the sink is of 0 cost and has a lower capacity of
0 and an upper capacity of é Figure 3 illustrates the min-cost flow network N.
A é—speed integral schedule can be obtained by setting y!, = f((p,t),t’), where
f(a,b) denotes the flow along edge (a,b) € N.
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6 Analysis

Lemma 1. In Step I, recall that each request (p,t) € I is grouped with a request
(p, g(p,t)) to form instance I', where g(p,t) > t. If S and S’ are integral solutions
to instance I and I’ respectively, then

cost(S) < cost(S") + Z ' (g(p,t) —t) .

(p,t)el

Proof. The inequality follows easily because the additional cost of converting a
solution for request (p,g(p,t)) € I’ to a solution for request (p,t) € I is exactly
rP(g(p,t) —t). Summing this over all requests will give us the required inequality.

Recall that (z,y) is an optimal LP solution for I. Define C, ;) to be the
cost of satisfying one request (p,t) € I in the LP solution (z,y), i.e. C(,4) =
tT,J:r?H(t’ t)a}, . For any fixed fraction a € (0, 3], let # =1 — a. For any re-

quest (p, g(p,t)) € I, define C’(p g(p,t)) 38 the cost of satisfying exactly 6-fraction

T+
of request (p,g(p,t)) € I', ie. C(p,g(p,t)) = Zt,,g(ptH_l( — g(p, ))xgg(p’t)t,.
Note that the cost of the é—speed fractional solution for instance I’ is given
1 /D ! _ 1 el
bY & 2wowmer o) Cloawe) = @ Zpner Tt Clpg(pry) 2nd the cost of the
optimal fractional solution for instance I is given by Z(p el 77 Cp.1)- Lemma
relates the two costs.

Lemma 2. The cost of é—speed fractional solution in I' and the cost of an
optimal fractional solution for instance I are related as follows.

1
a Z pc(pgpt) 5 Z i Cpt) — Z ri(g(pt) —t) .

(p,t)el (p,t)el (pit)el

Proof. For the case when t = g(p, t), the inequality follows because (g(p,t)—t) =
0 and C(, 4 is the cost of satisfying a complete request whereas C(p 9(pit) is the
cost of satisfying a-fraction of the request. For the case when t < g(p,t), we
know that ft(a,p,t) > g(p,t). This means that at least 5 = (1 — a)-fraction
of the request (p,t) € I gets satisfied after g(p,t). In other words, broadcast of
page p between g(p,t) and ft(08,p,g(p,t)) partially satisfies request (p,t) and
(p,g(p,t)) in I. Thus we have

Cl sy + B 1) = 1) < Clpy - (7)
Multiplying (7)) by % and rearranging the terms gives us

L
5C(§g(p,f)) = ﬂC(P n—(9(p,t) = 1) . (8)

The left side of (§) represents the average cost of satisfying g-fraction of request

(p, g(p,t)) € I'. The cost of satisfying exactly a-fraction of the request, C (pg(p.t))?
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is upper bounded by %CE? o(pit))? which is obtained by multiplying (8) by «, thus
giving us '
« 8 «
C(p,g(p, 1) < Bc(p,g(p,t)) = 50(1’ o —alglp,t) —1) . (9)
Multiplying @) by érf and summing over all requests gives us the cost of i—
speed fractional solution as required.

Lemma 3. For any feasible flow in the minimum cost flow network, N, there
s a é-speed feasible fractional solution for instance I' of the same cost.

Proof. Let f(a,b) denote the flow along edge (a,b) € N. Set 2, = af((p,t),t")
and yj, = 2¥,,,. Since we know that for any node (p,t) € X, >, f((p,t),t') =1,
we have L 3~ 2P ., = 1. We can show that we have a +-speed solution as follows.
We know that Z( 1) f((p,t),t') < &, which implies that 5 >3, b, < L and
hence + 32 yp L. Thus feasibility is ensured. The cost of the X-speed solution
equals

Z Zrtt—t ab = Z Zrt fl(p,t),t) .

(p tyel’ t'>t (p,t)eEX 'EY

This proves that the é—speed solution has the same cost as the flow in N.

Lemma 4. There is a flow in N of the same cost as the é—speed feasible frac-
tional solution.

Proof. Let the flow along an edge ((p,t),t') equal * ~ab ... By definition of z,,
the capamty constramt of each edge is satlsﬁed Since we have a f—speed feasible
solution, = LS 2P, =1 and hence the flow is conserved at every node in X
which has an incoming flow of 1 unit. Since our solution is é—speed, i Zp yp <
é. Set flow along any edge from node t’ to the sink equal to é Zp yl. Note that
the flow is also conserved at a node ¢’ € Y as we know that y}, > 2 ,,. The cost
of the solution equals

S A 0RO = 5 Y S bty

(pt)exX ey (p,t)EI’ t!

Thus the cost of the flow in N is the same as the cost of the é—speed solution.

Lemma 5. There exists a é—speed integral solution for I' of the same cost as

the é—speed fractional solution, (éma, éy)

Proof. From Lemma [ and Lemma[4] we know that the minimum cost flow in N
equals the cost of the é—speed fractional solution (1 To, = ). By the integrality
theorem, we can determine in polynomial time a minimum cost integral flow f*
in N that satisfies the capacity constraints. Using this integral flow f* we can
derive a é-speed integral solution for instance I’ using Lemma B



Algorithms for Minimizing Response Time in Broadcast Scheduling 433

Theorem 6. There is a é-speed, ﬁ-appromimation solution for the Broadcast
Scheduling Problem.

Proof. We will prove that the algorithm in Sect. Bl gives a é—speed7 ﬁ-ap—
proximation solution. From Lemma Pland Lemma B we know that the cost of
the é—speed integral solution equals to

1 . 1
- > O oy < 3 S rChn— Y gty —t) .

(pt)erl (pt)er (p,t)erl

Substituting this expression for cost(S’) in Lemma [I] we get

1 1 1
cost(S) < — ( %:elrfc(p,t) < GOPT = {—_OPT .
p;

Corollary 7. There is a 2-speed, 2-approrimation solution and a 3-speed, 1.5-
approzimation solution for the Broadcast Scheduling Problem.

Proof. The proof follows easily from Theorem Bl by setting o = % and a =

2
respectively for a 2-speed and a 3-speed solution.

W=

7 4-Speed 1-Approximation Algorithm

Erlebach and Hall [14] showed that one can use a 6-speed algorithm to get a 1-
approximation. This is done by taking a fractional solution obtained by solving
a linear program, and then applying randomized rounding to generate schedules
for 2 channels. On the remaining 4 channels they use the 4-speed algorithm by
[18]. They are able to prove that the expected cost of each request is upper
bounded by its fractional cost.

In this section, we show that one can obtain a random fractional schedule
using the approach outlined in our paper. We can establish an upper bound on
the cost of this fractional schedule. Finally, we convert this fractional schedule
to an integral schedule using the network flow approach.

We obtain a 4-speed fractional solution as follows. On two channels, we select
two pages (independently) with probability 4 at each time ¢. For the remaining
two channels, we take our 2-speed fractional solution constructed in step II of
Sect. [5l Note that in this 2-speed fractional solution, a request (p,t) is satisfied
by the same broadcasting as (p, g(p, t)) because we construct a 2-speed fractional
solution after merging (p,t) to (p,g(p,t)). Therefore the cost of satisfying one

request (p,t) in the 2-speed fractional solution is 20&/92(17_’”) + (9(p,t) —t).

Lemma 8. The expected cost of satisfying a request (p,t) by the 4-speed frac-
tional schedule is at most the optimal LP cost for a request (p,t).

Proof. In our 4-speed fractional schedule, each request (p,t) could be satisfied
by either of the two random channels and if it is not satisfied by time g(p, t), the
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2-speed fractional schedule will satisfy it fractionally. Thus the expected cost of
satisfying a request (p,t) by the 4-speed fractional schedule is at most

g(p;t) t'—1 9(pt)
A=Y ((CIT a2 —a—go))@ =)+ I a—u)h e o).
t'=t+1 t''=t+1 t'=t+1

where (t* —t) = 20/;/5@ o T (9(p,t) —t). The optimal LP cost for a request

(p,t) is at least

9(p,t) g(p;t)
S A T SNy
t'=t+1 t'=t+1
Because Zf/(p}21 yh, < 1/2 and t* > g(p,t), we can get A < B using the same
proof as [14].

Lemma 9. We can find a 4-speed fractional schedule of the cost at most OPT
in polynomial time.

Proof. By Lemma [l and the linearity of expectation, the expected cost of this
4-speed fractional schedule is at most OPT. Using standard derandomization
techniques, we can obtain a deterministic polynomial-time algorithm that yields
a 4-speed fractional schedule of the cost at most OPT.

Now we convert the 4-speed fractional schedule to a 4-speed integral schedule.
Because the schedule on two random channels is already integral, we only need
to convert the 2-speed fractional schedule to an integral schedule without losing
any cost.

Lemma 10. We can convert the 4-speed fractional schedule to a 4-speed integral
schedule of the same cost.

Proof. By constructing the minimum cost flow network only for the requests
satisfied by the fractional schedule, we can convert the 2-speed fractional solu-
tion to 2-speed integral solution of the same cost. Combining with two random
channels, we have a 4-speed integral solution.

Theorem 11. There is a 4-speed, 1-approximation solution for the Broadcast
Scheduling Problem.

8 Experiments

Although we cannot obtain 1-speed algorithm which has an O(1) approximation
guarantee, we devised several simple heuristics and compared their performance
with LP and IP solutions. The results showed that we can get very close to the
optimal solution for randomly generated instances.

We have two types of heuristics. The first heuristics use the number of out-
standing requests and the time of next request. In the second heuristics, we first
solve LP and use the solution to guide the construction of our schedule.
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8.1 Heuristic 1

Let N? be the number of requests for page p which are not yet satisfied at the end
of timeslot t. We may want to broadcast a page with the largest NP. Another
useful information to consider is the next request time. Let C} be the next
request time for page p after time ¢. If C? is small, it may be better to delay
broadcasting the page till the next request time, by which a single broadcast
satisfies them with a small delay. We tried several heuristics using combinations
of these two values.

One simple heuristic is to compute Nf (CY) for all pages p at each time ¢
and broadcast a page j which satisfies N} > NF (C} > CF) for any page k.
These heuristics which consider one metric (N} or C}) did not perform very
well because the other value can be too small.

To reflect both values at the same time, a reasonable metric is Nf - CF. In
addition, if N? is very small, then we may ignore the page even if its C¥ value
is large enough to make N} - C} the largest. At each time ¢, we compute both
NP and C? and broadcast a page j which satisfies Nj - Cf > NF . CF for any
page k of which N is within top a%. We varied a from 20% to 100% in the
experiments.

8.2 Heuristic 2

In this type of heuristic, we solve LP to get an optimal fractional solution (z,y)
and compute z} as follows.

o [yl NP> 0
t 0 otherwise

2P can be interpreted as preference to broadcasting page p at time t. Thus we

choose a page with the largest 2 value at each time. We call this heuristic as
Deterministic LP Rounding.

A variation of this heuristic is to use randomization. We normalize z! by
dividing it by ° z{ so that 2} represents the probability to broadcast page p at
time ¢. Then we choose a page randomly based on 2z} distribution. We call this
heuristic as Randomized LP Rounding.

8.3 Settings

We experimented these heuristics with two types of inputs.

— Uniformly random input generator: Over all possible time and possible pages,
there are approximately (density) - n - T uniformly distributed nonzero de-
mands. If a demand is nonzero, it is a random number from 1 to (mazimum
demand).

— Zipf Distribution input generator: At every time, the total number of re-
quests, summing over all pages, is a random number from 1 to (density) -n -
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Table 1. Percentage change relative to OPT for uniformly distributed input

Different Heuristics Mean|Median| Min | Max | S.D. |% same as OPT
LP -0.02| 0.00 |-0.37| 0.00{ 0.06{68.00
N; 25.7625.27 [10.01| 41.40| 6.13| 0.00
C} 60.13(57.86 [34.26(116.70(16.32| 0.00
N; - C; 9.57| 9.08 3.15| 19.61| 3.38| 0.00
N; - C; (top 20%) 12.96 [12.60 4.50| 27.33| 3.99| 0.00
N; - C; (top 50%) 9.31| 8.83 3.15| 19.21| 3.38| 0.00
N; - C; (top 80%) 9.57| 9.08 3.15| 19.61] 3.38| 0.00
Deterministic LP Rounding| 0.90| 0.00 0.00| 11.47| 2.21|68.67
Randomized LP Rounding | 7.17| 0.00 0.00{ 39.95|11.61|67.33
Ditto (best over 100 runs) | 2.15| 0.00 | 0.00| 18.45| 4.67(67.33

(mazimum demand). Each request has probability of % of requesting

page i, where H(n) = Y1, 1/i. In other words, the choice of pages follows
Zipf distribution [24] with 6 = 0. Thus, page 1 has most requests and page
n has least. This corresponds to the measurements performed in [12] (for a
movies-on-demand application).

In our experiment, the uniformly random input consists of 10 pages (n = 10).
The time of last request is 50 (T" = 50). The density of demand distribution in
the uniformly random input generator is 0.4. The maximum demand of a request
is 20.

Similar to the uniformly random input generator, the Zipf distribution input
consists of 10 pages, and the time of last request is 50. The maximum total
number of requests, summing over all pages, is 0.4 - 10 - 20 = 80, so that the
expected total demand is the same as that in the uniformly random input.

To get the expected result of the Randomized LP Rounding heuristic, the re-
sult of this heuristic is the averaged cost over 100 runs. Randomized LP Rounding
(best over 100 run) is the lowest cost over 100 randomized LP rounding.

We ran our experiments on a Sun Ultra-5 workstation, using ILOG CPLEX
6.5.2 to solve LP and IP, and Matlab 5.3 to implement all heuristics.

8.4 Results

Table [l and [ shows the ratio of our heuristic solutions to IP optimal solution.
We repeated the experiment 150 times for uniformly random input, and another
150 times for Zipf distribution input and took averages. The Zipf input seems
harder to solve. It takes 1000 to 4000 seconds to find an optimal solution, while it
takes less than 100 seconds to find a LP solution. The uniformly random input
problems are easier to solve. It takes less than 20 seconds to find an optimal
solution for most problems. To find a LP solution, it takes a few seconds.

To find a solution using first set of heuristics, it takes around 0.1 seconds.
LP rounding takes around 0.1 seconds too.



