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Preface

This volume contains the papers selected for presentation at IPCO 2002, the
Ninth International Conference on Integer Programming and Combinatorial Op-
timization, Cambridge, MA (USA), May 27–29, 2002. The IPCO series of con-
ferences highlights recent developments in theory, computation, and application
of integer programming and combinatorial optimization.

IPCO was established in 1988 when the first IPCO program committee was
formed. IPCO is held every year in which no International Symposium on Math-
ematical Programming (ISMP) takes places. The ISMP is triennial, so IPCO
conferences are held twice in every three-year period. The eight previous IPCO
conferences were held in Waterloo (Canada) 1990, Pittsburgh (USA) 1992, Erice
(Italy) 1993, Copenhagen (Denmark) 1995, Vancouver (Canada) 1996, Houston
(USA) 1998, Graz (Austria) 1999, and Utrecht (The Netherlands) 2001.

In response to the call for papers for IPCO 2002, the program committee
received 110 submissions, a record number for IPCO. The program committee
met on January 7 and 8, 2002, in Aussois (France), and selected 33 papers for
inclusion in the scientific program of IPCO 2002. The selection was based on
originality and quality, and reflects many of the current directions in integer
programming and combinatorial optimization research.

Starting with the Copenhagen 1995 meeting, IPCO proceedings have been
published by Springer in the Lecture Notes in Computer Science Series. The
volume numbers are LNCS 920 (Copenhagen 1995), LNCS 1084 (Vancouver
1996), LNCS 1412 (Houston 1998), LNCS 1610 (Graz 1999), and LNCS 2081
(Utrecht 2001). We are grateful for the help and support of Alfred Hofmann,
Executive Editor at Springer, in publishing the current volume.

William J. Cook
Andreas S. Schulz
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Improved Rounding Techniques for the MAX 2-SAT
and MAX DI-CUT Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

Michael Lewin, Dror Livnat, and Uri Zwick

Finding the Exact Integrality Gap for Small Traveling Salesman
Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

Sylvia Boyd and Geneviève Labonté
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A Faster Scaling Algorithm
for Minimizing Submodular Functions�

Satoru Iwata

Department of Mathematical Informatics
University of Tokyo, Tokyo 113-0033, Japan

iwata@sr3.t.u-tokyo.ac.jp

Abstract. Combinatorial strongly polynomial algorithms for minimiz-
ing submodular functions have been developed by Iwata, Fleischer, and
Fujishige (IFF) and by Schrijver. The IFF algorithm employs a scaling
scheme for submodular functions, whereas Schrijver’s algorithm exploits
distance labeling. This paper combines these two techniques to yield a
faster combinatorial algorithm for submodular function minimization.
The resulting algorithm improves over the previously best known bound
by an almost linear factor in the size of the underlying ground set.

1 Introduction

Let V be a finite nonempty set of cardinality n. A set function f on V is sub-
modular if it satisfies

f(X) + f(Y ) ≥ f(X ∩ Y ) + f(X ∪ Y ), ∀X,Y ⊆ V .

Submodular functions are discrete analogues of convex functions [12]. Examples
include cut capacity functions, matroid rank functions, and entropy functions.

The first polynomial-time algorithm for submodular function minimization
is due to Grötschel–Lovász–Schrijver [7]. A strongly polynomial algorithm has
also been described by Grötschel–Lovász–Schrijver [8]. These algorithms rely on
the ellipsoid method, which is not efficient in practice.

Recently, combinatorial strongly polynomial algorithms have been developed
by Iwata–Fleischer–Fujishige (IFF) [11] and by Schrijver [13]. Both of these al-
gorithms build on the first combinatorial pseudopolynomial algorithm due to
Cunningham [2]. The IFF algorithm employs a scaling scheme developed in ca-
pacity scaling algorithms for the submodular flow problem [5,9]. In contrast,
Schrijver [13] achieves a strongly polynomial bound by distance labeling argu-
ment similar to [1]. In this paper, we combine these two techniques to yield a
faster combinatorial algorithm.

Let γ denote the time required for computing the function value of f and
M the maximum absolute value of f . The IFF scaling algorithm minimizes an
� This research is supported in part by a Grant-in-Aid for Scientific Research of the

Ministry of Education, Science, Sports and Culture of Japan.

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 1–8, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



2 Satoru Iwata

integral submodular function in O(n5γ logM) time. The strongly polynomial
version runs in O(n7γ log n) time, whereas an improved variant of Schrijver’s
algorithm runs in O(n7γ + n8) time [4].

The time complexity of our new scaling algorithm is O((n4γ + n5) logM).
Since the function evaluation oracle has to identify an arbitrary subset of V as
its argument, it is quite natural to assume γ is at least linear in n. Thus the
new algorithm is faster than the IFF algorithm by a factor of n. The strongly
polynomial version of the new scaling algorithm runs in O((n6γ+n7) logn) time.
This is an improvement over the previous best bound by an almost linear factor
in n.

These combinatorial algorithms perform multiplications and divisions, al-
though the problem of submodular function minimization does not involve those
operations. Schrijver [13] asks if one can minimize submodular functions in
strongly polynomial time using only additions, subtractions, comparisons, and
the oracle calls for function values. Such an algorithm is called ‘fully combinato-
rial.’ A very recent paper [10] settles this problem by developing a fully combi-
natorial variant of the IFF algorithm. Similarly, we can implement the strongly
polynomial version of our scaling algorithm in a fully combinatorial manner. The
resulting algorithm runs in O(n8γ log2 n) time, improving the previous bound
by a factor of n.

This paper is organized as follows. Section 2 provides preliminaries on sub-
modular functions. In Sect. 3, we describe the new scaling algorithm. Section 4
is devoted to its complexity analysis. Finally, in Sect. 5, we discuss its extensions
as well as a fully combinatorial implementation.

2 Preliminary

This section provides preliminaries on submodular functions. See [6,12] for more
details and general background.

For a vector x ∈ IRV and a subset Y ⊆ V , we denote x(Y ) =
∑
u∈Y x(u). We

also denote by x− the vector in IRV with x−(u) = min{x(u), 0}. For each u ∈ V ,
let χu denote the vector in IRV with χu(u) = 1 and χu(v) = 0 for v ∈ V \{u}.

For a submodular function f : 2V → IR with f(∅) = 0, we consider the base
polyhedron

B(f) = {x | x ∈ IRV , x(V ) = f(V ), ∀Y ⊆ V : x(Y ) ≤ f(Y )} .

A vector in B(f) is called a base. In particular, an extreme point of B(f) is called
an extreme base. An extreme base can be computed by the greedy algorithm of
Edmonds [3] and Shapley [14] as follows.

Let L = (v1, · · · , vn) be a linear ordering of V . For any vj ∈ V , we de-
note L(vj) = {v1, · · · , vj}. The greedy algorithm with respect to L generates an
extreme base y ∈ B(f) by

y(u) := f(L(u))− f(L(u)\{u}) .
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Conversely, any extreme base can be obtained in this way with an appropriate
linear ordering.

For any base x ∈ B(f) and any subset Y ⊆ V , we have x−(V ) ≤ x(Y ) ≤
f(Y ). The following theorem shows that these inequalities are in fact tight for ap-
propriately chosen x and Y . This theorem is immediate from the vector reduction
theorem on polymatroids due to Edmonds [3]. It has motivated combinatorial
algorithms for minimizing submodular functions.

Theorem 1. For a submodular function f : 2V → IR, we have

max{x−(V ) | x ∈ B(f)} = min{f(Y ) | Y ⊆ V } .
Moreover, if f is integer-valued, then the maximizer x can be chosen from among
integral bases. 
�

3 A Scaling Algorithm
This section presents a new scaling algorithm for minimizing an integral sub-
modular function f : 2V → ZZ.

The algorithm consists of scaling phases with a scale parameter δ ≥ 0. It
keeps a set of linear orderings {Li | i ∈ I} of the vertices in V . We denote v �i u
if v precedes u in Li or v = u. Each linear ordering Li generates an extreme base
yi ∈ B(f) by the greedy algorithm. The algorithm also keeps a base x ∈ B(f)
as a convex combination x =

∑
i∈I λiyi of the extreme bases. Initially, I = {0}

with an arbitrary linear ordering L0 and λ0 = 1.
Furthermore, the algorithm works with a flow in the complete directed graph

on the vertex set V . The flow is represented as a skew-symmetric function ϕ :
V × V → IR. Each arc capacity is equal to δ. Namely, ϕ(u, v) + ϕ(v, u) = 0
and −δ ≤ ϕ(u, v) ≤ δ hold for any pair of vertices u, v ∈ V . The boundary ∂ϕ
is defined by ∂ϕ(u) =

∑
v∈V ϕ(u, v) for u ∈ V . Initially, ϕ(u, v) = 0 for any

u, v ∈ V .
Each scaling phase aims at increasing z−(V ) for z = x + ∂ϕ. Given a flow

ϕ, the procedure constructs an auxiliary directed graph Gϕ = (V,Aϕ) with
arc set Aϕ = {(u, v) | u 
= v, ϕ(u, v) ≤ 0}. Let S = {v | z(v) ≤ −δ} and
T = {v | z(v) ≥ δ}. A directed path in Gϕ from S to T is called an augmenting
path.

If there is an augmenting path P , the algorithm augments the flow ϕ along
P by ϕ(u, v) := ϕ(u, v) + δ and ϕ(v, u) := ϕ(v, u) − δ for each arc (u, v) in P .
This procedure is referred to as Augment(ϕ, P ).

Each scaling phase also keeps a valid labeling d. A labeling d : V → ZZ is
valid if d(u) = 0 for u ∈ S and v �i u implies d(v) ≤ d(u) + 1. A valid labeling
d(v) serves as a lower bound on the number of arcs from S to v in the directed
graph GI = (V,AI) with the arc set AI = {(u, v) | ∃i ∈ I, v �i u}.

Let W be the set of vertices reachable from S in Gϕ, and Z be the set of
vertices that attains the minimum labeling in V \W . A pair (u, v) of u ∈W and
v ∈ Z is called active for i ∈ I if v is the first element of Z in Li and u is the
last element in Li with v �i u and d(v) = d(u) + 1. A triple (i, u, v) is also
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called active if (u, v) is active for i ∈ I. The procedure Multiple-Exchange(i, u, v)
is applicable to an active triple (i, u, v).

For an active triple (i, u, v), the set of elements between v and u in Li is called
an active interval. Any element w in the active interval must satisfy d(v) ≤
d(w) ≤ d(u). The active interval is divided into Q and R by Q = {w | w ∈
W, v ≺i w �i u} and R = {w | w ∈ V \W, v �i w ≺i u}.

The procedure Multiple-Exchange(i, u, v) moves the vertices in R to the place
immediately after u in Li, without changing the ordering in Q and in R. Then
it computes an extreme base yi generated by the new Li. This results in yi(q) ≥
y′
i(q) for q ∈ Q and yi(r) ≤ y′

i(r) for r ∈ R, where y′
i denotes the previous yi.

Consider a complete bipartite graph with the vertex sets Q and R. The
algorithm finds a flow ξ : Q × R → IR+ such that

∑
r∈R ξ(q, r) = yi(q) − y′

i(q)
for each q ∈ Q and

∑
q∈Q ξ(q, r) = y′

i(r)− yi(r) for each r ∈ R. Such a flow can
be obtained easily by the so-called northwest corner rule. Then the procedure
computes η = max{ξ(q, r) | q ∈ Q, r ∈ R}. If λiη ≤ δ, Multiple-Exchange(i, u, v)
is called saturating. Otherwise, it is called nonsaturating.

In the nonsaturating Multiple-Exchange(i, u, v), a new index k is added to
I. The associated linear ordering Lk is the previous Li. The coefficient λk is
determined by λk := λi − δ/η, and then λi is replaced by λi := δ/η. Whether
saturating or nonsaturating, the procedure adjusts the flow ϕ by ϕ(q, r) :=
ϕ(q, r)− λiξ(q, r) and ϕ(r, q) := ϕ(r, q) + λiξ(q, r) for every (q, r) ∈ Q×R.

Let h denote the number of vertices in the active interval. The number of
function evaluations required for computing the new extreme base yi by the
greedy algorithm is at most h. The northwest corner rule can be implemented
to run in O(h) time. Thus the total time complexity of Multiple-Exchange(i, u, v)
is O(hγ).

If there is no active triple, the algorithm applies Relabel to each v ∈ Z. The
procedure Relabel(v) increments d(v) by one. Then the labeling d remains valid.

The number of extreme bases in the expression of x increases as a conse-
quence of nonsaturating Multiple-Exchange. In order to reduce the complexity,
the algorithm occasionally applies a procedure Reduce(x, I) that computes an
expression of x as a convex combination of affinely independent extreme bases
chosen from the currently used ones. This computation takes O(n2|I|) time with
the aid of Gaussian elimination.

We are now ready to describe the new scaling algorithm.

Step 0: Let L0 be an arbitrary linear ordering. Compute an extreme base y0
by the greedy algorithm with respect to L0. Put x := y0, λ0 := 1, I := {0},
and δ := |x−(V )|/n2.

Step 1: Put d(v) := 0 for v ∈ V , and ϕ(u, v) := 0 for u, v ∈ V .
Step 2: Put S := {v | z(v) < −δ} and T := {v | z(v) > δ}. Let W be the set of

vertices reachable from S in Gϕ.
Step 3: If there is an augmenting path P , then do the following.

(3-1) Apply Augment(ϕ, P ).
(3-2) Apply Reduce(x, I).
(3-3) Go to Step 2.



A Faster Scaling Algorithm for Minimizing Submodular Functions 5

Step 4: Find 	 := min{d(v) | v ∈ V \W} and Z := {v | v ∈ V \W, d(v) = 	}. If
	 < n, then do the following.
(4-1) If there is an active triple (i, u, v), then apply Multiple-Exchange(i,u,v).
(4-2) Otherwise, apply Relabel(v) for each v ∈ Z.
(4-3) Go to Step 2.

Step 5: Determine the set X of vertices reachable from S in GI . If δ ≥ 1/n2,
then apply Reduce(x, I), δ := δ/2, and go to Step 1.

We now intend to show that the scaling algorithm obtains a minimizer of f .

Lemma 1. At the end of each scaling phase, z−(V ) ≥ f(X)− n(n+ 1)δ/2.

Proof. At the end each scaling phase, d(v) = n for every v ∈ V \W . Since
d(v) is a lower bound on the number of arcs from S to v, this means there
is no directed path from S to V \W in GI . Thus we have X ⊆ W ⊆ V \T ,
which implies z(v) ≤ δ for v ∈ X. It follows from S ⊆ X that z(v) ≥ −δ for
v ∈ V \X. Since there is no arc in GI emanating from X, we have yi(X) = f(X)
for each i ∈ I, and hence x(X) =

∑
i∈I λiyi(X) = f(X). Therefore, we have

z−(V ) = z−(X) + z−(V \X) ≥ z(X)− δ|X| − δ|V \X| = x(X) + ∂ϕ(X)− nδ ≥
f(X)− n(n+ 1)δ/2. 
�

Lemma 2. At the end of each scaling phase, x−(V ) ≥ f(X)− n2δ.

Proof. Since z = x+∂ϕ, we have x−(V ) ≥ z−(V )−n(n−1)δ/2, which together
with Lemma 1 implies x−(V ) ≥ f(X)− n2δ. 
�

Theorem 2. At the end of the last scaling phase, X is a minimizer of f .

Proof. Since δ < 1/n2 in the last scaling phase, Lemma 2 implies x−(V ) >
f(X)− 1. Then it follows from the integrality of f that f(X) ≤ f(Y ) holds for
any Y ⊆ V . 
�

4 Complexity
This section is devoted to complexity analysis of the new scaling algorithm.

Lemma 3. Each scaling phase performs Augment O(n2) times.

Proof. At the beginning of each scaling phase, the set X obtained in the previous
scaling phase satisfies z−(V ) ≥ f(X) − 2n2δ by Lemma 2. For the first scaling
phase, we have the same inequality by taking X = ∅. Note that z−(V ) ≤ z(Y ) ≤
f(Y )+n(n− 1)δ/2 for any Y ⊆ V throughout the procedure. Thus each scaling
phase increases z−(V ) by at most 3n2δ. Since each augmentation increases z−(V )
by δ, each scaling phase performs at most 3n2 augmentations. 
�

Lemma 4. Each scaling phase performs Relabel O(n2) times.

Proof. Each application of Relabel(v) increases d(v) by one. Since Relabel(v) is
applied only if d(v) < n, Relabel(v) is applied at most n times for each v ∈ V in
a scaling phase. Thus the total number of relabels in a scaling phase is at most
n2. 
�
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Lemma 5. The number of indices in I is at most 2n.

Proof. A new index is added as a result of nonsaturating Multiple-Exchange.
In a nonsaturating Multiple-Exchange(i, u, v), at least one vertex in R becomes
reachable from S in Gϕ, which means the set W is enlarged. Thus there are at
most n applications of nonsaturating Multiple-Exchange between augmentations.
Hence the number of indices added between augmentations is at most n. After
each augmentation, the number of indices is reduced to at most n. Thus |I| ≤ 2n
holds. 
�

In order to analyze the number of function evaluations in each scaling phase,
we now introduce the notion of reordering phase. A reordering phase consists of
consecutive applications of Multiple-Exchange between those of Relabel or Reduce.
By Lemmas 3 and 4, each scaling phase performs O(n2) reordering phases.

Lemma 6. There are O(n2) function evaluations in each reordering phase.

Proof. The number of function evaluation in Multiple-Exchange(i, u, v) is at most
the number of vertices in the active interval for (i, u, v). In order to bound the
total number of function evaluations in a reordering phase, suppose the procedure
Multiple-Exchange(i, u, v) marks each pair (i, w) for w in the active interval. We
now intend to claim that any pair (i, w) of i ∈ I and w ∈ V is marked at most
once in a reordering phase.

In a reordering phase, the algorithm does not change the labeling d nor delete
a vertex from W . Hence the minimum value of d in V \W is nondecreasing. After
execution of Multiple-Exchange(i, u, v), there will not be an active pair for i until
the minimum value of d in V \W becomes larger. Let Multiple-Exchange(i, s, t)
be the next application of Multiple-Exchange to the same index i ∈ I. Then
we have d(t) > d(v) = d(u) + 1, which implies v ≺i u ≺i t ≺i s in the lin-
ear ordering Li before Multiple-Exchange(i, u, v). Thus a pair (i, w) marked in
Multiple-Exchange(i, u, v) will not be marked again in the reordering phase.

Since |I| ≤ 2n by Lemma 5, there are at most 2n2 possible marks without
duplications. Therefore, the total number of function evaluations in a reordering
phase is O(n2). 
�

Theorem 3. The algorithm performs O(n4 logM) oracle calls for the function
values and O(n5 logM) arithmetic computations.

Proof. Since −2M ≤ x−(V ) for x ∈ B(f), the initial value of δ satisfies δ ≤
2M/n2. Each scaling phase cuts the value of δ in half, and the algorithm termi-
nates when δ < 1/n2. Thus the algorithm consists of O(logM) scaling phases.

Since each scaling phase performs O(n2) reordering phases, Lemma 6 implies
that the number of function evaluations in a scaling phase is O(n4). In addi-
tion, by Lemma 3, each scaling phase performs O(n2) calls of Reduce, which
requires O(n3) arithmetic computations. Thus each scaling phase consists of
O(n4) function evaluations and O(n5) arithmetic computations. Therefore, the
total running time bound is O((n4γ + n5) logM). 
�
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5 Discussions

A family D ⊆ 2V is called a distributive lattice (or a ring family) if X ∩ Y ∈ D
and X∪Y ∈ D for any pair of X,Y ∈ D. A compact representation of D is given
by a directed graph as follows. Let D = (V, F ) be a directed graph with the arc
set F . A subset Y ⊆ V is called an ideal of D if no arc enters Y in D. Then
the set of ideals of D forms a distributive lattice. Conversely, any distributive
lattice D ⊆ 2V with ∅, V ∈ D can be represented in this way. Moreover, we may
assume that the directed graph D is acyclic.

For minimizing a submodular function f on D, we apply the scaling algorithm
with a minor modification. The modified version uses the directed graph Gϕ =
(V,Aϕ ∪ F ) instead of Gϕ = (V,Aϕ). The initial linear ordering L0 must be
consistent with D, i.e., v �i u if (u, v) ∈ F . Then all the linear orderings that
appear in the algorithm will be consistent with D. This ensures that the set X
obtained at the end of each scaling phase belongs to D. Thus the modification
of our scaling algorithm finds a minimizer of f in D.

Iwata–Fleischer–Fujishige [11] also describes a strongly polynomial algorithm
that repeatedly applies their scaling algorithm with O(logn) scaling phases. The
number of iterations is O(n2). Replacing the scaling algorithm by the new one,
we obtain an improved strongly polynomial algorithm that runs in O((n6γ +
n7) logn) time.

A very recent paper [10] has shown that the strongly polynomial IFF algo-
rithm can be implemented by using only additions, subtractions, comparisons,
and oracle calls for function values. Similarly, the new strongly polynomial scal-
ing algorithm can be made fully combinatorial as follows.

The first step towards a fully combinatorial implementation is to neglect
Reduce. This causes growth of the number of extreme bases for convex combi-
nation. However, the number is still bounded by a polynomial in n. Since the
number of indices added between augmentations is at most n, each scaling phase
yields O(n3) new extreme bases. Hence the number of extreme bases through
the O(log n) scaling phases is O(n3 log n).

The next step is to choose an appropriate step length in Multiple-Exchange,
so that the coefficients should be rational numbers with a common denominator
bounded by a polynomial in n. Let σ denote the value of δ in the first scaling
phase. For each i ∈ I, we keep λi = µiδ/σ with an integer µi. We then modify the
definition of saturating Multiple-Exchange. Multiple-Exchange(i, u) is now called
saturating if λiξ(q, r) ≤ ϕ(q, r) for every (q, r) ∈ Q × R. Otherwise, it is called
nonsaturating. In nonsaturating Multiple-Exchange(i, u), let ν be the minimum
integer such that νξ(q, r) > ϕ(q, r)σ/δ for some (q, r) ∈ Q × R. Then the new
coefficients λk and λi are determined by µk := µi − ν and µi := ν. Thus the
coefficients are rational numbers whose common denominator is σ/δ, which is
bounded by a polynomial in n through the O(logn) scaling phases. Then it is easy
to implement this algorithm using only additions, subtractions, comparisons, and
oracle calls for the function values.

Finally, we discuss time complexity of the resulting fully combinatorial algo-
rithm. The algorithm performs O(n2) iterations of O(logn) scaling phases. Since
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it keeps O(n3 log n) extreme bases, each scaling phase requires O(n6 log n) oracle
calls for function evaluations and O(n6 log n) fundamental operations. Therefore,
the total running time is O(n8γ log2 n). This improves the previous O(n9γ log2 n)
bound in [10] by a factor of n.
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Abstract. The independent path-matching problem is a common gen-
eralization of the matching problem and the matroid intersection prob-
lem. Cunningham and Geelen proved that this problem is solvable in
polynomial time via the ellipsoid method. We present a polynomial-time
combinatorial algorithm for its unweighted version that generalizes the
known combinatorial algorithms for the cardinality matching problem
and the matroid intersection problem.

1 Introduction

The matching problem as well as the matroid intersection problem are two of the
most important combinatorial optimization problems for which polynomial-time
combinatorial algorithms exist, both detected by Edmonds [3,4,5]. Cunningham
and Geelen [2] proposed a common generalization of matching and matroid in-
tersection as follows. Let G = (V,E) be a graph, T1, T2 disjoint stable sets of G,
and R := V \ (T1 ∪ T2). Let Mi be a matroid on Ti, for i = 1, 2.

Definition 1. An independent path-matching K in G is a set of edges such
that every component of G(V,K) having at least one edge is a path from T1 ∪R
to T2 ∪ R all of whose internal nodes are in R, and such that the set of nodes
of Ti in any of these paths is independent in Mi, for i = 1, 2.

In the special case where M1 and M2 are free, i.e., all subsets of Ti are
independent, i = 1, 2, we refer to an independent path-matching as a path-
matching. Figure 1 shows an example, the thick edges form a path-matching.

The problem of maximizing the cardinality of an independent path-matching
is an NP-hard problem [2]. Instead, the independent path-matching problem is
defined as follows.

Definition 2. Let K be an independent path-matching.
An edge e of K is a matching-edge of K if e is an edge of a one-edge component
of G(V,K) having both ends in R, otherwise e is a path-edge of K.
� Supported by the European DONET program TMR ERB FMRX-CT98-0202.
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T2RT1

Fig. 1. A path-matching

Define the corresponding independent path-matching vector ψK ∈ IRE such that,
for e ∈ E,

ψKe =






2 : e matching-edge of K;
1 : e path-edge of K;
0 : e no edge in K.

The size of K is ψK(E) =
∑
e∈E ψ

K
e which is the number of path-edges of K

plus twice the number of matching-edges of K.

The Independent Path-Matching Problem
Find an independent path-matching in G of maximum size.

In the special case when R = V , the maximum size of an independent path-
matching is twice the maximum cardinality of a matching. Hence, we deal with
the matching problem. In the special case when R = ∅ and G consists of a
perfect matching joining copies T1, T2 of a set T , we are left with the matroid in-
tersection problem: The independent path-matchings correspond to the common
independent sets of M1 andM2.

Cunningham and Geelen [2] established a linear system of inequalities for
the corresponding polyhedron conv{ψK : K independent path-matching} which
is totally dual integral. Via the ellipsoid method one obtains a polynomial-time
algorithm for the independent path-matching problem.

Frank and Szegö [6] algebraically proved the following min-max theorem.

Theorem 3. (Frank and Szegö)

max{ψK(E) : K independent path-matching}
= |R|+ min

X cut
(r1(T1 ∩X) + r2(T2 ∩X) + |R ∩X| − oddG(X)),

where a cut is a subset X ⊆ V such that there is no path between T1 \ X and
T2 \X in G \X and oddG(X) denotes the number of connected components of
G \X which are disjoint from T1 ∪ T2 and have an odd number of nodes.

We present the first polynomial-time combinatorial algorithm for the inde-
pendent path-matching problem. It generalizes the known combinatorial algo-
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wv

Fig. 2. A matching-cycle

rithms for the cardinality matching problem and the matroid intersection prob-
lem and it provides an algorithmic proof of the above min-max theorem. It
answers an open question in the design of combinatorial augmenting path algo-
rithms and is a significant generalization of the augmenting path algorithms for
matching and matroid intersection.

2 A Combinatorial Algorithm

Edmonds’ matching algorithm [3] is based on the idea of augmenting along paths.
More precisely, let M be a matching in a graph G = (V,E). A path P in G is
M -augmenting if its edges are alternately in and not in M and both end nodes
are M -exposed. Berge [1] proved that a matching M in G is maximal if and
only if there does not exist an M -augmenting path in G. The basic idea of the
combinatorial algorithm for matching is to grow a tree of M -alternating paths
rooted at an exposed node. If a leaf of the tree is also exposed, an M -augmenting
path has been found. The main ingredient in constructing the tree is the method
of shrinking (and expanding) odd cycles.

Since we mix up path-edges and matching-edges in the (independent) path-
matching problem, we need a more sophisticated analogue to alternating odd
cycles in the matching problem, so-called matching-cycles.

Definition 4. A matching-path is an odd path in G on node set R of length
2k + 1 that contains k matching-edges.

A matching-cycle is an odd cycle in G that consists of an even path in K
(which could be empty) and a matching-path.

Figure 2 shows a matching-cycle. It consists of an even path of length 4
between nodes v and w and a matching-path of length 7 with three matching-
edges.

As we shrink alternating odd cycles for the matching problem, we will shrink
matching-cycles for the independent path-matching problem.

For the matroid intersection problem, the method of augmenting along paths
leads also to a combinatorial algorithm. LetM1 andM2 be two matroids on T
and J a common independent set. Let D0(J) be the digraph with node set T
and arcs

(w, v) : v ∈ J,w /∈ J, J ∪ {w} /∈M1, J ∪ {w} \ {v} ∈ M1 ;
(v, w) : v ∈ J,w /∈ J, J ∪ {w} /∈M2, J ∪ {w} \ {v} ∈ M2 .

A J-augmenting path is a dipath in D0(J) that starts in a node w /∈ J with
J ∪ {w} ∈ M2 and ends in a node w′ /∈ J with J ∪ {w′} ∈ M1. Any chordless
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such dipath P leads to an augmentation J �P , [8]. Edmonds [4,5] and Lawler
[7,8] showed that a common independent set J is maximal if and only if there
does not exist a J-augmenting path.

The augmenting paths in the matroid intersection case are defined with the
help of an augmentation digraph. We define an augmentation digraph for any
independent path-matching in standard form.

Definition 5. An independent path-matching K is in standard form if any path
in K with more than one edge is a (T1, T2)-path.

Lemma 6. For any independent path-matching K of G there exists an inde-
pendent path-matching in standard form of size larger than or equal to the size
of K.

Proof. Let K be an independent path-matching. For any path P in K with
more than one edge which is not a (T1, T2)-path, let v ∈ R be an end node of P .
Along P in the direction of v to the other end node of P delete every second
edge of P . The set of edges we are left with forms an independent path-matching
in standard form of size larger than or equal to the size of K. ��

Let K be an independent path-matching in standard form. We define an
augmentation digraph D(K) with node set V , and an arc set that consists of

(i) graph-arcs corresponding to edges in G, and
(ii) matroid-arcs corresponding to the matroidsM1 andM2 .

We resort to this digraph in order to augment a non-maximal K or to verify
that K is maximal. We direct the (T1, T2)-paths in K from T1 to T2, the (T1, R)-
one-edge paths from T1 to R, and the (R, T2)-one-edge paths from R to T2. For
i = 1, 2, let Ji := K ∩ Ti ∈Mi .

Definition 7. The augmentation digraph D(K) has node set V and an arc set
consisting of graph-arcs and matroid-arcs.
Graph-arcs are divided into �-arcs (v, w)− and ⊕-arcs (v, w)+ and are defined
as follows:

(v, w)− : (v, w) path-arc of K, v ∈ T1 or w ∈ T2;
(v, w)−, (v, w)+ : (v, w) path-arc of K, v,w ∈ R;
(v, w)−, (w, v)− : vw matching-edge of K;
(v, w)+, (w, v)+ : vw ∈ E no edge of K, v,w ∈ R;
(w, v)+ : vw ∈ E no edge of K, v ∈ T1 or w ∈ T2.

Matroid-arcs are defined as follows:

(w, v) : v ∈ J1, w ∈ T1 \ J1, J1 ∪ {w} /∈M1, J1 ∪ {w} \ {v} ∈ M1 ;
(v, w) : v ∈ J2, w ∈ T2 \ J2, J2 ∪ {w} /∈M2, J2 ∪ {w} \ {v} ∈ M2 .
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Fig. 3. A path-matching K and the augmentation digraph D(K)

In the case where both matroids are free, matroid-arcs do not occur.
In Fig. 3 we illustrate the construction of the augmentation digraph on a small

example. The thick lines in a) form a path-matching K in standard form of size
8 (which is non-maximal). In b) we have the augmentation digraph D(K), where
a �-arc (v, w)− is represented by v w� and a ⊕-arc (v, w)+ by +v w.

Definition 8. w ∈ R is exposed if no edge of K is incident with w.
w ∈ V is a source node if it satisfies one of the following three conditions:

(i) w ∈ T2 \ J2 with J2 ∪ {w} ∈ M2,
(ii) w ∈ R is exposed,
(iii) w ∈ R and (w, v) is a one-edge-path in K for some v ∈ T2.

w ∈ V is a sink node if it satisfies one of the following three conditions:

(i) w ∈ T1 \ J1 with J1 ∪ {w} ∈ M1,
(ii) w ∈ R is exposed,
(iii) w ∈ R and (v, w) is a one-edge-path in K for some v ∈ T1.

In the matching case, the only source and sink nodes are the exposed nodes.
For matroid intersection, only the source nodes and the sink nodes according to
(i) exist. In Fig. 3 b), r is the only source node and s in the only sink node.

The source nodes are exactly the nodes in R∪T2 for which there is no �-arc
in D(K) entering it, whereas the sink nodes are precisely the nodes in T1 ∪ R
for which there is no �-arc in D(K) leaving it.

Definition 9. An alternating dichain is a dichain in D(K) whose graph-arcs
are alternately ⊕-arcs and �-arcs.
An alternating diwalk is an alternating dichain whose arcs are different.

The alternating dichain in Fig. 3 b) that starts in r with a ⊕-arc, uses then
the �-arc corresponding to the matching-edge, and ends in s with a ⊕-arc leads
to an augmentation.

Let W be a K-alternating dichain in D(K). For vw ∈ E, let φWvw be the
number of times W contains the ⊕-arc (v, w)+ or the ⊕-arc (w, v)+ (if existent)
minus the number of times W contains the �-arc (v, w)− or the �-arc (w, v)−

(if existent).

Definition 10. A K-alternating dichain W is feasible if ψK +φW ∈ {0, 1, 2}E.
The result of augmenting K along W is the edge set

K�W := {e ∈ E : (ψK + φW )e > 0}.
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Fig. 4. Shrinking could be “bad”

Each alternating diwalk in D(K) is feasible.

Lemma 11. Let W be a feasible alternating dichain in D(K) that starts with a
⊕-arc in a source node and ends with a ⊕-arc in a sink node. If K�W contains
no cycle of G, then K � W is a path-matching in G of larger size than K.
If W is in addition chordless w.r.t. matroid-arcs then K�W is an independent
path-matching in G of larger size than K.

Proof. Let W be a feasible alternating dichain in D(K) that starts with a ⊕-arc
in a source node and ends with a ⊕-arc in a sink node. Since W is an alternating
dichain, K � W is the union of node-disjoint paths and cycles. All cycles are
in R, all inner nodes of paths are in R, and all paths are directed from T1 ∪R to
R∪T2 (because we have directed the path-edges for the augmentation digraph).
Hence, if K �W contains no cycle of G then K �W is a path-matching in G.
Since W contains more ⊕-arcs than �-arcs, K�W is of larger size than K. If W
is in addition chordless w.r.t. matroid-arcs then, using the same argumentation
as for the augmenting paths in the matroid intersection case, the set of nodes
of Ti in any of the paths in K�W is independent inMi, i = 1, 2. Consequently,
K�W is an independent path-matching in G of larger size than K. ��

For the matching algorithm, we shrink certain odd cycles that are detected
during the construction of the alternating tree. Similarly, for the independent
path-matching algorithm, we shrink certain matching-cycles that are induced
during the course of the algorithm. Roughly speaking, aK-alternating dichainW
induces a matching-cycle C if it contains as subdichain the walk along the
matching-path of C. The definition in Definition 12 is more strict. It covers
all cases of induced matching-cycles that need to be shrink and at the same time
it ensures that they can be detected in polynomial time.

We demonstrate on an example in Fig. 4 that by shrinking other matching-
cycles something bad can happen. The thick lines in a) form a path-matching K
in standard form, whereas the thick lines in b) form a path-matchingK∗ of larger
size, i.e., K is non-maximal. The odd cycle C of length five is a matching-cycle.
In c) we have a K-alternating diwalk W in D(K). W contains as subdichain the
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Fig. 5. An alternating diwalk (illustrated by dashed lines and ⊕- and �-arcs) induces
a matching-cycle C(v, w, M) according to (ii)
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Fig. 6. Bad alternating diwalk

walk along the matching-path of C. If we shrink C we obtain the digraph in d)
where K is a maximal path-matching.

Definition 12. Let C(v, w,M) be a matching-cycle in G that consists of an
even path P (v, w) in K from v to w (in that direction) and the matching-path M
from v to w. We denote by Mr the reversed matching-path from w to v.

An alternating diwalk W in D(K) induces the matching-cycle C(v, w,M)
according to

(i) if W contains the matching-path M from v to w or W contains the �-arc
entering v and later the matching-path Mr from w to v.
Moreover, v is either a source node or the subdiwalk from the first node
of W to the �-arc entering v contains no arc of the matching-cycle.

(ii) if the following conditions are fulfilled (see Fig. 5):
– W contains the matching-path M from v to w,
– the alternating diwalk W enters the matching-cycle the first time in a

node u that is an end node of a �-arc of M , and
– there exists a node t in W such that the walk from t to u in W is a

matching-path and there is an even path P (t, v) in K from t to v.

Consider the example in Fig. 6. The thick lines in a) form a path-matching K
in standard form which is maximal. In b) we have a K-alternating diwalk start-
ing in source node r and ending in sink node s that induces a matching-cycle
according to (i). The augmentation along this diwalk would lead to the union of
thick lines in c) which includes an odd cycle.

As we shrink odd cycles to solve the matching problem, we shrink induced
matching-cycles to solve the independent path-matching problem. We consider
an example in Fig. 7. The thick lines in a) form a path-matching K in standard
form of size 9. There is only one path-matching K∗ of larger size illustrated by
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Fig. 7. Shrink and expand matching-cycle

thick lines in b). The augmentation digraph D(K) is pictured in c). It contains
only one source node r and only one sink node s = r. The augmentation structure
that we are interested in is the one given in f) where we have to use certain arcs
more than once (−2 or +2 means that the arc is used twice). If we try to find
an alternating diwalk starting in r and ending in s, we obtain an alternating
diwalk that induces a matching-cycle according to (i), namely, the odd cycle of
length 5 located at node r. We shrink this matching-cycle and obtain the new
digraph in d). It contains a “good” alternating diwalk: the one illustrated in e).
The expansion of this diwalk leads to the augmentation structure in f).

Let D′ = (V,A′) be a subdigraph of D(K) and C = C(v, w,M) a matching-
cycle in D′. There is at most one �-arc (v′, v)− in D′ entering C and at most
one �-arc (w,w′)− leaving C. Shrinking C leads to the following digraph D′×C:
It has node-set (V \ V (C)) ∪ {C} and ⊕-arcs

(A′)+ \ {(x, y)+ ∈ A′ : x, y ∈ V (C)}
∪ {(x,C)+ : x /∈ V (C), x 	= w′, (x, y)+ ∈ A′ for some y ∈ V (C)}
∪ {(C, y)+ : y /∈ V (C), y 	= v′, (x, y)+ ∈ A′ for some x ∈ V (C)}.

Similarly we define the set of �-arcs of D′ × C. There is at most one �-arc in
D′×C entering C and at most one leaving C. Shrinking C in G to obtain G×C
is just the usual shrinking operation without parallel edges. G×C has node set
T1∪R′∪T2. Let W be an alternating dichain in D(K)×C. The expansion of W
to obtain an alternating dichain in D(K) is a straightforward extension of the
expansion of odd cycles in the matching case.

Definition 13. Any digraph that we obtain from D(K) by a sequence of shrink-
ing operations of matching-cycles is a derived digraph of D(K).

A K-augmenting dichain is a feasible alternating dichain in D(K) that is
an expansion of an alternating diwalk W in some derived digraph D′ of D(K),
where W starts with a ⊕-arc in a source node, ends with a ⊕-arc in a sink node,
and does not induce a matching-cycle.

Lemma 14. Let W be a K-augmenting dichain. Then there exists a K-augmen-
ting dichain W ∗ such that K�W ∗ does not contain a cycle.
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The proof of this lemma requires quite involved proof techniques and is very
lengthy. In order not to be beyond the scope of this paper, we refrain from
presenting the proof here, we refer to [9]. The proof is constructive and this
construction can be made in polynomial time.

We obtain

Lemma 15. An independent path-matching K in standard form is not maximal
if a K-augmenting dichain exists.

Proof. Let K be an independent path-matching K in standard form and W
a K-augmenting dichain. Lemma 14 implies the existence of a K-augmenting
dichain W ∗ such that K�W ∗ does not contain a cycle. W.l.o.g. W ∗ is chordless
w.r.t. matroid-arcs. Hence, using Lemma 11, K �W ∗ is an independent path-
matching in G of larger size than K. Consequently, K is not maximal. ��

Lemma 15 suggests a possible approach to construct a maximal independent
path-matching. Repeatedly find an augmenting dichain and obtain an indepen-
dent path-matching of larger size using the dichain.

To find aK-augmenting dichain we use a construction similar to the construc-
tion of alternating trees rooted in exposed nodes for the matching algorithm. By
a sequence of shrinking operations of matching-cycles of D(K) we construct a
digraph D (a subdigraph of a derived digraph of D(K)). For all arcs in D there is
an alternating diwalk in D starting in a source node with a ⊕-arc that uses this
arc and does not induce a matching-cycle. Certain matching-cycles are shrinked
to obtain D. As in the matching-case, we stop growing D if we detect a ⊕-arc
that enters a sink node. Then D contains an alternating diwalk that starts with a
⊕-arc in a source node, ends with a ⊕-arc in the sink node, and does not induce
a matching-cycle. If all possible ⊕-arcs are checked and no sink node can be
reached in D via an entering ⊕-arc in D, then we will prove that K is maximal.

We first consider the case where both matroids are free, i.e., we deal with
the path-matching problem. A node v in D is �-reachable if v is a source node
or there is an alternating diwalk in D starting with a ⊕-arc in a source node
and ending in v with a �-arc. v is ⊕-reachable if there is an alternating diwalk
in D starting with a ⊕-arc in a source node and ending in v with a ⊕-arc. v is
reachable if it is �-reachable or ⊕-reachable.

Algorithm 16. (Path-Matching Algorithm)

Input. K path-matching in standard form.
Output. K∗ maximum path-matching.

1. Let A+ (A−) be the set of ⊕-arcs (�-arcs) in D(K) and for v ∈ V we denote
by s(v) the unique node (if it exists) such that (v, s(v))− ∈ A−.

2. Set V := V , A := ∅, D := (V,A), A∗ := A+.
3. While there exists (x, y)+ ∈ A∗ such that x is �-reachable in D perform the

following steps:
(a) If (y, s(y))− ∈ A, goto (e).
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(b) If (x, y)+ induces a matching-cycle (i.e., the alternating diwalk including
(x, y)+ that starts with a ⊕-arc in a source node induces a matching-cycle
but the subdiwalk ending in x induces none), shrink the matching-cycle
and update. Goto (e).

(c) If y is a sink node, A := A ∪ {(x, y)+}, D := (V,A), goto 5.
(d) A := A ∪ {(x, y)+, (y, s(y))−}, D := (V,A).
(e) A∗ := A∗ \ {(x, y)+}.

4. K is a maximum path-matching. Return K∗ := K. Stop.
5. Find the alternating diwalkW in D that starts with a ⊕-arc in a source node,

ends with a ⊕-arc in the sink node y, and does not induce a matching-cycle.
6. Expand W to a K-augmenting dichain W .
7. Transform W to a K-augmenting dichain W ∗ such that K �W ∗ does not

contain a cycle.
8. Replace K by a standard form of K�W ∗ and goto Step 1.

With 3.(a) we obtain that each node has at most one ⊕-arc entering it. Since
each node also has at most one �-arc entering it, we obtain the uniqueness of
alternating diwalks in D. This turns the algorithm polynomial.

In 3.(b) (x, y)+ induces a matching-cycle C. We shrink the matching-cycle.
This leads to updated sets V, A, V , A+, A−, and A∗. We perform an additional
update which is as follows:

(a) If there are already ⊕-arcs in A entering the pseudonode, delete all from A.
If (before shrinking C) A contains a �-arc leaving C, then there is a ⊕-arc
(a, b)+ entering C on the unique alternating diwalk in D that starts in a
source node with a ⊕-arc and contains this �-arc. Add (a,C)+ to A. Then
the �-arc is again reachable. Add all ⊕-arcs in A+ leaving or entering the
pseudonode to A∗.

(b) If (x, y)+ induces a matching-cycle C according to (ii), we have to make sure
that we reach the pseudonode via an alternating diwalk in D that starts in
a source node with a ⊕-arc and enters the pseudonode with a �-arc:
Let W be the alternating diwalk that induces the matching-cycle C =
C(v, w,M) according to (ii). Let P (t, v) = (t, v1, . . . , v2k, v2k+1, v) be the
even path from t to v in Fig. 5. Then (v2k+1, v)− is the �-arc entering the
matching-cycle and (v2k+1, C)− ∈ A. For z ∈ V we denote by p(z) the unique
node in V (if it exists) such that (p(z), z)+ ∈ A. Set

A := A \ {(p(v2i+1), v2i+1)+ : i = 0, . . . , k}
∪ ({(t, v1)+} ∪ {(v2i−1, v2i)−, (v2i, v2i+1)+ : i = 1, . . . , k}).

Since t is �-reachable, it follows that the pseudonode C is �-reachable.

If a sink node y is reached, then D contains an alternating diwalk W that
starts with a ⊕-arc in a source node, ends with a ⊕-arc (x, y)+ in the sink node y,
and does not induce a matching-cycle. We can find W by tracing back from y
in D (starting with (x, y)+) until we reach a ⊕-arc leaving a source node. We
then expand W to a K-augmenting dichain W . Using the construction in the
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proof of Lemma 14, we next transform W in polynomial time to a K-augmenting
dichain W ∗ such that K�W ∗ does not contain a cycle. Lemma 11 implies that
K�W ∗ is a path-matching in G of larger size than K.

If all possible ⊕-arcs are checked and no sink node can be reached in D via
an entering ⊕-arc, then K is maximal. To see this, let N be the set of nodes
in D that are reachable. Define

X := {v ∈ N ∪ J2 : v is not �-reachable}.

Then X is a cut in G such that ψK(E) = |R|+ |X| − oddG(X), see [9]. By the
min-max formula of Theorem 3, this proves the maximality of K.

In case of general matroids there are some modifications necessary. For a ma-
troidM, J ∈M, and w 	∈ J with J∪{w} 	∈ M, let C(J,w) be the corresponding
circuit in J ∪ {w} w.r.tM, i.e.,

C(J,w) = {v ∈ J : J ∪ {w} \ {v} ∈ M} ∪ {w}.

A node v in D is called �-reachable if it is �-reachable or there is a node u
in D that is �-reachable such that (u, v) is a matroid-arc in D. Similarly for
⊕-reachability.

In the Path-Matching Algorithm replace (a) by (a’) and (d) by (d’):

(a’) If (y, s(y))− ∈ A, goto (e).
If y ∈ T1 \ J1 with J1 ∪ {y} 	∈ M1

If for all v ∈ C1(J1, y) we have (v, s(v))− ∈ A, goto (e).
(d’) If y ∈ J1 ∪R, A := A ∪ {(x, y)+, (y, s(y))−}

If s(y) ∈ T2 /* add matroid-arcs leaving s(y) */

M := {(s(y), w) : w ∈ T2 \ J2, J2 ∪ {w} 	∈ M2,
s(y) ∈ C2(J2, w), (s(y), w) 	∈ A},

A := A ∪M,

D := (V,A), goto (e).
/* y ∈ T1 \ J1 with J1 ∪ {y} 	∈ M1,

add matroid-arcs leaving y and the succeeding �-arcs */
N := {v ∈ C1(J1, y) : (v, s(v))− 	∈ A}
A := A ∪ {(x, y)+, (y, v), (v, s(v))− : v ∈ N}.
While there is v ∈ N such that s(v) ∈ T2 and there is w ∈ T2 \ J2 such that
J2 ∪ {w} 	∈ M2, s(v) ∈ C2(J2, w), and (s(v), w) 	∈ A
/* add matroid-arcs leaving s(v) */

M := {(s(v), w) : w ∈ T2 \ J2, J2 ∪ {w} 	∈ M2,
s(v) ∈ C2(J2, w), (s(v), w) 	∈ A},

A := A ∪M.

D := (V,A).
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Again, if all possible ⊕-arcs are checked and no sink node can be reached
in D via an entering ⊕-arc, then K is a maximum independent path-matching.
To see this, let N be the set of nodes in D that are reachable. Define

X := {v ∈ N ∪ J2 : v is not �-reachable} ∪ {w ∈ T2 \ J2 : J2 ∪ {w} 	∈ M2}.
Then X is a cut in G such that

ψK(E) = |R|+ r1(T1 ∩X) + r2(T2 ∩X) + |R ∩X| − oddG(X),

see [9]. By the min-max formula of Theorem 3, this proves the maximality of K.
Notice that this argument provides an algorithmic proof of the min-max theorem.

As a generalization of Berge’s augmenting path theorem for matchings and
Edmonds’ and Lawler’s augmenting path theorem for matroid intersection we
have the following characterization of maximal independent path-matchings via
augmenting dichains.

Theorem 17. An independent path-matching K in standard form is maximal
if and only if there does not exist a K-augmenting dichain.

Proof. Let K be an independent path-matching in standard form. If a K-aug-
menting dichain exists, Lemma 15 implies that K is not maximal. If K is
not maximal, the Independent Path-Matching Algorithm finds a K-augmenting
dichain. ��

The Independent Path-Matching Algorithm is a combinatorial algorithm for
the independent path-matching problem that runs in (oracle) polynomial time.
It is a significant generalization of the known combinatorial algorithms for the
matching problem and the matroid intersection problem.
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Abstract. We present a polynomial time domain scaling algorithm for
the minimization of an M-convex function. M-convex functions are non-
linear discrete functions with (poly)matroid structures, which are being
recognized to play a fundamental role in tractable cases of discrete opti-
mization. The novel idea of the algorithm is to use an individual scaling
factor for each coordinate.

1 Introduction

Linear optimization problems on 0−1 vectors are NP-hard in general, much
more are nonlinear optimization problems on integral lattice points. It is vital to
identify subclasses of tractable, or polynomially solvable, problems by extracting
“good” structures.

In the linear case, network flow problems, such as the maximum flow prob-
lem and the minimum cost flow problem, are typical of tractable problems with
wide applications. These problems can be extended to the frameworks of ma-
troids and submodular systems. The submodular flow problem [6], which is an
extension of the minimum cost flow problem, is one of the general problems solv-
able in polynomial time. Many efficient algorithms for the problem are known
(e.g., [1,8,10]). In the nonlinear case, submodular functions and separable dis-
crete convex functions constitute classes of tractable nonlinear functions. The
development of combinatorial strongly polynomial time algorithms [13,15,28] for
submodular function minimization is a recent news. Separable discrete convex
functions also have appeared in many tractable cases (e.g., [11,12]).

Recently, certain classes of discrete functions, which include submodular
functions and separable discrete convex functions as special cases, were in-
vestigated by Murota [19,20]. The framework introduced by Murota, “discrete
convex analysis,” is being recognized as a unified framework for tractable dis-
crete optimization problems with reference to existing studies on submodular
functions [5,10,16], generalized polymatroids [7,8,10], valuated matroids [3,4,22]
and convex analysis [27]. In discrete convex analysis, the concepts of L-/M-
convex functions play a central role. Submodular functions are a subclass of
L-convex functions. Structures of matroids and polymatroids are generalized to
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M-convex functions. A separable discrete convex function is a function with both
L-convexity and M-convexity (in their variants). Discrete convex analysis is not
only a general framework but also a fruitful one with applications in the areas
of mathematical economics and engineering [2,23,25,26]. With the concept of
M-convex functions, the submodular flow problem is extended to the M-convex
submodular flow problem [21], which is one of the most general problems solv-
able in polynomial time [14]. As an application of the M-convex submodular
flow problem, an economic problem of finding a competitive equilibrium of an
economy with indivisible commodities can be solved in polynomial time [26].
L-convex function minimization and M-convex function minimization are fun-
damental and important problems in discrete convex analysis. The former is an
extension of submodular function minimization and the latter is an extension of
separable discrete convex function minimization over an integral base polyhe-
dron studied in [9,11,12]. Moreover, the polynomial time algorithm [14] for the
M-convex submodular flow problem needs M-convex function minimization at
each iteration.

This paper addresses the M-convex function minimization problem. A num-
ber of algorithms are already available for minimizing an M-convex function
f : ZZn → IR. Since a locally minimal solution of f is globally minimal, a de-
scent algorithm finds an optimal solution, but it does not terminate in polyno-
mial time. Shioura [29] showed the “minimizer cut property” which guarantees
that any nonoptimal solution in the effective domain dom f can be efficiently
separated from a minimizer, and exploited this property to develop the do-
main reduction algorithm, the first polynomial time algorithm for M-convex
function minimization. Time complexity of the domain reduction algorithm is
O(Fn4(logL)2), where F is an upper bound of the time to evaluate f and
L = max{|x(u) − y(u)| | u ∈ {1, . . . , n}, x, y ∈ dom f}. Moriguchi, Murota
and Shioura [17,18] showed the “proximity property” which guarantees that a
globally minimal solution of the original function f exists in a neighborhood of
a locally minimal solution of “scaled” function

fα(x) = f(x0 + αx) (x ∈ ZZn)
for an x0 ∈ dom f and a positive integer α, where fα is not necessarily M-convex.
They also gave an O(Fn3 log(L/n))-time algorithm for a subclass of M-convex
functions f such that fα is M-convex for any x0 ∈ dom f and any positive integer
α. Although their algorithm, being a descent algorithm, works for any M-convex
function, it does not terminate in polynomial time in general. This is because
M-convexity is not inherited in the scaling operation.

We develop an O(Fn3 log(L/n))-time scaling algorithm applicable to any M-
convex function by exploiting a new property which is a common generalization
of the minimizer cut property and the proximity property. The novel idea of the
algorithm is to use an individual scaling factor αv for each v ∈ {1, . . . , n}.

2 M-convexity
Here we define M-convexity and review known results which are utilized in the
next section.
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Let V be a nonempty finite set of cardinality n, and IR, ZZ and ZZ++ be
the sets of reals, integers and positive integers, respectively. Given a vector z =
(z(v) : v ∈ V ) ∈ ZZV , its positive support and negative support are defined by

supp+(z) = {v ∈ V | z(v) > 0} and supp−(z) = {v ∈ V | z(v) < 0}.
For v ∈ V , we denote by χv the characteristic vector of v defined by χv(v) = 1
and χv(u) = 0 for u �= v. For a function f : ZZV → IR ∪ {+∞}, we define the
effective domain of f and the set of minimizers of f by

dom f = {x ∈ ZZV | f(x) < +∞},
arg min f = {x ∈ ZZV | f(x) ≤ f(y) (∀y ∈ ZZV )}.

A function f : ZZV → IR ∪ {+∞} with dom f �= ∅ is called M-convex [19,20]
if it satisfies

(M-EXC) ∀x, y ∈ dom f , ∀u ∈ supp+(x− y), ∃v ∈ supp−(x− y) :

f(x) + f(y) ≥ f(x− χu + χv) + f(y + χu − χv).
We note that (M-EXC) is also represented as: for x, y ∈ dom f ,

f(x) + f(y) ≥ max
u∈supp+(x−y)

min
v∈supp−(x−y)

[ f(x− χu + χv) + f(y + χu − χv) ],

where the maximum and the minimum over an empty set are −∞ and +∞,
respectively. By (M-EXC), dom f lies on a hyperplane whose normal vector is
the vector of all ones, that is, for any x, y ∈ dom f , x(V ) = y(V ) holds, where
x(V ) =

∑
v∈V x(v).

Remark 1. An ordinary convex function ψ : IRV → IR can be characterized
by the following property: for any x, y ∈ IRV and λ ∈ IR with 0 ≤ λ ≤ 1,
ψ(x) +ψ(y) ≥ ψ(x̂) +ψ(ŷ) holds, where x̂ = x− λ(x− y) and ŷ = y+ λ(x− y).
That is, two points x̂ and ŷ, which are obtained by approaching the same distance
from x and y to each other in a straight line, do not increase the sum of function
values. Unfortunately, two points on an integral lattice ZZV may not approach to
each other in a straight line on ZZV . Property (M-EXC) extracts the essence of
the above characterization of ordinary convex functions. Fig. 1 draw an example
of (M-EXC) with |V | = 3, where x′ = x− χu + χv and y′ = y + χu − χv.

It is known that arg min f and dom f are an M-convex set, where a nonempty
set B ⊆ ZZV is said to be an M-convex set if it satisfies

(B-EXC) ∀x, y ∈ B, ∀u ∈ supp+(x− y), ∃v ∈ supp−(x− y) :

x− χu + χv ∈ B, y + χu − χv ∈ B.
An M-convex set is a synonym of the set of integer points of the base polyhedron
of an integral submodular system (see [10] for submodular systems). Thus, the
M-convexity is a quantitative generalization of the base polyhedron of an integral
submodular system.



24 Akihisa Tamura

�
�
�
�
�
�

�
�
�
�
�
�
�
�
�

�
�
�
�
�
�

�
�
�

�
�

�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�

�
�

�
�

�
�

u

��
v

��

�
x

�

y

�

x′

�
y′

Fig. 1. An example of (M-EXC)

Lemma 1 ([19,20]). For an M-convex function f , dom f is an M-convex set,
and if arg min f �= ∅ then it is also an M-convex set.

Proof. The assertion for dom f immediately follows from (M-EXC). Let x and y
be any points in arg min f . By (M-EXC), for any u ∈ supp+(x− y), there exists
v ∈ supp−(x− y) such that

f(x) + f(y) ≥ f(x− χu + χv) + f(y + χu − χv).
Since x, y ∈ arg min f , we have x − χu + χv, y + χu − χv ∈ arg min f . Hence, if
arg min f �= ∅, then it satisfies (B-EXC). �


Lemma 1 implies the following property.

Proposition 1. Let f : ZZV → IR∪{+∞} be an M-convex function. For u, v ∈
V and γ1, γ2 ∈ ZZ, suppose that there exist x1, x2 ∈ arg min f with x1(u) ≤ γ1
and x2(v) ≥ γ2, where γ2 ≤ γ1 if u = v. Then, there exists x∗ ∈ arg min f with
x∗(u) ≤ γ1 and x∗(v) ≥ γ2.

Proof. If x2(u) < x1(u) then there is nothing to prove. Let x∗ be a point in
arg min f such that x∗ minimizes x∗(u) among all points x ∈ arg min f with
x(v) ≥ γ2 and x(u) ≥ x1(u). We prove that x∗(u) ≤ γ1. Suppose to the contrary
that x∗(u) > γ1. Since u ∈ supp+(x∗ − x1) and arg min f is an M-convex set,
there exists w ∈ supp−(x∗ − x1) such that x′ = x∗ − χu + χw ∈ arg min f .
Obviously, x′(v) ≥ γ2 and x1(u) ≤ x′(u) < x∗(u) hold. However, this contradicts
the definition of x∗. �


M-convex functions have various features of convex functions. For example, a
locally minimal solution of an M-convex function is globally minimal. The next
theorem shows how to verify optimality of a given solution with O(n2) function
evaluations.

Theorem 1 ([19,20]). For an M-convex function f and x ∈ dom f , f(x) ≤
f(y) for any y ∈ ZZV if and only if f(x) ≤ f(x− χu + χv) for all u, v ∈ V .
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Proof. The “only if” part is trivial. We prove the “if” part. Suppose to the
contrary that there is a point y with f(y) < f(x), and in addition suppose that
y minimizes ‖ y − x ‖ among such points. Since y �= x and y(V ) = x(V ), there
exists an element u ∈ supp+(x− y). By (M-EXC), for some v ∈ supp−(x− y),

f(x) + f(y) ≥ f(x− χu + χv) + f(y + χu − χv)
holds. Since f(x) ≤ f(x − χu + χv), we have f(y + χu − χv) ≤ f(y) < f(x).
Obviously, ‖ (y + χu − χv)− x ‖<‖ y − x ‖ holds. However, this contradicts the
definition of y. Hence we have f(x) ≤ f(y) for any y ∈ ZZV . �


The following properties, Theorems 2 and 3, play important roles in our
algorithm. The former is due to Shioura [29] and the latter is implicit in the
proof of the proximity theorem for M-convex functions in [17,18]. The minimizer
cut property, Theorem 2, suggests how to separate a given nonoptimal solution
from some minimizer, and serves as a basis of the domain reduction algorithm
in [29]. Both (a) and (b) of Theorem 3 together with Proposition 1 show that
some minimizer of the original function f exists in a neighborhood of a locally
minimal solution of a scaled function with respect to a fixed coordinate.

Theorem 2 (minimizer cut property, [29]). Let f : ZZV → IR ∪ {+∞}
be an M-convex function with arg min f �= ∅. For x ∈ dom f and v ∈ V , the
following statements hold.

(a) If f(x−χv +χu) = mins∈V f(x−χv +χs), then there exists x∗ ∈ arg min f
such that x(u)− χv(u) + 1 ≤ x∗(u).

(b) If f(x+χv −χu) = mins∈V f(x+χv −χs), then there exists x∗ ∈ arg min f
such that x∗(u) ≤ x(u) + χv(u)− 1.

Theorem 3 (proximity property). Let f : ZZV → IR∪{+∞} be an M-convex
function with arg min f �= ∅. For x ∈ dom f , v ∈ V and α ∈ ZZ++, the following
statements hold.

(a) If f(x) = mins∈V f(x − α(χv − χs)), then there exists x∗ ∈ arg min f such
that x(v)− (n− 1)(α− 1) ≤ x∗(v).

(b) If f(x) = mins∈V f(x + α(χv − χs)), then there exists x∗ ∈ arg min f such
that x∗(v) ≤ x(v) + (n− 1)(α− 1).

Here we show a new property, Theorem 4 below, as a common generalization
of Theorems 2 and 3. A special case of Theorem 4 with α = 1 is equivalent
to Theorem 2. Another special case of Theorem 4 with u = v is identical with
Theorem 3.

Theorem 4 (minimizer cut property with scaling). Let f be an M-convex
function with arg min f �= ∅. For x ∈ dom f , v ∈ V and α ∈ ZZ++, the following
statements hold.

(a) If f(x − α(χv − χu)) = mins∈V f(x − α(χv − χs)), then there exists x∗ ∈
arg min f such that x(u)− α(χv(u)− 1)− (n− 1)(α− 1) ≤ x∗(u).
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(b) If f(x + α(χv − χu)) = mins∈V f(x + α(χv − χs)), then there exists x∗ ∈
arg min f such that x∗(u) ≤ x(u) + α(χv(u)− 1) + (n− 1)(α− 1).

Proof. Here we prove the assertion (a) because we can similarly prove (b). It
is sufficient to consider the case where there exists x∗ ∈ arg min f such that
x∗(u) is maximum. Let x̂ = x − α(χv − χu). Assume that x̂(u) > x∗(u) and
k = x̂(u)− x∗(u).

Claim A: There exist w1, w2, . . . , wk ∈ V \{u} and y0(= x̂), y1, . . . , yk ∈ dom f
such that yi = yi−1 − χu + χwi

and f(yi) < f(yi−1) for i = 1, 2, . . . , k.

[Proof of Claim A] Let yi−1 ∈ dom f . By (M-EXC), for yi−1, x∗ and u ∈
supp+(yi−1 − x∗), there exists wi ∈ supp−(yi−1 − x∗) ⊆ V \ {u} such that

f(x∗) + f(yi−1) ≥ f(x∗ + χu − χwi
) + f(yi−1 − χu + χwi

).

Since f(x∗) < f(x∗ +χu −χwi
), we have f(yi−1) > f(yi−1 −χu +χwi

) = f(yi).

Claim B: For any w ∈ V \ {u} with yk(w) > x̂(w) and β ∈ ZZ with 0 ≤ β ≤
yk(w)− x̂(w)− 1, f(x̂− (β + 1)(χu − χw)) < f(x̂− β(χu − χw)) holds.

[Proof of Claim B] We prove the claim by induction on β. For β with 0 ≤ β ≤
yk(w)− x̂(w)− 1, put x′ = x̂− β(χu − χw) and assume x′ ∈ dom f . Let j∗ (1 ≤
j∗ ≤ k) be the maximum index with wj∗ = w. Since yj∗(w) = yk(w) > x′(w) and
supp−(yj∗−x′) = {u}, we have f(x′)+f(yj∗) ≥ f(x′−χu+χw)+f(yj∗ +χu−χw)
by (M-EXC). Claim A guarantees that f(yj∗−1) = f(yj∗ + χu − χw) > f(yj∗),
and hence, f(x′) > f(x′ − χu + χw).

The hypothesis of (a) and Claim B imply µw = yk(w) − x̂(w) ≤ α − 1 for
any w ∈ V \ {u}, because

f(x̂− µw(χu − χw)) < · · · < f(x̂− (χu − χw)) < f(x̂) ≤ f(x̂− α(χu − χw))

holds for any w with µw > 0. Thus, we have

x̂(u)− x∗(u) = x̂(u)− yk(u) =
∑

w∈V \{u}
{yk(w)− x̂(w)} ≤ (n− 1)(α− 1),

where the second equality follows from x̂(V ) = yk(V ). �


3 Proposed Algorithm

This section describes a scaling algorithm of time complexity O(Fn3 log(L/n))
for the M-convex function minimization. It is assumed that the effective domain
of a given M-convex function f is bounded and that a vector x0 ∈ dom f is
given.

We preliminarily show that L = max{|x(u)−y(u)| | u ∈ V, x, y ∈ dom f} can
be computed in O(Fn2 logL) time. For x ∈ dom f and u, v ∈ V , the exchange
capacity associated with x, u and v is defined as

c̃f (x, v, u) = max{α | x+ α(χv − χu) ∈ dom f},
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which can be computed in O(F logL) time by the binary search because 0 ≤
c̃f (x, v, u) ≤ L. For each w ∈ V , define

lf (w) = min{x(w) | x ∈ dom f}, uf (w) = max{x(w) | x ∈ dom f}.
The values lf (w) and uf (w) can be calculated by the following algorithm in
O(Fn logL) time.

function Calculate Bound(f, x, w)
input: f : M-convex function, x ∈ dom f , w ∈ V ;
output: (lf (w), uf (w)) ;

�1: number V \ {w} from v2 to vn ;
�2: y := z := x ;
�3: for i := 2 to n do {
�4: y := y + c̃(y, vi, w)(χvi − χw), z := z + c̃(z, w, vi)(χw − χvi)
�5: } ;
�6: return (y(w), z(w)).

The correctness of the above algorithm can be verified from the fact that dom f
satisfies (B-EXC) (see also [10,29]).

Lemma 2. Values lf (w) and uf (w) for a fixed w ∈ V can be computed in
O(Fn logL) time by Calculate Bound, and L in O(Fn2 logL) time.

Proof. We first show the correctness of Calculate Bound. Let yi denote the
point y defined at iteration i of Calculate Bound. Suppose to the contrary
that lf (w) < yn(w), i.e., there exists ŷ ∈ dom f with ŷ(w) < yn(w). Since dom f
is an M-convex set, there exists vj ∈ supp−(yn−ŷ) such that y′ = yn+χvj

−χw ∈
dom f . By applying (B-EXC) for y′, yj and vi ∈ supp+(y′ − yj), there exists
v ∈ supp−(y′− yj) with yj +χvj −χv ∈ dom f . Moreover, v must be equal to w
because supp−(y′ − yj) ⊆ supp−(yn − yj) ∪ {w} = {w} holds by the definition
of yi. However, this contradicts the definition of c̃(yj−1, vj , w).

Time complexity immediately follows from the above discussion. �

For any two vectors a, b ∈ ZZV , let [a, b] denote the set {x ∈ ZZV | a ≤ x ≤ b}

and f ba be defined by

f ba(x) =
{
f(x) if x ∈ [a, b]
+∞ otherwise.

Condition (M-EXC) directly yields the next property.

Proposition 2. For an M-convex function f and a, b ∈ ZZV , if dom f ba �= ∅
then f ba is also M-convex.

We go on to the main topic of describing our algorithm for minimizing f . The
novel idea of the algorithm is to use an individual scaling factor αv ∈ ZZ++ for
each v ∈ V . Besides the factors αv (v ∈ V ), the algorithm maintains a current
vector x ∈ dom f , two vectors a, b ∈ ZZV and a subset V ′ ⊆ V , and it preserves
the following four conditions:
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(c1) x ∈ dom f ∩ [a, b] = dom f ba,
(c2) b(v)− a(v) ≤ 2nαv for v ∈ V ,
(c3) arg min f ∩ [a, b] �= ∅, (i.e., arg min f ba ⊆ arg min f),
(c4) there exists x∗ ∈ arg min f such that x∗(v) = x(v) for all v ∈ V \ V ′.