Algorithms for Minimizing Response Time in Broadcast Scheduling 437

Table 2. Percentage change relative to OPT for Zipf distribution input

Different Heuristics Mean [Median| Min | Max | S.D. |% same as OPT
LP -0.08| -0.07 |-0.31| 0.00{ 0.08{20.00
N; 17.82] 17.35 |13.21| 24.54| 2.48| 0.00
4 120.80{109.20 |62.86|195.20(34.82| 0.00
N; - C; 12.81] 12.71 | 8.12| 18.18| 1.64| 0.00
N; - C; (top 20%) 15.25| 14.97 | 9.59| 19.79| 2.49| 0.00
N; - C; (top 50%) 12.65| 12.65 | 6.25| 16.68| 1.98| 0.00
N; - C; (top 80%) 12.61| 12.36 | 8.12| 16.55| 1.72| 0.00
Deterministic LP Rounding| 1.54| 1.47 | 0.00| 5.29| 1.34/22.00
Randomized LP Rounding | 19.18| 24.63 | 0.00| 30.21{10.41{20.00
Ditto (best over 100 runs) | 10.33| 12.94 | 0.00| 19.08| 6.19|20.00

Deterministic LP rounding method performed best for both uniform and Zipf
inputs. The difference was only about 0.9% for uniform input and 1.6% for Zipf
input. Moreover, in a few cases, deterministic LP rounding can round a non
optimal solution to an optimal solution, as shown from its “% same as OPT” is
higher than that of LP.

As for the first type of heuristics, N; - C; metric performed best. Although
it does not perform as good as deterministic LP rounding, it runs much faster
since it needs not to solve a LP. In this method, we only considered the pages
which have large N; and varied the percentage as 20%, 50%, 80%, 100%. 50%
performed best for the uniform input and 80% for the Zipf input. If the heuristic
considers only the requests with IN; larger than the highest 20-percentile among
all V;, it cuts too many good candidates. If the heuristic simply ranks all requests
by N; - C;, it may broadcast a page with small N; but very large C;. However,
it is better delay this page and broadcast a page with larger V;.
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Abstract. We consider the design of resilient networks that are fault
tolerant against single link failures. Resilience against single link failures
can be built into the network by providing backup paths, which are used
when an edge failure occurs on a primary path. We consider several
network design problems in this context: the goal is to provision primary
and backup bandwidth while minimizing cost. Our models are motivated
by current high speed optical networks and we provide approximation
algorithms for the problems below.

The main problem we consider is that of backup allocation. In this prob-
lem, we are given an already provisioned (primary) network, and we want
to reserve backup capacity on the edges of the underlying network so that
all the demand can be routed even in the case of a single edge failure. We
also consider a variant where the primary network has a tree topology
and it is required that the restored network retains the tree topology.
We then address the problem of simultaneous primary and backup allo-
cation, in which we are given specifications of the traffic to be handled,
and we want to both provision the primary as well as the backup net-
work. We also investigate the online model where the primary network is
not known in advance. Demands between source-sink pairs arrive online
and the goal is to provide a primary path and set of backup edges that
can be used for restoring a failure of any of the primary edges.

1 Introduction

Fault tolerance in networks is an important and well studied topic with many
applications. Telephone networks and other proprietary networks adopt a variety
of techniques to provide reliability and resilience to network failures and have
been in use for many years now. On the other hand data networks such as the
Internet have very little centralized fault tolerance. Instead, the network relies
on the routing protocols that adapt to failures by sending traffic on alternate
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paths. This has been acceptable since there are no guarantees on the quality of
service on the Internet. With maturity of the Internet, many applications now
require quality of service guarantees. The emergence of very high capacity optical
networks has enabled the move towards providing users with their own virtual
private networks (VPNs). Several networks are accommodated on the underlying
high capacity optical network by splitting the available bandwidth among them.
Although this approach helps in providing QoS to applications and users, fault
tolerance becomes a very critical issue: failure of a single high capacity link can
disrupt many VPNs that use the link.

One way to provide VPN over optical networks is using MPLS [9]. Surviv-
ability issues of IP over optical networks are discussed in [24] and [12], and
restoration in MPLS tunnels are discussed in [T9] and [20]. In many cases the
speed and the capacity of the links do not allow, unlike the Internet, to rely on
the routing protocol to successfully reroute traffic on alternate routes after the
failure. Thus, one needs to provision the network in advance to handle failures.
This places two constraints on these networks: 1) resources for re-routing traffic
should be reserved at the same time the sub-networks are provisioned, and 2)
the routing protocol should be simple both for the regular routing and when a
fault occurs.

For the reasons mentioned above, there has been much recent interest in
obtaining algorithmic solutions for problems of guaranteeing resilience against
failures. A variety of failure and recovery models have been proposed. It is not
feasible to give even an overview of all the models and their intricacies, hence
we mention only a few high level assumptions that we make in this paper. The
precise model is given later in this section. One central assumption we make
is the single link failure assumption, that is we assume that at most one link
can fail at any particular time. This is a common assumption that seems to
work reasonably well in practice. Further, the resulting optimization problems
are already hard and it is useful to obtain insight into this case.

Clearly, resilience against single edge failures can be built into the network
by providing backup paths, which are used when an edge failure occurs on the
primary path. However, note that these backup paths could intersect each other
and share the same amount of bandwidth, provided they are used for the failures
of different edges in the network. This multiplexing is one of the factors that
makes this problem especially difficult; we shall spell out some of the others as
we explain the models and our results.

Finally, most of our results are for an uncapacitated network. In other words,
we assume that capacities of the underlying network are unlimited and there
is a cost on each edge per unit of bandwidth. Although this assumption is not
true for any practical network, we make it for two reasons. First, we believe it
is a reasonable approximation since the capacities of the underlying network are
usually much larger than the capacity of any single VPN. Second, the capacitated
versions are much harder in theory and we believe that the domain in which they
are hard does not apply to real settings. For example, the disjoint paths problem
is notoriously hard for small capacities, but it is much easier if the capacities of
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the edges are sufficiently large compared to the individual demands. See [6/11]{17]
for similar assumptions.

We consider several network design problems with the above assumptions.
Though our problems have similarities to traditional network design problems,
they also differ in some respects. Our contributions include providing models and
building upon existing techniques to give algorithms for these new problems. We
hope that our techniques and ideas will be useful in related contexts.

The first problem we consider is that of Backup Allocation. In this problem,
we are given an already provisioned (primary) network, and we want to reserve
backup capacity on the edges of the underlying network so that all the demand
can be routed even in the case of an edge failure. At this point, we point a
requirement of the network: the restoration has to be handled locally; i.e., if
edge e = (4,7) carrying u(e) bandwidth fails, there must be a single path P(e)
in the backup network between ¢ and j with capacity at least u(e), which stands
in for the edge e.

Local restoration is important for timing guarantees, otherwise it could take
too much time before other portions of the network are aware of a failure at e; it
is also useful since it does not require any of the other paths being currently used
in the network to be changed or rerouted. It is imperative that there is a single
path between u and v that routes all of u(e); having a backup network that is
able to push the right amount of “flow” would not suffice. This is necessary in
optical networks, where splitting the traffic is not feasible. This is also the reason
that the traffic between two hosts in the originally provisioned network is routed
on a single path. (As an aside, the reader curious about the actual mechanisms
of efficient local restoration of paths is pointed to the literature on MPLS [9].)

The second problem we consider is that of Primary and Backup Allocation.
In this paper we consider two cases of the problem. In the first case, we are
given specifications of the traffic to be handled, and we want to provision both
the primary as well as the backup network. The second case is related to an
online version of the problem, where demands arrive one by one. Here, we must
find both a primary path and a backup path between a pair of terminals {s, ¢},
but where some of the edges may have already been chosen as part of a backup
path for previous demands. Since we are allowed to share those edges between
backups of different pairs of terminals, we model this by allowing different costs
for an edge depending on whether it is a part of a primary or a backup path.

1.1 Models and Results

We now give detailed and precise formulations of the problems studied and
results obtained in this paper.

Backup Allocation: In this paper, we look at (undirected) base networks
G = (V, E) with edge costs c.. In backup allocation, we are given a provisioned
network GP = (VP EP), with each edge e € EP having provisioned capacity
uP(e). The objective is to find an edge set E® C E (which could intersect with
EP) and backup capacities u® for these edges, so that for each e = (u,v) € EP,
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there is a path P(e) € E”\{e} between its endpoints u and v on edges of capacity
at least uP(e). This path P(e) can be used to locally restore e lest it fail.

In Sect. [} we describe an O(1) approximation algorithm for this problem. We
first examine the uniform capacity case, that is when uP(e) = 1 for all e € EP.
This special case is similar to the Steiner network problem [23[I5]18], in that it
prescribes connectivity requirements for vertex pairs, except that now there is a
forbidden edge for each pair. We give an algorithm to handle this in Sect. 2] and
then use scaling to handle the general case with non-uniform primary capacities.

Primary and Backup Allocation: The most common model for specifying
traffic characteristics is the point-to-point demand model, where a demand matrix
D = (d;;) gives demands between each pair of terminals, and the objective is
to find the cheapest network capable of sustaining traffic specified by D. In the
uncapacitated case which is of interest here, allocating the primary can be done
trivially by routing flow on shortest-paths between the terminals.

Considering that good estimates are often not known for the pairwise de-
mands in real networks, Duffield et al. [T0] proposed an alternate way to specify
traffic patterns, the so-called VPN hose model. In its simplest form, each ter-
minal 7 is given a threshold b(i), and a symmetric demand matrix D = (d;)
is called valid if it respects all thresholds, ie., if > d;; < b(i) for all i. The
primary network is specified by a vector u” indicating the bandwidth allocated
on the various edges, and also paths P;; on which all the flow between terminals
(i,7) takes place unsplittably. Feasibility of a solution implies that for each valid
demand matrix (d;;),

Dicj dig x(Pij) < wP,

where x(P) is the characteristic vector of P, and the sum is a vector sum. Provi-
sioning the primary network in the hose model was studied in [16], where among
other results, an optimal algorithm was given when the provisioned network was
required to be a tree; it was also shown that this tree is a 2-approximation for
general networks (without the tree restriction).

These are just some ways to specify the traffic requirements; given a primary
network, the backup network is defined just as before. In this paper, we show
that if there is a a-approximation algorithm for allocating the primary, there
is an O(alogn) approximation for both primary and backup allocation. The
simple two-stage algorithm that achieves this first allocates the primary primary
network GP using the a-approximation algorithm, and then uses the algorithm
of Sect.[d to find a near-optimal backup network for GP.

Tree Networks: Simplicity, along with good routing schemes and error recov-
ery, make trees particularly attractive. This prompted [I6] to give an algorithm
for primary allocation in the VPN hose model which outputs the optimal tree
(which is within a factor 2 of the optimal network). However, when some edge e
in this tree fails and is locally restored by P(e), the new network may no longer
be a tree. For some applications, and also for simplicity of routing schemes, it
is convenient that the network remains a tree at all times, even after restora-
tion. In Sect. Bl we study the problem of allocating backup while retaining the
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tree topology of a given primary network. We show that this problem is hard to
approximate within £2(logn). We also give a backup allocation algorithm whose
cost is O(log?n) times the optimal cost of primary and backup allocation.

The Online Problem: In practical applications, the demands often appear
in an online manner, i.e., new demands for both primary and backup paths
between pairs of nodes arrive one by one. Here we need to solve the primary and
backup allocation problem in the point-to-point demand case, i.e., when there
is a single source-sink pair in the network with a given demand. Concretely, the
goal is to construct both a primary path and a set of backup edges that can be
used for restoring a failure of any of the primary edge. As explained before, a
backup edge can be used to back up more than one primary edge, and hence
some edges may have already been paid for by being on a previous backup path.
We model this by allowing different primary costs and backup costs for an edge,
depending on the purpose for which we will use this edge. Clearly, the primary
cost of an edge should be at least as high as the backup cost. We present a
simple 2-approximation algorithm for this case. We then present two natural
linear programming formulations of the problem and show that one formulation
dominates the other for all instances. Note, that we are considering the local
optimization problem that needs to be solved each time a new demand arrives,
and do not aim at performing the usual competitive analysis where the online
algorithm is compared to the best offline solution.

Related Work: There have been several papers on (splittable) flow networks
resilient to edge-failures; see, e.g., [GfTJI1]. The papers [I9/20] formulate the on-
line restoration problem as an integer program, and give some empirical evidence
in favor of their methods. The paper of [17] considers backup allocation in the
VPN hose model and gives a constant-factor approximation when accounting
only for the cost of edges not used in the primary network. The paper [1] looks
at the problem of limited-delay restoration; however, it does not consider the
question of bandwidth allocation.

The problem of survivable network design has also been investigated exten-
sively (see, e.g., [2] and the references therein). Most of this work has been
focused on obtaining strong relaxations to be used in cutting plane methods.
In fact, the linear programs we use have been studied in these contexts, and
have been found to give good empirical performance. For more details on these,
and on polyhedral results related to them, see [BJ4J5R]. In contrast to most of
these papers, we focus on worst-case approximation guarantees, and our results
perhaps explain the good empirical performance of relaxations considered in the
literature. Our models and assumptions also differ in some ways from those in the
literature. We are interested in local restoration, and not necessarily in end-to-
end restoration. This allows our results to be applicable to the VPN hose model
as well, in contrast to the earlier literature, which is concerned with the point-to-
point model. We also focus on path restoration as opposed to flow restoration.
On the other hand, we do consider a simpler model and limit ourselves only to
the case of uncapacitated networks.
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2 Constrained Steiner Network Problem

Recall that our model assumes the following: when link e = (u,v) fails, the
backup path for (u,v) locally replaces e, i.e, any path that used e now uses the
backup path in place of e without altering the rest of the path. Given provisioned
network GP, the Backup problem seeks to find a set of edges such that for each
(u,v) € GP there is a backup path that does not use (u,v) itself. Note that
we can share edges in the backup paths for different edges. If all the capacities
are the same, this is similar in spirit to traditional network design problems.
Motivated by this we study a variant of the Steiner network problem that is
described below.

In the Steiner network problem we are given an undirected graph G = (V, E)
and cost function ¢ : E — IR*. We are given a requirement rij € Z * for pairs
of vertices (i,7) € V. (We can assume that r;; = 0 for pairs (4, j) for which there
is no requirement.) The goal is to select a minimum cost set of edges £/ C E
such that there are r;; edge-disjoint paths between ¢ and j in E’. In a seminal
paper, Jain [I8] gave a 2-approximation for this problem, improving upon the
earlier 2H,. , approximation [23] where 1, is the largest requirement.

For our application, we add the constraint that for pairs of vertices (i, j),
E’ —{(¢,7)} must support r;; edge-disjoint paths between ¢ and j. Note that
though we are not allowing the edge (i,j) to be used in connecting i and j,
(i,7) could be used in E’ to connect some other pair (¢, 5'). We will refer to the
Steiner network problem as the SN problem, and our modified problem as the
CSN (constrained SN) problem.

We show that any a-approximation algorithm for SN can be used to solve
the CSN problem with an additional loss of a factor of 2 in the approximation
ratio. The algorithm is simple and is given below.

— Let I be the instance of SN with requirement r on G. Solve I; approximately,
and let £’ be the set of edges chosen.

— Define a new requirement function ' as follows. For (4,j) € E’ such that
ri; > 0, set rgj =r;; + 1, else set r;j =Tij.

— Let I be the instance of SN on G with requirement function r’ and with
the cost of edges in E’ reduced to zero. Let E” be an approximate solution
to I. Output E” U E’.

It is easy to see that the above algorithm produces a feasible solution. Indeed,
if (4,7) ¢ E’ then E' — {(4,7)} contains r;; edge-disjoint paths between ¢ and
J. If (i,7) € E' then E” contains r;; + 1 edge-disjoint paths between (7, 7), and
hence E” — {(¢,7)} contains r;; edge-disjoint paths.

Lemma 1. The cost of the solution produced is at most 2. OPT where « is the
approzimation ratio of the algorithm used to solve SN.

Proof. Tt is easy to see that oPT([;) < OPT, and hence ¢(E’) < o oPT. We claim
that oPT(Iz) < OPT. Indeed, if A C F is an optimal solution to I, then AU E’
is feasible for requirements r’. Therefore, ¢(E” — E') < a 0PT(I3) < o OPT, and
¢(E" UE") < 200 OPT.
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2.1 Integrality Gap of LP Relaxation for CSN

We used the algorithm for the Steiner network problem as a black box in ob-
taining the above approximation ratios. Consider the following integer linear
programming formulation for CSN, where z. is the indicator variable for picking
edge e in the solution. For compactness we use the following notation to describe
the constraints. We say that a function  on the edges supports a flow of f be-
tween s and t if the maximum flow between s and ¢ in the graph with capacities
on the edges given by Z is at least f.

min ) ceTe (IP1)
st. 7 € {0,1}Fl supports r;; flow between (i, ) in E — {(i,5)}  for all i,

We relax the integrality constrains to obtain a linear program (LP1), and claim
that the integrality gap is at most 4, the same as the approximation guarantee
for the algorithm above. Jain [18] showed that the integrality gap of the natural
cut formulation for SN is 2. The following linear programming relaxation (LP2)
for SN is flow based and is equivalent to the cut formulation, and hence its
integrality gap is also 2.

min ) cexe (LP2)
st. 7 € [0,1)'F supports 7;; flow between (4, j) in E for all i, j

Note that the optimal solutions to (LP2) for the instances I; and Iy cost no
more than an optimal solution to (LP1) for I. This, combined with the fact that
(LP2) has an integrality gap of at most 2, gives the following result.

Lemma 2. The integrality gap of (LP1), the LP for the CSN problem is upper
bounded by 4.

3 Backup Allocation

In this section we show an O(1) approximation for the problem of computing the
cheapest backup network for a given network. Let G = (V, E) be the underlying
base network and let GP = (VP, EP), a subgraph of G, denote the primary
network. We are also given a real valued function uP on the edge set E that
gives the primary bandwidth provisioned on the edges. Our goal is to find an
edge set E? C F and a function u® : E®* — IR™ such that E® backs up the network
GP for single link failures. Note that we are working in the uncapacitated case
which implies that we can buy as much bandwidth as we want on any edge of
FE and the cost for buying b units of bandwidth on edge e is b - ¢, where ¢, is
the cost of e.

Let w? . = max.cge u”(e). Our algorithm for backup allocation given below
is based on scaling the capacities and solving the resulting uniform capacity
problems separately.
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— Let E? = {e € EP | uP(e) € [2¢,2T1)}. For all e € E?, round up uP(e) to
20t

— For 1 <i < [logub,,.], independently backup E?.

Let E? be the edges for backing up E? and u? be the backup bandwidth
on EY. Note that rounding up the bandwidths of E? causes the the backup
allocation problem on E? to be a uniform problem. The lemma below states
that solving the problems separately does not cost much in the approximation
ratio.

Lemma 3. Let o be the approzimation ratio for the uniform capacity backup
allocation problem. Then there is an approzimation algorithm for the backup
allocation problem with ratio 4c.

Proof. Let E™ be an optimal solution for backup allocation, with «™* being
the bandwidth on E™. For 1 < i < [logu® .. | construct solutions EI*, where
e € E* with capacity ul*(e) = 27! if u™(e) > 2°. Clearly Y, ul*(e) < 4u™ (e),
and so Y, c(E;*) < 4c(E™). However, note that EJ* is a feasible backup for
E? since every edge in E™ of bandwidth at least 2° lies EI* with bandwidth
2i+1 Hence, for each i, using the approximation algorithm for the uniform case
for E? would give us a solution with cost at most ac(E!™). This completes the

proof.

However, the backup allocation problem for the uniform bandwidth case
can be approximated to within o = 4. Given a set of edges EP with uniform
bandwidth u?(e) = U that need to be backed up, the problem can be scaled so
that uP(e) = 1 for e € EP. This is just a problem of finding, for (i,j) € EP, a
path between ¢ and j that does not use the edge (i, 7) itself, which in turn is
the problem described in Sect. [2 with r;; = 1 for (4,7) € EP. Combining this
with Lemma Bl, we get a 16-approximation algorithm for the backup allocation
problem.

The ratio of 4o can be improved to ea by randomness: instead of grouping
by powers of 2, grouping can be done by powers of e (with a randomly chosen
starting point). This technique is fairly standard by now (e.g., [21JI3]) and the
details are deferred to the final version.

Theorem 1. Given any GP, there is a 4e ~ 10.87-approximation for the backup
allocation problem for GP.

3.1 Integrality Gap of an LP Relaxation

We showed an O(1) approximation for the backup allocation problem. We now
analyze the integrality gap of a natural LP relaxation for the problem and show
that it is ©(logn). This will allow us to analyze an algorithm for simultaneous
allocation of primary and backup networks in the next section. The LP formu-
lation uses variables y. which indicate the backup bandwidth bought on edge e.
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We relax the requirement that the flow uses a single path.

min = ), ceYe (LP3)
s.t. g supports u? flow between (7,7) in E — {e} for all e € EP
Ye =0 .

We now analyze the integrality gap. Recall the definition of E? as the set of
edges in EP such that u?(e) € [2%,2°1). As before we round up the bandwidth
of these edges to 2/71. Let z.(i) = min{1,y./2'}. Note that z.(i) € [0,1]. We
claim the following.

Proposition 1. The wvariables x.(i) are feasible for the uniform bandwidth
backup allocation problem induced by E¥ where the bandwidths are scaled to 1.

From the analysis in Sect. [ZT]it follows that the integrality gap of (LP1), the
LP for the uniform bandwidth problem is at most 4. Hence we can find a solution
that backs up the edges in EY with cost at most 4", ccye. Since we have to
only look at [logu? .. values of i, there is a solution that backs up all edges in
EP with cost at most 4logu®,,. > cecye. We can make the upper bound on the
integrality gap O(logn) via a simple argument. We set (i) = 0 if y./2° < 1/n3,
otherwise we set z.(i) = min{1, (1 + 1/n)y./2'}. It is straightforward to argue
that Proposition [ still holds for the variables z.(i) defined in this modified
fashion. The cost goes up by a (1 + 1/n) factor. Each edge e participates in the
backup of at most O(logn) groups E¥, hence the overall cost is at most O(logn)
times the LP cost. This gives us the following theorem.

Theorem 2. The integrality gap of (LP3) is O(min{logn,logu® 1}).

m

The following theorem shows that our analysis is tight.

Theorem 3. The integrality gap of (LP3) is £2(logn).

Proof. We construct a graph G with the required gap as follows. The graph
consists of a binary tree T rooted at r with some additional edges. The cost
of each edge in T is 1. The additional edges go from leaves to the root and
each of them is of cost d, where d is the depth of T. Primary bandwidth is
provisioned only on the edges of T' and is given by u?(e): for an edge e at depth
d(e), uP(e) = 2¢/2%) Backup bandwidth allocation defined by the following
function u’(e) is feasible for (LP3): u®(e) = 1 for each edge e that goes from a
leaf to the root and u®(e) = uP(e) for each edge of T. It is easy to check that the
cost of this solution is O(d2¢). We claim that any path solution to the backup
of T in G has a cost of 2(d?2?). To prove this claim we observe that in any
path backup solution the number of edges from the leaves to the root of backup
capacity 297 is at least 2¢. This follows since there are 2° edges of capacity 247
in T each of which could fail and each of them requires a backup edge from a
leaf in its subtree to the root. The subtrees are disjoint and hence these back up
edges cannot be shared. We set d to be logn to obtain the desired bound.
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We note that the primary network in the above proof is valid for both the
point to point demand model and the VPN hose model. That the former is true
is clear: every edge implicitly defines a point to point demand between its end
points of value equal to the primary bandwidth allocated to the edge. To see
that the above primary network is valid in the VPN hose model consider the
leaves of T as demand points, each with a bandwidth bound of 1.

4 Simultaneous Primary & Backup Allocation

In this section we examine the problem of simultaneously building a primary
network and the backup network of minimum overall cost. We have already
seen an O(1) approximation algorithm to provide backup given the primary
network. We adopt a natural two-phase strategy where we build the primary
network first and then build a backup network for it. If « is the approximation
guarantee for the problem of building the primary network then we obtain an
O(alogn) approximation for building the primary and backup networks. For
the two primary networks of interest, namely the pairwise demand model and
the VPN hose model, we have O(1) approximation algorithms for building the
primary network, hence we obtain an O(logn) approximation for the combined
problem.

An O(logn) approximation: We analyze the two-stage approach for primary
and backup allocation. Let GP be the subgraph of G that is chosen in this
first step. We provide backup for this network using the algorithm described in
Sect.[3 To analyze this algorithm we use the LP relaxation (LP3) for the backup
allocation problem. In the following lemma we will be using extra capacity on
the edges of provisioned network itself. Note that this is allowed.

Lemma 4. Let uP be any solution to the primary problem. Let uP* and u"™ be
the primary and backup in some optimal solution. Then, uP + uP* + u"™ is a
feasible solution for (LP3), the LP relaxation for the backup of uP.

Proof. We assume that the solution «? is minimal. Let e = (4,j) be such that
uP(e) > 0. Since we have a minimal solution it implies that there exists some
traffic between terminals that requires at least uP(e) flow on e. Let the flow paths
that use e in that traffic be P, P, ..., P; and let f; be the flow on P;. In the
graph GP, let X be the set of terminals that are connected to i if the edge (3, 5)
is removed from the paths, and let Y be those terminals that are connected to
j. Let P, connect terminal zj; to terminal y; where z;, € X and y, € Y. We
need to argue that in the graph with out the edge (7,j), we can a send a flow
of value uP(e) from i to j with capacities defined by u? + u?* + u"*. We do this
as follows. We send flow f; from i to each z; using capacities u?(e). Since the
optimum solution is resilient against single edge failures, for 1 < ¢ < k, there
must exist flow paths that can route a flow of f; units from x; to y;, none of
which use the edge (7,7). Since ), f; = uP(e), it follows that we can route a
flow of uP(e) from ¢ to j without using (7, j) in the capacitated graph defined by
uP 4+ uP* +u"r.
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Theorem 4. The two-stage approach yields an O(alogn) approximation to the
combined primary and backup allocation problem where « is the approzrimation
ratio for finding the primary allocation.

Proof. Let P be the cost of the primary allocation and B the cost of backup
allocation in the two stage approach. From the approximation guarantee on
finding P, we have P < a OPT. From Lemma [ it follows that there is a feasible
(LP3) relaxation for the backup allocation problem of value at most P + OPT,
hence at most (a4 1) OPT. From Theorem [2, the backup solution we obtain is at
most O(logn) times the LP value. Hence, B = O(alogn) opT and the theorem
follows.

Corollary 1. There is an O(logn) approzimation for the combined primary
and backup allocation problems for the pairwise demand model and the VPN
hose model.

It turns out that the two-stage approach loses an 2(logn) factor even if the
first step obtains a primary network of optimum cost; the example in the proof
of Theorem [3] demonstrates this.

5 Backup for Tree Networks

In this section, we consider the case when the provisioned network T is a tree.
Furthermore, we require that when an edge e fails, the network T — {e} + P(e)
also be a tree. We show that finding a minimum cost backup network in this
case is at least as hard as the group Steiner problem [14] on trees, which in turn
is 2(log n)-hard. We also give an algorithm whose approximation ratio is within
constant factors of the approximation ratio for the group Steiner problem on
trees, which at most O(log® n) due to Garg et al. [14].

There is a slight difference in the manner in which we define the approxima-
tion ratio in this section. Let T = GP = (VP, EP) be the provisioned network
as usual, and let E® be the backup edges, with «? and u® be the primary and
backup bandwidths as usual. We shall consider the cost of the solution to be
> (uP(e) +uP(e)), and our approximation will be with respect to this measure.
The problem turns out to be hard, even when the measure of goodness is taken
to be Y, u®(e). We omit the proof of the following theorem.

Theorem 5. The tree backup problem is at least as hard as the group Steiner
problem on trees.
5.1 Approximation Algorithm

Let T'= (V, E) be the already provisioned tree. When an edge e fails, it splits
T into two components, and P(e) must be a path between these two compo-
nents which is internally node disjoint from the tree T. We must reserve enough
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bandwidth on the edges in the graph such that the tree formed thus can support
traffic between the demand nodes.

Our basic strategy is the same as in Sect. Bt Let E; be the set of edges in
T on which the bandwidth «? lies in the interval [2¢,2!71). Let w?,  lie in the
interval [2%,25%1). Our algorithm will proceed in stages — in the i*" stage, we
will “protect” the edges in E4;1_;. When we have already protected the edges
in E;y1,...,Es by reserving bandwidth on some edges, we contract edges in
FE;11U...UE;. This will not affect our performance by more than a constant,
since the bandwidth we may later reserve on some edge e in this set will be at
most ., 211 < 4uP(e). Let T; and G; be the resulting tree and base graph
after the contraction. We shall now consider protecting the edges in F;, using
the edges of G;.