These parameters are initially put as x := x0, V ′ := V , a(v) := lf (v), b(v) :=
uf (v) and αv := 2�log2{(uf (v)−lf (v))/n}�/2 for v ∈ V . Thus, conditions (c1) to
(c4) are initially satisfied. At each iteration of the algorithm, interval [a, b] is
strictly reduced and V ′ is not increased. By (c4) and the fact that y(V ) is a
constant for any y ∈ dom f , the algorithm stops if |V ′| ≤ 1; then the current x
is a minimizer of f . The algorithm terminates in O(n2 log(L/n)) iterations and
requires O(Fn) time at each iteration. Hence, the total time complexity of the
algorithm is O(Fn3 log(L/n)).

Before entering into a precise description of the algorithm, we briefly explain
its typical behaviour. First, take v ∈ V ′ arbitrarily, and find u ∈ V ′ minimizing
f ba(x−χu+χv). Here we explain what the algorithm does in the case where u �= v.
Then, there exists x1 ∈ arg min f ba with x1(u) ≤ x(u) − 1 by (b) of Theorem 2.
This inequality suggests that an optimal solution can be found by decreasing
x(u). Next find w ∈ V ′ minimizing f ba(x−αu(χu−χw)). When u can be chosen
as w attaining the minimum value, (a) of Theorem 3 guarantees that there exists
x2 ∈ arg min f ba with x(u)−(n−1)(αu−1) ≤ x2(u). By Proposition 1, there exists
x∗ ∈ arg min f ba with x(u) − (n − 1)(αu − 1) ≤ x∗(u) ≤ x(u) − 1 < x(u). Thus,
we can put a(u) := max[a(u), x(u) − (n − 1)(αu − 1)] and b(u) := x(u). Since
b(u) − a(u) ≤ nαu, the scaling factor αu can be divided by 2 without violating
(c2). In the other case with w �= u, we update a, b and x as b(u) := x(u) − 1,
x := x − αu(χu − χw) and a(w) := max[a(w), x(w) − (n − 1)(αu − 1)], where
the update of a is justified by (a) of Theorem 4. This is a part of our algorithm
described below (see Case2). A complete description of our algorithm is now
given in Fig. 2.

In the sequel of this section, we show the correctness and the time complexity
of algorithm Coordinatewise Scaling.

Lemma 3. Coordinatewise Scaling preserves conditions (c1) to (c4).

Proof. As we mentioned above, conditions (c1) to (c4) are satisfied just after the
execution of line �03. We note that Proposition 2 guarantees that f ba is M-convex.
The while loop, which is lines �04 to �12, consists of three cases.

The first case at line �08 implies that there exists x∗ ∈ arg min f with x∗(v) =
x(v) by condition (c3), Proposition 1 and Theorem 2 for f ba. Trivially, conditions
(c1) to (c4) are satisfied after the execution of line �09.

We next consider the second case at line �10. By (c3) and (b) of Theorem 2
for f ba, there exists x1 ∈ arg min f ba ⊆ arg min f with x1(u1) ≤ x(u1)− 1. Let us
consider function Case2, in which we have either u ∈ Wu or u �∈ Wu. Assume
first that u ∈Wu. By (c3) and (a) of Theorem 3 for f ba, there exists x2 ∈ arg min f
with a(u) ≤ x2(u), where a is the updated one. We note that the updated a and
b have a(u) ≤ b(u). By Proposition 1, there exists x∗ ∈ arg min f with a(u) ≤
x∗(u) ≤ b(u). Thus, (c1) to (c4) are satisfied. Assume next that u �∈Wu. By (c3)
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algorithm Coordinatewise Scaling(f, V, x0)
input: f : M-convex function with bounded dom f ⊂ ZZV , x0 ∈ dom f ;
output: a minimizer of f ;

�01: n := |V |, V ′ := V, x := x0 ;
�02: for each v ∈ V do (a(v), b(v)) := Calculate Bound(f, x, v) ;
�03: for each v ∈ V do αv := 2�log2{(b(v)−a(v))/n}�/2 ;
�04: while |V ′| ≥ 2 do {
�05: take v ∈ V ′ ;
�06: find u1 ∈ V ′ : fb

a(x + χv − χu1) = min
s∈V ′\{v}

fb
a(x + χv − χs) ;

�07: find u2 ∈ V ′ : fb
a(x− χv + χu2) = min

s∈V ′\{v}
fb

a(x− χv + χs) ;

�08: if fb
a(x) ≤ fb

a(x + χv − χu1) and fb
a(x) ≤ fb

a(x− χv + χu2) then
�09: { a(v) := b(v) := x(v), V ′ := V ′ \ {v} } ;
�10: else if fb

a(x) > fb
a(x + χv − χu1) then Case2(u1) ;

�11: else (fb
a(x) > fb

a(x− χv + χu2)) then Case3(u2) ;
�12: } ;
�13: return (x) ;

function Case2(u) (∃x1 ∈ arg min f with x1(u) ≤ x(u)− 1)
�1: Wu := arg mins∈V ′ fb

a(x− αu(χu − χs)) ;
�2: if u ∈Wu then
�3: { a(u) := max[a(u), x(u)− (n− 1)(αu − 1)], b(u) := x(u) } ;
�4: else (u �∈Wu) {
�5: take w ∈Wu, b(u) := x(u)− 1, x := x− αu(χu − χw) ;
�6: a(w) := max[a(w), x(w)− (n− 1)(αu − 1)] ;
�7: Update Factor(w) } ;
�8: Update Factor(u) ;
�9: return ;

function Case3(u) (∃x2 ∈ arg min f with x2(u) ≥ x(u) + 1)
�1: Wu := arg mins∈V ′ fb

a(x + αu(χu − χs)) ;
�2: if u ∈Wu then
�3: { a(u) := x(u), b(u) := min[b(u), x(u) + (n− 1)(αu − 1)] } ;
�4: else (u �∈Wu) {
�5: take w ∈Wu, a(u) := x(u) + 1, x := x + αu(χu − χw) ;
�6: b(w) := min[b(w), x(w) + (n− 1)(αu − 1)] ;
�7: Update Factor(w) } ;
�8: Update Factor(u) ;
�9: return ;

function Update Factor(s)
�1: while αs > 1 and b(s)− a(s) ≤ nαs do αs := αs/2 ;
�2: if a(s) = b(s) then V ′ := V ′ \ {s} ;
�3: return .

Fig. 2. A complete description of our algorithm
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and (a) of Theorem 4 for f ba, there exists x2 ∈ arg min f with a(w) ≤ x2(w),
where a is the updated one. By Proposition 1, there exists x∗ ∈ arg min f with
a(w) ≤ x∗(w) and x∗(u) ≤ b(u) for the updated a and b, and hence, (c3) holds.
Obviously, the updated a, b and x violate no other conditions at the end of
line �6. At lines �7 and �8, Update Factor reduces αw and αu respectively,
preserving (c1) to (c4).

Similarly, the third case at �11 also preserves (c1) to (c4). �


Lemma 4. The while loop in lines �04 to �12 of Coordinatewise Scaling
terminates in O(n2 log(L/n)) iterations.

Proof. We divide the iterations of the while loop into three cases.

Claim A: The case at line �08 occurs at most n− 1 times.
[Proof of Claim A] Every time this case occurs, the set V ′ is reduced by one
element. Thus, this case occurs at most n− 1 times.

Claim B: The case of u ∈Wu in Case2 or Case3 occurs O(n log(L/n)) times.
[Proof of Claim B] In this case, αu is greater than 1 from the hypothesis at line
�10 or �11 of Coordinatewise Scaling. Hence, αu must be updated at line
�8 of Case2 or Case3 at least once because b(u)− a(u) < nαu for the updated
a and b. Thus, this case occurs at most �log(L/n)� times for a fixed u ∈ V .

Claim C: The case of u �∈Wu in Case2 or Case3 occurs O(n2 log(L/n)) times.

By Claims A, B and C, the while loop terminates in O(n2 log(L/n)) itera-
tions. In the following, we prove Claim C.

[Proof of Claim C] We assume that for each s ∈ V , the s-axis is marked by
“�” at αs intervals so that x(s) lies on a mark (see Fig. 3). To prove Claim C,
we adopt two auxiliary vectors a′, b′ ∈ ZZV such that

b′(s)− x(s) and x(s)− a′(s) are divisible by αs, (1)

b′(s)− a′(s) + 2αs ≥ αs�(b(s)− a(s))/αs�, (2)

a′(s)− 2αs < a(s) ≤ a′(s) ≤ x(s) ≤ b′(s) ≤ b(s) < b′(s) + 2αs (3)

for any s ∈ V . For instance, the situation of Fig. 3 satisfies conditions (1) to (3).
We evaluate the number of the occurrences of the case in Claim C by using an
integral number ψ defined by

ψ =
∑

s∈V

b′(s)− a′(s)
αs

. (4)

By (c2) and (3), (b′(s) − a′(s))/αs ≤ 2n holds. We will show that ψ does not
increase if no scaling factors are updated, and that either ψ or a certain scaling
factor is strictly reduced except in one case, which does not occur consecutively
in a sense.
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We set a′(s) and b′(s) to be

a′(s) := x(s)− αs�(x(s)− a(s))/αs�,
b′(s) := x(s) + αs�(b(s)− x(s))/αs�, (5)

just after an update of αs. Obviously, these a′(s), b′(s) satisfy conditions (1) to
(3). We always put a′(s) := a(s) and b′(s) := b(s) when αs = 1, i.e.,

αs = 1 =⇒ a′(s) = a(s) and b′(s) = b(s). (6)

For a fixed element s ∈ V , we describe how to modify a′(s) and b′(s) in Case2.
The modification in Case3 is similar. Values a′(s) and b′(s) are modified when s
is selected as either u or w in functions Case2 or Case3. In the sequel, updated
values are denoted by a(s), b(s), a′(s), b′(s) and x(s), and that old values are
denoted by (old) a(s), (old) b(s), etc.

We first suppose that s is selected as u (e.g., see the modification from Fig. 3
to Fig. 4). We put b′(s) := x(s) and do not change a′(s). Obviously, (1) is
preserved and

a′(s)− 2αs < a(s) (7)
b(s)− b′(s) = αs − 1 (8)

hold. By (7) and (8), we have

b′(s)− a′(s) + 2αs > b(s)− a(s)− αs + 1 = (q − 1)αs + r + 1,

where q = �(b(s)−a(s))/αs� and r = (b(s)−a(s))−qαs. Since b′(s)−a′(s)+2αs
is divisible by αs, a′(s) and b′(s) satisfy (2). All inequalities in (3) other than
a′(s) ≤ x(s) are trivially satisfied. If x(s) < a′(s) then b(s) − a(s) < 2αs holds
by (7), (8) and the equation x(s) = b′(s) = a′(s) − αs, and hence, αs must
be updated at least once at line �8 (and a′(s) and b′(s) are updated by (5));
otherwise (3) is satisfied. Moreover, the integral number (b′(s) − a′(s))/αs is
reduced at least by one when αs remains the same, by b′(s)+αs = [(old) x(s)] ≤
[(old) b′(s)]. We note that the number of marks in [a(s), b(s)] \ [a′(s), b′(s)] is at
most one if s is selected as u, because of (5), (7) and (8).

We next suppose that s is selected as w and αu ≤ αw (e.g., see the modifi-
cation from Fig. 3 to Fig. 5). We modify a′(s) and b′(s) as follows: a′(s) is set
to be as large as possible in such a way that a′(s) − 2αs < a(s) ≤ a′(s) ≤ x(s)
and x(s) − a′(s) is divisible by αs; b′(s) is next set to be as large as possible
so that b′(s) ≤ b(s), b′(s) − x(s) is divisible by αs, and b′(s) − a′(s) does not
increase. If b(s) < b′(s) + αs, then we have b(s)− a(s) < b′(s)− a′(s) + 3αs by
a′(s) − 2αs < a(s); otherwise, b′(s) − a′(s) = (old) (b′(s) − a′(s)) must hold by
the definition of b′(s). In either case, a′(s) and b′(s) satisfy (2). Suppose to the
contrary that b′(s)+2αs ≤ b(s) holds. This inequality and (2) imply a′(s)−αs <
a(s). By a′(s)−αs < a(s) and the definition of a′(s), we have a′(s) = x(s). Since
(old) a′(s) ≤ (old) x(s) < x(s) = a′(s) and b′(s) − a′(s) = (old) (b′(s) − a′(s)),
we have (old) b′(s) < b′(s) ≤ b(s)−2αs. This contradicts the fact that (old) b′(s)
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a(s) b(s)
a′(s)
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b′(s)

�
x(s)

�

Fig. 3. A case where αs = 4
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x(s) = b′(s)

�

Fig. 4. A case where s = u and αs = 4
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a′(s)

�
x(s) = b′(s)

�

Fig. 5. A case where s = w, αs = 4 and αu = 2
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a′(s)
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b′(s)
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Fig. 6. A case where s = w, αs = 4 and αu = 8 (inadmissible case)

satisfies (3). Thus, a′(s) and b′(s) satisfy (1), (2) and inequalities in (3) except
for x(s) ≤ b′(s). Moreover, b′(s) − a′(s) does not increase. If a′(s) and b′(s)
can satisfy an additional requirement x(s) ≤ b′(s), then (3) can be satisfied.
In the other case, we have αs > 1 and b′(s) + αs = x(s) because (1), (6) and
b′(s) < x(s) ≤ b(s) < b′(s)+2αs hold. Inequalities x(s)− (n−1)(αu−1) ≤ a(s),
b(s) < b′(s) + 2αs, b′(s) + αs = x(s) and αu ≤ αs yield b(s) − a(s) < nαs, and
hence, αs must be updated at least once (a′(s) and b′(s) are updated by (5)).

We finally suppose that s is selected as w and αu > αw (e.g., see the modi-
fication from Fig. 3 to Fig. 6). Since αu is divisible by αw, marks on the s-axis
remain the same. In the same way as the case where s = w and αu ≤ αw,
we can modify a′(s) and b′(s) so that b′(s) − a′(s) does not increase and that
(1), (2) and inequalities in (3) except for x(s) ≤ b′(s) hold. If a′(s) and b′(s)
can be chosen to satisfy an additional requirement x(s) ≤ b′(s), then (3) can
be satisfied. Here we call the other case an inadmissible case. Since marks on
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the s-axis remain the same, the above modification guarantees that the num-
ber of marks in [(old)a(s), (old)b(s)] \ [(old)a′(s), (old)b′(s)] must be precisely
two in the inadmissible case. We also have x(s) = b′(s) + αs ≤ b(s) because
b′(s) < x(s) ≤ b(s) < b′(s)+2αs and b′(s)−x(s) is divisible by αs. To satisfy (3),
it suffices to increase b′(s) by αs. The number of marks in [a(s), b(s)]\[a′(s), b′(s)]
is at most one after the inadmissible case, because b(s) < b′(s) + αs holds.

By the above discussion, the integral number ψ defined in (4) does not in-
crease if no scaling factors are updated. In particular, either ψ or a certain scaling
factor is strictly reduced except in the inadmissible case. We now attach label
w to each iteration. We claim that, for a fixed s ∈ V , the inadmissible case with
the same scaling factor αs does not occur consecutively in the subsequence of
iterations labeled s. Hence, the case in Claim C occurs O(n2 log(L/n)) times.

We prove the last claim. Suppose, to the contrary, that the inadmissible case
with the same scaling factor αs occurs at iterations i and j (i < j) labeled s
and that s is not selected as w at iterations i + 1 to j − 1. Although s may be
selected as u at iterations i+1 to j−1 in Case2 or Case3, marks on the s-axis
remain the same. After the modification at iteration i, [a(s), b(s)] \ [a′(s), b′(s)]
contains at most one mark and this must be preserved just before iteration j.
However, this contradicts the fact that the inadmissible case occurs at iteration
j. �


By Lemmas 3 and 4, our main result is obtained.

Theorem 5. Suppose that f : ZZV → IR ∪ {+∞} is an M-convex function with
a bounded effective domain and that x0 ∈ dom f is given. Algorithm Coordi-
natewise Scaling finds a minimizer of f in O(Fn3 log(L/n)) time, where F is
an upper bound of time to evaluate f and L = max{|x(u)− y(u)| | u ∈ V, x, y ∈
dom f}.
Proof. By Lemma 3, if Coordinatewise Scaling terminates then it finds a
minimizer of f . Lines �01 to �03 terminate in O(Fn2 logL) time from Lemma 2.
Lemma 4 says that the while loop of Coordinatewise Scaling terminates in
O(n2 log(L/n)) iterations. Since the value f ba(x) is evaluated in O(F ) time for
any x ∈ ZZV and function f ba is referred to at most 3n times per iteration, the
total time complexity is O(Fn3 log(L/n)). �


Remark 2. For the sake of simplicity, both u1 and u2 are computed before line
�08, and hence, f ba is evaluated 3|V ′| times in each iteration. We can easily reduce
the number of evaluations of f ba from 3|V ′| to 2|V ′| per iteration. We can also
replace constant n with variable |V ′|. These revision may improve execution time
of our algorithm.

4 Concluding Remarks

In this paper, we proposed an O(Fn3 log(L/n)) time algorithm for M-convex
function minimization. We finally note that the algorithm can be extended to a
more general class of functions, called quasi M-convex functions.



34 Akihisa Tamura

Murota and Shioura [24] introduced the concept of quasi M-convex functions
and generalized results on M-convexity to quasi M-convexity. A function f :
ZZV → IR ∪ {+∞} with dom f �= ∅ is called quasi M-convex if it satisfies

(SSQM�=) ∀x, y ∈ dom f with f(x) �= f(y), ∀u ∈ supp+(x− y),
∃v ∈ supp−(x− y):

(i) f(x− χu + χv)− f(x) ≥ 0 ⇒ f(y + χu − χv)− f(y) ≤ 0, and
(ii) f(y + χu − χv)− f(y) ≥ 0 ⇒ f(x− χu + χv)− f(x) ≤ 0.

Obviously, an M-convex function satisfies (SSQM�=). Murota and Shioura [24]
show that Theorems 1 and 2 are extended to quasi M-convex functions. Fur-
thermore, we can verify that Theorem 4 is also extended to quasi M-convex
functions.

Let C be the class of functions f such that f satisfies (SSQM�=) and arg min f
is an M-convex set. It is noted that the class C includes the semistrictly quasi
M-convex functions due to [24], which are defined by the property obtained from
(SSQM�=) by eliminating hypothesis f(x) �= f(y).

The key properties of M-convex functions stated in Propositions 1 and 2
are shared by functions in C as follows. Since the set of the minimizers of any
function in C is an M-convex set, Proposition 1 is trivially extended to C. For
any f ∈ C and a, b ∈ ZZV , if arg min f∩ [a, b] �= ∅, then arg min f ba is an M-convex
set and f ba belongs to C, and hence, Proposition 2 is also extended to C. Since
our algorithm, Coordinatewise Scaling, relies solely on the above properties
and the fact that l and u with dom f ⊆ [l, u] are efficiently computable, it also
works with the same time complexity for a subclass of C such that l and u are
efficiently computable.
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Abstract. Traditionally, flows over time are solved in time-expanded
networks which contain one copy of the original network for each dis-
crete time step. While this method makes available the whole algorith-
mic toolbox developed for static flows, its main and often fatal drawback
is the enormous size of the time-expanded network. In particular, this
approach usually does not lead to efficient algorithms with running time
polynomial in the input size since the size of the time-expanded network
is only pseudo-polynomial.
We present two different approaches for coping with this difficulty. First-
ly, inspired by the work of Ford and Fulkerson on maximal s-t-flows
over time (or ‘maximal dynamic s-t-flows’), we show that static, length-
bounded flows lead to provably good multicommodity flows over time.
These solutions not only feature a simple structure but can also be com-
puted very efficiently in polynomial time.
Secondly, we investigate ‘condensed’ time-expanded networks which rely
on a rougher discretization of time. Unfortunately, there is a natural
tradeoff between the roughness of the discretization and the quality of
the achievable solutions. However, we prove that a solution of arbitrary
precision can be computed in polynomial time through an appropriate
discretization leading to a condensed time expanded network of poly-
nomial size. In particular, this approach yields a fully polynomial time
approximation scheme for the quickest multicommodity flow problem
and also for more general problems.

1 Introduction

We consider flow problems in networks with fixed capacities and transit times on
the arcs. The transit time of an arc specifies the amount of time it takes for flow
to travel from the tail to the head of that arc. In contrast to the classical case
of static flows, a flow over time in such a network specifies a flow rate entering
� Extended abstract; information on the full version of the paper can be obtained via
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an arc for each point in time. In this setting, the capacity of an arc limits the
rate of flow into the arc at each point in time.

Flows over time may be applied to various areas of operations research and
have many real-world applications such as traffic control, evacuation plans, pro-
duction systems, communication networks, and financial flows. Examples and
further application can be found in the survey articles of Aronson [1] and Pow-
ell, Jaillet, and Odoni [18].

Flows over time have been introduced about forty years ago by Ford and
Fulkerson [5,6]. They consider the problem of sending the maximal possible
amount of flow from a source node s to a sink node t within a given time T . This
problem can efficiently be solved by essentially one min-cost flow computation
on the given network where transit times of arcs are interpreted as costs per
unit of flow. Ford and Fulkerson show that an optimal solution to this min-cost
flow problem can be turned into a maximal flow over time by first decomposing
it into flows on paths. The corresponding flow over time starts to send flow on
each path at time zero, and repeats each so long as there is enough time left in
the T time units for the flow along the path to arrive at the sink. A flow over
time featuring this structure is called temporally repeated.

A problem closely related to the problem of computing a maximal flow over
time is the quickest flow problem: Send a given amount of flow from the source to
the sink in the shortest possible time. This problem can be solved in polynomial
time by incorporating the algorithm of Ford and Fulkerson in a binary search
framework. Burkard, Dlaska, and Klinz [2] present a faster algorithm which even
solves the quickest flow problem in strongly polynomial time.

A natural generalization of the quickest flow problem and the maximal flow
problem considered by Ford and Fulkerson can be defined on networks with ad-
ditional costs on the arcs. Klinz and Woeginger [14] show that the search for a
quickest or a maximal flow over time with minimal cost cannot be restricted to
the class of temporally repeated flows. In fact, adding costs has also a consid-
erable impact on the complexity of these problems. Klinz and Woeginger prove
NP-hardness results even for the special case of series parallel graphs. Moreover,
they show that the problem of computing a maximal temporally repeated flow
with minimal cost is strongly NP-hard.

Another generalization is the quickest transshipment problem: Given a vector
of supplies and demands at the nodes, the task is to find a flow over time that
zeroes all supplies and demands within minimal time. Hoppe and Tardos [13]
show that this problem can still be solved in polynomial time. They introduce the
use of chain decomposable flows which generalize the class of temporally repeated
flows and can also be compactly encoded as a collection of paths. However, in
contrast to temporally repeated flows, these paths may also contain backward
arcs. Therefore, a careful analysis is necessary to show feasibility of the resulting
flows over time.

All results mentioned so far work with a discrete time model, that is, time
is discretized into steps of unit length. In each step, flow can be sent from a
node v through an arc (v, w) to the adjacent node w, where it arrives τ(v,w) time
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steps later; here, τ(v,w) denotes the given integral transit time of arc (v, w). In
particular, the time-dependent flow on an arc is represented by a time-indexed
vector in this model. In contrast to this, in the continuous time model the flow
on an arc e is a function fe : IR+ → IR+. Fleischer and Tardos [4] point out a
strong connection between the two models. They show that many results and
algorithms which have been developed for the discrete time model can be carried
over to the continuous time model.

In the discrete time model, flows over time can be described and computed
in time-expanded networks which were introduced by Ford and Fulkerson [5,6].
A time expanded network contains a copy of the node set of the underlying
‘static’ network for each discrete time step. Moreover, for every arc e in the
static network with integral transit time τe, there is a copy between all pairs of
time layers with distance τe in the time-expanded network. Unfortunately, due
to the time expansion, the size of the resulting network is in general exponential
in the input size of the problem. This difficulty has already been pointed out by
Ford and Fulkerson1. On the other hand, the advantage of this approach is that
it turns the problem of determining an optimal flow over time into a classical
‘static’ network flow problem on the time-expanded network. This problem can
then be solved by well-known network flow algorithms. A main contribution of
this paper is to provide a possibility to overcome the difficulties caused by the
size of time-expanded networks while still maintaining the latter advantage.

A straightforward idea is to reduce the size of time-expanded networks by
replacing the time steps of unit length by larger steps. In other words, applying
a sufficiently rough discretization of time leads to a condensed time-expanded
network of polynomial size. However, there is a tradeoff between the necessity to
reduce the size of the time-expanded network and the desire to limit the loss of
precision of the resulting flow model since the latter results in a loss of quality
of achievable solutions.

We show that there is a satisfactory solution to this tradeoff problem. An
appropriate choice of the step length leads to a condensed time-expanded net-
work of polynomial size which still allows a (1 + ε)-approximate precision in
time, for any ε > 0. This observation has potential applications for many prob-
lems involving flows over time. In particular, it yields a fully polynomial time
approximation scheme (FPTAS) for the quickest multicommodity flow problem.

To the best of our knowledge, this is the first approximation result for the
general time-dependent multicommodity flow problem. Moreover, the complex-
ity of the quickest multicommodity flow problem is still open. It has neither been
proved to be NP-hard nor is it known to be solvable in polynomial time. Apart
from this, we believe that our result is also of interest for flow problems, like the
quickest transshipment problem, which are known to be solvable in polynomial
time. While the algorithm of Hoppe and Tardos [13] for the quickest transship-
ment problem relies on submodular function minimization, the use of condensed

1 They use the time-expanded network only in the analysis of their algorithm. The
optimality of the computed flow over time is proven by a cut in the time-expanded
network whose capacity equals the value of the flow.
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time-expanded networks leads to an FPTAS which simply consists of a series of
max-flow computations.

Moreover, our approach also works in the setting with costs and we can give
a bicriteria FPTAS2 for the min-cost quickest multicommodity flow problem.
Notice that already the single-commodity version of this problem is known to
be NP-hard [14].

We next introduce a geometrically-condensed time-expanded network satis-
fying the following property: For any point in time θ, every unit of flow which ar-
rives at its destination in a given flow at time θ, arrives there before time (1+ε)θ
in a corresponding solution for this network. We use this to give the first FPTAS
for the earliest arrival flow problem when there are multiple sources and a single
sink. In contrast to Hoppe and Tardos’ FPTAS for the single-source, single-sink
problem where the amount of flow is approximately optimal at every moment of
time [12], we obtain optimal flows in approximately optimal time.

While our analysis shows that condensed time-expanded networks lead to
theoretically efficient (polynomial time) algorithms with provably good worst
case performance, these algorithms can certainly not compete with methods,
like the algorithm of Ford and Fulkerson, which solely work on the underlying
static network. On the other hand, such methods are only known for restricted
problems with one single commodity. For more general problems, like multicom-
modity flows over time, it is not even clear how to encode optimal solutions
efficiently. Complex time dependency seems to be an inherent ‘defect’ of optimal
solutions to these problems. Against this background, it is interesting to ask for
provably good solutions featuring a reasonably simple structure.

Inspired by the work of Ford and Fulkerson on maximal s-t-flows over time,
we show that static, length-bounded flows in the underlying static network lead to
provably good multicommodity flows over time which, in addition, can be com-
puted very efficiently. A length-bounded flow has a path decomposition where
the length of each flow-carrying path is bounded. Based on such a path decom-
position, we can construct a temporally repeated flow over time. Moreover, if we
start with a maximal length-bounded flow, the resulting flow over time needs at
most twice as long as a quickest flow over time. If one allows a (1+ε)-violation of
the length bound, a maximal length-bounded flow can be computed efficiently in
polynomial time. Therefore, this approach yields a (2 + ε)-approximation algo-
rithm for the quickest multicommodity flow problem with costs. In this context
it is interesting to remember that the problem of computing a quickest tempo-
rally repeated flow with bounded cost is strongly NP-hard [14] and therefore
does not allow an FPTAS, unless P=NP. We also present pathological instances
which imply a lower bound on the worst case performance of our algorithm and
show that the given analysis is tight.

The paper is organized as follows. In Sect. 2 we give a precise description
of the problem under consideration and state basic properties of static (length-
bounded) flows and flows over time. In Sect. 3 we present a (2+ε)-approximation

2 A family of approximation algorithms with simultaneous performance ratio 1+ ε for
time and cost, for any ε > 0.
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algorithm based on length-bounded flows. In Sect. 4 we introduce time-expanded
networks and discuss the interconnection between flows over time and (static)
flows in time-expanded networks. Our main result on condensed time expanded
networks is presented in Sect. 5. Finally, in Sect. 6 and 7 we discuss extensions
of this result to the corresponding min-cost flow problems and to earliest arrival
flows. In this extended abstract, we omit all details in the last two sections due
to space restrictions.

2 Preliminaries

We consider routing problems on a network N = (V,A). Each arc e ∈ A has
an associated transit time or length τe and a capacity ue. An arc e from node v
to node w is sometimes also denoted (v, w); in this case, we write head(e) = w
and tail(e) = v. There is a set of commoditiesK = {1, . . . , k} that must be routed
through network N . Each commodity is defined by a source-sink pair (si, ti) ∈
V × V , i ∈ K, and it is required to send a specified amount of flow di from si
to ti, called the demand. In the setting with costs, each arc e has associated cost
coefficients ce,i, i ∈ K, which determine the per unit cost for sending flow of
commodity i through the arc.

2.1 Static Flows

A static (multicommodity) flow x on N assigns every arc-commodity pair (e, i)
a non-negative flow value xe,i such that flow conservation constraints

∑

e∈δ−(v)

xe,i −
∑

e∈δ+(v)

xe,i = 0 for all v ∈ V \ {si, ti},

are obeyed for any commodity i ∈ K. Here, δ+(v) and δ−(v) denote the set of
arcs e leaving node v (tail(e) = v) and entering node v (head(e) = v), respec-
tively. The static flow x satisfies the multicommodity demands if

∑

e∈δ−(ti)

xe,i −
∑

e∈δ+(ti)

xe,i ≥ di ,

for any commodity i ∈ K. Moreover, x is called feasible if it obeys the capacity
constraints xe ≤ ue, for all e ∈ A, where xe :=

∑
i∈K xe,i is the total flow on

arc e. In the setting with costs, the cost of a static flow x is defined as

c(x) :=
∑

e∈A

∑

i∈K
ce,ixe,i . (1)

2.2 Flows over Time

In many applications of flow problems, static routing of flow as discussed in
Sect. 2.1 does not satisfactorily capture the real structure of the problem since



The Quickest Multicommodity Flow Problem 41

not only the amount of flow to be transmitted but also the time needed for the
transmission plays an essential role.

A (multicommodity) flow over time f on N with time horizon T is given by
a collection of Lebesgue-measurable functions fe,i : [0, T ) → IR+ where fe,i(θ)
determines the rate of flow (per time unit) of commodity i entering arc e at
time θ. Transit times are fixed throughout, so that flow on arc e progresses at
a uniform rate. In particular, the flow fe,i(θ) of commodity i entering arc e
at time θ arrives at head(e) at time θ + τe. Thus, in order to obey the time
horizon T , we require that fe,i(θ) = 0 for θ ∈ [T − τe, T ).

In our model, we allow intermediate storage of flow at nodes. This corre-
sponds to holding inventory at a node before sending it onward. Thus, the flow
conservation constraints are integrated over time to prohibit deficit at any node:

∑

e∈δ−(v)

∫ ξ

τe

fe,i(θ − τe) dθ −
∑

e∈δ+(v)

∫ ξ

0
fe,i(θ) dθ ≥ 0 , (2)

for all ξ ∈ [0, T ), v ∈ V \ {si}, and i ∈ K. Moreover, we require that equality
holds in (2) for ξ = T and v ∈ V \ {si, ti}, meaning that no flow should remain
in the network after time T .

The flow over time f satisfies the multicommodity demands if

∑

e∈δ−(ti)

∫ T

τe

fe,i(θ − τe) dθ −
∑

e∈δ+(ti)

∫ T

0
fe,i(θ) dθ ≥ di , (3)

for any commodity i. Moreover, f is called feasible if it obeys the capacity
constraints. Here, capacity ue is interpreted as an upper bound on the rate of
flow entering arc e, i. e., a capacity per unit time. Thus, the capacity constraints
are fe(θ) ≤ ue, for all θ ∈ [0, T ) and e ∈ A, where fe(θ) :=

∑
i∈K fe,i(θ) is the

total flow into arc e at time θ.
For flows over time, a natural objective is to minimize the makespan: the

time T necessary to satisfy all demands. In the quickest (multicommodity) flow
problem, we are looking for a feasible flow over time with minimal time horizon T
that satisfies the multicommodity demands.

In the setting with costs, the cost of a flow over time f is defined as

c(f) :=
∑

e∈A

∑

i∈K
ce,i

∫ T

0
fe,i(θ) dθ . (4)

The quickest (multicommodity) flow problem with costs is to find a feasible flow
over time f with minimal time horizon T that satisfies the multicommodity
demands and whose cost is bounded from above by a given budget B. A natural
variant of this problem is to bound the cost for every single commodity i by a
budget Bi, that is,

∑
e∈A ce,i

∫ T
0 fe,i(θ) dθ ≤ Bi, for all i ∈ K. All of our results

on the quickest multicommodity flow problem with costs work in this setting
also.
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2.3 Length-Bounded Static Flows

While static flows are not defined with reference to transit times, we are inter-
ested in static flows that suggest reasonable routes with respect to transit times.
To account for this, we consider decompositions of static flows into paths.

It is well known that in a static flow x the flow (xe,i)e∈A of any commod-
ity i ∈ K can be decomposed into the sum of flows on a set of si-ti-paths and
flows on cycles. We denote the set of all si-ti-paths by Pi and the flow value of
commodity i on path P ∈ Pi is denoted by xP,i. Then, for each arc e ∈ A,

xe,i =
∑

P∈Pi:
e∈P

xP,i .

We assume without loss of generality that there are no cycles in the flow decom-
position; otherwise, the solution x can be modified by decreasing flow on those
cycles.