The procedure has a few conceptual steps, so let us describe these here, with
the intent of convincing the reader. The proofs closely follow the ideas mentioned
here, but are omitted due to lack of space.

— It can be seen that the edges of F; form a “spider”; i.e., there is a root r, and
a collection of paths {P;}¥_, which meet at 7 but are otherwise node-disjoint.
This is because of the structure of the VPN trees as given in [16], where the
allocated demand on the edges from the root to the leaves is non-increasing.

— The graph G; can be transformed into a graph G} of which 7; is a spanning

tree. All non-T; edges go between vertices of T;. This can be done so that
the backup solutions for 7; in G; and in G} can be translated between each
other with only a constant factor difference in cost.
This transformation is based on the following idea: we consider the backup
edges for E; which do not belong to T;; these must form a tree (else we
could drop one of the edges). Take an Eulerian tour of this tree and consider
the subpaths between consecutive nodes in T;; these can be replaced by new
edges with the appropriate weight, and all other vertices can be disposed
off. Note that the optimal solution in this new instance will be at most
twice the optimal solution before, since the Eulerian tour counted every edge
twice. One has to take care that there may be backup edges in T; itself, and
accounting for these requires a slightly more complicated argument, which
we omit here.

— We now have a simpler problem: a graph G}, with a spanning tree T} in
which we need to find a tree backup for the edges of E;, which form a spider.
Let 7; be the root of T;, and let P;’s be the paths of the spider. Also let T; ;
be the subtree of T; hanging off P;. (See Fig.dl for a picture.) Call a non-tree
edge a back edge if both its end points belong to the same tree T; ;, and a
cross edge otherwise. For example, the edge e, is a back edge, and e. a cross
edge in the figure. Now each edge e of F; has a savior edge sav(e) which is
used to connect the two components formed if e fails. A crucial fact is that
if a cross edge from T; ; to T; j is a savior for some edge e in P;, then it is
a savior for all edges on P; which are above e. Hence, fixing the lowest edge
e in P; whose savior is a cross edge implies that all edges above it are also
saved by that same savior edge, and all edges below it on P; must be saved
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~T

Fig. 1. The tree T}, with tree edges shown in solid lines and non-tree edges in dotted
ones

by back edges. The cost Q(e) of saving the rest by back edges depends on
the portion of T; attached to these edges and the back edges between this
portion; note that this is entirely independent of the rest of the problem.
Suppose we know, for each edge e € U; P;, the cost Q(e). (We shall discharge
this assumption later.) Then the cost of backing up all the edges in E;
consists of the following: for each P;, picking the single cross edge (say going
to T; j+) which is going to be savior (and reserving 211 capacity on it), and
reserving 21 capacity on the edges in T} j/ from the other end of this edge
to the root r;. Of course, we have to add the cost of saving the edges that
were not saved by these cross edges to the solution.

— We now claim that this can be modeled as a minor variant of the group
Steiner tree problem with vertex costs. Each vertex v € T; which is the
endpoint of some cross edge e from T; ; is belongs to the group S; and has
a “cost” 21T 1c, + Q(€’), where € is the lowest edge in P; that can be saved
by e. (Note that S; must be a multi-set, with the vertex v occurring several
times in S; with various costs, if there are several such cross edges.) As a
pedantic aside, there may be no such cross edge, and so r; also belongs to
S; with cost equal to saving P; entirely with back edges. This is done for
every vertex and every value of j. Now the objective is to find the minimum
cost subtree of T; that contains the root and hits every group S; at least
once, where we also have to pay for the vertex of S; picked in the tree. It is
fairly easy to see that this can be transformed into a regular group Steiner
tree problem, and the algorithm of Garg et al. [14] then gives us a O(log” n)
approximation.

— There is one more assumption to be discharged: we have to show how to
compute all the Q(e). We will not be able to do this optimally, but we give a
constant factor approximation for this as well. Since these are independent
problems, let us consider the case when we want to find the cost of backing
up P; using only back edges. We would like to just use the Eulerian trick
done above to reduce the problem to edges only between vertices of P;, and
then find the least cost augmentation. The technical problem that arises
is that that the optimal solution could be using edges in T; ; — P;, and
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doing this trick naively could result in our paying several times for this
reservation, when paying once would have sufficed. We can however show
that we pay for no such edge more than twice, and hence the cost of the
min-cost augmentation is off by a factor of at most 2. Of course, we can only
compute the augmentation within a factor of 2 of optimal, and hence we can
compute Q(e) within a factor 4 of optimal.

6 The Online Optimization Problem

In this section we consider a unit-capacity MPLS primary and backup allocation
problem which is motivated by the online problem of choosing the best primary
and backup paths for demands arriving one by one. Suppose that we are given
source and destination vertices, denoted by s and ¢, respectively. The goal is
to simultaneously provision a primary path p from s to ¢t and a backup set of
edges ¢ of minimum overall cost. Since we are dealing with a single source-sink
pair we can scale the bandwidth requirement to 1, hence all edges have unit
capacity, i.e., the primary and backup edge sets are disjoint. We require that
for any failure of an edge e € p, ¢ Up — {e} contains a path from s to t. We
call this problem SSSPR (Single Source Sink Provisioning and Restoration).
Note that this requirement is slightly different from the backup model discussed
earlier in the paper; here, we do not insist on local restoration. The backup edges
together with the primary edges are required to provide connectivity from s to
t. This problem is in the spirit of the work of Kodialam and Lakshman [T9/20].
As explained before, we model the online nature of the problem by using two
different costs. Formally, there are two non-negative cost functions associated
with the edges: cost function ¢; denotes the cost of provisioning a primary edge
the primary, and cost function ¢y denotes the cost of an edge when used as a
backup edge. We assume that c¢1(e) > ca(e) for all edges e € E.

Let p be a primary path from the source s to the destination ¢t. The following
procedure due to Suurballe [22] computes a minimum cost backup set of edges
for a given primary path p. The idea is to direct the edges on the path p in the
“backward” direction, i.e., from ¢ to s and set their cost to be zero. All other
edges are replaced by two anti-symmetric arcs. For each edge e which is replaced
by arcs a and a~, the cost of both a and a~ is set to cz(e). We now compute
a shortest path ¢ from s to t. It can be shown that the edges of ¢ that do not
belong to p define a minimum cost local backup [22].

A 2-approximation algorithm for the SSSPR problem can be obtained as
follows. First, find a shortest path p from s to ¢ with respect to the c¢;-cost
function. Then, use Suurballe’s [22] procedure to compute an optimal backup ¢
to the path p with respect to the co-cost function. We show below that p and ¢
together induce a 2-approximate solution.

Theorem 6. The two stage approach yields a 2-approzimation to SSSPR.

Proof Sketch. Let OPT be the cost of an optimal primary and backup solution
and let P =} . ci(e) be the cost of p and @ =3 ., c2(e) be the cost of ¢. It
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is clear that P < OPT since we find the cheapest primary path. We next argue
that @ < opPT. Consider Suurballes [22] algorithm to find the optimum backup
path for p. As described earlier, the algorithm finds a shortest path in a directed
graph obtained from G and p. We can express the computation of this shortest
path as a linear program L in a standard way — essentially as a minimum cost
flow computation of sending one unit from s to ¢. The main observation is that
any primary path p’ and a ¢’ that backs up p’ yield a feasible solution to linear
program L. We omit the formal proof of this observation but it is not difficult
to see. In particular, this holds for the set of edges of p* and ¢*, where p* is
an optimal primary path and ¢* is a set of edges that back up p*. Therefore, it
follows that @ < 37 - g C2(€) < X oep- c1(e) + D0 e c2(e). Here is where we
crucially use the assumption that ca(e) < ¢q(e) for all e. Hence, @ < OPT and
the theorem follows.

Although we provide an approximation algorithm, we note that it is not
known whether the problem is NP-hard or not.

6.1 Linear Programming Formulations for SSSPR

We provide two linear programming relaxations of SSSPR. The first formulation
is based on cuts and the second formulation is based on flows. We show that the
second formulation dominates the first one on all instances.

A cut in a graph G is a partition of V into two disjoint sets Vi and V5. The
edges of the cut are those edges that have precisely one endpoint in both V; and
V5. Let T be a subgraph of G which is a tree. A cut (V1,Va) of G is a canonical
cut of G with respect to T if there exists an edge e € T', decomposing T into T3
and 75, such that 77 C V4 and Ty C V5.

Let p be a primary path from the source s to the destination t. It follows from
Suurballe’s [22] procedure that a set of edges ¢ is a backup to a path p if it covers
all the canonical cuts of p. This leads us to the following linear programming
formulation which is based on covering cuts. For an edge e, let z(e) denote the
primary indicator variable and let y(e) denote the backup indicator variable.

min ) pci(e)-z(e) + (Cut-LP)

Q
[\
—~

9
~
<
—~

9
~—

st Deccl(z(e) +yle)) > 2 for all {s,t}-cuts C
Yoeccrle) > 1 for all {s,t}-cuts C

xz(e)+yle) <1 forallee E

z(e),y(e) > 0 forallee E

It is not hard to see that the value of an optimal (fractional) solution to
Cut-LP is a lower bound on the value of an optimal integral solution to SSSPR.
We now present a second linear programming formulation of SSSPR which is
based on flows. Our formulation relies on the following lemma.

Lemma 5. Let p be a primary path from s to t and let q be a set of backup edges.
Replace each edge from p and q by two parallel anti-symmetric unit capacity arcs.
Then, two units of flow can be sent from s to t.
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This leads us to the following bidirected flow relaxation. We replace each edge
by two parallel anti-symmetric unit capacity arcs. Denote by D = (V, A) the
directed graph obtained. The goal is to send two units of flow in D from s to ¢, one
from each commodity, while minimizing the cost. Denote the two commodities
by blue and red, corresponding to primary and backup edges, respectively. The
cost of the blue commodity on an arc a (obtained from edge e) is equal to ¢ (e).
The cost of the red commodity on an arc a (obtained from edge e) is defined as
follows. Suppose there is blue flow on arc a~ of value f. Then, red flow on a up
to value of f is free. Beyond f, the cost of the red flow is ca(e).

min Y pci(e) - file) +cale) - fale) (Flow-LP)
s.t. T supports a unit flow (f1) between s and ¢

¢ supports a unit flow (f2) between s and ¢
fi(e) > max(fi(a), f1(a™)) for all e = (a,a™)
f2(e) = max((fz(a) — f1(a™)),0) + max((f2(a”) — fi(a)),0)

for all e = (a,a
z(a) +y(a forallac A
x(a),y(a) > forallae A .

)
)
")
) <

Given a solution to the SSSPR problem, Lemma [5] tells us how to obtain
a two-commodity flow solution from it. We claim that the cost of the two-
commodity flow solution is equal to the cost of the solution to the SSSPR prob-
lem. Notice that the blue flow costs the same as the blue edges in the SSSPR
solution. The cost of the red flow is zero on arcs which are obtained from blue
edges. On other edges, the cost of the red flow and the cost of the SSSPR solu-
tion are the same. Therefore, the value of an optimal (fractional) solution to the
Flow-LP is a lower bound on the value of an optimal integral solution. We now
prove that Flow-LP dominates Cut-LP.

Theorem 7. For any instance of the SSSPR problem, the cost of the optimal
solution produced by Flow-LP is at least as high as the cost of the optimal solution
produced by Cut-LP.

Proof. We show that given a feasible solution to Flow-LP, we can generate a
feasible solution to Cut-LP without increasing the cost. Consider edge e € F
which is replaced by two anti parallel arcs a and a~ in Flow-LP. Without loss
of generality, we can assume that at most one of {fi(a), fi(a™)} is non-zero
and at most one of {f2(a), fo(a™)} is non-zero. Define z(e) = fi(e) (or z(e) =
fi(a) + fi(a™)) and y(e) = min(f2(e), 1 — fi(e)). We show that {z(e),y(e)}ecr
defines a feasible solution for Cut-LP. Let the z-capacity (y-capacity) of a cut be
the sum of the variables x(e) (y(e)) taken over the edges e belonging to the cut.
Clearly, the z-capacity of all {s,t}-cuts is at least one, since flow f; in D sends
one unit of flow from s to ¢t. It remains to show that the z-capacity together
with the y-capacity of all {s,t}-cuts is at least two.

Consider a particular {s,t}-cut C. Decompose flow function f; in D into
flow paths, each of flow value €. Let n(k) denote the number of flow paths in the
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decomposition that use precisely 2k +1 edges from C'. Clearly, >, n(k)-e =1,
and so the contribution of flow f; in D to the xz-capacity of C is

z,;“;o(%ﬂ).n(k)-5=2ik-n(k)-s+in(k).e
k=0 k=0
=2 ken(k)-e+1 .

Suppose > ok - n(k) - e < 1/2, otherwise we are done. The red flow in
D, fs, can send for “free” flow of value at most > -,k - n(k) - € using arcs
belonging to cut C. (For each arc a carrying blue flow of value €, red flow of
value € can be sent on a~ for free.) Therefore, the red flow must send flow of
value at least 1 — Y2 (k- n(k) - € using capacity “paid” for by fo. (Note that
for this flow we have y(e) = fa(e) for all edges e.) Hence, the y-capacity of C' is
at least 1 — 372 k-n(k)- ¢, yielding that the capacity of cut C' (z-capacity and
y-capacity) is 1+2> 7 ck-n(k)-e+1—> 72 k-n(k)-e > 2, thus completing
the proof.

Integrality Gap: It is not hard to show that a fractional solution to both for-
mulations can be rounded to an integral solution while increasing the cost by at
most a factor of 2. The proof is along the lines of the proof for the combinatorial
2-approximation algorithm presented earlier.

We also have an example of an instance where there is a (multiplicative)
gap of at least 5/4 between the optimal solution to Flow-LP and any integral
solution.
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Abstract. We examine formulations for the well-known b-matching
problem in the presence of integer demands on the edges. A subset M
of edges is feasible if for each node v, the total demand of edges in M
incident to it is at most b,. We examine the system of star inequalities
for this problem. This system yields an exact linear description for b-
matchings in bipartite graphs. For the demand version, we show that
the integrality gap for this system is at least 2% and at most 2%. For
general graphs, the gap lies between 3 and 31%. A fully polynomial ap-
proximation scheme is also presented for the problem on a tree, thus
generalizing a well-known result for the knapsack problem.

1 Introduction

A combinatorial maximum packing problem is determined by a ground set V/,
each element v of which has an associated profit, denoted p,,, and a collection F
of feasible subsets of V. The objective is to find a feasible set F' € F inducing
a profit p(F) = > cppy of maximum value. Feasibility for such problems is
often determined by some set of resource capacities into which at most some
bounded number of ground elements can be packed. For instance, in the b-
matching problem on a graph, a subset M of its edges is feasible if each node
v is incident to at most b, edges of M. We are interested in understanding the
relationship of such base problems, where ground elements in effect have a unit
size, to their demand version where the elements each come with an integer
demand value. For instance, in the case of b-matchings, each edge e could be
additionally supplied with a demand d.. A set M of edges is then feasible if
for each node v, the total demand of edges in M incident to v does not exceed
the capacity b,. Naturally, this gives rise to a completely different collection of
feasible sets.

A traditional attack in solving such base packing problems is to find a linear
description for the convex hull of incidence vectors of feasible sets. This reduces
the original problem to a linear program of the form max{p-x: Ax < b,x > 0}
since any basic solution is then a 0 — 1 vector which identifies an optimal feasible
set. For example, if G is bipartite then its node-edge incidence matrix is totally
unimodular. Hence this matrix immediately yields such a good formulation for
the b-matching problem [9]. The demand version of the problem can then be
expressed as an optimization problem: max{p - x : Ax < b,x; € {0,d;}}, where

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 457-[474 2002.
© Springer-Verlag Berlin Heidelberg 2002
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d; € Z is the size, or demand of the element i. However, analysis of the linear
relaxations of these problems seems to require different methods from those used
for the base problem itself. This is largely because the whole demand must be
satisfied before its profit may be reaped. Such “all or nothing” constraints arise
quite naturally in practice; bandwidth trading in communication networks, for
instance, is one such example.

We may equivalently view the demand version of the original packing prob-
lem as optimizing over the set {x : A% < b, x; € {0,1}}, where A¢ is obtained
from A by multiplying each column i by the value d;. One may ask whether ap-
plying this process to well-behaved matrices A leads to linear relaxations whose
integrality gaps are also well bounded in some way. The examples in the present
article, for instance, always have at worst a constant integrality gap. This is not
always the case. Chekuri [B] has shown instances of multicommodity flow in a
path graph which lead to logarithmic integrality gaps. The base problem in this
case is finding stable sets in an interval graph, and hence the original constraint
matrix is totally unimodular.

Theoretical work on “all or nothing” demand versions of combinatorial pack-
ing problems is rather limited. The obvious starting point for problems of this
genre is the knapsack problem; this is the case where A consists of a single row.
Multiple knapsack problems have been studied from the perspective of providing
good approximation algorithms, see [4]. This is the case where all rows of A are
equal. As stated, however, our focus is upon such multiple knapsack problems
that arise from some base combinatorial packing problem.

A demand version of network flows was introduced by Dinitz et el. [6]. Specif-
ically, they develop techniques for the maximum single-source unsplittable flow
problem. There, the base combinatorial problem is that of packing paths into a
capacitated network. In the unsplittable flow setting, one is also given a source
s and a collection of terminals ¢, ts,...,t; with demands dq,ds, ..., ds, respec-
tively. The packing problem is to satisfy a maximum number of the demands
subject to the edge capacity constraints. This problem may be viewed in our
present framework as follows. Let each s —t; path have the demand d;. If we add
a sink node t and edges t;t of capacity d;, then the goal is to find a maximum
packing of the weighted s — ¢t flow paths.

In this paper, we focus on the “all-or-nothing” profit model as imposed on
one of the best understood combinatorial optimization problems: b-matchings
[7]. Note that the maximization form of the assignment problem has this form.
Namely, the base problem can be viewed as bipartite b-matching where every
node on one side of the bipartition has the same b,-value as a common demand
value on each of its incident edges. Indeed, our analysis of basic solutions follows
along similar lines to that of [I] for the generalized assignment problem. Results
of Shmoys and Tardos [I2] on the generalized assignment problem, although fo-
cused on congestion minimization, also bear resemblance to certain findings in
the present paper. In general, the relationship between the congestion minimiza-
tion problem and the maximization problem is unclear. For multicommodity flow
where the supply graph is a tree, for instance, the congestion problem is trivial.
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Finding a maximum routable (obeying capacities) subset of the commodities,
however, is not. Even the case of unit demands requires an interesting analysis
[8]. We know nothing about the demand version of this problem. Recently, how-
ever, a constant-approximation has been found in the case that the supply graph
is a path [3] (assuming the maximum demand is bounded by the minimum edge
capacity).

1.1 The Demand Matching Problem

Take a graph G = (V| E) and let each node v € V have an integral capacity,
denoted by b,. Let each edge e = uv € E have an integral demand, denoted by
d. In addition, associated with each edge e € F is a profit, denoted by p.. A
demand matching is a subset M C FE such that ZeEé(v)ﬂM d. < b, for each node
v. Here §(v) denotes the set of edges of G incident to v. We assume, throughout,
that the demand of any edge is less than the capacities of both its end-vertices;
otherwise such an edge is not contained in any demand matching and may be
discarded. The demand matching problem is to find a demand matching which
maximizes ) .., Pe- We also associate with an edge e a value, 7, = p./d., which
we call the marginal profit of that edge. Marginal profits play an important role
in the understanding of demand matchings. We use them now in a formulation
of the problem.

max Y, e Te

ecE
s. t. Z Te < by YoeV, (1)
e€d(v)
Te € {0,d.} Vee FE .

There are several special cases of the demand matching problem that are
interesting in their own right. We begin by considering specific demand and
profit functions.

(i) Unit Demand Function: the demand of each edge is one. Observe that this
problem is just the familiar b-matching problem. Hence, the unit demand version
can be solved in polynomial time.

(ii) Maximum Cardinality Demand Matching Problem: the profit associated with
each edge is one, and hence the objective is to find a feasible demand matching
containing as many edges as possible.

(iii) Constant Marginal Profit Function: the profit associated with each edge is
proportional to its demand. As a result the marginal profit of each edge is the
same.

Particular underlying graphs also give rise to interesting subproblems. For
example, suppose that the underlying graph is a star, i.e., a tree in which every
node is a leaf except for the root node r. In this case, the demand matching
problem is equivalent to the knapsack problem, where the knapsack capacity is
b, and there is an item of weight d. for each edge e. In addition, if we have a unit
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marginal profit function, then the demand matching problem on a star includes
the familiar bin-packing problem. As a consequence, we note that the demand
matching problem is NP-hard even where G is a star.

1.2 An Overview of the Paper

The paper is organized as follows. In Sect. 2] we show that the demand match-
ing problem, even in the cardinality case, is MAXSNP complete. In Sect. [3 the
natural linear programming relaxation is presented and studied. Here it is seen
that the integrality gap for the formulation is at least 2% for bipartite graphs
(whereas, it is 1 for the unit-demand case) and at least 3 for general graphs. We
are discuss an extension of Berge’s Augmenting Path Theorem which gives an
optimality certificate for fractional demand matchings. Most of the remainder of
the paper seeks upper bounds on this gap by way of approximation algorithms
that turn fractional solutions into integral solutions. The basic scheme uses aug-
menting paths and is introduced in Sect.[d. It yields a 3-approximation for bi-
partite graphs and a 3%—appr0ximation for general graphs. In Sect. [£.3]it is seen
that understanding the integrality gap is related to determining the fractional
chromatic number of bipartite graphs where some of the edges have been subdi-
vided. A randomized algorithm is then devised for this problem which improves
the general bound for bipartite graphs to 2% (and 31—56 for general graphs). In
Sect. Blalgorithms for the cardinality problem are presented with approximation
guarantees that coincide with the lower bounds on the gap of the linear program.
Finally, in Sect. [6] we present a fully polynomial time approximation scheme for
the problem in which the underlying graph is a tree; this generalizes the well
known result for the knapsack problem.

2 Hardness Results

We have already seen that the demand matching problem is hard for instances
with unit marginal profit functions. However, we have also seen that instances
with a unit demand function are polynomially solvable. In this section we exam-
ine the hardness of the demand matching problem in more detail. In particular,
we show that the maximum cardinality demand matching problem (and hence
the general demand matching problem) is MAXSNP-hard. Thus, there exists a
constant € > 0 such the problem admits no (1 — ¢)-approximation algorithm un-

less P = N P. We say that 1; is the inapproximability constant for the problem.

Theorem 1. The cardinality demand matching problem is MAXSNP-complete
(even if the demands are restricted to be 1 or 3).

Proof. We first give a reduction from the the stable set problem to the cardinal-
ity demand matching problem. Let (G, k) be an instance of the stable set prob-
lem. We construct an instance G’ of the (decision) cardinality demand matching
problem such that G has a stable set of size k if and only if G’ has a demand
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d, times

Fig. 1. A Gadget

matching of size 2m + k, where m is the number of edges in G. For each node
v in G we have two nodes v and ¥ connected by an edge in G’. In addition, for
each edge uv in G there is a node (u, v) in G'. Between nodes v and (u, v) there
is a path consisting of two edges. Similarly there is a a path consisting of two
edges between the nodes u and (u,v). Thus, for each node v in G we have an
associated gadget in G’; such a gadget is shown in Fig. [Il. Here v is adjacent
to ui,usg,...,u, in G, where r equals the degree, d,, of v in G. We say that
node v is selected by a demand matching if the matching contains all the d, + 1
“outer” edges from v’s gadget (these outer edges are shown in bold in Fig. [ If
the demand matching chooses the d, “inner” edges from the gadget, then v is
said to be deselected. If each node is either selected or deselected, then the size
of the demand matching is }©, o d(v) + 3, c5(d(v) +1) = 32, d(v) + [S], where
S is the set of selected nodes.

To enforce these selection rules, we set the capacity of each node in a gadget
to be 1 with the exception of v and © which have capacity d,. In addition, every
edge has demand 1, except for the edges v0 which have demand d,,. This ensures
that if vo is chosen, then none of the inner edges may be, and that only one of
the two edges on the path from the node v to the node (u,v) may be chosen.
One sees that any demand matching which contains d(v) 4+ 1 edges from a node
v’s gadget must use the edge vv. Moreover, take a demand matching of size
2m + k, for some k. Such a matching can easily be transformed into a demand
matching, of the same or greater magnitude, in which each node is either selected
or deselected. By our choice of capacities, we then have that the selected nodes
form a stable set in G. Conversely, suppose S is a stable set of size k in G. Then
the union of the outer edges from gadgets corresponding to nodes in S with the
inner edges from gadgets corresponding to nodes not in S gives a matching of
cardinality 2m + k. Thus, we have the desired reduction.

We now complete the proof of max-SNP completeness. Consider the maxi-
mum stable set problem in graphs with bounded maximum degree. Inapprox-
imability results are given in [2] for such graphs; for graphs of maximum de-
gree 5 the inapproximability constant is at least 1.003. So, suppose we have
an (1 — €) approximation algorithm for the cardinality demand matching prob-
lem. Now take a graph G of maximum degree 5 with a maximum stable set of
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Fig. 2. Lower bound examples for trees and non-bipartite graphs

size k. Observe that k > & > {£. In addition, our reduction produces a graph
G’ with maximum demand matching of cardinality OPT = 2m + k. Applying
our approximation algorithm we obtain a demand matching of cardinality at
least (1 — €)(2m + k). This corresponds to a stable set in G of size at least
(1—e)2m+k)—2m=(1—-ek—¢€-2m > (1 — e)k —¢- 30k = k(1 — 3le).
So 1 — 3le < 0.997 and hence the inapproximability constant for the demand
matching problem is at least 1.000097. a

We remark that we do not know the problem complexity if the demands are
restricted to be either 1 or 2.

3 A Linear Programming Relaxation

We now consider a linear program relaxation of the formulation (), i.e. for each
edge we now have the linear constraints 0 < z. < d.. We call the solution space
of the resultant linear program the fractional demand matching polytope. We say
the a point x in the polytope is a fractional demand matching. In this section
we investigate the structure of this polytope and its extreme points; we apply
the results later when we return to the integral problem.

3.1 Lower Bounds on the Integrality Gap

We first describe some lower bounds on the integrality gap of the linear program-
ming relaxation. For trees the integrality gap is exactly two. This is well-known
as there is a class of knapsack problems for which the fractional optimum is
twice the integral optimum. An example is shown in Fig. 2h), where the vertices
are labeled by their capacities. For non-bipartite graphs, we now show that the
integrality gap of the linear program is at least three. Consider the simple ex-
ample shown in Fig. 2b). Note that no node can satisfy both of its incident edge
demands. Thus, the optimal integral solution contains exactly one edge from the
triangle. Since each edge has value p. = 1 the optimal integral solution has value
1. However, consider setting each edge weight to be z. = k — 1. This gives a
feasible fractional demand matching with profit 3 — 2. Thus the integrality gap
is at least three. Finally, for bipartite graphs, Fig. [3] l shows that the integrality
gap is at least 2%. The optimal fractional solution, shown in Fig. Bh), gives a
profit of value 20 — %, for some constants d and k. The optimal integral
solutions, shown in shown in Fig. Bi) and 3ii), give a profit of value 8. We obtain
the claimed gap as k becomes large relative to d.
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Fig. 3. A lower bound example for bipartite graphs

3.2 Basic Solutions of the Fractional Demand Matching Polytope

Given a fractional demand matching x we say that a node v is tight if

Z dexe:bv 5

e€d(v)

otherwise the node is termed slack. We say that an edge e is tight if x. = d.;
we say that e is fractional if 0 < z. < d.. Let F(x) C F be the set of fractional
edges induced by the fractional demand matching x. Let G(x) denote the graph
induced by F(x).

Lemma 1. Let x be an extreme point of the demand matching polytope. Then
each component of G(x) consists of a tree plus (possibly) one edge. In addition,
any cycle in G(x) has odd length.