The static flow x is called T -length-bounded if the flow of every commod-
ity i ∈ K can be decomposed into the sum of flows on si-ti-paths such that the
length τ(P ) :=

∑
e∈P τe of any path P ∈ Pi with xP,i > 0 is at most T .

While the problem of computing a feasible static flow that satisfies the mul-
ticommodity demands can be solved efficiently, it is NP-hard to find such a
flow which is in addition T -length-bounded, even for the special case of a single
commodity. This follows by a straightforward reduction from the NP-complete
problem Partition. On the other hand, the length-bounded flow problem can
be approximated within arbitrary precision in polynomial time. More precisely,
if there exists a feasible T -length-bounded static flow x which satisfies the mul-
ticommodity demands, then, for any ε > 0, we can compute a feasible (1 + ε)T -
length-bounded static flow x′ of cost c(x′) ≤ c(x) satisfying all demands with
running time polynomial in the input size and 1/ε.

In order to prove this, we first formulate the problem of finding a feasible T -
length-bounded static flow as a linear program in path-variables. Let

PTi := {P ∈ Pi | τ(P ) ≤ T}
be the set of all si-ti-paths whose lengths are bounded from above by T . The
cost of path P ∈ Pi is defined as ci(P ) :=

∑
e∈P ce,i. The length bounded flow

problem can then be written as:

min
∑

i∈K

∑

P∈PT
i

ci(P )xP,i

s. t.
∑

P∈PT
i

xP,i ≥ di for all i ∈ K,

∑

i∈K

∑

P ∈PT
i

:
e∈P

xP,i ≤ ue for all e ∈ A,

xP,i ≥ 0 for all i ∈ K, P ∈ PTi .
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Unfortunately, the number of paths in PTi and thus the number of variables
in this linear program are in general exponential in the size of the underlying
network N . If we dualize the program we get:

max
∑

i∈K
dizi −

∑

e∈A
ueye

s. t.
∑

e∈P
(ye + ce,i) ≥ zi for all i ∈ K, P ∈ PTi ,

zi, ye ≥ 0 for all i ∈ K, e ∈ A.

The corresponding separation problem can be formulated as a length-bounded
shortest path problem: Find a shortest si-ti-path P with respect to the arc
weights ye + ce,i whose length τ(P ) is at most T , that is, P ∈ PTi . While this
problem is NP-hard [10], it can be solved approximately in the following sense:
For any ε > 0, one can find in time polynomial in the size of the network N
and 1/ε an si-ti-path P with τ(P ) ≤ (1 + ε)T whose length with respect to the
arc weights ye + ce,i is bounded from above by the length of a shortest path
in PTi [11,15,17]. Using the equivalence of optimization and separation [9], this
means for our problem that we can find in polynomial time an optimal solution
to a modified dual program which contains additional constraints corresponding
to paths of length at most (1 + ε)T . From this dual solution we get a primal
solution which uses additional variables corresponding to those paths of length
at most (1 + ε)T .

Notice that the method described above relies on the ellipsoid method and
is therefore of rather restricted relevance for solving length-bounded flow prob-
lems in practice. However, the FPTASes developed in [8,3] for multicommodity
flow problems can be generalized to the case of length-bounded flows: Those
algorithms iteratively send flow on shortest paths with respect to some length
function. In order to get a length-bounded solution, these shortest paths must
be replaced by (up to a factor of (1 + ε)) length-bounded shortest paths.

3 A Simple (2 + ε)-Approximation Algorithm

In this section we generalize the basic approach of Ford and Fulkerson [5,6] to the
case of multiple commodities and costs. However, in contrast to the algorithm
of Ford and Fulkerson which is based on a (static) min-cost flow computation,
the method we propose employs length-bounded static flows.

Any feasible flow over time f with time horizon T and cost at most B natu-
rally induces a feasible static flow x on the underlying network N by averaging
the flow on every arc over time, that is,

xe,i :=
1
T

∫ T

0
fe,i(θ) dθ

for all e ∈ A and i ∈ K. By construction, the static flow x is feasible and it
satisfies the following three properties:
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Fig. 1. An instance of the quickest multicommodity flow problem containing three
commodities; commodities 1 and 3 have demand value 1, commodity 2 has demand
value 2. The numbers at the arcs indicate the transit times; all arcs have unit capacity.
A quickest flow with waiting at intermediate nodes allowed takes 3 time units and
stores one unit of commodity 2 at the intermediate node t1 = s3 for two time units.
However, if flow cannot be stored at intermediate nodes, an optimal solution takes
time 4

(i) it is T -length-bounded;
(ii) it satisfies a fraction of 1

T of the demands covered by the flow over time f ;
(iii) c(x) = c(f)/T .

Due to the fixed time horizon T , flow can only travel on paths of length at
most T in f such that property (i) is fulfilled. Property (ii) follows from (3).
Finally, property (iii) is a consequence of (1) and (4).

On the other hand, given an arbitrary feasible static flow x meeting require-
ments (i),(ii), and (iii), it can easily be turned into a feasible flow over time g
meeting the same demands at the same cost as f within time horizon 2T : Pump
flow into every si-ti-path P given by the length-bounded path decomposition
of x at the corresponding flow rate xP,i for T time units; then wait for at most T
additional time units until all flow has arrived at its destination. In particular,
no flow is stored at intermediate nodes in this solution.

Lemma 1. Allowing the storage of flow at intermediate nodes in N saves at
most a factor of 2 in the optimal makespan. On the other hand, there are in-
stances where the optimal makespan without intermediate storage is 4/3 times
the optimal makespan with intermediate storage.

Proof. The bound of 2 follows from the discussion above. In Fig. 1 we give an
instance with a gap of 4/3 between the optimal makespan without storing and
the optimal makespan with storing at intermediate nodes. ��

Notice that the gap of 4/3 is not an artifact of the small numbers in the
instance depicted in Fig. 1. It holds for more general demands and transit times
as well: For instance, scale all transit times and capacities of arcs by a factor
of q and multiply all pairwise demands by a factor of q2. The ratio of optimal
makespans for the problems without to with storage is still 4/3.

In contrast to Ford and Fulkerson’s temporally repeated flows, the flows
over time resulting from length-bounded static flows described above, do not
necessarily use flow-carrying paths as long as possible. However, we can easily
enforce this property by scaling the flow rate xP,i on any path P by a fac-
tor T/(2T − τ(P )) ≤ 1 and sending flow into the path at this modified rate
during the time interval [0, 2T − τ(P )).

We can now state the main result of this section.
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Fig. 2. An instance with k commodities showing that the analysis in the proof of
Theorem 1 is tight. All arcs have unit capacity and transit times as depicted above.
The demand value of every commodity is 1. A quickest flow needs T ∗ = k time units.
However, any static flow can satisfy at most a fraction of 1/k of the demands. In
particular, the makespan of the resulting flow over time is at least 2k − 1

Theorem 1. For the quickest multicommodity flow problem with costs, there
exists a polynomial time algorithm that, for any ε > 0, finds a solution of the
same cost as optimal with makespan at most 2 + ε times the optimal makespan.

Proof. Using binary search, we can guess the optimal makespan with preci-
sion 1+ε/4, that is, we get T with T ∗ ≤ T ≤ (1+ε/4)T ∗. If we relax property (i)
to allow flow on paths of length at most (1 + ε/4)T ≤ (1 + 3ε/4)T ∗, a feasible
static flow meeting properties (i) to (iii) can be computed in polynomial time;
see Sect. 2.3. This static flow can then be turned into a flow over time with
makespan (1 + 3ε/4)T ∗ + (1 + ε/4)T ∗ = (2 + ε)T ∗ as described above. ��

In Fig. 2 we present an instance which shows that the analysis in the proof
of Theorem 1 is tight, that is, the performance guarantee of the discussed ap-
proximation algorithm is not better than 2.

4 Flows over Time and Time-Expanded Networks

Traditionally, flows over time are solved in a time-expanded network. Given a
network N = (V,A) with integral transit times on the arcs and an integral
time horizon T , the T -time-expanded network of N , denoted N T is obtained by
creating T copies of V , labeled V0 through VT−1, with the θth copy of node v
denoted vθ, θ = 0, . . . , T − 1. For every arc e = (v, w) in A and 0 ≤ θ < T − τe,
there is an arc eθ from vθ to wθ+τe with the same capacity and cost as arc e. In
addition, there is a holdover arc from vθ to vθ+1, for all v ∈ V and 0 ≤ θ < T−1,
which models the possibility to hold flow at node v.

Any flow in this time-expanded network may be taken by a flow over time
of equal cost: interpret the flow on arc eθ as the flow through arc e = (v, w)
that starts at node v in the time interval [θ, θ+ 1). Similarly, any flow over time
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completing by time T corresponds to a flow in N T of the same value and cost
obtained by mapping the total flow starting on e in time interval [θ, θ+1) to flow
on arc eθ. More details can be found below in Lemma 2 (set ∆ := 1). Thus, we
may solve any flow-over-time problem by solving the corresponding static flow
problem in the time-expanded graph.

One problem with this approach is that the size of N T depends linearly
on T , so that if T is not bounded by a polynomial in the input size, this is not
a polynomial-time method of obtaining the required flow over time. However,
if all arc lengths are a multiple of ∆ > 0 such that �T/∆� is bounded by a
polynomial in the input size, then instead of using the T -time-expanded graph,
we may rescale time and use a condensed time-expanded network that contains
only �T/∆� copies of V . Since in this setting every arc corresponds to a time
interval of length ∆, capacities are multiplied by ∆. We denote this condensed
time-expanded network by N T /∆, and the copies of V in this network by Vρ∆
for ρ = 0, . . . , �T/∆� − 1.

Lemma 2. Suppose that all arc lengths are multiples of ∆ and T/∆ is an inte-
ger. Then, any flow over time that completes by time T corresponds to a static
flow of equal cost in N T /∆, and any flow in N T /∆ corresponds to a flow over
time of equal cost that completes by time T .

Proof. Given an arbitrary flow over time, a modified flow over time of equal value
and cost can be obtained by averaging the flow value on any arc in each time
interval [ρ∆, (ρ+1)∆), ρ = 0, . . . , T/∆− 1. This modified flow over time defines
a static flow in N T /∆ in a canonical way. Notice that the capacity constraints
are obeyed since the total flow starting on arc e in interval [ρ∆, (ρ + 1)∆) is
bounded by ∆ue. The flow values on the holdover arcs are defined in such a way
that flow conservation is obeyed in every node of N T /∆.

On the other hand, a static flow on N T /∆ can easily be turned into a flow
over time. The static flow on an arc with tail in Vρ∆ is divided by ∆ and sent
for ∆ time units starting at time ρ∆. If the head of the arc is in Vσ∆ for σ ≥ ρ,
then the length of the arc is (σ−ρ)∆, and the last flow (sent before time (ρ+1)∆)
arrives before time (σ+ 1)∆. Note that if costs are assigned to arcs of N T /∆ in
the natural way, then the cost of the flow over time is the same as the cost of
the corresponding flow in the time-expanded graph. ��

If we drop the condition that T/∆ is integral, we get the following slightly
weaker result.

Corollary 1. Suppose that all arc lengths are multiples of ∆. Then, any flow
over time that completes by time T corresponds to a static flow of equal value
and cost in N T /∆, and any flow in N T /∆ corresponds to a flow over time of
equal value that completes by time T +∆.

5 An FPTAS for Multicommodity Flow over Time

Our FPTAS for flow over time will use a graph N T /∆ for an appropriately
defined ∆. We show below that, even when all arc lengths are not multiples
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of ∆, for an appropriate choice of ∆ that depends on ε we may round the
lengths up to the nearest multiple of ∆, and suffer only a 1+ ε factor increase in
the makespan of our flow. Thus, our algorithm is simply to first round the arc
lengths, construct the corresponding condensed time-expanded network N T /∆,
solve the flow problem in this time-expanded graph, and then translate this
solution into a flow over time. We show below that this natural algorithm yields
an FPTAS for minimizing the makespan of flow over time problems.

In the last step of the sketched algorithm, we make use of the following
straightforward observation which will also be employed at several points during
the analysis of the algorithm.

Observation 1. Any flow over time with time horizon T in a network with
elongated arc lengths induces a flow over time satisfying the same demands within
the same time horizon in the original network.

5.1 Increasing the Transit Times

Our analysis starts with an optimal flow that completes by time T ∗, and then
shows how to modify this flow so that it completes by time (1+ε)T ∗ in a network
with elongated arc lengths. Throughout the proof we often use the following
freezing technique for modifying a given flow over time in a fixed network N : At
some point in time θ, we ‘freeze’ the flow in progress and ‘unfreeze’ it later at
time θ+δ, thereby increasing the completion time of the flow by at most δ. More
formally, freezing a flow in progress during a time interval [θ, θ + δ) means that
no new flow is sent onto any arc during this interval; instead, at time θ, every
unit of flow which is currently traveling on some arc continues on its path at its
regular pace until it reaches the next node and then rests there for δ time units
before it continues its journey. The motivation for introducing such a freezing
period is that it provides free capacity which can be used to send additional flow
on an arc during the time interval [θ, θ + δ).

Let f∗ be an optimal flow over time for network N with m arcs, n nodes,
and with commodities 1 ≤ i ≤ k associated with source-sink node pairs (si, ti)
and flow demands di. Let T ∗ be the completion time of this flow. The following
theorem contains the key result for the construction of our FPTAS.

Theorem 2. Let ε > 0 and ∆ ≤ ε2

4k2m4T
∗. Increasing the transit time of every

arc by an additive factor of at most ∆ increases the minimum time required to
satisfy the multicommodity demands by at most εT ∗.

The rough idea of the proof is that, for each elongated arc e, its original
transit time can be emulated by holding ready additional units of flow in a
buffer at the head of the arc. Since the required amount of flow in this buffer
depends on the total flow that is traveling on the arc at any moment of time,
we first show that we can bound the maximal rate of flow into an arc, without
too much increase in the makespan.

For an arbitrary flow over time f , consider the flow on arc e of commodity i.
This flow travels from si to ti on a set of paths Pe,i(f), all containing arc e. For
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Fig. 3. Modification of the flow over time f : The flow of commodity i on arc e is
truncated at ũe,i. In the modified solution, the extra D flow units (shaded area on the
left hand side) are sent onto arc e while the flow in the remaining network is frozen
(shaded area on the right hand side)

any path P , let u(P ) denote the minimum capacity of an arc e′ ∈ P and |P | the
number of arcs on P . Define ue,i(f) := maxP∈Pe,i(f) u(P ).

Lemma 3. For any ε > 0, there is a flow over time f in the network N that
fulfills the following properties:

(i) It satisfies all demands by time (1 + ε/2)T ∗.
(ii) For any arc e and any commodity i, the rate of flow onto arc e of commod-

ity i is bounded by

ũe,i(f) :=
2km2

ε
ue,i(f)

at any time.

Proof. The optimal flow over time f∗ obviously satisfies property (i). We start
with the flow f := f∗ and carefully modify it until it also satisfies (ii). During this
modification we only delay but never reroute flow such that ue,i(f) and ũe,i(f)
stay fixed and are therefore denoted by ue,i and ũe,i, respectively.

An illustration of the following modification is given in Fig. 3. In any time
interval3 I when f sends more than ũe,i units of flow of commodity i onto arc e,
we truncate the flow at ũe,i. In order to compensate for the resulting loss of

D :=
∫

I

(fe,i(θ)− ũe,i) dθ

flow units, we freeze the flow in N for D/ũe,i time units at the beginning of
time interval I and push D units of flow onto arc e (see the shaded area on the
3 It follows from the discussion in Sect. 4 (see Lemma 2.) that there are only finitely

many such intervals since we can assume without loss of generality that f∗
e,i is a step

function.
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right hand side of Fig. 3). Afterwards, the flow is unfrozen again. Due to this
freeze-unfreeze process, the D flow units arrive early (compared to the remaining
flow) at the head of arc e and are stored there until it is time to send them onto
another arc.

We repeat this freeze-unfreeze step for every commodity-arc pair. By con-
struction, the resulting flow f fulfills property (ii) and satisfies all demands. It
thus remains to show that f completes before time (1 + ε/2)T ∗. Notice that the
increase in the completion time of f compared to f∗ is exactly the additional
time added to the total flow schedule when the flow gets frozen due to some
arc e and some commodity i. In the following we show that the total freezing
time caused by arc e and commodity i is at most ε

2mkT
∗, for any e and i.

Whenever the flow is frozen due to arc e and commodity i, the flow rate
of commodity i onto arc e is exactly ũe,i; see Fig. 3. It therefore suffices to
show that a total of at most ũe,i ε

2mkT
∗ = mue,iT

∗ flow of commodity i is sent
through arc e in the optimal solution f∗ and thus also in f . Consider all flow of
commodity i on paths in Pe,i. If we choose for each path P ∈ Pe,i an arc with
capacity u(P ) ≤ ue,i, the total flow through the chosen arcs bounds the total
flow of commodity i through arc e. Since we can choose at most m arcs and the
makespan of f∗ is T ∗, this gives the desired bound of mue,iT ∗ on the total flow
of commodity i sent through arc e. This completes the proof. ��

With the aid of Lemma 3 we can now prove Theorem 2.

Proof (of Theorem 2). Let f be a flow over time in network N (with original
transit times). We start by modifying f as described in the proof of Lemma 3 so
that it fulfills properties (i) and (ii). Let N∆ be N modified so that the transit
time of every arc is rounded up to an integral multiple of ∆. We show how the
flow over time f can be modified to satisfy all demands in N∆ by time (1+ε)T ∗.
Although some flow units will be rerouted during this modification, the set of
paths Pe,i := Pe,i(f) remains unchanged, for any arc e and any commodity i.
In particular, ue,i(f) and ũe,i(f) stay fixed and are therefore denoted by ue,i
and ũe,i, respectively.

The modification is done in m steps such that in each step the transit time
of only one arc e is increased at the cost of increasing the makespan by at
most ε

2mT
∗. Thus, the total increase of the makespan of f after m steps is at

most ε
2T

∗. Together with the prior modifications discussed in Lemma 3, this
implies that the resulting flow completes by time (1 + ε)T ∗.

Each step has two phases. In the first phase, the transit time of arc e remains
unchanged but the demand satisfied by f is increased to di + ∆ũe,i, for all
commodities i. Then, in the second phase, the extra ∆ũe,i units of flow from
the first phase are used to emulate the original transit time τe on the elongated
arc e of length τe +∆. (It follows from Observation 1 that it suffices to consider
the extreme case of increasing the transit time by exactly ∆).

Phase 1 : For each commodity i, let Pe,i ∈ Pe,i be an si-ti-path with ca-
pacity ue,i. The additional ∆ũe,i units of flow are routed through path Pe,i: At
time 0, we freeze the current flow throughout the network for ∆ 2km2

ε time units
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and pump an extra ∆ 2km2

ε ue,i = ∆ũe,i units of flow of commodity i into the
first arc on this path. When this flow arrives at the next arc on path Pe,i, we
again freeze the current flow for ∆ 2km2

ε time units and send this flow onto the
next arc, and so on.

Notice that the extra flow does not violate the capacity constraints since the
capacity of any arc on path Pe,i is at least ue,i. Moreover, the extra units of flow
arrive at their destination ti before time

τ(Pe,i) +∆
2km2

ε
≤ T ∗ +∆

2km2

ε
.

We add this flow to f . The makespan of f is increased by

|Pe,i|∆2km2

ε
≤ ∆

2km3

ε
≤ ε

2km
T ∗ .

Repeating this for all commodities i increases the makespan by at most ε
2mT

∗.
Phase 2 : Now, we increase the length of arc e to τe +∆ and modify the cur-

rent flow over time f as follows. The point on arc e that is distance τe from tail(e)
is called apex(e). For any commodity i, the first ∆ũe,i units of flow of commod-
ity i traveling across arc e are stored in a special buffer as soon as they arrive
at head(e). The flow stored in the buffer at head(e) can then be used to emulate
the original transit time on arc e for any further unit of flow of commodity i.

An illustration of the following argument is given in Fig. 4. Any further
unit of flow of commodity i arriving at apex(e) is instantly ‘replaced’ by a unit
of flow from the buffer. Then, after ∆ time units, when the flow has traveled
from apex(e) to head(e), the buffer is refilled again. In other words, the flow in
the buffer is treated as newly arriving flow at head(e), and the flow reaching the
head enters the buffer. Thus, due to property (ii) from Lemma 3, the choice of
buffer size ∆ũe,i ensures that the buffer is never empty.

Notice that this modification of f does not increase its makespan. The result
of the modification is that exactly di units of flow of commodity i arrive at
destination ti and ∆ũe,i units of flow remain in the buffer at the head of arc e
in the end. Since the latter effect is undesired, we revoke it as follows: The ∆ũe,i
units of flow in the buffer are exactly those that arrive last at head(e). We can
simply delete them from the entire solution, that is, we never send them from si
into the network. ��

5.2 The FPTAS

As a consequence of Theorem 2 we can now give an FPTAS for the problem of
computing a quickest multicommodity flow over time:

Input: A directed network N with non-negative integral transit times and
capacities on the arcs, and commodities 1 ≤ i ≤ k associated with
source-sink node pairs (si, ti) and flow demands di; a number ε > 0.

Output: A multicommodity flow over time satisfying all demands.
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Fig. 4. In Phase 2, the flow in the buffer at the head of the elongated arc e is used to
emulate its original length τe

Step 1. Compute a good lower bound L on the optimal makespan T ∗ such
that L is at least a constant fraction of T ∗.

Step 2. Set ∆ := ε2

4m4k2L and round the transit times up to the nearest
multiple of ∆.

Step 3. Find the minimal T = 	∆, 	 ∈ N, such that there exists a feasi-
ble flow satisfying all demands in the condensed time-expanded net-
work N T /∆.

Step 4. Output the flow over time that corresponds to the flow in N T /∆ from
Step 3 (see Lemma 2 and Observation 1).

It follows from Theorem 2 and Corollary 1 that the above algorithm computes
a solution with makespan T ≤ (1 + ε)T ∗ +∆ ≤ (1 + 2ε)T ∗. Moreover, it can be
implemented to run in time polynomial in n, m, and 1/ε: Step 1 can be done in
polynomial time using the constant factor approximation algorithm from Sect. 3
(see Theorem 1). Step 2 is trivial and Step 3 can be done in polynomial time
by binary search since 	 ∈ O(k2m4/ε2) by Theorem 2 and choice of ∆. Here, ∆
is chosen so that the size of the condensed time-expanded network N T /∆ is
polynomial. Thus, Step 4 can also be done in polynomial time.

Theorem 3. There is an FPTAS for the problem of computing a quickest mul-
ticommodity flow over time.
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6 Problems with Costs

Unfortunately, Theorem 3 cannot directly be generalized to the quickest multi-
commodity flow problem with costs. The reason is that in our analysis we have to
reroute flow in order to show that there exists a reasonably good solution in the
condensed time-expanded network N T /∆ (see proof of Theorem 2). Since the
thick paths Pe,i, which are used to route additional units of flow, might be rel-
atively expensive, the modified flow in the network with increased transit times
can possibly violate the given budget B. However, we can prove the following
bicriteria result. We omit the proof in this extended abstract.

Theorem 4. Given an instance of the quickest multicommodity flow problem
with costs and ε > 0, one can compute in time polynomial in the input size
and 1/ε a flow over time of cost at most (1 + ε)B whose makespan is within a
factor of 1 + ε of the optimal makespan.

7 Earliest Arrival Flows

For a single commodity problem, an earliest arrival flow is a flow that simul-
taneously maximizes the amount of flow arriving at the sink before time θ, for
all θ = 0, . . . , T . The existence of such a flow was first observed by Gale [7] for
the case of a single source. Both Wilkinson [19] and Minieka [16] give equivalent
pseudo-polynomial time algorithms for this case, and Hoppe and Tardos [12] de-
scribe an FPTAS for the problem. For multiple sources, an earliest arrival flow
over time can be computed in the discrete time model by using lexicograph-
ically maximal flows in the time-expanded network [16]. However, due to the
exponential size of the time-expanded network, this does not lead to an efficient
algorithm for the problem.

Unfortunately, lexicographically maximal flows in condensed time-expanded
networks do not necessarily yield approximate earliest arrival flows. One problem
is that, in our analysis, the first units of flow on an arc are always used to fill
the buffer at the head of the arc and are therefore ‘lost’. As a consequence, the
first units of flow that actually arrive at the sink might be pretty late.

Another problem arises due to the discretization of time itself. Although we
can interpret a static flow in a time-expanded network as a continuous flow
over time, in doing so, we only get solutions where the rate of flow arriving at
the sink is constant (i. e., averaged) within each discrete time interval. While
this effect is negligible for late intervals in time, it might well cause problems
within the first time intervals. In the full version of this paper, we introduce a
geometrically-condensed time-expanded network to surmount this difficulty and
obtain the following result.

Theorem 5. For any ε > 0, a (1 + ε)-approximate earliest arrival flow in a
network with multiple sources and a single sink can be computed in time polyno-
mial in the input size and 1/ε by computing a lexicographically maximal flow in
an appropriate geometrically condensed time-expanded network.
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A New Min-Cut Max-Flow Ratio for
Multicommodity Flows
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Abstract. We present an improved bound on the min-cut max-flow ra-
tio for multicommodity flow problems with specified demands. To obtain
the numerator of this ratio, capacity of a cut is scaled by the demand
that has to cross the cut. In the denominator, the maximum concurrent
flow value is used. Our new bound is proportional to log(k∗) where k∗ is
the cardinality of the minimal vertex cover of the demand graph.

1 Introduction

In this paper we study the multicommodity flow problem on undirected graphs
and present a new bound on the associated min-cut max-flow ratio. Starting with
the pioneering work of Leighton and Rao [11] there has been ongoing research
in the area of “approximate min-cut max-flow theorems” for multicommodity
flows. Currently, the best known bound for this ratio is proportional to log(k)
where k is the number of origin-destination pairs with positive demand. Our
new bound is proportional to log(k∗) where k∗ is the cardinality of the minimal
vertex cover of the demand graph.

Throughout the paper, we assume that the input graph G = (V,E) is con-
nected and has positive capacity ce on all edges e ∈ E. A (multicommodity)
flow is considered feasible if for all edges e ∈ E total load on e (regardless of the
orientation) does not exceed ce.

1.1 Single Commodity Flows

Given two special nodes s, v ∈ V , and a specified flow requirement t ∈ IR+,
the well-known min-cut max-flow theorem [5] implies that t units of flow can be
routed from s to v if and only if the minimum cut-capacity to cut-load ratio ρ∗

is at least 1, where

ρ∗ = min
S⊂V :s∈S,v �∈S

{∑
e∈δ(S) ce

t

}

.

It is possible to generalize this result to a collection of flow requirements that
share a common source node as follows: Given a source node s and a collection of
sink nodes vq ∈ V \ {s} for q ∈ Q, it is possible to simultaneously route tq ∈ IR+
units of flow from s to vq for all q ∈ Q if and only if ρ∗ ≥ 1 where

ρ∗ = min
S⊂V :s∈S

{ ∑
e∈δ(S) ce

∑
q∈Q : vq �∈S tq

}

.

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 54–66, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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This observation is the main motivation behind our study as it shows that a min-
cut max-flow relationship holds tight for network flow problems (with specified
flow requirements) as long as the sink nodes share a common source node. Note
that, since G is undirected, the min-cut max-flow relationship also holds tight
when there is a single sink node and multiple source nodes.

1.2 Multicommodity Flows

A natural extension of this observation is to consider multicommodity flows,
where a collection of pairs of vertices {sq, vq}, q ∈ Q together with a flow
requirement tq for each pair is provided. Let the minimum cut-capacity to cut-
load ratio for multicommodity flows be similarly defined as

ρ∗ = min
S⊂V

{ ∑
e∈δ(S) ce

∑
q∈Q:|S∩{sq,vq}|=1 tq

}

.

In the remainder of the paper we refer to ρ∗ as the minimum cut ratio. Clearly,
it is possible to simultaneously route tq units of flow from sq to vq for all q ∈ Q,
only if ρ∗ ≥ 1. But the converse is not true ([14], [16]) and a simple counter
example is the complete bipartite graph K2,3 with unit capacity edges and unit
flow requirements between every pair of nodes that are not connected by an
edge.

For multicommodity flows, metric inequalities provide the necessary and suf-
ficient conditions for feasibility, (see [7], and [17]). More precisely, it is possible
to simultaneously route tq units of flow from sq to vq for all q ∈ Q, if and only
if the edge capacities satisfy

∑

e∈E
wece ≥

∑

q∈Q
dist(sq, vq)tq

for all w ∈ IR|E|
+ , where dist(u, v) denotes the shortest path distance from u to v

using w as edge weights. The set of all important edge weights form a well-defined
polyhedral cone. Notice that the above example with K2,3 does not satisfy the
metric inequality “generated” by we = 1 for all e ∈ E. It is easy to show that
the condition ρ∗ ≥ 1 is implied by metric inequalities.

The maximum concurrent flow problem is the optimization version of the
multicommodity flow feasibility problem, (see [20] and [14]). The objective now is
to find the maximum value of κ such that κ tq units of flow can be simultaneously
routed from sq to vq for all q ∈ Q. Note that κ can be greater than one.

For a given instance of the multicommodity flow problem, let κ∗ denote the
value of the maximum concurrent flow. Clearly κ∗ can not exceed ρ∗. Our main
result is the following reverse relationship

κ∗ ≥ 1
c �log k∗� ρ

∗ (1)

where c is a constant and k∗ is the cardinality of the minimal vertex cover of the
demand graph. In other words, k∗ is the size of the smallest set K∗ ⊆ V such
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that K∗ contains at least one of sq or vq for all q ∈ Q. Throughout the paper,
we assume that k∗ > 1.

In literature, these bounds are often called “approximate min-cut max-flow
theorems”, as they relate the maximum (concurrent) flow of a multicommodity
flow problem to the (scaled) capacity of the minimum cut. As discussed above,
this bound is tight, i.e., ρ∗ = κ∗, when k∗ = 1.

1.3 Related Work

Starting with the pioneering work of Leighton and Rao [11] there has been
ongoing interest in the area of approximate min-cut max-flow theorems. The
first such result in [11] shows that the denominator in (1) is at most O(log |V |)
when tq = 1 for all q ∈ Q. Later Klein, Agrawal, Ravi and Rao [10] extend this
result to general tq and show that the bound is O(log C log D) where D is the
sum of (integral) demands (i.e. D =

∑
q∈Q tq) and C is the sum of (integral)

capacities (i.e. C =
∑
e∈E ce). Tragoudas [21] has later improved this bound to

O(log |V | log D) and Garg, Vazirani and Yannakakis [6] has further improved
it to O(log k log D), where k = |Q|.

Plotkin and Tardos [19] present a bound of O(log2 k) which is the first bound
that does not depend on the input data. Finally Linial, London and Rabinovich
[12] and Aumann and Rabani [1] independently improve this bound to O(log k).

Our result improves this best known bound to O(log k∗). To emphasize the
difference between O(log k) and O(log k∗), we note that for an instance of the
multicommodity flow problem with a single source node and |V | − 1 sink nodes,
k = |V | − 1 whereas k∗ = 1. In general, k ≥ k∗ ≥ k/|V |.

2 Formulation

When formulating a multicommodity problem as a linear program, what is meant
by a “commodity” can affect the size of the formulation significantly. This has
been exploited by researchers interested in solving these linear programs (see,
for example, [2] and [13]).

Given flow requirements tq for pairs of vertices {sq, vq}, q ∈ Q, let T denote
the corresponding traffic matrix, where, T[k,j] =

∑
q∈Q : sq=k, vq=j tq for all k, j ∈

V . Let K = {k ∈ V :
∑
j∈V T[k,j] > 0} denote the set of nodes with positive

supply. The original linear programming formulation of the maximum concurrent
flow problem presented in Shahrokhi and Matula [20] defines a commodity for
each k ∈ K to obtain a formulation with |K| commodities. Notice that this is
significantly more “compact” than the natural formulation which would have
|Q| commodities.

To find the smallest set of commodities that would model the problem in-
stance correctly, we do the following: Let GT = (V,ET ) denote the (undirected)
demand graph where ET = {{i, j} ∈ V × V : T[i,j] + T[j,i] > 0} and let K∗ ⊆ V
be a minimal vertex cover of GT . In other words, K∗ is a smallest cardinality
set that satisfies {i, j} ∩K∗ �= ∅ for all {i, j} ∈ ET . We then modify the entries
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of the flow matrix T so that T[k,j] > 0 only if k ∈ K∗. Note that this can be
done without loss of generality since the capacity constraints in the formulation
do not depend on the orientation of the flow.

We next present the resulting multicommodity formulation with |K∗| com-
modities.

Maximize κ

Subject to
∑

v:{j,v}∈E
fkjv −

∑

v:{v,j}∈E
fkvj + κ T[k,j] ≤ 0 for all j ∈ V, k ∈ K∗, j �= k

∑

k∈K∗

(
fkjv + fkvj

) ≤ c{j,v} for all {j, v} ∈ E

κ free, fkjv ≥ 0 for all k ∈ K∗, {j, v} ∈ E ,

where variable fkvj denotes the flow of commodity k from node i to node j, and
variable κ denotes the value of the concurrent flow. Note that in this formulation
(i) there are no flow balance equalities for the source nodes k ∈ K∗, (ii) the flow
balance equalities for the remaining nodes are in inequality form, and (iii) there
is no non-negativity requirement for κ. Also note that using an aggregate flow
vector f , it is easy to find disaggregated flows for node pairs (k, j) with T[k,j] > 0.
The disaggregation, however, is not necessarily unique.

As a side remark, we note that it is possible to further aggregate this for-
mulation to verify (or, falsify) that the maximum concurrent flow value κ∗ is
at least β for a fixed β > 0. This can be done by introducing a new demand
node zk for every k ∈ K∗ together with new edges (j, zk) with capacity βT[k,j]
for all j ∈ V . Let κ̂ denote the value of the maximum concurrent flow for the
transformed problem and note that β ≥ κ̂. If β = κ̂, then κ∗ ≥ β for the original
problem. If, on the other hand, β > κ̂ then β > κ∗ since κ∗ can not exceed κ̂.
Note that κ∗ can be strictly smaller than κ̂.