Proof. First, suppose that G(x) contains an even cycle C' = {ey,ea,..., e}
For any ¢, we define y by setting y; = @, + (—1)"¢ for each i = 1,2...,2k and
Ye = x. for any other edge e. Similarly we define z := x — (y — x). Observe that,
since the edges on the cycle are fractional, there exists a positive € such that both
y and z are feasible. We then obtain the contradiction that x = 1 (y + z). Next
suppose that some component contains two odd cycles C; and Cs. The cycles
do not share an edge; otherwise they induce an even cycle. Thus C; and Cy are
edge disjoint and connected by a (possibly empty) path P. Observe that the edge
set C1 U P UCyU P is an even length circuit. We then obtain a contradiction
by similar reasoning to that given above except that increments along P are by
+2¢e. The result follows. a

3.3 Berge Conditions for Fractional Demand Matchings

Berge’s classic result on matchings asserts that a matching is of maximum car-
dinality if and only if it has no augmenting path. This result does not have a
simple generalization for demand matchings. We can, however, extend this result
to give optimality conditions for the fractional demand matching problem. We
begin with some definitions. Suppose we partition some subset of the edges into
two sets PUN. We call the resultant edge sets the positive edge set and the neg-
ative edge set, respectively. The marginal value 7(F) of a set of edges F' C PUN
is just the sum of the marginal values of its positive edges minus the sum of the
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marginal values of its negative edges i.e., 7(C) = Y cprp Te = Dccpnn Te- A
balloon is formed by an odd length cycle attached to a (possibly empty) path
known as the string. A dumbbell is formed by two edge-disjoint odd length cycles
connected by a (possibly empty) path known as the rod. A structure is either a
path, an even length cycle, a balloon or a dumbbell.

A path P is called augmenting (with respect to x) if there is a partition
PUN of E such that (i) Edges on the path are alternately positive and negative
(or vice versa), (ii) m(P) > 0, (iii) If an endpoint v of the path is tight, then
its incident edge is negative, (iv) None of the positive edges in P is tight. The
motivation behind this definition is as follows. The first two conditions state
that it is beneficial to augment around the structure i.e., add e weight to the
positive edges, remove € weight from the negative edges. Such an augmentation
maintains feasibility with respect to the node constraints at internal nodes in the
path. The third condition ensures that, for small €, the node constraints remain
satisfied at the end nodes as well. Finally the fourth constraint ensures that, for
small e, the edge constraints also remain satisfied. Thus if we find an augmenting
path we may improve our current demand matching.

Other structures may also be augmenting. An even length cycle is just a
closed path of even length, and a dumbbell is an even length circuit in which the
edges in the rod are traversed twice. Thus, augmenting cycles (and dumbbells)
can be defined analogously to augmenting paths (and balloons). Here, however,
we may omit condition (iii). This is because in an even circuit all the nodes may
be considered internal to the path. Observe that a balloon is just a closed odd
length path in which edges on the string are traversed twice. Thus, augmenting
balloons can be defined analogously to augmenting paths. Note that as the circuit
is of odd length, some node, say v, is incident only to positive edges (or only to
negative edges). We may think of v as the “endpoint” of the balloon and, thus, in
defining augmenting balloons we do require condition (iii). It is also easy to see
that it is beneficial to augment along any of these other augmenting structures.
We omit a proof of the following result due to space constraints.

Theorem 2. A fractional demand matching is optimal if and only if it induces
no augmenting structure. O

4 Linear Programming Based Algorithms

4.1 Transforming a Fractional Demand Matching

We now present a procedure which takes a fractional demand matching and
transforms it so as to reveal a two coloring of the edges which can be used later.
The algorithm for trees lies at the heart of the main algorithms so we tackle this
specific case first. The procedure is then used to give an approximation algorithm
for the demand matching problem with a factor 3% approximation guarantee.
This guarantee can be improved in some special cases. If the underlying graph
is bipartite we obtain a factor 3 guarantee, and if the graph is a tree we obtain
a factor 2 guarantee.
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Consider solving the linear program on a tree. We show how to obtain an
integral demand matching whose profit is at least half of the optimal fractional
demand matching x. To do this we show that 7" contains two disjoint integral
demand matchings whose combined profit is at least that of x. We may assume
that any edge e with . = 0 has been discarded. Next, recall that the set of
fractional edges, F'(x), induce a forest in 7T". Call the trees in this forest T3, ..., T;.
Let f the vector obtained by setting all components not in F' equal to 0; also
let h be associated with the tight components and so x = f + h. Notice that
on its own, f is a feasible, but non-optimal, fractional demand matching. In
particular, between any two leaves in a tree T; there is an augmenting path P
with respect to the demand matching f. We may augment along such a path in
either direction, and one of these results in an improved demand matching f'.
Moreover, this can be carried out so that either some edge becomes tight (in
which case be add the edge to h to obtain a new set of tight edges h’) or some
edge becomes zero. Observe that f' +h’ is no longer a feasible fractional demand
matching. In particular, the node constraints at the leaf nodes in 7; may now
be violated. This, however, will not cause a problem as we are trying to obtain
two disjoint demand matchings from this union. Note that node constraints at
internal nodes in the path continue to hold.

We repeatedly augment along fractional paths between leaves in the forest
induced by the remaining fractional edges (i.e. induced by f’) until the set of
fractional edges induce a matching in 7. Note that the process terminates since
at each step we either discard an edge or make an edge tight, thus reducing the
number of fractional edges. We call this process of modification of our linear
programming solution the augmenting paths procedure. Since the value of our
(non-feasible) solution improved at each step, the solution at the end of the
augmenting paths procedure has profit at least that of the optimal fractional
demand matching x. Now, divide the support for the final solution into fractional
edges F* (that form a matching) and tight edges H*. Next, we partition the edges
into two types. We say that an edge e is bronze with respect to v if e € 6(v) and
either i) e is in F™* or ii) v is not incident to an edge in F*, and e was the final
edge incident to v to become tight. Otherwise we say that e is a copper edge
with respect to v. We call an edge bronze if it is bronze with respect to either of
its endpoints, and call it copper otherwise.

Lemma 2. The set of copper edges with respect to a node v are collectively
feasible with regards to the associated node constraint.

Proof. If there is no bronze edge with respect to v then all of the incident edges
were tight in the initial linear program solution. Hence they are all collectively
feasible at v. So let b be a bronze edge with respect to v. Let the copper edges
with respect to v, ordered according to the order in which they became tight, be
c1,C2, ..., ci. Consider the edge ¢;, and suppose it became tight whilst augment-
ing the path P. Note that the edge b must have been fractional at this time.
Thus v was not a leaf node in some fractional tree. Therefore, v was an internal
node on the path P and the associated node constraint remained satisfied after
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the augmentation. Thus, ¢, co,...,c; were collectively feasible with respect to
the node constraint at v. a

The following theorem now shows that we have a factor 2 approximation al-
gorithm for the case in which the underlying graph is a tree. (This is substantially
improved in Sect. [6)

Theorem 3. A tree contains two disjoint demand matchings My and My whose
combined profit is at least that of the optimal fractional demand matching.

Proof. Apply the above procedure to an optimal fractional demand matching.
The edges in the tree can now be partitioned into two feasible demand matchings.
This is achieved by 2-coloring the edges of the tree so that the bronze edge with
respect to a node v receives a different color from any of the copper edges with
respect to that node. This can be done greedily, starting from an arbitrary root
node in the tree, and then working out towards the leaves. Note that by Lemma,
it follows that the demand matchings induced by each of the two color classes are
feasible. The combined profit of these matchings is at least that of the optimal
fractional demand matching and, therefore, at least that of the optimal demand
matching. a

Theorem 4. There is a factor 3-approximation algorithm for the demand
matching problem on bipartite graphs.

Proof. Solve the linear programming relaxation. If the tight edges in the linear
program provide at least one third of the profit of the optimal fractional solution
(i.e., the value of the linear program) then we are done. Otherwise the fractional
edges provide two-thirds of the total profit. Since the graph is bipartite, by
Lemmal [T} the fractional edges form a tree. Thus we can find an integral demand
matching in the tree with at least half the value of the optimal fractional solution
on that tree. This integral demand matching has, therefore, value at least one
third that of the LP. ad

Theorem 5. There is a factor 3%—approxz’mation algorithm for the demand
matching problem on non-bipartite graphs.

Proof. We again begin by partitioning the edge set induced by x into fractional
edges and tight edges. We would like fractional edges to induce two demand
matchings as before. However we may not be able to do this since the fractional
edges may, by Lemma [, induce components that contain a single odd cycle.
Instead we obtain a total of four demand matchings by the following method.
Take any odd cycle C induced by the fractional edges. Let e be the edge in C for
which d. — z. is minimized. Let e be incident to e; and es on this cycle. Observe
that if de — z. < min(x,,, ., ), then the set of tight edges still form a feasible
demand matching even with the addition of e. Thus, we add e to the set of tight
edges. Otherwise, suppose d. — . > Z.,, say. Then, since d. — x. < de; — Te,,
we have that z., < ldel. In this case, we place e; in a special set S.

By this method we remove one edge from each odd cycle, either by adding
an edge to the set S or to the set of tight edges. Note that since the odd cycles
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are vertex disjoint, the set S induces a matching and hence induces a demand
matching. The set of tight edges (plus any edges added during this process) also
form a demand matching. Finally the remaining set of fractional edges induce
a forest, from which we may obtain two demand matchings. Thus, we have
partitioned the support of x into four demand matchings. Moreover, the edges
in S have twice the profit that they contributed to the profit of x. It follows that
one of these demand matchings induces a profit of at least % that of the linear
programming solution. |

4.2 Extending the Edge-Coloring

It will be useful in the following sections if we extend our edge coloring of the tree
edges to include all the edges in the linear program solution (except for those
edges that get discarded during the augmenting paths procedure). In particular,
we will generate a 2-coloring of the edges for bipartite graphs, and a 3-coloring
for non-bipartite graphs, Take the optimal fractional demand matching x. So x
induces a set of tight edges and a fractional subgraph. Each fractional component
is a tree together (possibly) with an extra edge that induces an odd cycle. All
of the tight edges induced by x are also termed copper with respect to both
of their endpoints. The fractional edges are colored bronze, copper and red by
the following augmenting paths procedure. We again augment along leaf-to-leaf
fractional paths, with the additional possibility that augments may be from a leaf
to itself, via the odd cycle. Note that non-simple augmentations use increments
of size +2¢ along the stem of the augmenting path, whereas along the odd cycle
the increments are +e. As before, we choose the direction of the swaps so as to
improve the profit of the fractional demand matching. In addition, we do not
alter feasibility at a node unless it was the leaf of the augment.

Note that at some point in the process a fractional component may contain
no leaves i.e. it is an odd cycle. If some edge e on the cycle has the property
that x, < %de then we color e red and remove it from the component. We then
continue the augmentation procedure and color the rest of the edges copper or
bronze. If no edge has this property then it can be shown that there is an edge
e with the property that d, — z, < min(x,,, z.,), where e is incident to e; and
e on the cycle. We color e copper with respect to both its endpoints, remove it
from the component and continue the augmentation procedure. The procedure
terminates when the set of fractional edges forms a matching together and all
the edges are colored. It is easy to check that Lemma [2] still holds, even with
respect to the enlarged for the set of copper edges generated by this extended
coloring. This observation will be needed in the subsequent sections.

4.3 To Stable Sets and a Randomized Algorithm

In this section we show that the case of bipartite graphs is qualitatively different
from the case of non-bipartite graphs with respect to the linear programming re-
laxation. In particular, we show that the integrality gap of the linear program is
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strictly less than 3 for bipartite graphs. This we achieve via the use of a random-
ized algorithm. Before presenting the randomized algorithm, we first show how
the edge coloring induced by the linear program allows us to recast our problem
as a stable set problem. Assume that we are in the bipartite case; hence, all the
edges are colored bronze or copper (for the non-bipartite case, remove the red
edges). Our stable set problem will be on a “line graph” G’ whose definition
is based on the copper and bronze edge interactions. The nodes of G’ are the
bronze and copper edges. For simplicity, we also call the nodes in G’ bronze
and copper. Two nodes induce an edge if their corresponding edges can not be
included in the same demand matching i.e., if the edges share an endpoint v and
one of the edges is bronze with respect to v. Note that, the set of bronze edges
also induce a forest in G’. The copper edges induce nodes of degree at most 2
in G', since a copper edge uv can not be placed in a demand matching with the
edges that are bronze with respect to u and v. It follows from Lemma [ that a
stable set in G’ corresponds to a demand matching in G.

We now present a randomized algorithm for the general demand matching
problem in bipartite graphs. The algorithm gives an improved approximation
guarantee of 2.8125 for bipartite graphs. We work on the induced stable set
problem in the associated graph G’. The randomized algorithm first selects a
stable set from amongst the bronze nodes. It then greedily adds any copper
node with neither endpoint in the stable set. The algorithm works as follows.
Take the forest induced by the bronze nodes. For each tree in the forest pick an
arbitrary root node r. We now give the nodes in the tree a 0 — 1 labeling. First
give r the label 1 with probability %, otherwise label it 0. We consider the other
bronze nodes in the tree in increasing order of their distance to the root. Take
a node v with parent u. If u has label 1, then give v the label 0. Otherwise, if
u has label 0, then give v the label 1 with probability i and the label 0 with
probability %. Observe that, at the end of this labeling process, each bronze node
has a probability % of being labeled 1. Now the label 1 corresponds to throwing
away the node. The nodes with label 0 form a collection of trees. Since trees are
bipartite we obtain two stable sets from each tree. We chose at random one of
these stable set to be in our final stable set. Finally the copper nodes are added
into the stable set if none of their endpoints is already chosen. We now analyze
the performance of this algorithm.

Theorem 6. A randomized algorithm provides a factor Q%ﬂpprom'mation
guarantee for the demand matching problem in bipartite graphs.

Proof. To show this we calculate the probability that a given node is chosen
as part of the stable set (i.e., the probability that an edge is in the demand
matching). First, note that each bronze node is not removed with probability %.
Thus, since its bipartition class is chosen with probability %, it is in the stable set
with probability % We now consider the copper nodes. We may assume that the
copper node is incident to two bronze nodes in the same tree of the bronze forest.
The case in which the bronze nodes are in different trees is more beneficial. Note
that each copper node induces a unique odd cycle with nodes in the bronze tree.
Since our original graph was bipartite, this cycle in G’ must contain at least four
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bronze nodes. The worst case analysis occurs when the cycle contains exactly
four bronze nodes. Take a copper node with bronze neighbors v and v. We have
two situations to deal with. Firstly, without loss of generality u is an ancestor of
v. Secondly v and v share a common ancestor. The first case and all the possible
node labelings are shown in Fig. @l Associated with each labeling is a pair of
probabilities (p, q), where p is the probability that the labeling occurs and ¢ is
the probability that (given this labeling) the copper node ¢ can be placed in the
resultant stable set. It follows that the overall probability that the copper node

c is placed in the stable set is }1—(1).

0 1 0 0 0 1 1 0

0 0 1 0 0 0 0 1

0 0 0 1 0 0 1 0
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Fig. 4.