The dual of the above linear program is:

Minimize
∑

{j,v}∈E
c{j,v} w{j,v}

Subject to ∑

k∈K∗

∑

j∈V
T[k,j] y

k
j = 1

ykv − ykj + w{j,v} ≥ 0

ykj − ykv + w{j,v} ≥ 0

}

for all k ∈ K∗, and {j, v} ∈ E

ykk = 0 for all k ∈ K∗

ykj ≥ 0 for all j ∈ V, k ∈ K∗ with j �= k

w{j,v} ≥ 0 for all {j, v} ∈ E ,
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where dual variables ykk , for k ∈ K∗ are included in the formulation even though
there are no corresponding primal constraints. These variables are set to zero in a
separate constraint. The main reason behind this is to obtain a dual formulation
that would have an optimal solution that satisfies the following properties.

Proposition 1. Let [ȳ, w̄] be an optimal solution to the dual problem. Let ŷ ∈
IR|V |×|V | be the vector of shortest path distances using w̄ as edge weights with
ŷkj denoting distance from node k to j.

(i) For any k ∈ K∗ and j ∈ V, with T[k,j] > 0, ȳkj is equal to ŷkj .

(ii) For any {j, v} ∈ E, ¯w{j,v} is equal to ŷjv.

Proof. (i) For any k → j path P = {{k, v1}, {v1, v2}, . . . , {v|P |−1, j}} we have
∑
e∈P we ≥ ȳkj , implying ŷkj ≥ ȳkj . If ŷkj > ȳkj for some k ∈ K∗, j ∈ V with

T[k,j] > 0, we can write
∑
k∈K∗

∑
j∈V T[k,j] ŷ

k
j = σ >

∑
k∈K∗

∑
j∈V T[k,j] ȳ

k
j =

1. Which implies that a new solution, with an improved objective function value,
can be constructed by scaling [ŷ, w̄] by 1/σ, a contradiction.

(ii) Clearly, ¯w{j,v} ≥ ŷjv for all {j, v} ∈ E. If the inequality is strict for some

e ∈ E, then replacing ȳ with ŷ and all ¯w{j,v} by ŷjv in the solution improves
the objective function value, a contradiction (remember that c{j,v} > 0 for all
{j, v} ∈ E). Note that this replacement maintains feasibility since ŷ denotes the

shortest path distances and therefore |ŷkv − ŷkj | ≤ ŷjv for all k ∈ K∗ and j, v ∈ V .
��

As a side remark, we note that it is therefore possible to substitute some of the
dual variables and consequently it is possible to combine some of the constraints
in the primal formulation.

We next express the maximum concurrent flow value using shortest path
distances with respect to w̄.

Corollary 1. Let κ∗ be the optimal value of the primal (or, the dual) problem.
Then,

κ∗ =

∑

{j,v}∈E
c{j,v} dist(j, v)

∑

k∈K∗

∑

v∈V
T[k,v] dist(k, v)

(2)

where dist(j, v) denotes the shortest path distance from node j to node v with
respect to some edge weight vector.

3 The Min-Cut Max-Flow Ratio

We next argue that there exists a mapping Φ : V → IRp+ for some p, such that
||Φ(u)−Φ(v)||1 is not very different from dist(u, v) for node pairs {u, v} that are
of interest. We then substitute ||Φ(u) − Φ(v)||1 in place of dist(u, v) in (2) and
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relate the new right hand side of (2) to the minimum cut ratio. More precisely,
we show that for some α = O(log |K∗|)

κ∗ ≥ 1
α
×

∑
{u,v}∈E c{u,v} ||Φ(u)− Φ(v)||1

∑
k∈K∗

∑
v∈V T[k,v] ||Φ(k)− Φ(v)||1 ≥

1
α
ρ∗.

3.1 Mapping the Nodes of the Graph with Small Distortion

Our approach follows general structure of the proof of a related result by Bour-
gain [3] that shows that any n−point metric space can be embedded into l1 with
logarithmic distortion. We state this result more precisely in Sect. 4.

Given an undirected graph G = (V,E) with edge weights we ≥ 0, for e ∈ E,
let d(u, v) denote the shortest path distance from u ∈ V to v ∈ V using w as
edge weights. For v ∈ V and S ⊆ V let d(v, S) = mink∈S{d(v, k)} and define
d(v, ∅) = σ =

∑
u∈V

∑
j∈V d(u, j). Furthermore, let K ⊆ V with |K| > 1 be also

be given.
For any j, t ≥ 1, let Qtj be random subset of K such that members of Qtj

are chosen independently and with equal probability P (k ∈ Qtj) = 1/2t for all
k ∈ K. Note that for all j ≥ 1, Qtj has an identical probability distribution
and E[|Qtj |] = |K|/2t. For m = �log(|K|)� and L = 300 · �log(|V |)�, define the
following (random) mapping ΦR : V → IRmL+

ΦR(v) =
1

L ·m
[
d(v,Q1

1), . . . , d(v,Q
t
j), . . . , d(v,Q

m
L )
]
.

Note that, by triangle inequality, |d(u, S)− d(v, S)| ≤ d(u, v) for any S ⊆ V ,
and therefore:

||ΦR(u)− ΦR(v)||1 =
1

L ·m
m∑

i=1

L∑

j=1

∣
∣d(u,Qij)− d(v,Qij)

∣
∣

≤ 1
L ·m · L ·m · d(u, v) = d(u, v) (3)

for all u, v ∈ V . We next bound ||ΦR(u)− ΦR(v)||1 from below.

Lemma 1. For all u ∈ K and v ∈ V and for some α = O(log |K|) the following
property

||ΦR(u)− ΦR(v)||1 ≥ 1
α
· d(u, v)

holds simultaneously with positive probability.

Proof. See Appendix A. ��
An immediate corollary of this result is the existence of a (deterministic)

mapping with at most O(log |K|) distortion.



60 Oktay Günlük

Corollary 2. There exists a collection of sets Q̄ij ⊆ K for m ≥ i ≥ 1 and
L ≥ j ≥ 1 such that the corresponding mapping ΦD : V → IRmL+ satisfies the
following two properties:

(i) d(u, v) ≥ ||ΦD(u)− ΦD(v)||1 for all u, v ∈ V
(ii) d(u, v) ≤ α ||ΦD(u)− ΦD(v)||1 for all u ∈ K and v ∈ V,

where α = c log |K| for some constant c.

3.2 Bounding the Maximum Concurrent Flow Value

Combining Corollary 1 and Corollary 2, we now bound the maximum concurrent
flow value as follows:

κ∗ =

∑
{u,v}∈E c{u,v} dist(u, v)

∑
k∈K∗

∑
v∈V T[k,v] dist(k, v)

≥
∑

{u,v}∈E c{u,v} ||ΦD(u)− ΦD(v)||1
∑
k∈K∗

∑
v∈V T[k,v] α ||ΦD(k)− ΦD(v)||1

=
1
α
×

∑m
i=1
∑L
j=1

(∑
{u,v}∈E c{u,v} |d(u, Q̄ij)− d(v, Q̄ij)|

)

∑m
i=1
∑L
j=1

(∑
k∈K∗

∑
v∈V T[k,v] |d(k, Q̄ij)− d(v, Q̄ij)|

)

≥ 1
α
×

∑
{u,v}∈E c{u,v} |d(u,Q∗)− d(v,Q∗)|

∑
k∈K∗

∑
v∈V T[k,v] |d(k,Q∗)− d(v,Q∗)| (4)

for Q∗ = Q̄i∗j∗ for some m ≥ i∗ ≥ 1 and L ≥ j∗ ≥ 1. Note that, we have
essentially bounded maximum concurrent flow value (from below) by a collection
of cut ratios. We next bound it by the minimum cut ratio.

First, we assign indices {1, 2, . . . , |V |} to nodes in V so that d(vp, Q∗) ≥
d(vp−1, Q

∗) for all |V | ≥ p ≥ 2, and let xp = d(vp, Q∗). Next, we define |V |
nested sets Sp = {vj ∈ V : j ≤ p} and the associated cuts Cp = {{u, v} ∈ E :
|{u, v} ∩ Sp| = 1} and Tp = {(k, v) ∈ K∗ × V : |{k, v} ∩ Sp| = 1}. We can now
rewrite the summations in (4) as follows:

1
α
×

∑
{vi,vj}∈E c{vi,vj} |xi − xj |

∑
vi∈K∗

∑
vj∈V T[vi,vj ] |xi − xj |

=
1
α
×
∑|V |−1
p=1 (xp+1 − xp)

∑
{u,v}∈Cp

c{u,v}
∑|V |−1
p=1 (xp+1 − xp)

∑
(k,v)∈Tp

T[k,v]

≥ 1
α
×
∑

{u,v}∈Cp∗ c{u,v}
∑

(k,v)∈Tp∗ T[k,v]
≥ 1

α
ρ∗

for some p∗ ∈ {1, . . . , |V | − 1}.
1
α
×

∑
{vi,vj}∈E c{vi,vj} |xi − xj |

∑
vi∈K∗

∑
vj∈V T[vi,vj ] |xi − xj |

=
1
α
×
∑|V |
p=2 (xp − xp−1)

∑
{u,v}∈Cp

c{u,v}
∑|V |
p=2 (xp − xp−1)

∑
(k,v)∈Tp

T[k,v]

≥ 1
α
×
∑

{u,v}∈Cp∗ c{u,v}
∑

(k,v)∈Tp∗ T[k,v]
≥ 1

α
ρ∗
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for some p∗ ∈ {1, . . . , |V |}. We have therefore shown that:

Theorem 1. Given a multicommodity problem, let κ∗ denote the maximum con-
current flow value, ρ∗ denote the minimum cut ratio and k∗ denote the cardinality
of the minimal vertex cover of the associated demand graph. If k∗ > 1, then

c �log k∗� ≥ ρ∗

κ∗ ≥ 1

for some constant c.

3.3 A Tight Example

We next show that there are problem instances for which the above bound on
the min-cut max-flow ratio is tight, up to a constant. This result is a relatively
straight forward extension of a similar result by Leighton and Rao [11].

Lemma 2. For any given n, k∗ ∈ Z+ with n ≥ k∗, it is possible to construct an
instance of the multicommodity problem with n nodes and k∗ (minimal) aggregate
commodities such that

ρ∗

κ∗ ≥ c �log k∗�

for some constant c.

Proof. We start with constructing a bounded-degree expander graph Gk
∗

with
k∗ nodes and O(k∗) edges. See, for example, [15] for a definition, and existence
of constant degree expander graphs. As discussed in [11], these graphs (with unit
capacity for all edges and unit flow requirement between all pairs of vertices)
provide examples with ρ∗/κ∗ ≥ c �log k∗� for some constant c. Note that the
demand graph is complete and therefore the minimal vertex cover has size k∗.

We next augment Gk
∗

by adding n− k∗ new vertices and n− k∗ edges. Each
new vertex has degree one and is connected to an arbitrary vertex of Gk

∗
. The

new edges are assigned arbitrary capacities. The augmented graph, with the
original flow requirements, has n nodes and satisfies ρ∗/κ∗ ≥ c �log k∗�. ��

4 Geometric Interpretation

Both of the more recent studies (namely; Linial, London and Rabinovich [12] and
Aumann and Rabani [1]) that relate the min-cut max-flow ratio to the number
of origin-destination pairs in the problem instance, take a geometric approach
and base their results on the fact that a finite metric space can be mapped into
a Euclidean space with logarithmic distortion. More precisely, they base their
analysis on the following result (see [3], [12]) that shows that n points can be
mapped from ln∞ to lp1 with O(log n) distortion (where lab denotes IRa equipped
with the norm ||x||b = (

∑a
i=1 |xi|b)1/b ).
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Lemma 3 (Bourgain). Given n points x1, . . . , xn ∈ IRn, there exists a map-
ping Φ : IRn → IRp, with p = O(log n), that satisfies the following two properties:

(i) ||xi − xj ||∞ ≥ ||Φ(xi)− Φ(xj)||1 for all i, j ≤ n
(ii) ||xi − xj ||∞ ≤ α ||Φ(xi)− Φ(xj)||1 for all i, j ≤ n

where α = c log n for some constant c. ��
Using this result, it is possible to map the optimal dual solution of the dis-

aggregated (one commodity for each source-sink pair) formulation to lp1 with
logarithmic distortion, see [12] and [1]. One can then show a O(log k) bound by
using arguments similar to the ones presented in Sect. 3.2.

We next give a geometric interpretation of Corollary 2 in terms of mapping
n points from lm∞ to lp1 with logarithmic distortion with respect to a collection
of “seed” points.

Lemma 4. Given n points x1, . . . , xn ∈ IRm, the first t ≤ n of which are special,
t > 1, there exists a mapping Φ : IRm → IRp with p = O(log n), that satisfies the
following two properties:

(i) ||xi − xj ||∞ ≥ ||Φ(xi)− Φ(xj)||1 for all i, j ≤ n
(ii) ||xi − xj ||∞ ≤ α ||Φ(xi)− Φ(xj)||1 for all i ≤ t, j ≤ n

where α = c log t for some constant c.

Proof. See Appendix B. ��

5 Conclusion
In this paper we presented an improved bound on the min-cut max-flow ratio for
the multicommodity flow problem. Our bound is motivated by a “compact” lin-
ear programming formulation based on the minimal vertex cover of the demand
graph. This result suggest that the quality of the ratio depends on the demand
graph in a more structural way than the size of the edge set (i.e. number of
origin-destination pairs).

We also note that in a longer version of this paper, we use the same approach
to show a similar bound on the maximum multicommodity flow problem.
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Appendix A: Proof of Lemma 1

For any v ∈ V and δ ≥ 0, let B(v, δ) = {k ∈ K : d(v, k) ≤ δ} and Bo(v, δ) =
{k ∈ K : d(v, k) < δ}, respectively, denote the collection of members of K that
lie within the closed and open balls around v. We next define a sequence of δ’s
for pairs of nodes.

For any fixed u ∈ K and v ∈ V , let

t∗uv = max
{

1,
⌈
log
(
max

{
|B(u, d(u, v)/2)|, |B(v, d(u, v)/2)|

})⌉}

and define

δtuv =






0 t = 0

max{δ ≥ 0 : |Bo(u, δ)| < 2t and |Bo(v, δ)| < 2t} t∗uv > t > 0

d(u, v)/2 t = t∗uv .

We use the following three observations in the proof:
1. m = �log(|K|)� ≥ t∗uv > 0,

2. max{|B(u, δtuv)|, |B(v, δtuv)|} ≥ 2t for all t < t∗uv, and,

3. max{|Bo(u, δtuv)|, |Bo(v, δtuv)|} < 2t for all t ≤ t∗uv.
For fixed u ∈ K, v ∈ V , and t ≥ 0 such that t < t∗uv, rename u and v as zmax

and zother so that |B(zmax, δ
t
uv)| ≥ |B(zother, δ

t
uv)|. Using 1

e ≥ (1− 1
x )x ≥ 1

4 , for
any x ≥ 2, we can write the following for any Qt+1

j for L ≥ j ≥ 1:

P
(
Qt+1
j ∩B(zmax, δ

t
uv) = ∅

)
=
(
1− 2−(t+1)

)|B(zmax,δ
t
uv)|

≤ (1− 2−(t+1))2
t ≤ e− 1

2 ,

P
(
Qt+1
j ∩Bo(zother, δ

t+1
uv ) = ∅

)
=
(
1− 2−(t+1)

)|Bo(zother,δ
t+1
uv )|

≥ (1− 2−(t+1))2
t+1 ≥ 1

4 .

Notice that Qt+1
j ∩ B(zmax, δ

t
uv) �= ∅ implies that d(zmax, Q

t+1
j ) ≤ δtuv, and

similarly, Qt+1
j ∩ Bo(zother, δ

t+1
uv ) = ∅ implies that d(zother, Q

t+1
j ) ≥ δt+1

uv . Using
the independence of the two events (since the two balls are disjoint) we can now
write:

P

(

Qt+1
j ∩B(zmax, δ

t
uv) �= ∅, Qt+1

j ∩Bo(zother, δ
t+1
uv ) = ∅

)

≥
(
1− e− 1

2

)
· 1
4
≥ 1

11

and therefore,

P

(
∣
∣d(zother, Q

t+1
j )− d(zmax, Q

t+1
j )

∣
∣ ≥ δt+1

uv − δtuv
)

≥ 1
11
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or, equivalently,

P

(
∣
∣d(u,Qt+1

j )− d(v,Qt+1
j )

∣
∣ ≥ δt+1

uv − δtuv
)

≥ 1
11

for all t < t∗uv.
Let Xtj

uv be a random variable taking value 1 if
∣
∣d(u,Qt+1

j )− d(v,Qt+1
j )

∣
∣ ≥

δt+1
uv − δtuv, and 0 otherwise. Note that for any fixed u ∈ K and v ∈ V if
∑L
j=1X

tj
uv ≥ L/22 (that is, at least one-half the expected number) for all t < t∗uv,

then we can write:

||ΦR(u)− ΦR(v)||1 =
1

L ·m
m∑

i=1

L∑

j=1

∣
∣d(u,Qij)− d(v,Qij)

∣
∣

≥ 1
L ·m

t∗uv∑

i=1

L

22
(
δiuv − δi−1

uv

)
=

1
22m

(
δ
t∗uv
uv − δ0uv

)

=
d(u, v)
44m

.

To this end, we first use the Chernoff bound (see for example [15], Chapter 4)
to claim that

P

( L∑

j=1

Xtj
uv <

1
2
× L

11

)

< e− 1
2 × 1

4 × L
11 = e− L

88

for any u ∈ K, v ∈ V and t < t∗uv, which, in turn, implies that

P

( L∑

j=1

Xtj
uv <

L

22
for some u ∈ K, v ∈ V, t < t∗uv

)

< |K||V | �log(|K|)� e−L/88

where the right hand side of the inequality is less than 1 for L ≥ 88(3 · log(|V |).
Therefore, with positive probability,

∑L
j=1X

tj
uv ≥ L

22 for all u ∈ K, v ∈
V and t < t∗uv, which implies that, with positive probability,

||ΦR(u)− ΦR(v)||1 ≥ d(u, v)
44m

for all u ∈ K, v ∈ V . ��

Appendix B: Proof of Lemma 4

Let G = (V,E) be a complete graph with n nodes where each node vi is associ-
ated with point xi for i = 1, . . . , n. For e = {vi, vj} ∈ E, let we = ||xi − xj ||∞
be the edge weight. Furthermore, let d(vi, vj) denote the shortest path length
between nodes vi, vj ∈ V using w as edge weights. Note that

||xi − xj ||∞ ≤ ||xi − xk||∞ + ||xk − xj ||∞



66 Oktay Günlük

for any i, j, k ≤ n and therefore d(vi, vj) = ||xi − xj ||∞ for all i, j ≤ n. We can
now use Corollary 2 to show the existence of a mapping Φ′ : IRm → IRq with
q = O(log n log t) that satisfies the desired properties.

To decrease the dimension of the image space, we scale Φ′ by
√
Lm to map

the points x1, . . . , xn to lq2 with c′ log t distortion. More precisely, we use Φ′′ :
IRm → IRq where Φ′′(x) =

√
Lm Φ′(x). It is easy to see that:

(i) ||Φ′′(xi)− Φ′′(xj)||2 ≤
√

(1/Lm)
∑m
k=1

∑L
q=1 d(vi, vj)2 = d(vi, vj)

= ||xi − xj ||∞ ,

(ii) ||Φ′′(xi)− Φ′′(xj)||2 ≥ ||Φ′(xi)− Φ′(xj)||1 ≥ c′ log t d(vi, vj)

= c′ log t ||xi − xj ||∞ .

We can now use the following two facts (also used in [12]), to reduce the
dimension of the image space to O(log n): (i) For any q ∈ Z+, n points can be
mapped from lq2 to lp2 , where p = O(log n) with constant distortion (see [8]), and
(ii) For any p ∈ Z+, lp2 can be embedded in l2p1 with constant distortion (see
[18], Chapter 6). ��
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Abstract. Improving and extending recent results of Matuura and Mat-
sui, and less recent results of Feige and Goemans, we obtain improved
approximation algorithms for the MAX 2-SAT and MAX DI-CUT prob-
lems. These approximation algorithms start by solving semidefinite pro-
gramming relaxations of these problems. They then rotate the solution
obtained, as suggested by Feige and Goemans. Finally, they round the
rotated vectors using random hyperplanes chosen according to skewed
distributions. The performance ratio obtained by the MAX 2-SAT al-
gorithm is at least 0.940, while that obtained by the MAX DI-CUT
algorithm is at least 0.874. We show that these are essentially the best
performance ratios that can be achieved using any combination of pre-
rounding rotations and skewed distributions of hyperplanes, and even us-
ing more general families of rounding procedures. The performance ratio
obtained for the MAX 2-SAT problem is fairly close to the inapproxima-
bility bound of about 0.954 obtained by H̊astad. The performance ratio
obtained for the MAX DI-CUT problem is very close to the performance
ratio of about 0.878 obtained by Goemans and Williamson for the MAX
CUT problem.

1 Introduction

In a seminal paper, Goemans and Williamson [5] used semidefinite programming
to obtain a 0.878-approximation algorithm for the MAX CUT and MAX 2-SAT
problems, and a 0.796-approximation algorithm for the MAX DI-CUT problem.
These algorithms solve semidefinite programming relaxations of the problems,
and then round the obtained solution using random hyperplanes. The normal
vector of this random hyperplane is uniformly distributed over the n-dimensional
sphere. Feige and Goemans [3] improved the last two of these results by obtain-
ing a 0.931-approximation algorithm for the MAX 2-SAT problem, and a 0.859-
approximation algorithms for the MAX DI-CUT problem. (A tighter analysis of
these algorithms is presented in Zwick [12].) The improved approximation ratios
are obtained by rotating the vectors obtained as the solutions of the semidefinite
programming relaxations before rounding them using a random hyperplane. The
normal of the random hyperplane used is again uniformly distributed over the
(n+1)-dimensional sphere. In their paper, Feige and Goemans [3] suggest several
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other techniques that may be used to obtain improved approximation algorithms
for these problems. One of these suggestions is that the normal of the random
hyperplane used to round the vectors should be chosen according to a distribu-
tion that is not uniform on the (n + 1)-dimensional sphere, but rather skewed
toward, or away, from v0. (In the relaxation of the MAX 2-SAT problem, the
vector v0 is used to represent the value false.) Feige and Goemans [3], however,
do not explore this possibility. The first to explore this possibility were Matuura
and Matsui [8,9]. Overcoming technical difficulties that stand in the way of em-
ploying the skewed distribution idea, they obtain in [8] a 0.863-approximation
algorithm for the MAX DI-CUT problem, and in [9] a 0.935-approximation al-
gorithm for the MAX 2-SAT problem. In [9] they also show, partially relying on
results of Mahajan and Ramesh [10], that these algorithms can be derandomized.

Matuura and Matsui [8,9] obtained their approximation algorithms by using
skewed distributions taken from a specific, easy to work with, family of skewed
distributions. We conduct a systematic search for skewed distributions that yield
the best performance ratios for the MAX 2-SAT and MAX DI-CUT problems.
As a result, we obtain further improved approximation ratios, namely 0.937
for MAX 2-SAT and 0.866 for MAX DI-CUT. These are essentially the best
performance ratios that can be used by using skewed distribution of hyperplanes
on their own.

We obtain further improved results, however, by combining the skewed hy-
perplane technique with pre-rounding rotations. For the MAX 2-SAT problem
we get an approximation ratio of at least 0.940. For the MAX DI-CUT problem
we get an approximation ratio of at least 0.874. These are essentially the best
ratios that can be obtained using any combination of pre-rounding rotations
and skewed distributions of hyperplanes, and even using more general families
of rounding procedures.

H̊astad [6], using gadgets of Trevisan et al. [11], showed that for any ε > 0,
if there is a (21

22 + ε)-approximation algorithm for the MAX 2-SAT problem,
or a (12

13 + ε)-approximation algorithm for the MAX DI-CUT problem, then
P=NP. (Note that 21

22 � 0.95454 and that 12
13 � 0.92308. There are still gaps,

therefore, between the best approximation and inapproximability ratios for the
MAX 2-SAT and MAX DI-CUT problems. The gap for the MAX 2-SAT problem,
between 0.940 and 0.954, is quite small. The gap for the MAX DI-CUT is larger.
But, the ratio of 0.874 we obtain for the MAX DI-CUT problem is very close to
the best ratio, of about 0.878, obtained by Goemans and Williamson [5] for the
MAX CUT problem, which may be seen as a subproblem of the MAX DI-CUT
problem.

The rest of this paper is organized as follows. In the next section we formally
define the MAX 2-SAT and MAX DI-CUT problems and describe their semidef-
inite programming relaxations. We also briefly sketch there the approximation
algorithms of [5] and [3]. In Sect. 3 we discuss families of rounding procedures
that can be used to round configuration of vectors obtained by solving semidef-
inite programming relaxations. In Sect. 4 we explain how to compute certain
probabilities that appear in the analysis of approximation algorithms that use
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rounding procedures from the families defined in Sect. 3. In Sect. 5 we describe
the computation of lower bounds on the performance ratios achieved by such
algorithms. In Sect. 6 we describe the essentially best approximation algorithms
that can be obtained using rounding procedures from the family SKEW. In
Sect. 7 we describe our best approximation algorithms. These algorithms use
rounding procedures from the family ROT +SKEW. In Sect. 8 we show that
these algorithms are essentially the best algorithms that can be obtained using
rounding procedures from ROT +SKEW. We end in Sect. 9 with some conclud-
ing remarks.

2 Preliminaries

An instance of MAX 2-SAT in the Boolean variables x1, . . . , xn is composed of a
collection of clauses C1, . . . , Cm with non-negative weights w1, . . . , wm assigned
to them. Each clause Ci is of the form z1 or of the form z1 ∨ z2 where each zj
is either a variable xk or its negation x̄k. (Each such zj is called a literal.) The
goal is to assign the variables x1, . . . , xn Boolean values 0 or 1 so that the total
weight of the satisfied clauses is maximized. A clause is satisfied if at least one
of the literals appearing in it is assigned the value 1. (If a variable is assigned
the value 0 then its negation is assigned the value 1, and vice versa.)

It is convenient to let xn+i = x̄i, for 1 ≤ i ≤ n, and also to let x0 = 0. Each
clause is then of the form xi ∨ xj where 0 ≤ i, j ≤ 2n. An instance of MAX
2-SAT can then be encoded as an array (wij), where 0 ≤ i, j ≤ 2n, where wij
is interpreted as the weight of the clause xi ∨ xj . The goal is then to assign the
variables x1, . . . , x2n Boolean values, such that xn+i = x̄i and such that the total
weight of the satisfied clauses is maximized.

The semidefinite programming relaxation of the MAX 2-SAT problem used
by Feige and Goemans [3] is given in Fig. 1. In this relaxation, a unit vector vi is
assigned to each literal xi, where 0 ≤ i ≤ 2n. As x0 = 0, the vector v0 corresponds
to the constant 0 (false). To ensure consistency, we require vi · vn+i = −1, for
1 ≤ i ≤ n. As the value of a solution of the SDP program depends only on the
inner products between the vectors, we can assume, with out loss of generality,
that v0 = (1, 0, . . . , 0) ∈ IRn+1. Note that as the ‘triangle constraints’ holds for
any 1 ≤ i, j ≤ 2n, and as vi = −vn+i, for 1 ≤ i ≤ n, we get that if v0, vi and vj
appear in a feasible solution of the SDP, then we have:

v0 · vi + v0 · vj + vi · vj ≥ −1 ,
−v0 · vi − v0 · vj + vi · vj ≥ −1 ,
−v0 · vi + v0 · vj − vi · vj ≥ −1 ,
v0 · vi − v0 · vj − vi · vj ≥ −1 .

We can strengthen the relaxation by adding the constraints vi·vj+vi·vk+vj ·vk ≥
−1, for any 1 ≤ i, j, k ≤ 2n, but we do not know how to take advantage of these
additional constraints in our analysis, so we do not know whether this helps.

An instance of MAX DI-CUT is a directed graph G = (V,E), with non-
negative weights assigned to its edges. The goal is to find a partition of V into
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Max
1
4

∑

i,j

wij(3− v0 · vi − v0 · vj − vi · vj)

v0 · vi + v0 · vj + vi · vj ≥ −1 , 1 ≤ i, j ≤ 2n
vi · vn+i = −1 , 1 ≤ i ≤ n

vi ∈ IRn+1 , vi · vi = 1 , 0 ≤ i ≤ 2n

Fig. 1. A semidefinite programming relaxation of MAX 2-SAT

Max
1
4

∑

i,j

wij(1 + v0 · vi − v0 · vj − vi · vj)

v0 · vi + v0 · vj + vi · vj ≥ −1 , 1 ≤ i, j ≤ n
−v0 · vi − v0 · vj + vi · vj ≥ −1 , 1 ≤ i, j ≤ n
−v0 · vi + v0 · vj − vi · vj ≥ −1 , 1 ≤ i, j ≤ n

v0 · vi − v0 · vj − vi · vj ≥ −1 , 1 ≤ i, j ≤ n

vi ∈ IRn+1 , vi · vi = 1 , 0 ≤ i ≤ n

Fig. 2. A semidefinite programming relaxation of MAX DI-CUT

(S, V − S), where S ⊆ V , such that the total weight of the edges that cross this
cut, i.e., edges u→ v such that u ∈ S but v �∈ S, is maximized.

It is convenient to assume that V = {1, 2, . . . , n}. An instance of MAX DI-
CUT can then be represented as an array (wij), where 1 ≤ i, j ≤ n, where wij
is interpreted as the weight of the edge i → j. Note that wij ≥ 0, for every
1 ≤ i, j ≤ n. We can also assume that wii = 0, for 1 ≤ i ≤ n.

The semidefinite programming relaxation of the MAX DI-CUT problem used
by Feige and Goemans [3] is given in Fig. 2. Here, there is a unit vector vi
corresponding to each vertex 1 ≤ i ≤ n of the graph, and there is also a vector
v0, corresponding to the side S of the directed cut. Again, we can add more
triangle constraints, but it is not clear whether this helps.

The approximation algorithms of Goemans and Williamson [5] solve weak-
ened versions of the SDP relaxations, they do not use the triangle constraints,
and then round the resulting solution using a random hyperplane. More specif-
ically, they choose a random vector r = (r0, r1, . . . , rn) according a standard
(n+1)-dimensional normal distribution. The random variables ri, for 0 ≤ i ≤ n,
are i.i.d. random variables distributed according to the standard normal distri-
bution. The normalized vector r/||r|| is then uniformly distributed on Sn, the
unit sphere in IRn+1. For a MAX 2-SAT instance, the literal xi is assigned the
value 0 if and only if vi and v0 lie on the same side of the hyperplane whose
normal is r, or equivalently, if sgn(vi · r) = sgn(v0 · r). For a MAX DI-CUT
instance, a vertex i is placed in S if and only if vi and v0 lie on the same side of
the random hyperplane.

The approximation algorithms of Feige and Goemans [3] solve the SDP re-
laxations given in Fig. 1 and 2. Before rounding the resulting vectors, they rotate
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them using a rotation function f : [0, π]→ [0, π] that satisfies f(π−θ) = π−f(θ),
for 0 ≤ θ ≤ π. The vector vi, forming an angle θi = arccos(v0 · vi) with v0, is
rotated, in the 2-dimensional plane spanned by v0 and vi, into a vector v′

i whose
angle θ′

i = arccos(v0 · v′
i) with v0 satisfies θ′

i = f(θ0i).

3 Families of Rounding Procedures

Feige and Goemans [3] suggest the following very general family of rounding
procedures:

GEN : Let F : IR2 × [−1, 1] → {0, 1} be an arbitrary function. Let r =
(r0, r1, . . . , rn) be a standard (n+1)-dimensional random variable.
For 1 ≤ i ≤ n, let xi ← F (v0 · r, vi · r, v0 · vi).

For consistency, the function F should satisfy F (x,−y,−z) = 1− F (x, y, z)
for every x, y ∈ IR and z ∈ [−1, 1]. In the spirit of the RPR2 rounding procedure
of Feige and Langberg [4], this can be further generalized to:

GEN+: Let F : IR2 × [−1, 1] → [0, 1] be an arbitrary function. Let r =
(r0, r1, . . . , rn), where r0, r1, . . . , rn are independent standard
normal variables. For 1 ≤ i ≤ n, let xi ← 1, independently with
probability F (v0 · r, vi · r, v0 · vi).

The basic random hyperplane rounding technique of Goemans and Williamson
[5] is of course a very special case of general family with

F (v0 · r, vi · r, v0 · vi) = [ (v0 · r)(vi · r) ≤ 0 ] ,

where [a ≤ b] gets the value 1 if a ≤ b, and 0, otherwise. We can assume, without
loss of generality that v0 = (1, 0, . . . , 0), and that r0 ≥ 0. The expression for F
is then further simplified to

F (v0 · r, vi · r, v0 · vi) = [ (vi · r) ≤ 0 ] .

To obtain their improved MAX 2-SAT and MAX DI-CUT algorithms, Feige
and Goemans [3] do not use the full generality of the GEN family. They use,
instead the following more restricted family:

ROT : Let f : [0, π] → [0, π] be an arbitrary rotation function. Let
θi = arccos(v0 ·vi) be the angle between v0 and vi. Rotate vi into
a vector v′

i that forms an angle of θ′
i = f(θi) with v0. Round the

vectors v0, v′
1, . . . , v

′
n using the random hyperplane technique of

Goemans and Williamson, i.e., let xi ← [ (v0 · r)(v′
i · r) ≤ 0 ], for

1 ≤ i ≤ n.

For consistency, the function f should satisfy f(π− θ) = π− f(θ). Feige and
Goemans [3] also suggest, but do not analyze, the following skewed hyperplane
rounding technique:
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SKEW: Let r = (r0, r1, . . . , rn) be a skewed normal vector, i.e.,
r1, r2, . . . , rn are still independent standard normal variables,
but r0 is chosen according to a different distribution. Again, let
xi ← [ (v0 · r)(vi · r) ≤ 0 ], for 1 ≤ i ≤ n.