Similarly the second case is shown in Fig. [l This also gives the same overall
probability of %. This implies that the randomized algorithm only gives a per-
formance guarantee of 3%. However a simple modification allows for a better

0[/\.0 ol/\.l ,[/”\.0 olﬁo (,[/\.0 o[/\ IIA 0[/'\.0

&9 G G (&4) () Gy G G

Fig. 5.

guarantee. Observe that the set of copper nodes forms a stable set. Therefore,
run the randomized algorithm with probability % to obtain a stable set and, with
probability %, take the set of copper nodes to be our stable set. It now follows
that each node is in the stable set with probability at least %. Thus we obtain
an approximation guarantee of 212 = 2.8125. O

We remark that slightly better approximation guarantees do arise when more
complex randomization schemes are applied. The randomized method may also
be applied to non-bipartite graphs.

Theorem 7. A randomized algorithm provides a factor 31‘%-appr0:vimation
guarantee for the demand matching problem in non-bipartite graphs.



470 Bruce Shepherd and Adrian Vetta

Proof. Recall that, after the generalized augmentation procedure is completed,
the red edges have the property that x, < %de. Let the value of the fractional
solution after augmentation be v*. If the demand matching induced by the red
edges has value less than %v*, then the value of the copper and bronze edges
is at least %U*. Applying the randomized algorithm to the stable set problem
induced by the copper and bronze edges then produces a solution whose expected

value is zzv*. O

5 The Cardinality Problem

Recall that in the case of unit-profits per edge our goal is to find a maximum
cardinality demand matching. For the maximum cardinality problem we show
that approximation guarantees of 2% and 3 are obtainable for bipartite and non-
bipartite graphs, respectively. We begin with the bipartite case. From the results
of the previous section, it is sufficient to find, in polynomial time, a stable set in
G’ that contains at least two-fifths of the nodes of G’. We show this can be done
in a greedy fashion. In what follows we divide the edges of G’ into two classes:
tree edges are those edges in the forest formed by the bronze nodes; the edges
incident to copper nodes are termed non-tree edges.

Theorem 8. In bipartite graphs, a greedy algorithm finds a demand matching
whose profit is at least % that of the optimal fractional demand matching.

Proof. We build up a stable set iteratively by showing that we we can find a
stable set S in G’ with the following properties. Firstly, |S| < 3. Secondly, the
neighbor set I'(S) of S has size at most £|S|. Thirdly, the removal of S U I'(S)
from G’ induces a graph of the same structure as G’ i.e., the composition of
a forest of bronze nodes with copper nodes of degree two. This final property
allows us to repeatedly find such subsets. The theorem then follows. Naturally,
we may assume that there are no isolated nodes at any stage, as we could add
them directly to our stable set. One of the following five cases arises.

i) Suppose there is a bronze node v incident to two (or more) copper nodes x
and y. Then select = and y to be in the stable set. Recurse on the graph obtained
by removing = and y and their neighbor(s). Note that the induced graph has 5
fewer nodes. This is shown in Fig. Bl).

Suppose there is a leaf node v, with neighbor u, in the bronze tree. Then our
other four cases are

ii) Neither v nor w is not incident to a copper node. Select v to be in the stable
set. Recurse on the graph G’ — {u,v}. See Fig. [Gii).

iii) v is not incident to a copper node but u is. Call this copper node y. Then
select v and y to be in the stable set. Recurse on the graph G’ — {u,v,y, z},
where z is the other neighbor of y. See Fig. [Giii).

iv) Both v and u are incident to copper nodes. Call these copper nodes x and
y, respectively. Select v and w to be in the stable set. Recurse on the graph
G’ —{u,v,z,y, z}, where z is the other neighbor of y. Thus we select two nodes
from five as required. See Fig. Biv).
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v) v is incident to a copper node z but u is not incident to a copper node. If
none of i) to iv) occur for any leaf node, then we may assume that u has degree
two in the tree (with neighbor w). This follows from the observation that the
number of leaves in a tree is greater than the number of nodes with degree at
least three. Select u and = (and the copper neighbor y of w, if it has one) to be
in the stable set and recurse on the graph obtained by removing u and z (and
y) as well as their neighbors. See Fig. [Gv). O

Applying the techniques presented earlier we obtain the following result for
non-bipartite graphs.

Theorem 9. A greedy algorithm provides a factor 3-approximation guarantee
for the cardinality problem in non-bipartite graphs. a

6 A FPTAS for the Demand Matching Problem
on a Tree

Recall that the knapsack problem can be formulated as a demand matching
problem on a star. In addition, there exists a fully polynomial time approxi-
mation scheme (FPTAS) for the knapsack problem. In this section we describe
an FPTAS for the demand matching problem when the underlying graph is a
simple tree. As noted in [4], such an FPTAS is not possible for a 2-node instance
with multiple edges between the nodes. Our algorithm, based on a dynamic pro-
gramming approach, turns out to be an exact algorithm in the unit-profits case.

Theorem 10. Dynamic programming gives a FPTAS for the the demand
matching problem on a tree. ad

Proof. Let Z = (T = (V, E),d, b, p) be such an instance. First, choose an arbi-
trary root node v, € V and create an arborescence T' by orienting all edges away
from v,. Let v1,vs,...,v, be an acyclic ordering of the nodes and, for each i,
let T; denote the subtree of T" rooted at node v;. We let h; denote the height of
the tree T;.

For each ¢ < n, let e; denote the unique arc of T in §~ (v;). Also, from now on
let b; := b(v;). For each i, let Z; denote the instance obtained by restricting to T;.
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Similarly, let Z;” denote the instance obtained by restricting to 7; and reducing
the capacity b; by de,. Let a; and 3; denote the optima for the instances Z; and
Z;, respectively. The idea is to build up a solution for the whole problem by
making choices between the optimal solutions to Z; and Z, at each node. For
motivation, notice that if M is a feasible demand matching for Z;, then M Ue;
is feasible for Z. Thus, the choice between the solutions 3; and «a; corresponds
to the choice of whether or not we include the edge e;.
Consider a non-sink node v; with out-neighbors v;;, j =1,2,...,r. Let

S; = {ij ey < ﬁij +p€ij} .

We now define a “local” knapsack problem at v;. The items consist of the indices
i; € S; and each has demand deij and profit value 3;, —&—peij — ;. The knapsack
itself has a variable capacity ¢. Let OPT(¢) denote the optimum value for this
knapsack problem, and let I'(¢) denote the set of indices chosen in some optimal
solution. We claim that

a; = oPT(b;) + Zaij (2)
j=1

ﬁi = OPT(bZ‘ — dei) + Zaij .
j=1

Suppose that for some j ¢ S;, e;; is in a feasible demand matching M for Z;.
Then, since a;; > B, + Pe;,» We may discard the edge e;; and obtain a feasible
demand matching of greater or equal value. It follows that a; < OPT(b;)+>_; @i; -
A similar argument, with respect to Z;", shows that 3; < OPT(b; —de,) +_; ;.
It is clear that the reverse inequalities also hold.

We now describe an algorithm. Take any non-sink node in 7" and some e > 0.
Let I''(t) denote a feasible solution of value OPT'(¢) to the “local” knapsack
problem with oPT(t) < (1 + €) OPT/(¢). Such a subset can be constructed by
using a FPTAS for the knapsack problem [I0]. For each v; we recursively define
two subsets

A= |J Bue v |J A

JET(bi) JET(bs)
B; = U (BJ U ej) @] U .Aj
JEI (bi—dey) JEI7(bi—dey)

In particular, if v; is a leaf, then A; = B; = ().

Note that if we are building up only approximate estimates o and 3} to the
true values a; and (;, then the sets S; may become distorted as we move up the
tree. In particular, we are concerned when we “lose” indices j, i.e., those j which
become invisible because a;; < 3 +p., but a; > ﬂ; +pe,;- We call such an index
lost, and denote by L; the set of lost indices for the local problem induced by wv;.
We can no longer potentially gain from such lost indices when we solve the local
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knapsack problems. We show, nevertheless, that this loss cannot be too great.
Indeed we show by induction on h;, that

D) oy < (1+e)al
) i <1+ g
(II) OPT(t) < (1+ €)oPT'(t) + Y ey, (1 + € () — aj) for t = by, b; — d,.

If h; = 0 the result is trivial. Suppose that claims (I), (II) and (III) hold for all
i < k. We first prove (III). Since we apply a PTAS to obtain the set I"(t), we
certainly have that

opT(t) < (1+ €) oPT/( Z@ere]—
JELK
However, for any lost item j € Ly, we have by induction that
= (B} +pe; — &) + (B — B + o — a )
S ﬂj ﬂ + O“ aj)
hr—1 _ / /

<((A+a™ " =1 +a;— oy
hr—1 4 /
1+e™ " —1)a; +a; —a,
1

ﬁj +p€j -

Thus (IIT) holds for ¢ = k. Note next that by (IIT) and (2),

@i < (L+e)orT (b)) + > (1+)™ o) —a;+> oy

JEL J
=(1+eorT'(bp)+ Y (L+™ Taj+ Y ay
JELkK JE Lk

< (14 )"~ (opT/(by) + Za;)

=(1+9" e

Thus we obtain (I). The argument for (II) is similar. Thus, A, is a feasible
demand matching with profit at least times that of the optimum demand
matching for Z.

Completing the picture, we then generate FPTAS as follows. Now apply the
dynamic programming procedure outlined above with € = % We obtain
a solution of value at least (1+ @ OPT > 1+ ——O0OPT. The total amount of work
required is evidently bounded by a polynomial in n times the maximum time
spent on one of the individual knapsack problems arising at a node. These, in
turn, take time polynomial in the input size and % since we invoke an FPTAS for
each knapsack. For small ¢*, we have ¢ > w > E—; and hence the overall
running time of the algorithm is polynomial in n and = a

1
(14"

Corollary 1. There is an exact algorithm for the unit-profits demand matching
problem on a tree. a
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Proof. Consider the node v; with out-neighbors u;, j = 1,...,r. Note that in the
unit-profits case, we may determine OPT(t) exactly. Simply consider the edges
e1,...,€; by increasing magnitude of demand, and take the largest feasible subset
of the form {e; };7:1. Then dynamic programming gives an optimal solution for
the whole instance. a
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The Single-Sink Buy-at-Bulk LP Has Constant
Integrality Gap
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Abstract. The buy-at-bulk network design problem is to design a mini-
mum cost network to satisfy some flow demands, by installing cables from
an available set of cables with different costs per unit length and capac-
ities, where the cable costs obey economies of scale. For the single-sink
buy-at-bulk problem, [10] gave the first constant factor approximation.
In this paper, we use techniques of [9] to get an improved constant fac-
tor approximation. This also shows that the integrality gap of a natural
linear programming formulation is a constant, thus answering the open
question in [9].

1 Introduction

Consider the problem of designing a network to allow routing of a given set of
demands. The solution involves laying cables along some edges so that we can
route the required demands in the resulting capacitated network. The cables
installed can come from a set of available cables, where each cable type has a
fixed cost per unit length and some capacity. Typically, we have economy of
scale so that the cost-capacity ratio is smaller for cables with higher capacity.
The goal is to find the minimum cost feasible network. This problem has been
referred to as the buy-at-bulk network design problem. The single-sink buy-at-
bulk problem is the special case where all flows need to be routed to a single sink.
This problem includes as a special case the steiner tree problem and is therefore
NP-hard.

This and similar network design problems have received attention in [13], [16],
1, [, [8], [L1], etc. Salman et al [I7] gave a constant factor approximation for the
single-sink single cable type case, and the Euclidean single sink case. Awerbuch
and Azar [2] gave an O(log2 n)-approximation for the general problem, using the
tree embedding techniques of Bartal [3]. An improvement to O(lognloglogn)
follows from the improved embeddings of [4J6]. On the other hand, [14] looked
at a problem similar to the single cable type case, and gave a constant factor
approximation using the spanner constructions of [7].

For the single sink buy-at-bulk problem, Meyerson et al [15] gave an O(logn)-
approximation algorithm. More recently, Garg et al [9] gave an O(k) approxi-
mation, where k is the number of cable types, and Guha et al [10] gave the first
O(1)-approximation.

* Research partially supported by NSF via grants CCR-0105533 and CCR-9820897.

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 475 2002.
© Springer-Verlag Berlin Heidelberg 2002
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In this paper, we modify the techniques of [9] and give another constant factor
approximation algorithm for the single sink buy-at-bulk problem, improving on
the approximation factor of [10] by one order of magnitude. Since we use a
linear program rounding approach, this also shows that a natural LP formulation
for the problem has a constant integrality gap, thus answering the main open
question in [9].

The rest of the paper is structured as follows. In Sect. [2], we give some pre-
liminary definitions. We give the algorithm in Sect. Bland the analysis in Sect. [
We conclude with some open problems in Sect. Bl

2 Preliminaries

2.1 Definitions

Single sink Buy-at-bulk problem:

Input: A graph G = (V| E), a length function [ : E — IRy, a distinguished node
t (the sink), a demand function dem : V' — IRo which specifies the amount of
flow each vertex wants to send to the sink. There are k types of cables, with
costs per unit length o¢p < 07 <...05_1 and capacities ug < wuy < ... ug_1.

Goal: Install zero or more cables on each edge and route flow dem,, from v to ¢ in
the resulting capacitated network, minimizing the total cost of the installation.

We now define another problem similar to the buy-at-bulk problem with a
slightly different cost function.

Generalized deep-discount problem:

Input: A graph G = (V, E), a length function [ : E — IRy, a distinguished node
t (the sink), a demand function dem : V' — IRg which specifies the amount of
flow each vertex wants to send to the sink. There are k kinds of discount types
with fixed costs o9 < 01 < ...0,_1 and incremental costs 79 > 71 > ...7rL_1
where the cost per unit length of routing flow f on discount type ¢ is (o4 + frq).

Goal: Choose a subset of edges and a discount type for each chosen edge and
route all demands to the sink (using chosen edges) such that the total cost is
minimized.