It may seem, at first sight, that SKEW is not a sub-family of GEN , as r0
in SKEW is not a standard normal variable. We will see shortly, however, that
SKEW is indeed a sub-family of GEN , and it is not necessary, therefore, to
further generalize GEN by allowing r0 to be chosen according to a non-normal
distribution.

Matuura and Matsui [8,9] take up the challenge of analyzing this technique,
in a slightly different form. They obtain some improved results but do not con-
sider all rounding procedures from this family, and hence do not exploit the full
power of SKEW. In Sect. 6 we obtain the essentially best algorithms for the
MAX 2-SAT and MAX DI-CUT problems that can be obtained using rounding
procedures for SKEW.

We obtained further improved algorithms, however, by considering combi-
nations of pre-rounding rotations and skewed hyperplane distributions. We de-
note the family of rounding procedures containing all these combinations by
ROT +SKEW. In Sect. 7 we obtain the essentially best algorithms for the MAX
2-SAT and MAX DI-CUT problems that can be obtained using rounding pro-
cedures from this family. These are the best approximation algorithms that we
get for these two problems. We have not been able to improve these algorithms
using more general rounding techniques. Extensive numerical experiments that
we have conducted suggest that, at least for the MAX 2-SAT problem, no further
improvements are possible, even using rounding procedures from GEN+.

Our next task will be to determine the form of the function F (x, y, z) that
corresponds to rounding procedures from the family ROT +SKEW. Before con-
tinuing, it would be convenient to present an equivalent formulation of GEN
(and GEN+). We assume, as stated, that v0 = (1, 0, . . . , 0). Any vector r =
(r0, r1, . . . , rn) ∈ IRn+1 can thus be written as

r = r0v0 + r⊥ ,

where, r⊥ = r − r0v0 = (0, r1, . . . , rn). Clearly, v0 · r⊥ = 0. We can therefore
replace the three parameters v0·r, vi·r and v0·vi, by the three parameters r0, vi·r⊥

and v0 · vi. As vi · r = r0 + vi · r⊥, we can easily move from one set of parameters
to the other. Instead of using an arbitrary function F (v0 · r, vi · r, v0 · vi), we can,
therefore, use an arbitrary function G(r0, vi · r⊥, v0 · vi). Note that r0 is now an
argument of G. By applying an appropriate function on r0 we can get a random
variable distributed according to any desired distribution.

Let v′
i be the vector obtained by rotating the vector vi, with respect to v0,

using the rotation function f . Let g(x) = f(arccosx), for −1 ≤ x ≤ 1. Also let
xi = v0 · vi. As v′

i lies in the 2-dimensional space spanned by v0 and vi, we get
that vi = αv0 +βvi, for some α, β ∈ IR. By the definition of the rotation process,
we have β ≥ 0. We can get two equations for α and β:
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v′
i · v′

i = (αv0 + βvi) · (αv0 + βvi) = α2 + β2 + 2αβxi = 1 ,
v0 · v′

i = v0 · (αv0 + βvi) = α+ βxi = g(xi) .

Solving these equations, keeping in mind that β ≥ 0, we get that:

α = g(xi)− xi
√

1−g2(xi)
1−x2

i

= cos θ′
i − cot θi sin θ′

i ,

β =

√
1− g2(xi)

1− x2
i

=
sin θ′

i

sin θi
.

As
v′
i · r = (αv0 + βvi) · (r0v0 + r⊥) = (α+ βx)r0 + βvi · r⊥ ,

the condition v′
i · r ≤ 0 of ROT +SKEW is equivalent to:

vi · r⊥ ≤ −α+ βxi
β

r0 = − cot θ′
i sin θi r0 = − cot f(θi) sin θi r0 .

We can also define v⊥
i = vi − (v0 · vi). Clearly v0 · v⊥

i = 0, and therefore
vi·r⊥ = v⊥

i ·r⊥. The above condition is, therefore, also equivalent to the condition
v⊥
i · r⊥ ≤ − cot f(θi) sin θi r0.

This leads us to the definition of the following family of rounding procedures
that properly contains ROT +SKEW:

T HRESH: Let r = (r0, r1, . . . , rn), where r1, r2, . . . , rn are independent
standard normal variables, and r0 is an independent random
variable distributed according to an arbitrary distribution.
(Without loss of generality, r0 assumes only nonnegative val-
ues.) Let r⊥ = (0, r1, . . . , rn). Let T : IR × [−1, 1] → IR be
a threshold function. Let xi ← [ vi · r⊥ ≤ T (r0, v0 · vi) ], for
1 ≤ i ≤ n.

From the above discussion, we see thatROT +SKEW is just the sub-family of
T HRESH obtained by requiring the threshold function T to be of the
form T (r0, xi) = r0S(xi), i.e., multiplicative in r0. (We simply take S(x) =
− cot f(arccosx)

√
1− x2, or f(θ) = arctan(− sin θ

S(cos θ) ).)
Interestingly, our best rounding procedures for the MAX 2-SAT and the

MAX DI-CUT problems choose r0 according to a very simple distribution. They
just pick a fixed value for r0! They fall, therefore, to the following sub-family
of T HRESH:

T HRESH−: Let r = (0, r1, . . . , rn), where r1, r2, . . . , rn are independent
standard normal variables. Let S : [−1, 1] → IR be a thresh-
old function. Let xi ← [ vi · r ≤ S(v0 · vi) ], for 1 ≤ i ≤ n.

In rounding procedures from T HRESH−, the normal vector r is chosen
in the n-dimensional space orthogonal to v0 and r⊥ = r. T HRESH− is the
sub-family of ROT +SKEW in which r0 assumes a fixed value. Note that the
exact value assumed by r0 is not really important. Let us represent a rounding
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procedure from ROT +SKEW using a pair (a, f), where a is the fixed value
assumed by r0, and f is the rotation function used. Then, it is easy to check that
the rounding procedure (a1, f1) is equivalent to the rounding procedure (a2, f2),
where cot f2(θ) = a1

a2
cot f1(θ). Thus, the choice of the fixed value assumed by r0

is, in fact, arbitrary. In our best rounding procedures, the rotation functions
used are linear. The exact value assumed by r0 does play a role in that case.
Note that the exact values assumed by r0 are also important when no rotation
function is used, as is the case in Sect. 6.

Our best algorithms for the MAX 2-SAT and MAX DI-CUT problems use
rounding procedures from the family ROT +SKEW. Our MAX 2-SAT algo-
rithm, however, is essentially the best algorithm that can be obtained using
any rounding procedure from T HRESH. Our MAX DI-CUT algorithm is es-
sentially the best algorithm that can be obtained using any rounding procedure
from T HRESH−. At least for the MAX 2-SAT problem, we believe that no
better rounding procedure can be found even in GEN+, the most general family
of rounding procedures defined above. (This belief is supported by some numer-
ical experimentation. We will elaborate on this point in the full version of the
paper.)

4 Computing Probabilities

The analysis of most semidefinite programming based approximation algorithm
is local in nature. In the analysis of the MAX 2-SAT and MAX DI-CUT al-
gorithms that are presented in the next sections, we only have to evaluate the
probability that a certain clause is satisfied (in the case of MAX 2-SAT) or that
a certain edge is cut (in the case of MAX DI-CUT). Let prob(v1, v2), where
v1, v2 ∈ IRn+1 be the probability that the corresponding variables x1 and x2
both receive the value 1 when the vectors v1 and v2 are rounded using the
chosen rounding procedure. Then, the probability that a 2-SAT clause is sat-
isfied is 1 − prob(−v1,−v2) and the probability that a directed edge is cut is
prob(−v1, v2).

To evaluate such a probability, it is enough to consider the projection of r on
the three dimensional space spanned by v0, v1 and v2. Let r′ = (r0, r′

1, r
′
2) be the

projection of r on this space. It is easy to see that r0, r′
1, r

′
2 are still independent

random variables, and that r′
1 and r′

2 are standard normal variables. We may
assume, therefore, without loss of generality, that v0, v1 and v2 lie in IR3. We may
also assume that v1 = (a0, a1, 0) and v2 = (b0, b1, b2), for some a0, a1, b2 ∈ IR+

and b0, b1 ∈ IR. We also let r = (r0, r1, r2) and r⊥ = (0, r1, r2).
Suppose now that the vectors v1 and v2 are rounded using a rounding pro-

cedure from GEN+, the most general family of rounding procedures considered
in the previous section. Let G : IR2 × [−1, 1] → [0, 1] be the rounding function
used. By definition, we then have:

prob(v1, v2) =∫ ∞

0

[∫ ∞

−∞

∫ ∞

−∞
G(x, a1y, a0)G(x, b1y + b2z, b0)φ(y)φ(z)dydz

]

f(x)dx ,
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where φ(y) = 1√
2π

e−x2/2 is the density function of a standard normal variable,
and f(x) is the density function of the random variable r0. If r0 is a discrete
random variable that assumes the value sk with probability pk, for 1 ≤ k ≤ �,
then the outer integral is replaced by a sum:

prob(v1, v2) =
�∑

k=1

pk

[∫ ∞

−∞

∫ ∞

−∞
G(sk, a1y, a0)G(sk, b1y + b2z, b0)φ(y)φ(z)dydz

]

.

If the rounding procedure belongs to T HRESH, so that G(r0, vi · r⊥, v0 · vi) =
[vi · r⊥ ≤ T (r0, v0 · vi)], then we have a further simplification:

prob(v1, v2) =
�∑

k=1

pk






∫∫

a1y ≤ T (sk, a0)
b1y + b2z ≤ T (sk, b0)

φ(y)φ(z)dydz




 .

Note that the conditions a1y ≤ T (sk, a0) and b1y + b2z ≤ T (sk, b0), which are
equivalent to the conditions v1·r⊥ ≤ T (r0, v0·v1) and v2·r⊥ ≤ T (r0, v0·v2), define
a wedge in the y-z plane, the plane perpendicular to v0. (Note that T (sk, a0) and
T (sk, b0) here are constant.) This wedge integral can be evaluated numerically.
It is not difficult to reduce it to single integration over the normal distribution
function Φ(x) = 1√

2π

∫ x
−∞ φ(y)dy.

When the rounding procedure is from the family SKEW, or SKEW+ROT ,
further simplifications are possible, and prob(v1, v2) can be evaluated using a
single integration, even if r0 is a continuous random distribution. More details
would appear in the full version of the paper.

5 Computing Performance Ratios

In this section we describe the standard way in which we get a lower bound on the
performance ratio achieved by our algorithms. For concreteness, we consider the
MAX 2-SAT problem. The details for the MAX DI-CUT problem are analogous.

Let P (vi, vj) = 1−prob(−vi,−vj) be the probability that the clause xi∨xj
is satisfied by the assignment produced by the chosen rounding procedure. Let

V (vi, vj) = 1
4 (3− v0 · vi − v0 · vj − vi · vj)

be the contribution of this clause to the value of the semidefinite program. As
shown by Goemans and Williamson [5], the performance ratio of the MAX 2-SAT
algorithm is at least

α = min
(vi,vj)∈Ω

P (vi, vj)
V (vi, vj)

,

where Ω is the set of all (vi, vj) ∈ IR3 × IR3 that satisfy all the constraints of
the semidefinite program. We evaluated such minimums numerically, using the
optimization toolbox of Matlab.
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To obtain an upper bound the performance ratio that can be obtained using
any rounding procedure from a given family, we select a finite set of configura-
tions C = {(vi1, vi2) | 1 ≤ i ≤ t}. We then estimate, numerically, that maximum,
over all rounding procedures from the given family, of the minimum

ᾱ =
t

min
i=1

P (vi1, v
i
2)

V (vi1, v
i
2)
.

This bounding technique is implicit in Feige and Goemans [3] and is described
explicitly in Zwick [12].

The computation of α, for a given rounding procedure, and of ᾱ, for a given
family of rounding procedure, are very difficult global optimization problems.
We have made extensive experiments to verify the numerical bounds that we
state in this paper. However, we cannot claim them as theorems. It is possible,
at least in principle, to obtain rigorous proofs for our claims using a tool such
as RealSearch (see [13]), but this would require a tremendous amount of work.

As mentioned, our best algorithms for the MAX 2-SAT and MAX DI-CUT
problems simply set r0 to be a constant. This may seem very surprising. We next
try to explain why this is not so surprising after all.

Let C be a set of t configurations used to obtain an upper bound of ᾱ on the
performance ratio that can be achieved using rounding procedures from a given
family. Consider now the search for rounding procedures that actually achieve
a performance ratio of at least ᾱ on each one of the t configurations of the
set. Such optimal rounding procedures, for C, may choose r0 according to an
arbitrary continuous distribution. However, we can discretize the problem and
assume that r0 assumes only � different values, where � may be a huge number.
If � is large enough, we loose very little in this process. Let us assume that r0
assumes the value si with probability pi, for 1 ≤ i ≤ �.

Let Rij be the ratio obtained for the j-th configuration when r0 assumes
the value si. To find the optimal probabilities in which the values s1, s2, . . . , s�
should be chosen, we solve the following linear program:

max α
s.t. α ≤∑�

i=0Rijpi , 1 ≤ j ≤ t
∑�
i=0 pi = 1

pi ≥ 0 , 1 ≤ i ≤ � .
This linear program has a basic optimal solution with at most t of the pi’s are
non-zero. (Note that there are � + 1 variables and only t + 1 inequalities other
than the inequalities pi ≥ 0, for 1 ≤ i ≤ �. Thus, at least �−t of these inequalities
must be satisfied with equality.)

Thus, we see that when C is of size t, it is not necessary to let r0 assume
more than t different values. The sets of configurations that we use to bound
the performance ratio that can be achieved are very small. For MAX 2-SAT, for
example, we use only two configurations.
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Table 1. (a) The probability distribution of r0 used to obtain a 0.937-approximation
algorithm for the MAX 2-SAT problem. (b) The probability distribution of r0 used to
obtain a 0.866-approximation algorithm for the MAX DI-CUT problem

(a)

prob. value
0.0430 N(0, 1)
0.0209 0.145
0.0747 0.345
0.3448 0.755
0.5166 1.635

(b)

prob. value
0.0714 N(0, 1)
0.0644 0.170
0.3890 0.640
0.4752 1.520

6 Algorithms from SKEW

In this section we describe the essentially best approximation algorithms for the
MAX 2-SAT and MAX DI-CUT problems that can be obtained using rounding
procedures from SKEW.

6.1 A MAX 2-SAT Algorithm

To specify our algorithms, we only need to specify how the random variable r0
is chosen. The probability distribution of r0 used by our MAX 2-SAT algorithm
is given in Table 1(a). The distribution of r0 is very discrete in nature. With a
probability of more than 1

2 , namely 0.5166, it assumes the fixed value 1.635. It
assumes each of three other values with smaller probabilities. Only with the rel-
atively small probability of 0.0430 it is chosen according to the standard normal
distribution. (If we want r0 to assume only nonnegative values, we take, with
this probability, the absolute value of a standard normal variable.) This small
probability of assuming a standard normal distribution allows the algorithm to
easily achieve good approximation ratios on clauses which contribute very small
values to the overall value of the semidefinite program.

6.2 A MAX DI-CUT Algorithm

The probability distribution of r0 used by our MAX DI-CUT algorithm is given
in Table 1(b). Again, the distribution of r0 is very discrete in nature. With a
probability of almost 1

2 , namely 0.4752, it assumes the fixed value 1.52. It assumes
only two other values with smaller probabilities. Only with the relatively small
probability of 0.0714, r0 is chosen according to the standard normal distribution
which again is needed to handle edges which have small values in the semidefinite
solution.

Numerical calculations shows that the performance ratio achieved using this
rounding procedure is at least 0.866. Again, more details would appear in the
full version of the paper.
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The approximation algorithm for MAX DI-CUT presented here, as most
other MAX DI-CUT approximation algorithms, is also an approximation algo-
rithm for MAX 2-AND.

7 Algorithms from ROT +SKEW

In this section we describe our best approximation algorithms for the MAX 2-
SAT and MAX DI-CUT problems. These algorithms use rounding procedures
from the ROT +SKEW family. These algorithms are essentially the best algo-
rithms that can be obtained using rounding procedures from this family, and
even from larger families.

7.1 A MAX 2-SAT Algorithm

To specify a rounding procedure from the ROT +SKEW family, we have to
specify a rotation function f and the distribution of r0. The rounding procedure
used by our best MAX 2-SAT algorithm has a very simple representation. The
‘random’ variable r0 assumes the value 2 and the rotation function f is linear:

f(θ) = 0.58831458 θ + 0.64667394 .

Numerical calculations show that the performance ratio achieved by this algo-
rithm is at least 0.9401.

The worst performance ratio of about 0.9401 is achieved on two config-
urations. It is convenient to represent a configuration (v1, v2) using a triplet
(θ01, θ02, θ12), where θij = arccos(vi · vj) is the angle between vi and vj , for 0 ≤
i < j ≤ 2. The angles corresponding to the first of the these two worst configura-
tions (v1, v2) are roughly (1.401, 1.401, 2.294). The second configuration is then
just (−v1,−v2), which is roughly represented by the triplet (1.741, 1.741, 2.294).

7.2 A MAX DI-CUT Algorithm

The rounding procedure used by our best MAX DI-CUT algorithm has again
a fairly simple representation. The ‘random’ variable r0 assumes the constant
value 2.5. The rotation function f is now a piecewise linear function defined by
the points given in Table 2.

Numerical calculations show that the performance ratio achieved by this
algorithm is at least 0.8740.

8 Upper Bounds on Achievable Ratios

In this section we explain our claim that the approximation algorithm presented
in Sect. 7.1 is essentially the best MAX 2-SAT algorithm that can be obtained
using a rounding procedure from ROT +SKEW, or even from T HRESH. (We
also believe that it is essentially the best rounding procedure even from GEN+,
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Table 2. The piecewise linear rotation function used for the 0.8740 algorithm for the
MAX DI-CUT problem

θ f(θ)
0 0.88955971

1.24676999 1.42977923
1.30701991 1.45654677
1.36867009 1.48374672
1.39760143 1.49640918
1.44728317 1.51791721
1.50335282 1.54210593

π/2 π/2

but our evidence in support of this claim is less conclusive at this stage.) We
also explain our claim that the approximation algorithm presented in Sect. 7.2
is essentially the best approximation algorithm that can be obtained using a
rounding procedure from ROT +SKEW, or even from T HRESH−.

We would like to stress that these claims are based on difficult numerical
computations, carried out using the optimization toolbox of Matlab. We do not
claim, therefore, that they are theorems.

Another point that should be explained is the following. Our analysis of the
various rounding procedures is very local in nature and it produces only lower
bounds on the actual performance ratios. We do not know whether these lower
bounds are tight. The local analysis of the MAX CUT algorithm of Goemans
and Williamson [5] was shown to be tight by Karloff [7] (see also [1] and [2]).
It is not known whether the analysis of the MAX 2-SAT and MAX DI-CUT
algorithms of Feige and Goemans [3] (see also [12]) is tight. When we say here
that a certain rounding procedure is essentially optimal, what we actually mean
is that no better lower bound on the performance ratio can be obtained, using
the local form of analysis, for any other rounding procedure from the family.

8.1 Upper Bound for MAX 2-SAT

Let C = {(v1, v2), (−v1,−v2)} be the set of the two worst configurations for the
MAX 2-SAT algorithm of Sect. 7.1. To show that no rounding procedure from
T HRESH can be used to obtain a better approximation algorithm for MAX
2-SAT, it is enough to show that no rounding procedure can achieve a better
performance ratio even on the set of these two configurations.

A rounding procedure from T HRESH is defined using a threshold function
T : IR× [−1, 1]→ IR and a distribution for r0. To ensure that the literals xi and
x̄i are assigned opposite values, this function should satisfy T (x,−y) = −T (x, y).
As the set C contains only two configurations, it follows from the discussion in
Sect. 5 that there is an optimal rounding procedure for it in which r0 assumes
only two different values. Let us denote these two values by s1 and s2. Let p be
the probability that r0 gets the value s1.
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Let Θ1 = (θ, θ, θ12) and Θ2 = (π − θ, π − θ, θ12) be the triplets correspond-
ing to the configurations (v1, v2) and (−v1,−v2). (We have θ � 1.401 and
θ12 = arccos(2 cos θ − 1) � 2.294.) To determine the behavior of this round-
ing procedure on the configurations (v1, v2) and (−v1,−v2) we only need to
specify the values of the thresholds T (s1, cos θ) and T (s2, cos θ). (Note that
T (si,− cos θ) = −T (si,− cos θ), for i = 1, 2.) The search for the best round-
ing procedure from T HRESH is therefore reduced to the search for the optimal
setting of the three parameters T (s1, cos θ), T (s2, cos θ) and p. (Note that the
values of s1 and s2 are not important.) We have numerically searched for the best
setting of these three parameters and could not improve on the result obtained
using the algorithm of Sect. 7.1. This algorithm is, therefore, the best algorithm
that can be obtained using any rounding procedure from T HRESH.

A rounding procedure from GEN+ is characterized by a function G : IR2 ×
[−1, 1] → [0, 1] that satisfies G(x,−y,−z) = 1 − G(x, y, z). As before, we may
assume that an optimal rounding procedure for C assigns r0 only two distinct
values s1 and s2. To determine the behavior of the rounding procedure on the
configurations (v1, v2) and (−v1,−v2) we have to specify p, the probability that
r0 assumes the value s1, and the two univariate functions g1(x) = G(s1, x, cos θ)
and g2(x) = G(s2, x, cos θ). We have attempted to improve the performance
ratio obtained for C using functions g1(x) and g2(x) that are piecewise linear.
The attempt failed. This seems to suggest that no improvement can be obtained
using rounding procedures from GEN+. (We plan to elaborate on this point in
the full version of the paper.)

8.2 Upper Bound for MAX DI-CUT

The upper bound on the performance ratio that can be obtained for the MAX
DI-CUT problem using rounding procedures from the family T HRESH− is
obtained using similar ideas. Things are more complicated here, however, as we
need to use more configurations. To obtain an upper bound that almost matches
the performance of the MAX DI-CUT algorithm of Sect. 7.2 we need to use a
collection of six configurations.

For every k ≥ 1, Zwick [12] describes a family Ck of k + 1 configurations
that are parametrized by k angles θ1, θ2, . . . , θk. For example, for k = 6, we have
C6 = {Θ17, Θ26, Θ35, Θ44, Θ43, Θ52, Θ61}, where Θij = (θi, θj , arccos(θi+ θj −1),
for 1 ≤ i, j ≤ 7, and θ7 = π

2 . To obtain our best upper bounds we used the
values

θ1 = 1.24677 , θ2 = 1.30703 , θ3 = 1.36867 ,
θ4 = 1.39760 , θ5 = 1.44728 , θ6 = 1.50335 .

To specify a rounding procedure from T HRESH− we only need to specify a
threshold function S : [−1, 1]→ IR. To determine the behavior of this rounding
procedure on the configurations of C6, we only need to specify six numbers,
namely S(cos θi), for 1 ≤ i ≤ 6. We have numerically searched for the best
setting of these six parameters and could not improve on the result obtained
using the algorithm of Sect. 7.2. This algorithm is, therefore, the best algorithm
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that can be obtained using any rounding procedure from T HRESH−. We hope
to determine, in the near future, whether any improvements are possible using
rounding procedures from T HRESH.

9 Concluding Remarks

We presented improved approximation algorithms for the MAX 2-SAT and MAX
DI-CUT problems using combinations of pre-rounding rotations and skewed hy-
perplane rounding. We showed that the performance ratios achieved by these
algorithms are essentially the best ratios that can be achieved using this tech-
nique. Obtaining further improved approximation ratios would require additional
ideas.

Our investigation also sheds some new light on the nature a general family
of rounding procedures suggested by Feige and Goemans [3].
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Finding the Exact Integrality Gap
for Small Traveling Salesman Problems�
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Abstract. The Symmetric Traveling Salesman Problem (STSP) is to
find a minimum weight Hamiltonian cycle in a weighted complete graph
on n nodes. One direction which seems promising for finding improved
solutions for the STSP is the study of a linear relaxation of this problem
called the Subtour Elimination Problem (SEP). A well known conjecture
in combinatorial optimization says that the integrality gap of the SEP is
4/3 in the metric case. Currently the best upper bound known for this
integrality gap is 3/2.
Finding the exact value for the integrality gap for the SEP is difficult
even for small values of n due to the exponential size of the data involved.
In this paper we describe how we were able to overcome such difficulties
and obtain the exact integrality gap for all values of n up to 10. Our
results give a verification of the 4/3 conjecture for small values of n, and
also give rise to a new stronger form of the conjecture which is dependent
on n.

1 Introduction

Given the complete graph Kn = (V,E) on n nodes with non-negative edge costs
c ∈ IRE , c �= 0, the Symmetric Traveling Salesman Problem (henceforth STSP)
is to find a Hamiltonian cycle (or tour) in Kn of minimum cost. When the costs
satisfy the triangle inequality, i.e. when cij + cjk ≥ cik for all i, j, k ∈ V , we call
the problem the metric STSP.

For any edge set F ⊆ E and x ∈ IRE , let x(F ) denote the sum
∑
e∈F xe.

For any node set W ⊂ V , let δ(W ) denote {uv ∈ E : u ∈ W, v /∈ W}. Let
S = {S ⊂ V, 3 ≤ |S| ≤ n−3}. An integer linear programming (ILP) formulation
for the STSP is as follows:

minimize cx (1)
subject to: x(δ(v)) = 2 for all v ∈ V, (2)

x(δ(S)) ≥ 2 for all S ∈ S, (3)
0 ≤ xe ≤ 1 for all e ∈ E, (4)

x integer. (5)

We use TOUR to denote the optimal solution value for ILP (1). If we drop
the integer requirement (5) from the above ILP, we obtain a linear programming
� This research was partially supported by grants from the Natural Sciences and En-

gineering Research Council of Canada.

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 83–92, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



84 Sylvia Boyd and Geneviève Labonté

(LP) relaxation of the STSP called the Subtour Elimination Problem (SEP). We
use SUBT to denote the optimal solution value for the SEP. The associated poly-
tope, which is denoted by Sn, is the set of all vectors x satisfying the constraints
of the SEP, i.e.

Sn = {x ∈ IRE : x satisfies (2), (3), (4)} .
Note that despite the fact that there are an exponential number of constraints
(3), the SEP can be solved in polynomial time, since there is an exact polynomial-
time separation algorithm for each of its constraints [7].

The STSP is known to be NP-hard, even in the metric case [8]. One approach
taken for finding reasonably good solutions is to look for a k-approximation
algorithm for the problem, i.e. try to find a heuristic for the STSP which finds
a tour which is guaranteed to be of cost at most k ∗ (TOUR) for some constant
k ≥ 1. Currently the best k-approximation algorithm known for the metric STSP
is Christofides algorithm [6] for which k = 3/2. Surprisingly, no one has been
able to improve upon this algorithm in over two decades. Note that for general
costs there does not exist a k-approximation algorithm unless P = NP [8].

A related approach for finding improved STSP solutions is to study the in-
tegrality gap α for the SEP, which is the worst-case ratio between TOUR and
SUBT, i.e.

α = max
c≥0

(
TOUR
SUBT

)

.

Value α gives one measure of the quality of the lower bound provided by the
SEP for the STSP. Moreover, a constructive proof for value α would provide an
α-approximation algorithm for the STSP.

It is known that for the metric STSP, α is at most 3/2 ([10], [11]), however,
no example for which this ratio comes close to 3/2 has yet been found. In fact,
a well-known conjecture states the following:

Conjecture 1. For the metric STSP, the integrality gap for the SEP is 4/3.

If Conjecture 1 is true, then it is best possible, for consider the metric STSP
example with costs c shown in Fig. 1(a). In the figure, imagine the three hori-
zontal paths each have length k, and let the cost cuv for edges uv ∈ E not shown
be the cost of a cheapest u to v path in the figure. The optimal solution x∗ for
the SEP for this set of costs is shown in Fig. 1(b), where x∗

e = 1
2 for the dashed

edges e, 1 for the solid edges e, and 0 for all other edges. The optimal tour is
shown in Fig. 1(c). Thus this set of costs gives the ratio

TOUR
SUBT

=
4k + 6
3k + 6

which tends to 4/3 as k →∞.
Note that not much progress has been made on Conjecture 1 in the past

decade. It has been verified for a very special class of cost functions in [2], and
recent results which are implied by the correctness of the conjecture can be found
in [1] and [4].
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Fig. 1. An example for which α = 4/3

In this paper we examine the problem of finding the exact integrality gap for
the metric SEP for fixed values of n, where n is small. Note that many models
for this problem are too complex and too large to be practical to solve. In Sect. 2
we describe how we were able to overcome such difficulties by instead solving
a series of reasonably-sized LPs based on a related problem for a subset of the
vertices of the subtour elimination polytope Sn. In Sect. 3 we describe how we
found the necessary set of vertices for our method, and also describe some new
structural properties for the vertices of Sn which we needed to use in order
to make our ideas work. Finally, in Sect. 4 we report our results, i.e. we give
the exact integrality gap for all values of n up to 10 which we found using our
method. These results not only provide a verification of Conjecture 1 for n ≤ 10,
but also give rise to a new stronger form of the conjecture which is dependent
on n. Such a formulation of the conjecture could be useful in an inductive proof
approach for Conjecture 1.

2 Finding the Integrality Gap for Fixed n

For the metric STSP, we wish to solve the problem of finding the integrality gap
for the SEP when n, the number of nodes in the complete graph Kn = (V,E),
is fixed in size. We denote this integrality gap by αn, i.e.

αn = max
c≥0

(
TOUR
SUBT

)

for all metric STSPs on n nodes. Note that it is known that the SEP and the
STSP are equivalent problems for n ≤ 5, and thus αn = 1 for n ≤ 5.

We first note that for a particular metric STSP, if we divide all the edge costs
c ∈ IRE by the optimum tour value TOUR, then the new costs also satisfy the
triangle inequality, and the ratio TOUR/SUBT remains unchanged. Note the
new value of TOUR using this new cost function will be 1. Thus to solve our
problem, it is sufficient to only consider metric cost functions c for which the
minimum tour value TOUR is 1, and we have

αn = max
c≥0

TOUR=1 for c

(
1

SUBT

)

,

or equivalently,
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1
αn

= min
c≥0

TOUR=1 for c

(SUBT) . (6)

This leads to the following quadratic programming model of the problem:

minimize cx (7)
subject to: x satisfies constraints (2)-(4) (8)

x(T ) ≥ 1 for all T ∈ T, (9)
cij + cjk ≥ cik for all i, j, k ∈ V, (10)

ce ≥ 0 for all e ∈ E, (11)

where T represents all the 0-1 incidence vectors of tours of Kn. Constraints (8)
simply ensure that vector x is in the subtour elimination polytope Sn, while
constraints (9) and (10) ensure that the minimum tour value is 1 for c and our
cost vector c is metric. Note that if the optimal solution for (7) is k, then αn has
value 1/k. Also note that this model has an exponential number of constraints
of types (8) and (9).

As the model above proved impractical to solve even for small n using the
tools available to us, we tried several other models in an attempt to get rid of the
quadratic objective function. One such model was a binary integer programming
model with an explosive number of both constraints and variables. We were able
to use this model to find αn for n = 6, 7 and 8, but only through a great deal
of exhaustive work used to reduce the problem size by fixing different sets of
variables. It was clear that this method was impractical for n > 8.

We then found a way of modeling our problem as a series of LPs of a more rea-
sonable size (although still exponential) as follows. Let X = {x(1), x(2), . . . , x(p)}
be a complete list of all the vertices of the subtour elimination polytope Sn. We
know from polyhedral theory that for every cost function c ∈ IRE , there exists
at least one vertex x∗ in X such that c is minimized over Sn at x∗, i.e. such that
SUBT = cx∗. This provides a way of breaking our set of cost functions c into
different sets (although these sets will not be disjoint). For each vertex x(i), let

Ci = {c ∈ IRE : c is minimized over Sn at x(i)} . (12)

So now we need to solve the following problem for each Ci, where x(i) is fixed
and is no longer a variable vector:

(min cx(i) : c satisfies constraints (9), (10) and (11) , c ∈ Ci) . (13)

If we let OPTi represent the optimal value of (13), then from (6) we have

1
αn

= min
1≤i≤p

(OPTi) . (14)

Note that everything in model (13) is linear except the condition that c ∈ Ci.
This condition can also be represented by a set of linear constraints using duality
theory, as we explain below.
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The dual LP of the SEP has variables y ∈ IRV , u ∈ IRE , and d ∈ IRS and is
defined as follows:

maximize 2 · y − 1 · u+ 2 · d (15)

subject to: yi + yj − uij +
∑

(dS : S ∈ S, ij ∈ δ(S)) ≤ cij ∀ ij ∈ E, (16)

ue ≥ 0 ∀ e ∈ E, (17)
dS ≥ 0 ∀ S ∈ S. (18)

Given a feasible solution x∗ for the SEP, a feasible solution (y, u, d) for the
dual LP (15) is said to satisfy the complementary slackness conditions for x∗ if
it satisfies the following:

yi + yj − uij +
∑

(dS : S ∈ S, ij ∈ δ(S)) = cij ∀ ij ∈ E, x∗
ij > 0, (19)

ue = 0 ∀ e ∈ E, x∗
e < 1, (20)

dS = 0 ∀ S ∈ S, x∗(δ(S)) > 2. (21)

It follows from the theory of duality and complementary slackness that cost
function c ∈ Ci if and only if there exists a feasible solution (y, u, d) for the
dual LP (15) which satisfies the complementary slackness conditions (19), (20)
and (21) for x(i). Thus for each Ci we can find OPTi by solving the following
LP, which has variables c and (y, u, d):

OPTi = (min cx(i) : c satisfies (9) - (11) , and
(y, u, d) satisfy (16) - (21) for x(i)). (22)

Note that (22) has an exponential number of variables and constraints. Nev-
ertheless, for small values of n we were able to solve (22) using CPLEX in a
reasonable amount of time. For example, for n = 10, each of these LPs took
approximately one to two minutes to solve.

3 Finding the Necessary Vertices for Sn

We need to avoid solving the LP (22) for OPTi for every vertex x(i) ∈ X as the
size of X can be very large even for small n. Luckily we were able to find a much
smaller subset of vertices which was sufficient for finding αn.

Given a vertex x ∈ Sn, the weighted support graph Gx = (Vx, Ex) of x is
the subgraph of Kn induced by the edge set Ex = {e ∈ E : xe > 0}, with
edge weights xe for e ∈ IREx . Observe that many of the vertices of Sn will have
isomorphic weighted support graphs (such as all the vertices representing tours),
and thus will have the same objective value OPTi for LP (22). This observation
led to the following steps for reducing the number of vertices we needed to
consider:
Step 1 Generate the set of all the vertices of Sn. To do this we used a software
package called PORTA (POlyhedron Representation Transformation Algorithm)
[5], a program which, given an LP, generates all the vertices for the corresponding
polyhedron.
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Step 2 Reduce the set of vertices from Step 1 by finding the vertices within our
set with non-isomorphic weighted support graphs. To do this we used a software
package called nauty [9]. Note that this package deals with unweighted graphs,
but we were able to transform our weighted graphs such that this package could
be used for our purposes.

The above method worked for finding αn for n = 6, 7, however for n = 8,
PORTA was unable to generate all of the vertices for Sn even after running for
days. Thus for n ≥ 8 we needed to exploit some properties of the vertices of Sn

in order to aid PORTA in Step 1. These properties are described in the three
theorems below. The proofs of these theorems use ideas similar to those found
in [3].

Theorem 1. Let x be a vertex of Sn. Then the number of edges in the support
graph Gx of x is at most 2n− 3.

Proof. This result follows from a stronger result in [3] which says that the number
of edges in Gx is at most 2n−k−3, where k is the number of nodes in Gx which
have degree 3 and for which none of the corresponding incident edges e have
value xe = 1. ��

Theorem 2. Consider x ∈ IRE such that for some node v we have xuv = xvw =
1. Let x̂ be the vector indexed by the edge set of Kn \ {v} defined by

x̂e =
{

1 if e = uw,
xe for all other edges e .

(23)

Then x̂ is a vertex of Sn−1 if and only if x is a vertex of Sn.

Proof. We begin by showing that x ∈ Sn if and only if x̂ ∈ Sn−1.
Suppose that x ∈ Sn. The fact that x satisfies x(δ({u, v, w})) ≥ 2 implies

that xuw = 0. Therefore, since x̂uw = 1, the sum of the xe values for edges
incident with u and edges incident with w did not change when x̂ was created.
Thus the constraints (2) are satisfied by x̂ for nodes u and w. For all other
constraints (2), (3) and (4) for the SEP, it is clear that if x satisfies them, then
so does x̂. Hence x̂ ∈ Sn−1.

Suppose that x̂ ∈ Sn−1. Vector x is essentially formed from x̂ by taking edge
uw of value 1 in the support graph of x̂ and adding a node v to split it into two
edges uv and vw, each with value xe = 1. Thus x(δ(v)) = 2 for vector x. For
any S ∈ S such that v ∈ S and u,w �∈ S, we have x(δ(S)) ≥ xuv + xvw = 2, and
thus all such cut constraints are satisfied by x. For all other constraints (2), (3)
and (4) for the SEP, it is clear that if x̂ satisfies them, then so does x. Hence
x ∈ Sn.

Now suppose that x ∈ Sn and x is not a vertex of Sn. This implies that x
can be expressed as a convex combination of k distinct points of Sn, k ≥ 2. For
each of these k points x′, we must have x′

uv = x′
vw = 1, since xuv = xvw = 1.

So for each point x′ we can form a corresponding point x̂′ which will necessarily
be in Sn−1 by the discussion above. By doing this we obtain x̂ as a convex



Finding the Exact Integrality Gap for Small Traveling Salesman Problems 89

combination of k distinct points of Sn−1, k ≥ 2. This shows that x̂ is also not a
vertex of Sn−1.

In a similar manner, we can show that if x̂ ∈ Sn−1 is not a vertex of Sn−1

then x is not a vertex of Sn. This completes the proof. ��

Theorem 3. Let x be a vertex of Sn, n ≥ 5. Then the maximum degree in the
support graph Gx of x is n− 3.

Proof. Suppose the theorem is not true, and for some vertex x of Sn there is
a node of degree greater than n − 3 in its support graph. Consider a counter
example Gx with the number of nodes n as small as possible. We know that the
theorem is true for n = 5 since all vertices of S5 correspond to tours. Hence we
can assume that n ≥ 6.

Suppose that Gx has a node v of degree 2, which implies that we have xuv =
xvw = 1. Thus by Theorem 2 we could shrink this vertex x to a vertex x̂ of Sn−1

whose support graph would also contain a node of degree greater than n − 3.
This contradicts the fact that Gx was a smallest counter example.

If Gx has no nodes of degree 2, then

2|E(Gx)| =
∑

(dx(v) : v ∈ V ) ≥ 3(n− 1) + (n− 2) = 4n− 5 ,

where dx(v) denotes the degree of node v in Gx. However, by Theorem 1 we have
that 2|E(Gx)| ≤ 4n− 6, so again we have a contradiction. ��

We used Theorems 1 and 3 to reduce the work for PORTA by first generating
all the non-isomorphic graphs on n nodes that contain 2n− 3 edges and have a
maximum degree of n − 3 (i.e. all the possible non-isomorphic support graphs
for vertices of Sn), and then for each of these graphs G′ we ran PORTA on the
SEP problem constraints with the added constraints xe = 0 for each of the edges
e not appearing in G′.

Theorem 2 implies that we can obtain any vertex of Sn which has a node of
degree 2 in its support graph by subdividing a 1-edge in the support graph of a
vertex of Sn−1. Thus we obtained all the vertices with a node of degree 2 in the
support graph directly from our list of non-isomorphic vertices for Sn−1, and
only used PORTA to search for vertices for which all nodes of the corresponding
support graph have degree at least 3. This meant that we could add the assump-
tion that our subgraphs for the support graphs have a minimum degree of 3 in
the above.

To summarize, we found αn as follows:

Step 1′ Find all the non-isomorphic graphs on n nodes that contain 3n − 2
edges, and for which all nodes have a maximum degree of n− 3 and a minimum
degree of 3.

Step 2′ For each graph G′ from Step 1′, use PORTA to find all vertices of the
polytope defined by the constraints of the SEP plus the constraints xe = 0 for
all edges not appearing in G′. (Note that this polytope is a face of Sn.) Let A
represent the union of all of these vertices found.
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Table 1. Integrality gap results

n Number of
vertices

αn

6 2 10/9
7 3 9/8
8 13 8/7
9 38 7/6
10 421 20/17

Step 3′ Find all the vertices of Sn which have a node of degree 2 in the sup-
port graph by directly generating them from the list of non-isomorphic vertices
created for Sn−1. Let B represent this set of vertices.

Step 4′ Use the nauty software package to find the vertices in A ∪ B with
non-isomorphic weighted support graphs.

Step 5′ For each vertex x(i) in the set of vertices from Step 4′, solve the LP
(22) to find OPTi. Let the minimum value for OPTi found be k. Then by (14),
αn is 1/k.

4 Results and a New Stronger Conjecture

Using our method, we were able to find the exact value of αn for all values of n
up to 10. The results are shown in Table 1. In column 2 of the table we list the
number of non-isomorphic vertices of Sn we found. Note that this also represents
the number of LPs (22) that we needed to solve for each value of n. Column 3
contains the value of αn, which is clearly less than 4/3 for all n ≤ 10.

It surprised us that for each value of n, there was a unique vertex of Sn that
gave the maximum ratio αn. Even more surprising was the definite pattern that
these vertices formed. The unique vertex x∗ of Sn which gave the maximum ratio
for each value of n is shown in Fig. 2, where x∗

e = 1 for solid edges e, x∗
e = 1

2 for
dashed edges e, and x∗

e = 0 for all the other edges. Note that the costs c which
gave αn are shown on the edges, and for edges not shown the cost cij was the
cost of a minimum cost i to j path using the costs shown.

By extrapolating the pattern of the vertices shown in Fig. 2, we developed
the following conjecture for the value of αn.

Conjecture 2. For all integers n ≥ 3,

αn =






4n+ 6
3n+ 9

if n = 0 (mod 3),

4�n3 �2 + 2�n3 � − 2
3�n3 �2 + 3�n3 � − 2

if n = 1 (mod 3),

4�n3 �2 + 2�n3 � − 4
3�n3 �2 + 3�n3 � − 4

if n = 2 (mod 3).

(24)
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Fig. 2. Vertices and costs which give αn

Note that in the formulas in this new conjecture, αn approaches 4/3 as n→∞.
Thus the correctness of Conjecture 2 would imply that Conjecture 1 is true.
Also note that for each n we have found a set of costs for which the value in
Conjecture 2 is tight, i.e. for which TOUR/SUBT = αn as defined by the formula
in Conjecture 2.
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Abstract. The comb inequalities are a well-known class of facet-induc-
ing inequalities for the Traveling Salesman Problem, defined in terms
of certain vertex sets called the handle and the teeth. We say that a
comb inequality is simple if the following holds for each tooth: either
the intersection of the tooth with the handle has cardinality one, or the
part of the tooth outside the handle has cardinality one, or both. The
simple comb inequalities generalize the classical 2-matching inequalities
of Edmonds, and also the so-called Chvátal comb inequalities.
In 1982, Padberg and Rao [29] gave a polynomial-time algorithm for sep-
arating the 2-matching inequalities – i.e., for testing if a given fractional
solution to an LP relaxation violates a 2-matching inequality. We extend
this significantly by giving a polynomial-time algorithm for separating
the simple comb inequalities. The key is a result due to Caprara and
Fischetti.

1 Introduction

The famous Symmetric Traveling Salesman Problem (STSP) is the NP-hard
problem of finding a minimum cost Hamiltonian cycle (or tour) in a complete
undirected graph. The most successful optimization algorithms at present (e.g.,
Padberg & Rinaldi [31], Applegate, Bixby, Chvátal & Cook [1]), are based on
an integer programming formulation of the STSP due to Dantzig, Fulkerson &
Johnson [7], which we now describe.

Let G be a complete graph with vertex set V and edge set E. For each
edge e ∈ E, let ce be the cost of traversing edge e. For any S ⊂ V , let δ(S)
(respectively, E(S)), denote the set of edges in G with exactly one end-vertex
(respectively, both end vertices) in S. Then, for each e ∈ E, define the 0-1
variable xe taking the value 1 if e is to be in the tour, 0 otherwise. Finally let
x(F ) for any F ⊂ E denote

∑
e∈F xe. Then the formulation is:

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 93–108, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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Fig. 1. A comb with three teeth

Minimize
∑
e∈E cexe

Subject to:
x(δ({i})) = 2 ∀i ∈ V, (1)

x(E(S)) ≤ |S| − 1 ∀S ⊂ V : 2 ≤ |S| ≤ |V | − 2, (2)
xe ≥ 0 ∀e ∈ E, (3)

x ∈ Z|E| . (4)

Equations (1) are called degree equations. The inequalities (2) are called sub-
tour elimination constraints (SECs) and the inequalities (3) are simple non-
negativity conditions. Note that an SEC with |S| = 2 is a mere upper bound of
the form xe ≤ 1 for some edge e.

The convex hull in IR|E| of vectors satisfying (1) - (4) is called a Symmetric
Traveling Salesman Polytope. The polytope defined by (1) - (3) is called a Subtour
Elimination Polytope. These polytopes are denoted by STSP(n) and SEP(n)
respectively, where n := |V |. Clearly, STSP(n) ⊆ SEP(n), and containment is
strict for n ≥ 6.

The polytopes STSP(n) have been studied in great depth and many classes
of valid and facet-inducing inequalities are known; see the surveys by Jünger,
Reinelt & Rinaldi [19,20] and Naddef [22]. Here we are primarily interested in the
comb inequalities of Grötschel & Padberg [15,16], which are defined as follows.
Let t ≥ 3 be an odd integer. Let H ⊂ V and Tj ⊂ V for j = 1, . . . , t be such that
Tj ∩H �= ∅ and Tj \H �= ∅ for j = 1, . . . , t, and also let the Tj be vertex-disjoint.
(See Fig. 1 for an illustration.) The comb inequality is:

x(E(H)) +
t∑

j=1

x(E(Tj)) ≤ |H|+
t∑

j=1

|Tj | − 
3t/2� . (5)

The set H is called the handle of the comb and the Tj are called teeth.
Comb inequalities induce facets of STSP(n) for n ≥ 6 [15,16]. The validity

of comb inequalities in the special case where |Tj ∩H| = 1 for all j was proved
by Chvátal [6]. For this reason inequalities of this type are sometimes referred
to as Chvátal comb inequalities. If, in addition, |Tj \H| = 1 for all j, then the
inequalities reduce to the classical 2-matching inequalities of Edmonds [8].
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In this paper we are concerned with a class of inequalities which is intermedi-
ate in generality between the class of comb inequalities and the class of Chvátal
comb inequalities. For want of a better term, we call them simple comb inequal-
ities, although the reader should be aware that the term simple is used with a
different meaning in Padberg & Rinaldi [30], and with yet another meaning in
Naddef & Rinaldi [23,24].

Definition 1. A comb (and its associated comb inequality) will be said to be
simple if, for all j, either |Tj ∩H| = 1 or |Tj \H| = 1 (or both).

So, for example, the comb shown in Fig. 1 is simple because |T1 ∩H|, |T2 \H|
and |T3 ∩ H| are all equal to 1. Note however that it is not a Chvátal comb,
because |T2 ∩H| = 2.

For a given class of inequalities, a separation algorithm is a procedure which,
given a vector x∗ ∈ IR|E| as input, either finds an inequality in the class which
is violated by x∗, or proves that none exists (see Grötschel, Lovász & Schrijver
[14]). A desirable property of a separation algorithm is that it runs in polynomial
time.

In 1982, Padberg & Rao [29] discovered a polynomial-time separation algo-
rithm for the 2-matching inequalities. First, they showed that the separation
problem is equivalent to the problem of finding a minimum weight odd cut in a
certain weighted labeled graph. This graph hasO(|E∗|) vertices and edges, where
E∗ := {e ∈ E : x∗

e > 0}. Then, they proved that the desired cut can be found by
solving a sequence of O(|E∗|) max-flow problems. Using the well-known pre-flow
push algorithm (Goldberg & Tarjan [12]) to solve the max-flow problems, along
with some implementation tricks given in Grötschel & Holland [13], the Padberg-
Rao separation algorithm can be implemented to run in O(n|E∗|2 log(n2/|E∗|))
time, which is O(n5) in the worst case, but O(n3 log n) if the support graph is
sparse. (The support graph, denoted by G∗, is the subgraph of G induced by E∗.)

In Padberg & Grötschel [28], page 341, it is conjectured that there also exists
a polynomial-time separation algorithm for the more general comb inequalities.
This conjecture is still unsettled, and in practice many researchers resort to
heuristics for comb separation (see for example Padberg & Rinaldi [30], Apple-
gate, Bixby, Chvátal & Cook [1], Naddef & Thienel [25]). Nevertheless, some
progress has recently been made on the theoretical side. In chronological order:

– Carr [5] showed that, for a fixed value of t, the comb inequalities with t
teeth can be separated by solving O(n2t) maximum flow problems, i.e., in
O(n2t+1|E∗| log(n2/|E∗|)) time using the pre-flow push algorithm.

– Fleischer & Tardos [9] gave an O(n2 log n) algorithm for detecting maximally
violated comb inequalities. (A comb inequality is maximally violated if it
is violated by 1

2 , which is the largest violation possible if x∗ ∈ SEP (n).)
However this algorithm only works when G∗ is planar.

– Caprara, Fischetti & Letchford [3] showed that the comb inequalities were
contained in a more general class of inequalities, called {0, 1

2}-cuts, and
showed how to detect maximally violated {0, 1

2}-cuts in O(n2|E∗|) time.
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– Letchford [21] defined a different generalization of the comb inequalities,
called domino-parity inequalities, and showed that the associated separation
problem can be solved in O(n3) time when G∗ is planar.

– Caprara & Letchford [4] showed that, if the handle H is fixed, then the
separation problem for {0, 1

2}-cuts can be solved in polynomial time. They
did not analyze the running time, but the order of the polynomial is likely
to be very high.

In this paper we make another step forward in this line of research, by proving
the following theorem:

Theorem 1. Simple comb inequalities can be separated in polynomial time, pro-
vided that x∗ ∈ SEP (n).

This is a significant extension of the Padberg-Rao result. The proof is based on
some results of Caprara & Fischetti [2] concerning {0, 1

2}-cuts, together with
an ‘uncrossing’ argument which enables one to restrict attention to a small
(polynomial-sized) collection of candidate teeth.

The structure of the paper is as follows. In Sect. 2 we summarize the results
given in [2] about {0, 1

2}-cuts and show how they relate to the simple comb
inequalities. In Sect. 3 the uncrossing argument is given. In Sect. 4 we describe
the separation algorithm and analyze its running time, which turns out to be
very high at O(n9 log n). In Sect. 5, we show that the running time can be
reduced to O(n3|E∗|3 log n), and suggest ways in which it could be reduced
further. Conclusions are given in Sect. 6.

2 Simple Comb Inequalities as {0, 1
2}-Cuts

As mentioned above, we will need some definitions and results from Caprara &
Fischetti [2]. We begin with the definition of {0, 1

2}-cuts:

Definition 2. Given an integer polyhedron PI := conv{x ∈ Zq+ : Ax ≤ b},
where A is a p×q integer matrix and b is a column vector with p integer entries,
a {0, 1

2}-cut is a valid inequality for PI of the form

�λA
x ≤ �λb
, (6)

where λ ∈ {0, 1
2}p is chosen so that λb is not integral.

(Actually, Caprara & Fischetti gave a more general definition, applicable when
variables are not necessarily required to be non-negative; but the definition given
here will suffice for our purposes. Also note that an equation can easily be
represented by two inequalities.)

Caprara and Fischetti showed that many important classes of valid and facet-
inducing inequalities, for many combinatorial optimization problems, are {0, 1

2}-
cuts. They also showed that the associated separation problem is strongly NP-
hard in general, but polynomially solvable in certain special cases. To present
these special cases, we need two more definitions:
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Definition 3. The mod-2 support of an integer matrix A is the matrix obtained
by replacing each entry in A by its parity (0 if even, 1 if odd).

Definition 4. A p× q binary matrix A is called an edge-path incidence matrix
of a tree (EPT for short), if there is a tree T with p edges such that each column
of A is the characteristic vector of the edges of a path in T .

The main theorem in [2] is then the following:

Theorem 2 (Caprara & Fischetti [2]). The separation problem for {0, 1
2}-

cuts for a system Ax ≤ b can be solved in polynomial time if the mod-2 support
of A, or its transpose, is EPT.

Now let us say that the ith inequality in the system Ax ≤ b is used if its
multiplier is non-zero, i.e., if λi = 1

2 . Moreover, we will also say that the non-
negativity inequality for a given variable xi has been used if the i-th coefficient
of the vector λA is fractional. The reasoning behind this is that rounding down
the coefficient of xi on the left hand side of (6) is equivalent to adding one half
of the non-negativity inequality xi ≥ 0 (written in the reversed form, −xi ≤ 0).

Given these definitions, it can be shown that:

Proposition 1 (Caprara & Fischetti [2]). Let x∗ ∈ IRq+ be a point to be
separated. Then a {0, 1

2}-cut is violated by x∗ if and only if the sum of the slacks
of the inequalities used, computed with respect to x∗, is less than 1.

Under the (reasonable) assumption that Ax∗ ≤ b, all slacks are non-negative
and Proposition 1 also implies that the slack of each inequality used must be
less than 1.

The reason that these results are of relevance is that comb inequalities can
be derived as {0, 1

2}-cuts from the degree equations and SECs; see Caprara,
Fischetti & Letchford [3] for details. However, we have not been able to derive
a polynomial-time separation algorithm for comb inequalities (simple or not)
based on this observation alone. Instead we have found it necessary to consider
a certain weakened version of the SECs, presented in the following lemma:

Lemma 1. For any S ⊂ V such that 1 ≤ |S| ≤ |V | − 2, and any i ∈ V \ S, the
following tooth inequality is valid for STSP(n):

2x(E(S)) + x(E(i : S)) ≤ 2|S| − 1, (7)

where E(i : S) denotes the set of edges with i as one end-node and the other
end-node in S.

Proof: The inequality is the sum of the SEC on S and the SEC on S ∪ {i}.
We will call i the ‘root’ of the tooth and S the ‘body’.

The next proposition shows that, if we are only interested in simple comb
inequalities, we can work with the tooth inequalities instead of the (stronger)
SECs:
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Proposition 2. Simple comb inequalities can be derived as {0, 1
2}-cuts from the

degree equations (1) and the tooth inequalities (7).

Proof: First, sum together the degree equations for all i ∈ H to obtain:

2x(E(H)) + x(δ(H)) ≤ 2|H|. (8)

Now suppose, without loss of generality, that there is some 1 ≤ k ≤ t such that
|Tj ∩H| = 1 for j = 1, . . . , k, and |Tj \H| = 1 for k + 1, . . . , t. For j = 1, . . . , k,
associate a tooth inequality of the form (7) with tooth Tj , by setting {i} := Tj∩H
and S := Tj \H. Similarly, for j = k+1, . . . , t, associate a tooth inequality with
tooth Tj , by setting {i} := Tj \ H and S := Tj ∩ H. Add all of these tooth
inequalities to (8) to obtain:

2x(E(H)) + x(δ(H)) +
k∑

j=1

(2x(E(Tj \H)) + x(E(Tj ∩H : Tj \H)))

+
t∑

j=k+1

(2x(E(Tj ∩H)) + x(E(Tj ∩H : Tj \H))) ≤ 2|H|+ 2
t∑

j=1

|Tj | − 3t.

This can be re-arranged to give:

2x(E(H)) + 2
t∑

j=1

x(E(Tj)) + x



δ(H) \
t⋃

j=1

E(Tj ∩H : Tj \H)





≤ 2|H|+ 2
t∑

j=1

|Tj | − 3t.

Dividing by two and rounding down yields (5).

Although not crucial to the remainder of this paper, it is interesting to note
that the SECs (2) can themselves be regarded as ‘trivial’ {0, 1

2}-cuts, obtained
by dividing a single tooth inequality by two and rounding down. Indeed, as we
will show in the full version of this paper, any {0, 1

2}-cut which is derivable from
the degree equations and tooth inequalities is either an SEC, or a simple comb
inequality, or dominated by these inequalities.

3 Candidate Teeth: An Uncrossing Argument

Our goal in this paper is to apply the results of the previous section to yield a
polynomial-time separation algorithm for simple comb inequalities. However, a
problem which immediately presents itself is that there is an exponential number
of tooth inequalities, and therefore the system Ax ≤ b defined by the degree and
tooth inequalities is of exponential size.

Fortunately, Proposition 1 tells us that we can restrict our attention to tooth
inequalities whose slack is less than 1, without losing any violated {0, 1

2}-cuts.
Such tooth inequalities are polynomial in number, as shown in the following two
lemmas.
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Lemma 2. Suppose that x∗ ∈ SEP (n). Then the number of sets whose SECs
have slack less than 1

2 is O(n2), and these sets can be found in O(n|E∗|(|E∗|+
n log n)) time.

Proof: The degree equations can be used to show that the slack of the SEC on a
set S is less than 1

2 if and only if x∗(δ(S)) < 3. Since the minimum cut in G∗ has
weight 2, we require that the cut-set δ(S) has a weight strictly less than 3

2 times
the weight of the minimum cut. It is known (Hensinger & Williamson [18]) that
there are O(n2) such sets, and that the algorithm of Nagamochi, Nishimura &
Ibaraki [26] finds them in O(n|E∗|(|E∗|+ n log n)) time.

Lemma 3. Suppose that x∗ ∈ SEP (n). Then the number of distinct tooth
inequalities with slack less than 1 is O(n3), and these teeth can be found in
O(n|E∗|(|E∗|+ n log n)) time.

Proof: The slack of the tooth inequality is equal to the slack of the SEC for S
plus the slack of the SEC for {i} ∪ S. For the tooth inequality to have slack less
than 1, the slack for at least one of these SECs must be less than 1

2 . So we can take
each of the O(n2) sets mentioned in Lemma 2 and consider them as candidates
for either S or {i} ∪ S. For each candidate, there are only n possibilities for the
root i. The time bottleneck is easily seen to be the Nagamochi, Nishimura &
Ibaraki algorithm.

Now consider the system of inequalities Ax ≤ b formed by the degree equa-
tions and the O(n3) tooth inequalities mentioned in Lemma 3. If we could show
that the mod-2 support of A (or its transpose) is always an EPT matrix, then
we would be done. Unfortunately this is not the case. (It is easy to produce
counter-examples even for n = 6.)

Therefore we must use a more involved argument if we wish to separate
simple comb inequalities via {0, 1

2}-cut arguments. It turns out that the key is
to pay special attention to tooth inequalities whose slack is strictly less than 1

2 .
This leads us to the following definition and lemma:

Definition 5. A tooth in a comb is said to be light if the slack of the associated
tooth inequality is less than 1

2 . Otherwise it is said to be heavy.

Lemma 4. If a simple comb inequality is violated by a given x∗ ∈ SEP (n),
then at most one of its teeth can be heavy.

Proof: If two of the teeth in a comb are heavy, the slacks of the associated
tooth inequalities sum to at least 1

2 + 1
2 = 1. Then, by Proposition 1, the comb

inequality is not violated.

We now present a slight refinement of the light/heavy distinction.

Definition 6. For a given i ∈ V , a vertex set S ⊂ V \ {i} is said to be i-
light if the tooth inequality with root i and body S has slack strictly less than 1

2 .
Otherwise it is said to be i-heavy.

Now we invoke our uncrossing argument. The classical definition of crossing
is as follows:
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Definition 7. Two vertex sets S1, S2 ⊂ V are said to cross if each of the four
sets S1 ∩ S2, S1 \ S2, S2 \ S1 and V \ (S1 ∪ S2) is non-empty.

However, we will need a slightly modified definition:

Definition 8. Let i ∈ V be a fixed root. Two vertex sets S1, S2 ⊂ V \{i} are said
to i-cross if each of the four sets S1 ∩S2, S1 \S2, S2 \S1 and V \ (S1 ∪S2 ∪{i})
is non-empty.

Theorem 3. Let i ∈ V be a fixed root. If x∗ ∈ SEP (n), it is impossible for two
i-light sets to i-cross.

Proof: If we sum together the degree equations (1) for all i ∈ S1 ∩ S2, along
with the SECs on the four vertex sets i ∪ S1 ∪ S2, S1 \ S2, S2 \ S1 and S1 ∩ S2,
then (after some re-arranging) we obtain the inequality:

x∗(E(i : S1))+2x∗(E(S1))+x∗(E(i : S2))+2x∗(E(S2)) ≤ 2|S1|+2|S2|−3. (9)

On the other hand, the sum of the tooth inequality with root i and body S1 and
the tooth inequality with root i and body S2 is:

x∗(E(i : S1))+2x∗(E(S1))+x∗(E(i : S2))+2x∗(E(S2)) ≤ 2|S1|+2|S2|−2. (10)

Comparing (10) and (9) we see that the sum of the slacks of these two tooth
inequalities is at least 1. Since x∗ ∈ SEP (n), each of the individual slacks is
non-negative. Hence at least one of the slacks must be ≥ 1

2 . That is, at least one
of S1 and S2 is i-heavy.

Corollary 1. For a given root i, there are only O(n) i-light vertex sets.

Corollary 2. The number of distinct tooth inequalities with slack less than 1
2 is

O(n2).

The following lemma shows that we can eliminate half of the i-light sets from
consideration.

Lemma 5. A tooth inequality with root i and body S is equivalent to the tooth
inequality with root i and body V \ (S ∪ {i}).
Proof: The latter inequality can be obtained from the former by subtracting
the degree equations for the vertices in S, and adding the degree equations for
the vertices in V \ (S ∪ {i}).

Therefore, for any i, we can pick any arbitrary vertex j �= i and eliminate
all i-light sets containing j, without losing any violated {0, 1

2}-cuts. It turns out
that the remaining i-light sets have an interesting structure:

Lemma 6. For any i and any arbitrary j �= i, the i-light sets which do not
contain j are ‘nested’. That is, if S1 and S2 are i-light sets which do not contain
j, then either S1 and S2 are disjoint, or one is entirely contained in the other.
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Fig. 2. A fractional point contained in SEP(9)

Proof: If S1 and S2 did not meet this condition, then they would i-cross.

We close this section with a small example.

Example: Fig. 2 shows the support graph G∗ for a vector x∗ which lies in
SEP(9). The solid lines, dashed lines and dotted lines show edges with x∗

e = 1,
2/3 and 1/3, respectively. The 1-light sets are {2}, {4}, {3, . . . , 9} and {2, 3, 5, 6, 7,
8, 9}; the 3-light sets are {5}, {6}, {5, 6}, {1, 2, 4, 7, 8, 9}, {1, 2, 4, 5, 7, 8, 9} and
{1, 2, 4, 6, 7, 8, 9}. The 1-heavy sets include, for example, {3}, {4, 8} and {3, 5, 6}.
The 3-heavy sets include, for example, {1}, {2} and {1, 4}. The reader can easily
identify light and heavy sets for other roots by exploiting the symmetry of the
fractional point.

4 Separation
Our separation algorithm has two stages. In the first stage, we search for a
violated simple comb inequality in which all of the teeth are light. If this fails,
then we proceed to the second stage, where we search for a violated simple comb
inequality in which one of the teeth is heavy. Lemma 4 in the previous section
shows that this approach is valid.

The following theorem is at the heart of the first stage of the separation
algorithm:

Theorem 4. Let Ax ≤ b be the inequality system formed by the degree equations
(written in less-than-or-equal-to form), and, for each i, the tooth inequalities cor-
responding to the i-light sets forming a nested family obtained as in the previous
section. Then the mod-2 support of the matrix A is an EPT matrix.

The proof of this theorem is long and tedious and will be given in the full version
of the paper. Instead, we demonstrate that the theorem is true for the fractional
point shown in Fig. 2. It should be obvious how to proceed for other fractional
points.

Example (Cont.): Consider once again the fractional point shown in Fig. 2.
There are four i-light sets for each of the roots 1, 2, 4, 7, 8, 9 and six i-light sets
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for the remaining three roots. Applying Lemma 5 we can eliminate half of these
from consideration. So suppose we choose:

– 1-light sets: {2}, {4};
– 2-light sets: {1}, {7};
– 3-light sets: {5}, {6}, {5, 6};
– 4-light sets: {1}, {8};
– 5-light sets: {3}, {6}, {3, 6};
– 6-light sets: {3}, {5}, {3, 5};
– 7-light sets: {2}, {9};
– 8-light sets: {4}, {9};
– 9-light sets: {7}, {8}.

This leads to 21 light tooth inequalities in total. However, there are some du-
plicates: a tooth inequality with root i and body {j} is identical to a tooth
inequality with root j and body {i} (in both cases the inequality is a simple
upper bound, xij ≤ 1). In fact there are only 12 distinct inequalities, namely:

2x35 + x36 + x56 ≤ 3 (11)
2x36 + x35 + x56 ≤ 3 (12)
2x56 + x35 + x36 ≤ 3, (13)

plus the upper bounds on x12, x14, x27, x35, x36, x48, x56, x79 and x89. Therefore
the matrix A has 36 columns (one for each variable), and 21 rows (12 tooth
inequalities plus 9 degree equations). In fact we can delete the columns associated
with variables which are zero at x∗. This leaves only 15 columns; the resulting
matrix A is as follows (the first three rows correspond to (11) - (13), the next
nine to simple upper bounds, and the final nine to degree equations):





































0 0 0 0 0 2 1 0 0 1 0 0 0 0 0
0 0 0 0 0 1 2 0 0 1 0 0 0 0 0
0 0 0 0 0 1 1 0 0 2 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 1 0 0 0 0 0 0 0 0 0 0
0 1 0 1 0 1 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 1 1 0 0 0 0 0 0
0 0 0 0 0 1 0 1 0 1 1 0 0 0 0
0 0 0 0 0 0 1 0 0 1 0 1 1 0 0
0 0 0 0 1 0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 1 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1




































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The mod-2 support of this matrix is indeed EPT; this can be checked by refer-
ence to the tree given in Fig. 3. The edge associated with the ith degree equation
is labeled di. The edge associated with the upper bound xij ≤ 1 is labeled uij .
Finally, next to the remaining three edges, we show the root and body of the
corresponding light tooth inequality.
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Fig. 3. Tree in demonstration of Theorem 4

Corollary 3. If x∗ ∈ SEP (n), then a violated simple comb inequality which
uses only light teeth can be found in polynomial time, if any exists.

Proof: In the previous section we showed that the desired tooth inequalities are
polynomial in number and that they can be found in polynomial time. The nec-
essary system Ax ≤ b and its associated EPT matrix can easily be constructed
in polynomial time. The result then follows from Theorem 2.

Example (Cont.): Applying stage 1 to the fractional point shown in Fig. 2,
we find a violated simple comb inequality with H = {1, 2, 3}, T1 := {1, 4},
T2 = {2, 7} and T3 = {3, 5, 6}. The inequality is

x12 + x13 + x23 + x14 + x27 + x35 + x36 + x56 ≤ 5,

and it is violated by one-third.

Now we need to deal with the second stage, i.e., the case where one of the
teeth involved is heavy. From Lemma 3 we know that there are O(n3) candidates
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for this heavy tooth. We do the following for each of these candidates: we take
the collection of O(n2) light tooth inequalities, and eliminate the ones whose
teeth have a non-empty intersection with the heavy tooth under consideration.
As we will show in the full version of this paper, the resulting modified matrix is
still an EPT matrix, and the Caprara-Fischetti procedure can be repeated. This
proves Theorem 1.