2.2 Approximate Equivalence
of Buy-at-Bulk and Generalized Deep-Discount

Given a buy-at-bulk problem, with cables having (cost,capacity) tuples (o;, u;),
the corresponding generalized deep-discount problem has discount types with
(fixed cost, incremental cost) pairs (o, %) Similarly a reverse reduction can
be defined. Note that the cost function using a particular cable type in buy-at-
bulk is a step function (See Fig.[l) and the cost function for the corresponding
deep-discount problem is a straight line that is always within a factor 2 of the
buy-at-bulk cost function. Hence this reduction preserves costs up to a factor of
two. Hence a p-approximation to one problem gives a 2p-approximation to the
other.
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Fig. 1. Approximate equivalence of single sink buy-at-bulk and deep-discount cost
functions

We shall show how to get a constant factor approximation to the generalized
deep-discount problem. In the rest of the discussion, we shall use the terms cable
type and discount type interchangeably. We shall use the terms thick and thin
cable types to mean high and low capacity cable types respectively. We refer
to the first term in the cost function (contribution from the fixed cost o;’s) as
the building cost, and the second term (contribuition from the incremental cost
fri’s) as the routing cost of a solution.

2.3 Pruning of Cable Types

We first prune the set of cables so that each cable has a substantially higher fixed
cost than the previous one, and a substantially lower incremental cost. This can
be done with a constant factor increase in the cost of a solution. We use the
following theorem from [10].

Theorem 1. We can prune the set of cables such that

‘ 1
— The fized costs scale, i.e. 0441 > £0q
— The incremental costs scale, i.e. rqg11 < €rg
— Cost of OPT increases by at most %

Proof. We briefly outline the proof here. First let us prune the set of cables to
ensure the scaling of the fixed costs. We start with the thickest cable and for
any cable type such that o; > eo;+1, we delete cable type i. In any solution,
we replace cable type i by cable type ¢ + 1. We continue in this manner until
all cable types satisfy fixed cost scaling. In the process, we replaced some cables
by thicker cable types. This increases the building cost by at most a factor of
% and only decreases the routing cost. Similarly, we can prune the set of cables
to ensure that the incremental costs scale, starting with the thinnest cable, and
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deleting any cable ¢ such that r; > er;_;1. This process will only decrease the
building cost and increase the routing cost by at most a factor of % ad

3 Algorithm

We first formalize the deep-discount problem as an integer linear program. We
solve the LP relaxation and round it to get a solution of cost within a constant
of the LP optimum.

3.1 LP Formulation

It is easy to show the following structural properties of an optimum of the
generalized deep discount problem:

Theorem 2 ([9]). There exists an optimum solution to the generalized deep-
discount problem with the following properties.

— Acyclicity The edges installed form a tree.
— Monotonicity The discount types used by any particular flow are non-
decreasing along any path from a source to the sink.

Using the above theorem, we can now write an ILP as followd]
k—1 k—1 ‘
minimize Z Z oizble + Z Z Z demy; f2.rl.
ecE 1=0 v;EV e€E i=0
subject to:

k—1 ‘

e€Out(v;) =0

Y
—

V’Uj cV (1)

k—1
Z Z fg;i = ZeEOut(v) Z'];:_OI g;i YoeV \ {Uj’t}7 1< ] =m (2)

e€lIn(v) i=0

k—1
. b .
Z Z fé;i < ZEEOut(v) Zz:ql g;i 1< q= k7vv eV \ {vj’ t} (3)
ecIn(v) i=q
j .
el

IN

2 Vee E,1<i<k (4)

€

2t fgl non negative integers . (5)

! This is the same LP as the one in [9], with the constraint Zf;ol 2zt > 1 removed,
since that applies only to the deep discount problem with oo = 0. It must be noted
that their algorithm can be modified so that their results hold for the generalized
deep discount problem as well. However, here we further modify their algorithm and
give an improved analysis that shows a constant integrality gap.
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In an integer solution, the variable fgl is 1 if the flow from source v; uses cable
type i on edge e; 2% is 1 if cable type i is installed on edge e. Thus the first term
in the objective function is the total building cost of the cables installed and
the second term is the total routing cost. The constraints (I)) make sure that
enough flow leaves the sources. The constraints (@) are the flow conservation
constraints. The constraints (3) impose the monotonicity property in theorem
The constraints () ensure that we only use pipes that are installed. We relax
the integrality constraints (B and solve the relaxation. The fractional optimum
guides our algorithm and we compare the cost of our solution against its cost.

3.2 Algorithm

The algorithm is on the same lines as [9]. We build the solution in a top down
manner. Our first tree is just the sink. At each step, we augment the current
tree, and install progressively thinner cables in each stage. We identify the set
of vertices to be connected at each stage based on the LP fractional optimum.

At the top level the algorithm is the following. We start with T, = {t}. We
derive T; from T;11 as follows:

Identify a set of nodes to be connected: This is done as follows. Using the
LP solution, we estimate the distance that flow from v; travels on cables
of type thinner than i. More formally, define LI = Y7 fZ l.. Let R: =

Z;;t L?. Intuitively, after traveling a distance R;, flow from v; uses discount
type i or higher in the fractional optimum. For a constant y to be determined
later, we construct balls B(vj,sz-) around the sources, and select a set of
non-overlapping balls, starting with the smallest ball. Our set of vertices to
be added in this round, S; is precisely the set of the vertices corresponding
to the selected balls. For each source that we do not select, there must be
one close by that we select(since we selected the balls in increasing order of
radii). More precisely, for each v; not selected, we define buddy,(v;) to be
the vertex in S; corresponding to the ball that overlapped with B(v;, R}). In
our routing cost analysis, we will use the fact that d(v;, buddy,(v;)) < 2vR;.

Build a tree connecting selected nodes: We shrink the current tree 75,41 to
a single node t;;.1. We also shrink the selected balls B (vj,'yR;) and build an
approximately optimal steiner tree on these shrunk nodes. We then convert
this tree to a Light approzimate shortest path tree(LAST)[12], which increases
the cost of the tree by a factor at most a but guarantees that for every v
in the tree, dr(v,t;11) < Bd(v,t;1+1), where d is the shortest distance in the
graph. Khuller et al [T2] show how to construct (a, 3)-LASTSs for any « > 1,
6> z—ﬂ This ensures that we do not pay too much for routing the flow. We
install cables of type ¢ on this LAST. This augmentation to T;41 gives us
T;. We note here that in the final iteration, R? would be zero for all noded?
and hence we are guaranteed to connect all sources eventually.

2 Note that this also implies that for the single cable case, our algorithm reduces to
the single cable type algorithm in [17].
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proxy(v,) = proxy(vy

cable type | ’ v, = buddy(y)

proxy(vy) )
%

Fig. 2. Definition of proxy

Find nearby prozxies: For the purpose of analysis, for each demand node vy,
we find a nearby node that is in the LAST. First we look at the v;’s in S;.
For each such node, there must be some node v in the ball B(vj,ng») such
that v is connected to T;, since this ball was connected in the steiner tree
step. We call this node the proxy proxy;(v;) of v;. Thus we know that for
any node v; € S;, d(v;, proxy;(v;)) < vR:. Now for every other source vy,
we define proxy,(v;) = proxy,(buddy,(v;)) (see Fig.[2). Thus

d(vy, proxy;(v;)) < d(vi, buddy;(vr)) + d(buddy; (v;), proxy; (buddy; (v;)))
< 2R+ YRy uddy, o)
< 2vR! + YR}
= 3R] ,

where the inequality in step 3 follows from the fact that we chose the balls in
increasing order of radii. We shall use this fact in the routing cost analysis.

A more complete description of the algorithm is given in Fig[3.2. Here o, and
€ are constants to be determined later.

4 Analysis

We seperately analyze the building and the routing cost components of our
solution.

4.1 Building Cost

We show that the building cost of our solution is O(OPT?), where OPT" is the
building cost of the optimal fractional solution. The following lemma formalizes
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Algorithm generalized-deep-discount(c,, €)
1. Prune the set of available cables so that both the fixed and the incremental costs
scale by €
2. Write the integer linear program; Let z*, f* be the optima of the fractional relax-
ation
3. T {t}
4.fori=k—-1,...,0do
5 Si=¢
6. For every source vj, define R} = Z Z finle
7 Define L to be the set of balls B('Uj7 ’yR])
8. if B(v;,vR;) NTit1 # ¢ then
9. proxy;(v;) < arbitrary vertex in B(v;, vR;) NTit1
10. Remove ball B(v;,yR}) from L
11. Arrange the balls in L in increasing order of radii
12. for every ball B(v;, yR}) in L do
13. S; +— S; U {Uj}
14. for every ball B(v,yR]) in L that intersects B(v;, YR}) do
15. delete B(v;,vR;) from L
16. buddy, (v;) + vj
17. Shrink each ball centered at a node in S;
18. Shrink Ti+1
19. Build a 2-approximate steiner tree on these shrunk nodes
20. Convert it to an (a, 8)-LAST(for 8 = 2£1)
21. Unshrink T;41 and install cable type i on the LAST edges to get T
22. for every v; € S; do
23. Unshrink ball B(v;,vR})
24. proxy,(v;) < arbitrary node in B(v;, vR}) NT;
25. for every source v; ¢ S; do
26. proxy,(v;) < proxy,(buddy,(v;))

Fig. 3. Algorithm for the deep discount problem

the intuition that flow from j must use a type ¢ or higher cable, after traveling
a distance v ' _ =0 L , and hence such cables must be built.

Lemma 3. Let S CV be a set of vertices such thatt € S and B(vj,’yR;-) cS.
Then for any feasible solution f,z,

) IID IS T

q=1i e€Out(S)

Proof. Let fj = ZeGOut fge Then constraint (1) and (@) in the LP together
imply that E 0 fJ >1 for any S such that ¢ ¢ S. Now the flow fjs while
traveling from v; to the boundary of S uses cable type ¢ or thinner (conbtralnt
(B)) and travels a distance > yR}. Hence it contrlbutes at least f] s VR;- to the

quantity >37_; L¥. Thus S L > >3 7 -V R}. However, S = R} by

q=0 q=0 q()
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definition. It follows that Zq o fj 5 < 7, which implies that Eq i frg>1—

1

v
This together with constraint (IZ]) in the LP completes the proof. a
Now let OPT;’ be the building cost the LP optimum pays for cables of type q.
We show that the total building cost is within a constant of OPT* =" . OPT, é’.

The previous lemma tells us that — Z =i zq is a feasible solution to the
steiner tree linear program on the shrunk nodes in iteration ¢. Thus the steiner
tree we build has cost at most twice as much. The cost of the i*" steiner tree is
therefore bounded by

k—1
v q; _
_10122622'6[6 27

k—1
v —i b
<2—— Zeq oPT} .

v 2 0iOPT!

-1 o
q=i 1

v -

where the last inequality follows from the scaling property. The total cost of
the LAST; will then be at most a times the above quantity. Summing over all
iterations, we get the following upper bound on the building cost of the solution

i—1 k— k—1
Z buildingcost(LAST;) < Z a71 Z eq_iOPTé’
i=0 =0

q=1

_2720137*’26‘1 i
< Q—ZOP

—9 YT OPT® .

’y—ll—e

Since «,~ and € are constants, it follows that:

Theorem 4. The total building cost of the solution is O(OPT®).

4.2 Routing Cost

We now show that the total routing cost is within a constant factor of the cost of
the LP optimum. For each source v;, let CJ'? be the amount that the LP optimum
spends on routing one unit of flow on cable type g. Let C; = Zq qu be the total
per unit routing cost of flow from v;. We show that our per unit routing cost for

flow from v; is within a constant of Cj.

Lemma 5. For any source vertex v;, the cost of routing a unit amount of flow

18 O(CJ>
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t=u,

© proxy;(v)

0O proxyz(v)

S oproxy )

V=,

Fig. 4. Routing cost analysis

Proof. Consider the path from v; to ¢, as made up of sub-paths (u;, u;4+1) where
up = v;, up, =t and path (u;, u;41) uses cable type i (see Fig. ). Thus u; is the
first node in the path from v; to ¢ that lies in T;. Then the total routing cost per

unit flow is Z’;;é rqdr(ui, u;y1) where dr denotes the distance function in the
tree Tp that we output. Note that dp(u;, u;41) must be bounded by Bd(u;, Ti11),
since we build a LAST at each stage. Moreover, we know that proxy,  (v;) lies
in Tj41. Hence we can conclude that dp(u;, uiy1) < Bd(us, proxy,,(v;)). Also
the way we selected the balls ensures that d(v;, proxy;(v;)) < 3vR;. Moreover,
regall that R; = Z;;t L; We now bound the distance dp(u;,u;41) in terms of
L;’s.

Claim. For u;’s defined as above,

dT(Ui,UiJrl) < 37/6 Z(l + 6)17(1‘[/;1 :
q=0

Proof. By induction on i. Base case (i=0) follows from the above discussion. For
the induction step:

dr(ui, uig1) < Bd(ug, proxy;,1(vj)) (by LAST construction)
< Bld(us,ui—1) + ... + d(ur, up) + d(uo, proxy, 1 (v;))]
(by triangle inequality)
i1
B ) dlug, ugs1) + Bd(uo, proxy, 1 (v;))

IN

=0
= o

q 7
BY 3983 (1 +B)1° L + 537 L
q=0

q s=0

IN
Il
o

(by I.H. and def. of proxy)
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i—1 q

=388 > (1+8)" SLS+ZLS

q=0 s=0

=33 ZL; ﬁz +B8)7 + 1)+ L’] (rearranging)
q=s

7

=38 (1+8)°L; .
s=0

Hence the induction holds O

Thus the per unit cost of routing on cable type 7 is

ridr (wi, wit1) <7 390 Z(l +B)'°L}
s=0

=398 _(1+ 6 (2)C;

s=0 s

<37ﬁz "‘ﬂ z GCS

Now the total routing cost is given by

k—1 k-1 4 _
Z ridT(ui, ui+1) < 3’}/5 (6(1 + 6))17505
i=0 i=0 s=0
k—1 k—1
=3y8> [C; Y (e(1+8))]
s=0 i=s
k—1 k—1—s
=3v8)_[C; > (e(1+8)]
s=0 t=0
k—1
3 3
__ 6
L—e(1+p8) "’
Hence the lemma holds. O

Thus it follows that
Theorem 6. The total routing cost of our solution is O(OPT").

Therefore the algorithm outputs a constant factor approximation to the opti-
mum, and furthermore the integrality gap of the LP is constant.
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5 Conclusion

Plugging values («, v, €) to be (5,2, %), we get an approximation factor of 216 for
the original buy-at-bulk problem. This improves upon the algorithm of [10] where
the constant is roughly 2000. An open problem is to improve the approximation
factor to a more reasonable constant.

Moreover, without the single sink restriction(i.e. for the general buy-at-bulk
problem), the best approximation factor known is O(lognloglogn) (O(logn) for
the single cable type case). It would be desirable to get improved approximation
algorithms/hardness results for this problem.
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