Now let us analyze the running time of this separation algorithm. First we
consider stage 1. A careful reading of Caprara & Fischetti [2] shows that to
separate {0, 1

2}-cuts derived from a system Ax ≤ b, where A is a p× q matrix, it
is necessary to compute a minimum weight odd cut in a labeled weighted graph
with p − 1 vertices and p + q′ edges, where q′ is the number of variables which
are currently non-zero. In our application, p is O(n2), because there are O(n2)
light tooth inequalities; and q′ is O(|E∗|). Therefore the graph concerned has
O(n2) vertices and O(n2) edges.

Using the Padberg-Rao algorithm [29] to compute the minimum weight odd
cut, and the pre-flow push algorithm [12] to solve the max-flow problems, stage
1 takes O(n6 log n) time. This is bad enough, but an even bigger running time
is needed for stage 2, which involves essentially repeating the procedure used
in stage 1 O(n3) times. This leads to a running time of O(n9 log n) for stage 2,
which, though polynomial, is totally impractical.

In the next section, we explore the potential for reducing this running time.

5 Improving the Running Time

To improve the running time, it suffices to reduce the number of ‘candidates’ for
the teeth in a violated simple comb inequality. To this end, we now describe a
simple lemma which enables us to eliminate teeth from consideration. We will
then prove that, after applying the lemma, only O(|E∗|) light teeth remain.

Lemma 7. Suppose a violated {0, 1
2}-cut can be derived using the tooth inequal-

ity with root i and body S. If there exists a set S′ ⊂ V \ {i} such that

– E(i : S) ∩ E∗ = E(i : S′) ∩ E∗,
– |S′| − 2x∗(E(S′))− x∗(E(i : S′)) ≤ |S| − 2x∗(E(S))− x∗(E(i : S)),

then we can obtain a {0, 1
2}-cut violated by at least as much by replacing the

body S with the body S′ (and adjusting the set of used non-negativity inequalities
accordingly).

Proof: By Proposition 1, we have to consider the net change in the sum of the
slacks of the used inequalities. The second condition in the lemma simply says
that the slack of the tooth inequality with root i and body S′ is not greater than
the slack of the tooth inequality with root i and body S. Therefore replacing S
with S′ causes the sum of the slacks to either remain the same or decrease. Now
we consider the used non-negativity inequalities. The only variables to receive
an odd coefficient in a tooth inequality with root i and body S are those which
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correspond to edges in E(i : S), and a similar statement holds for S′. So, for
the edges in E(i : (S \ S′) ∪ (S′ \ S)), the non-used non-negativity inequalities
must now be used and vice-versa. But this has no effect on the sum of the slacks,
because E(i : (S \ S′) ∪ (S′ \ S)) ⊂ E \ E∗ by assumption and the slack of a
non-negativity inequality for an edge in E \ E∗ is zero. Hence, the total sum of
slacks is either unchanged or decreased and the new {0, 1

2}-cut is violated by at
least as much as the original.

A naive implementation of this idea runs in O(n3|E∗|) time. The next theo-
rem shows that, after it is applied, only O(|E∗|) light tooth inequalities remain.

Theorem 5. After applying the elimination criterion of Lemma 7, at most
4|E∗| − 2n light tooth inequalities remain.

Proof: Recall that, for any root i, the i-light sets form a nested family. Let
S, S′ be two distinct i-light sets remaining after the elimination criterion has
been applied. If S′ ⊂ S, then E(i : (S \ S′)) ∩ E∗ �= ∅. It is then easy to check
that the total number of i-light sets is at most 2(d∗

i − 1), where d∗
i denotes the

degree of i in G∗. So the total number of light tooth inequalities is at most
2
∑
i∈V (d∗

i − 1) = 4|E∗| − 2n.

The effect on the running time of the overall separation algorithm is as fol-
lows. The graphs on which the minimum weight odd cuts must be computed now
have only O(|E∗|) vertices and edges. Each odd cut computation now only in-
volves the solution of O(|E∗|) max-flow problems. Thus, again using the pre-flow
push max-flow algorithm, the overall running time of the separation algorithm
is reduced from O(n9 log n) to O(n3|E∗|3 log n). In practice, G∗ is very sparse,
so that this is effectively O(n6 log n).

It is natural to ask whether the running time can be reduced further. In our
opinion further reduction is possible. First, we believe that a more complicated
argument can reduce the number of light teeth to only O(n), and the number
of heavy teeth to O(n|E∗|). Moreover, empirically we have found that, for each
root i, it is possible to partition the set of i-heavy sets into O(d∗

i ) nested families,
each containing O(d∗

i ) members (where d∗
i is as defined in the proof of Theorem

5). If this result could be proven to hold in general, we would be need to perform
only O(|E∗|) minimum odd cut computations in stage 2. These changes would
reduce the overall running time to only O(n2|E∗|2 log(n2/|E∗|)), which leads us
to hope that a practically useful implementation is possible. Further progress on
this issue (if any) will be reported in the full version of the paper.

6 Concluding Remarks

We have given a polynomial-time separation algorithm for the simple comb in-
equalities, thus extending the result of Padberg and Rao [29]. This is the latest in
a series of positive results concerned with comb separation (Padberg & Rao [29],
Carr [5], Fleischer & Tardos [9], Caprara, Fischetti & Letchford [3], Letchford
[21], Caprara & Letchford [4]).
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A number of open questions immediately spring to mind. The main one is, of
course, whether there exists a polynomial-time separation algorithm for general
comb inequalities, or perhaps a generalization of them such as the domino-parity
inequalities [21]. We believe that any progress on this issue is likely to come once
again from the characterization of comb inequalities as {0, 1

2}-cuts. Moreover,
since separation of {0, 1

2}-cuts is equivalent to the problem of finding a minimum
weight member of a binary clutter [2], it might be necessary to draw on some
of the deep decomposition techniques which are used in the theory of binary
clutters and binary matroids (compare [2] with Grötschel & Truemper [17]).

Another interesting question is concerned with lower bounds. Let us call
the lower bound obtained by optimizing over SEP(n) the subtour bound. The
subtour bound is typically good in practice, and a widely held conjecture is that,
when the edge costs satisfy the triangle inequality, the subtour bound is at least
3/4 of the optimal value. Moreover, examples are known which approach this
value arbitrarily closely, see Goemans [11]. Now, using the results in this paper,
together with the well-known equivalence of separation and optimization [14],
we can obtain a stronger lower bound by also using the simple comb inequalities.
Let us call this the simple comb bound. A natural question is whether the worst-
case ratio between the simple comb bound and the optimum is greater than 3/4.
Unfortunately, we know of examples where the ratio is still arbitrarily close to
3/4. Details will be given in the full version of the paper.

Finally, we can also consider special classes of graphs. For a given graph G, let
us denote by SC(G) the polytope defined by the degree equations, the SECs, and
the non-negativity and simple comb inequalities. (Now we only define variables
for the edges in G.) Let us say that a graph G is SC-perfect if SC(G) is an inte-
gral polytope. Clearly, the TSP is polynomially-solvable on SC-perfect graphs.
It would be desirable to know which graphs are SC-perfect, and in particular
whether the class of SC-perfect graphs is closed under the taking of minors (see
Fonlupt & Naddef [10]). Similarly, let us say that a graph is SC-Hamiltonian
if SC(G) is non-empty. Obviously, every Hamiltonian graph is SC-Hamiltonian,
but the reverse does not hold. (The famous Peterson graph is SC-Hamiltonian,
but not Hamiltonian.) It would be desirable to establish structural properties
for the SC-Hamiltonian graphs, just as Chvátal [6] did for the so-called weakly
Hamiltonian graphs.
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Abstract. We present a novel approach to the construction of the cac-
tus representation of all minimum cuts of a graph. The representation
is a supergraph that stores the set of all mincuts compactly and mirrors
its structure. We focus on support graphs occurring in the branch-and-
cut approach to traveling salesman, vehicle routing and similar prob-
lems in a natural way. The ideas presented also apply to more general
graphs. Unlike most previous construction approaches, we do not follow
the Karzanov-Timofeev framework or a variation of it. Our determinis-
tic algorithm is based on inclusion-minimal mincuts. We use Fleischer’s
approach [J. Algorithms, 33(1):51-72, 1999], one of the fastest to date, as
benchmark. The new algorithm shows an average speed-up factor of 20
for TSP-related support graphs in practice. We report computational re-
sults. Compared to the benchmark, we reduce the space required during
construction for n-vertex graphs with m edges from O(n2) to O(m).

1 Introduction

We define a graph as a pair consisting of a finite set of vertices and a set of edges
which are two-point subsets of the vertex set. This excludes multiple edges and
loops {v, v} = {v}. The vertices of an edge are called its ends. A graph is called
undirected to emphasize that edge {u, v} equals {v, u}. A weighted graph has
edge weights assigned to its edges. Here, weights are in IR+. In a connected graph
there is a path of edges between two different vertices. We call a graph that has
a subset of IN assigned to each vertex a supergraph.

A cut in a graph is a non-empty proper vertex subset. A cut is different from
its complement called complementary cut. The cardinality of a cut is called its
size. In a weighted graph, the weight of a cut is the sum of weights of edges with
exactly one end in the cut. Regard an unweighted graph as a weighted graph
with unit weights. A weighted graph has a finite number of cuts and hence cuts
of minimum weight. These are called mincuts or global minimum weight cuts.

There are several algorithms computing mincuts. For an overview and compu-
tational studies for weighted graphs see [6,17]. Network reliability and augmen-
tation are fields of application for mincuts. Another major field is cutting-plane
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generation in branch-and-cut approaches to combinatorial optimization prob-
lems. Further applications are mentioned in [18,29]. A suitable representation of
all mincuts of a graph in terms of storage space and access time is often desirable.
This paper deals with the construction of such a representation.

The input of our algorithm is a connected undirected graph G = (V,E) with
strictly positive edge weights and a special property: Every vertex is a mincut.
For arbitrary edge weights the mincut problem is equivalent to the NP-hard
maxcut problem of finding a cut of maximum weight. The special property is
not artificial. Such graphs naturally appear in the cutting-plane or branch-and-
cut approach to traveling salesman, vehicle routing and related problems.

A graph weighted with an optimal solution x to the Linear Program (LP)
relaxation (possibly tightened by cutting-planes) of the classical 0/1 Integer LP
(ILP) model [9] of the symmetric Traveling Salesman Problem (TSP) satisfies:

(a) every vertex has weight 2 (degree equations) and
(b) every cut has weight at least 2 (subtour elimination constraints).

Remove edges with weight 0 to obtain a valid input graph. A graph with edge
weights in ]0, 1] satisfying (a) and (b) is called a TSP support graph. For some
purposes, directed support graphs carrying LP solutions associated with the
asymmetric TSP can be transformed to undirected counterparts [5] which are
actually TSP support graphs. By transforming the multisalesmen problem to
the symmetric TSP, the Capacitated Vehicle Routing Problem (CVRP) [33] can
be modelled as symmetric TSP with additional constraints [32]. Therefore, TSP
support graphs also are encountered in connection with CVRPs.

After scaling edge weights, every graph with the properties of G above is
a TSP support graph with mincut weight λ = 2. Essentially, the valid input
graphs for our algorithm are the TSP support graphs. We rely on no further
characteristics of the symmetric TSP. We do not require that the edge weight
vector x is an extreme point of the subtour elimination polytope (SEP) consisting
of all points in the unit cube satisfying (a) and (b); we only require that x is
within the SEP. This requirement is common [5,12,20,25,30]. For an n-vertex
graph, we do not require x /∈ STSP(n) where STSP(n) denotes the polytope
associated with the symmetric TSP on n vertices. Support graphs of CVRPs
can have weight vectors x within the corresponding TSP polytope.

Because of the strong interest in both traveling salesman [1,16,30] and vehicle
routing [33] problems, TSP support graphs G deserve special treatment. We have
implemented our algorithmic cactus construction idea for such graphs.

The output of our algorithm is a cactus of G. More precisely: It is the unique
canonical cactus representation H(G) of the setM of all mincuts of G. It can be
viewed as a condensed list of G’s mincuts. If n= |V |, then G has O(n2) mincuts
[3,10,18]. An explicit list requires O(n3) space. H(G) is a supergraph with linear
space requirement in n showing the inclusion- and intersection-structure of M.
Every M ∈M can be extracted from H(G) in time O(|M |). Dinitz, Karzanov
and Timofeev [10] reported this elegant representation of mincuts in 1976.

Karzanov and Timofeev [19] presented the first polynomial algorithm to build
a cactus of a graph. The subsequent approaches [8,11,18,22,27] generalized and
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improved their framework. We abandon it. The idea of the new deterministic
algorithm is: repeatedly find a basic mincut M in G, build the corresponding
part of H(G) and shrink M . By our definition, a basic mincut does not properly
contain any non-trivial mincut. We call a single-vertex mincut trivial.

A (u, v)-mincut is a mincut containing vertex u but not v. A (U, v)-cut con-
tains vertex set U but not v. We call a (u, v)-mincut M degenerate if M or M is
trivial. We use the preflow-push mincut algorithm of Hao and Orlin (H-O) [14]
to decide if there is a non-degenerate (u, v)-mincut for u �= v. We can detect
all edges {u, v} for which there is a non-degenerate (u, v)-mincut within a single
H-O call. By removing these edges, we can simultaneously find the material basic
mincuts of a TSP support graph that have more than 2 vertices.

Cutting-plane generation procedures are crucial to solving hard combinato-
rial optimization problems to optimality [1,30]. Several such procedures [5,12,25,34]
can benefit from our algorithm. During the cutting-plane phase of a sub-problem
corresponding to a node of the problem tree in a branch-and-cut framework [15],
one may want to repeatedly construct cacti of support graphs.

Section 2 summarizes the cactus representation of mincuts. In Sect. 3 we com-
ment on previous cactus construction approaches and on the space requirement
of different algorithms. Our new approach is detailed in Sect. 4. We mention some
applications of cacti to cutting-plane generation in Sect. 5. The suitability of our
new cactus construction algorithm for TSP support graphs is demonstrated by
computational experiments in Sect. 6. Section 7 concludes the paper.

2 The Cactus of a Weighted Graph

2.1 Definition and Properties

We define a cactus as a weighted graph in which every edge is within at most one
cycle (Figs. 1,3). There are two types of edges: cycle edges are in one cycle, tree
edges are in none. Tree edges carry twice the weight of cycle edges in a cactus.
Cacti we encounter are connected. For cacti we say node instead of vertex.

Let a cactus be given. Map the set of vertices V = {1, . . . , n} of G to the node
set of this cactus. Then a subset (possibly ∅) of V is associated with every node
of the cactus. Let C be a cut in the cactus. Denote the vertices of G mapped to a
node in C by V (C) and say that V (C) is induced by C. A cactus node inducing
∅ is called empty (Fig. 3). If M = {V (C) | C is a mincut of the cactus}, then
the cactus as a weighted supergraph is called a cactus representation of M or a
cactus of G (Fig. 1). Every mincut of a cactus of G induces a mincut of G and
every mincut of G can be obtained at least once in this way.

The mincuts of a cactus are known. They can all be obtained by removing
a tree edge or two different edges of the same cycle which splits a cactus into
two connected components. The nodes of each component form a mincut of the
cactus. By traversing a component and collecting the vertices assigned to nodes
of a mincut of a cactus of G, we quickly get the induced mincut M ∈ M of G
in time O(|M |). Assign the mincut weight λ of G to tree edges and λ/2 to cycle
edges to give a cactus of G the mincut weight λ.
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Fig. 1. A TSP support graph and the canonical cactus representation of its mincuts

We call a cycle with k edges a k-cycle. Removing the edges of a k-cycle splits
a cactus of G into k connected components with node sets Ci where i = 1, . . . , k.
The vertex sets V (Ci) ∈M are called the beads of the cycle.

A cactus of G with at most 2n nodes [21] actually exists [10,27]. The number
of edges is also O(n) [10]. This means the representation is compact.

2.2 Uniqueness of the Representation

A graph can have more than one cactus. A k-way cutnode splits a cactus into k
connected components when removed together with its incident edges.

One source of ambiguity is redundancy. Contracting a tree edge T incident
to an empty 2-way cutnode does not reduce the number of mincuts represented
but results in a smaller cactus having fewer empty nodes. A cactus is called
normal [21] or simple [8] if neither operation O1 nor O2 in Fig. 2 can be applied.
A mincut of G is induced by at most two mincuts of a simple cactus of G [8].
Only empty nodes of degree 4 common to exactly 2 cycles can be the reason for
mincuts to be induced twice.

� � � � �
�

�

�
�

�

� ��� ��

Fig. 2. The two simplifying operations [8,21]

The second source of ambiguity are empty 3-way cutnodes. The same mincuts
are induced if we replace them by 3-cycles of empty nodes [8]. We say that a
cactus is of cycle type [21,23] if it does not contain any empty 3-way cutnodes.

If a cactus of G is normal and of cycle type, then it is unique [21], denoted
by H(G) and called canonical [8,11]. We directly construct H(G).

2.3 Structure and Cactus Representation of M

Two cuts are said to cross if their union does not cover V, if they intersect and if
none is contained in the other. A k-cycle with k > 3 in H(G) represents crossing
mincuts (Fig. 3). Let G be weighted by a vector x indexed by the elements of E.
Let U,W ⊂ V. For U ∩W = ∅ define (U :W ) = (W :U) as the set of edges with
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one end in U and one in W. Write δ(U) for (U :U). Write x(F ) for
∑
e∈F⊂E xe

and x(U :W ) for x((U :W )). Since the following well known lemma [3,10,13] is
fundamental to this paper and our algorithm, we give a proof.

Lemma 1 (Crossing Mincuts). If A,B ∈M cross, then

1. M1 = A ∩B,M2 = A ∩B,M3 = A ∩B,M4 = A ∪B are mincuts,
2. x(M1 : M3) = x(M2 : M4) = 0 and
3. x(M1 : M2) = x(M2 : M3) = x(M3 : M4) = x(M4 : M1) = λ/2.

Proof. We have 2λ = x(δ(A))+x(δ(B)) since A,B are mincuts. Repeatedly use
x(U :W ) = x(U :W1) + x(U :W2) if {W1,W2} is a partition of W . We arrive at
2λ = x(δ(M1))+x(δ(M3))+2x(M2 :M4) = x(δ(M2))+x(δ(M4))+2x(M1 :M3).
Since x(δ(Mi)) ≥ λ we get claim 2. We now see that x(δ(Mi)) > λ is impossible
which proves 1. If Mi ∪ Mj ∈ M, then λ = x(δ(Mi ∪ Mj)) = x(δ(Mi)) +
x(δ(Mj))− 2x(Mi :Mj) = 2λ− 2x(Mi : Mj). This proves the last claim 3. �	

This implies that the union and intersection of crossing mincuts is again a
mincut. From Lemma 1 we also see that there can be no edges in G between non-
consecutive beads of a k-cycle ofH(G). The weight in G between two consecutive
beads of a cycle ofH(G) is λ/2. Lemma 1 implies this for k > 3 and the statement
obviously also holds for k = 3.

A partition of V is a set of pairwise disjoint non-empty subsets of V whose
union is V. A tupel (V1, . . . , Vk) is called an ordered partition if the Vi form a
partition. We get a circular partition if we locate the Vi around a circle so that
V1 follows Vk. A circular partition of size k ≥ 3 is called (maximal) mincut
circular partition (MCCP) if the union of any 1 ≤ r < k consecutive Vi is in
M and either M or M is contained in some Vi for any M ∈ M that cannot
be obtained as the union of consecutive Vi of the circular partition. If G has
crossing mincuts, then G has a MCCP (Circular Partition Lemma [2,3,8,10]).

A MCCP of size k > 3 is represented by a k-cycle in every cactus of G [8].
In a cactus of cycle type this also holds for k = 3. The MCCPs of G are in 1-1
correspondence with the cycles of H(G). The Vi are the beads.

Two MCCPs (U1, . . . , Uk) and (V1, . . . , Vl) are called equal if they are equal
as partitions. They are called compatible if there is a unique i∗ and j∗ such that
Vj ⊂ Ui∗ for j �= j∗ and Ui ⊂ Vj∗ for i �= i∗. Two different MCCPs of G are
compatible (proof in [11,12]). This, too, is reflected in H(G) (Fig. 3).

2.4 Cacti of TSP Support Graphs

The statements above also hold for cacti of graphs without the property that
every vertex is a mincut. Such cacti may have more than one vertex assigned to
a node – also to a cutnode. There is a mincut separating two different vertices
of a graph exactly if these vertices are assigned to different nodes of a cactus of
the graph. We call a non-cutnode or trivial mincut in a cactus a leaf.

Lemma 2. A cactus of an n-vertex TSP support graph has n leaves, each leaf
has exactly one vertex assigned to it and all cutnodes are empty.
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Fig. 3. Annotated cactus H(G) of a TSP support graph G (not shown)

Assume that vertex i of G is assigned to node i of H(G). Then nodes i > n
of H(G) are empty. Knowing λ does not give a big lead. Computing λ is a lot
faster in practice than constructing H(G).

3 Previous Approaches and Memory Requirement

From Lemma 1 and xe>0 we see [19]: All (S, t)-mincuts M for S⊂V and t /∈S
adjacent to some vertex in S have the form M = V1 ∪ . . . ∪ Vr (1 ≤ r < k).
Here (V1, . . . , Vk) is an ordered partition (chain) with S ⊂ V1 and t ∈ Vk.
Let (v1, . . . , vn) be an adjacency order of V, that is vi (2 ≤ i ≤ n) is adja-
cent to some vj (1 ≤ j < i). The chains representing the nested (non-crossing)
({v1, . . . , vi−1}, vi)-mincuts (2 ≤ i ≤ n) form a so-called chain representation of
M. The Karzanov-Timofeev (K-T) framework [19] merges chains into cacti. For
a corrected K-T framework for weighted graphs taking O(n2m log(n2/m)) time
and O(m) space see De Vitis [8]. Randomization in [18] speeds up chain com-
putation and needs O(n2) space. A randomized cactus construction algorithm
represents with high probability all M ∈M.

In a variation of the K-T framework, the ({u1, . . . , uj−1}, uj)-mincuts are not
always nested since (uj) is not then an adjacency order. Examples are [2,22,27]
where [2,27] may omit mincuts of G in the cactus. The asymptotic run-times
of [11,22,23] are comparable and faster than [8] by a factor of approximately n
where [23] does not follow K-T but decomposes G into subgraphs. The smaller
the number γ of cycles in H(G), the faster the algorithm of Nagamochi, Nakao
and Ibaraki [23]. The number of cycles in H(G) is O(n). The run-time of [11]
and [23] is O(nm log(n2/m)) and O(nm+ n2 log n+ γm log n), respectively.

Our benchmark algorithm by Fleischer [11] uses Hao-Orlin [14] to build n−1
representations of ({u1, . . . , uj−1}, uj)-mincuts where (uj) cannot be guaranteed
to be an adjacency order [14]. The main contribution of [11] is a transformation
of these representations into n− 1 chains. This takes O(n2) space since each of
the n− 1 representations takes O(n) space and they have to be simultaneously
accessible for the transformation. Following K-T, the chain representation ofM
is then merged to obtain H(G). We do not follow K-T.

The algorithm detailed in the next section takes O(m) space. As with [8,22],
we only have to deal with a single max-(S, t)-flow residual network at a time.
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4 The New Cactus Construction Algorithm

4.1 The Three Types of Basic Mincuts

We call leaves incident to a tree edge T-nodes and the others C-nodes (Fig. 3).
Let E(U)={{v, w}∈E | v, w∈U}. Then U ∈M⇔ x(E(U))=λ(|U | − 1)/2.

Denote the set of basic mincuts of G by B. There are three types. The trivial
mincuts are the B∈B of size 1. The e∈E with xe = λ/2 are the B∈B of size 2.
Figure 1 shows that basic mincuts of size 2 can intersect and can cross. Lemma 3
establishes the third type. It follows from the definition of basic mincuts and the
way in which mincuts of a cactus can be obtained.

Lemma 3. Every basic mincut B of G with |B| ≥ 3 is induced by a mincut of
H(G) consisting of an empty node and |B| adjacent T-nodes (Fig. 3).

Example 1. As an extreme example, let H(G) be a central empty node with n
(n ≥ 4) adjacent T-nodes. Then G has exactly 2n mincuts, they are all basic
and n of them have size n− 1. Basic mincuts B with |B| ≥ 3 can intersect.

We call a vertex set starset if it is induced by an empty node and all of
its adjacent T-nodes of the canonical cactus of a graph. Figure 3 shows how a
starset with p vertices can be induced. A starset is not always a cut. Example 1
shows that a starset can be the entire set of vertices of G. The annotated empty
node in Fig. 3 shows that a starset can be empty. We call a starset which is a
mincut a λ-starcut. Every B ∈ B with |B| ≥ 3 is a λ-starcut of G. The graph G
can have trivial λ-starcuts (see Fig. 3). However:

Remark 1. Since we use cacti of cycle type, a λ-starcut cannot have size 2.

Shrinking a vertex set U means deleting E(U), identifying vertices in U
and replacing resulting multiple edges with a single edge weighted by the total
weight of the multiple edges. Denote the result by G/U. Let u be the new vertex
replacing U. Substitute u in a mincut of G/U by U to get a mincut of G found
in G/U. Propositions 1,2 motivate our algorithm and imply its correctness.

Proposition 1. If B is a λ-starcut of G, then all M ∈M except the trivial min-
cuts in B are found in G/B. H(G) can be constructed from G, B and H(G/B).

Proof. The first claim follows from the definition of λ-starcuts and Lemma 1.
To see the second, let b be the vertex of G/B obtained by shrinking the mincut
B in G. Replace the leaf of H(G/B) inducing {b} by an empty node with |B|
adjacent T-nodes. Map B injectively to the new T-nodes to obtain H(G). �	

Proposition 2. Let B be a basic mincut of G having size 2. Then H(G) can be
quickly constructed from G, B and the smaller cactus H(G/B).

Proof. Let b be obtained by shrinking B = {u, v}. Let b′ be the node of H(G/B)
inducing {b}. If b′ is a T-node, then let a′ be its adjacent node, remove b′ with
its incident tree edge, create nodes u′ and v′ containing u and v respectively,
join a′, u′, v′ by cycle edges to get a 3-cycle. There are 3 cases if b′ is a C-node:
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Let Vi be a bead next to bead {b} of the cycle of H(G/B) to which b′ belongs.
Using Lemma 1 in G we can decide in O(m) time which case applies. The third
case applies if neither the first nor the second applies. The weight in G between
consecutive beads of a cycle of H(G) has to be λ/2. �	

4.2 How to Find λ-Starcuts

Algorithm NEWCACTUS below has to find λ-starcuts of a TSP support graph
G′ as a sub-problem. The idea of how to find them is to “remove” edges from
G′ in such a way that the λ-starcuts are among the vertex sets of connected
components of the remaining graph. We use the Hao-Orlin algorithm [14] to
find the edges that we have to remove. Note that shrinking λ-starcuts of a TSP
support graph can generate new λ-starcuts (see Fig. 6).

Replacing the edges of an n′-vertex TSP support graph G′ with pairs of anti-
parallel arcs results in a directed network. Hao-Orlin computes max-(Si, ti)-flow
(1 ≤ i < n′) residual networks Ri where Si+1 = Si ∪ {ti}, S1 is an arbitrary
vertex and the sinks ti are chosen by H-O. Every sink vertex is a trivial mincut.
The (Si, ti)-mincuts of G′ are in 1-1 correspondence with the closed vertex sets
containing Si in the residual network Ri, see Picard and Queyranne [28]. The
closure of U is the smallest vertex set containing U and having no arc leaving it.
The so-called dormant vertices [14] at the end of max-flow i form the inclusion-
minimal (Si, ti)-mincut, see [11]. The residual networks Ri (1 ≤ i < n′) implicitly
represent all mincuts of G′. Lemmata 4,5 are the key to finding λ-starcuts.

Lemma 4. If B is a λ-starcut of G′ with vertices u �= v in B, then there are
only the two degenerate (u, v)-mincuts in G′.

Proof. Assume that there is a non-degenerate (u, v)-mincut M in G′. Since B is
a basic mincut, M cannot be contained in B. If B ⊂M , then M is a non-trivial
mincut properly contained in B; this contradicts the assumption that B is basic.
If B �⊂ M , then Lemma 1 can be applied to the crossing mincuts B and M . If
the mincut B ∩M ⊂ B is non-trivial, then we have the same contradiction. If
B ∩M is trivial, then the mincut B ∩M ⊂ B is non-trivial (see Remark 1) and
we again have the contradiction to the assumtion that B is basic. The lemma
can also be seen by considering the mincut of H(G′) that induces B. �	

Lemma 5. Let B be a λ-starcut of G′ with |B| ≤ n′ − 2. Let u ∈ B and v /∈ B.
Then G′ has a non-degenerate (u, v)-mincut M .

Proof. If |B| > 1, then let M := B. If B = {b} , then B is induced by a cut of
H(G′) consisting of an empty k-way cutnode z with k > 3 and its single adjacent
T -node t. Removing z and its incident edges splits H(G′) into k mincuts. Only b
is assigned to the mincut {t} inducing B. The other k−1 mincuts ofH(G′) induce
k − 1 mincuts of G′ each having at least 2 vertices. Let M be the complement
of the mincut out of these k − 1 mincuts of G′ that contains v. �	
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The graph (M,E′(M)) is connected for every mincut M of G′. In particular,
(B,E′(B)) is connected for a λ-starcut B in G′. In order to find λ-starcuts of
G′ simultaneously, color black each edge of G′ and then color white each edge
{u, v} for which there is a non-degenerate (u, v)-mincut. The desired λ-starcuts
are among the vertex sets of connected components if only black edges are taken
into account (black-connected components).

This method finds all λ-starcuts with at most n′ − 2 vertices. If we have the
case of Example 1, then the method stops with all edges of the connected graph
G′ colored black so that we end up with a single black-connected component
equal to G′. The method colors white all edges incident to a trivial λ-starcut
(Lemma 5). We do not want to find trivial λ-starcuts.

Remark 2. This method also finds subsets of starsets U where U has cut weight
greater than λ. The reason why only subsets are found is that the induced
subgraph (U,E′(U)) of G′ is not always connected if U is not a mincut.

How can we decide whether there is a non-degenerate (u, v)-mincut in G′? Let
H-O compute one residual network Ri at a time (only O(m) space requirement)
and compute the strongly connected components (SCCs) of Ri. If we shrunk the
SCCs, we would get so-called DAGs (directed acyclic graphs) representing the
(Si, ti)-mincuts in Ri [28]. However, we do not need the DAGs.

Lemma 6. The residual network Ri represents a (u, v)-mincut of G′ ⇔ the
vertices u and v of G′ are in different SCCs of Ri.

Proof. Let (C1, . . . , Cr) be a reverse topological order of the SCCs of Ri. If there
is an arc in Ri from Cj to Ck, then k < j. We have Si ⊂ C1 and Cr = {ti}.
“⇒”: A closed vertex set in Ri cannot contain a non-empty proper subset of a
SCC. Hence, it is not possible that u and v are in the same SCC.
“⇐”: Assume that u is in Cj and w.l.o.g. v is in the SCC Cl with l > j. The
closed vertex sets C1 ∪ . . . ∪ Ck with j ≤ k < l are desired (u, v)-mincuts of G′.
There can be even more since the reverse topological order is not unique. �	

We want to know whether Ri represents a non-degenerate (u, v)-mincut M .
Using the notation of the proof above, if u ∈ C1 or v ∈ Cr we have to distinguish
some straightforward cases in order to check whether M can be chosen so that
neither M nor M is trivial. Note that |C1| can be 1 and |Cr| is always 1.

4.3 The Algorithm: Shrinking Basic Mincuts Only

We repeatedly shrink basic mincuts. They have three properties: (i) we can
efficiently find them, (ii) shrinking them ultimately results in a 2-vertex graph
with an obvious cactus, (iii) shrinking them can be reversed (Propositions 1,2).

In parallel with shrinking, NEWCACTUS constructs H(G) from the leaves
inwards. Think of p(v) as pointing to parts of the gradually constructed H(G).
If p(v) points to one node, then to a leaf (1) or to a cutnode (10). Otherwise it
points to the two ends of a cycle segment of H(G). The algorithm is intuitive if
the part of H(G) pointed to by p(v) is considered to be “contained” in vertex v
of G′. Once the leaves have been created in (1), only empty nodes are created.
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Algorithm: NEWCACTUS
Input: n-vertex TSP support graph G = (V,E) weighted with x ∈]0, 1]E

Output: the unique canonical cactus H(G) of G
(1) create cactus nodes c1, . . . , cn and assign vertex i∈V ={1, . . . , n} to ci
(2) let G′ be a copy of G and color all edges of G′ white
(3) associate the set p(v) = {cv} with every vertex v of G′

(4) if there are only two vertices u and v left in G′

(5) finish H(G) by joining the constructed parts of H(G) (Fig. 4)
(6) stop.
(7) search for a basic mincut B with |B| ≥ 2 in G′ (exploit edge colors)
(8) if the search was successful
(9) if B = {u, v} then construct part of a cycle of H(G) (Fig. 5)
(10) if |B| ≥ 3 then create a new empty node z, let r1 = r2 = z and
(11) for all v ∈ B: join the nodes p(v) by (tree/cycle) edges to z
(12) G′ := G′/B, let v be the resulting vertex, p(v) := {r1, r2}
(13) go to (4)
(14) color all edges of the current graph G′ black
(15) for all max-(Si, ti)-flow residual networks Ri (Sect. 4.2, call Hao-Orlin)
(16) for all black edges e = {u, v} of G′

(17) if there is a non-degenerate (u, v)-mincut in Ri: color edge e white
(18) if G′ equals a single black-connected component
(19) for all vertices v of G′: join nodes p(v) to a new central empty node z
(20) stop.
(21) go to (7)

If |p(v)| = 2 in (11) or (19), then the two elements are the end nodes of a
cycle segment of H(G) and have to be joined to z by two cycle edges. This closes
the cycle. If |p(v)| = 1, then the node has to be joined to z by a tree edge.

For the search in (7), consider the black-connected components (Sect. 4.2)
if there is no λ/2-edge in G′ and if there is no λ-starcut of size 3. In order to
reduce the size of the H-O input in (15), search λ-starcuts of size 3 seperately
without relying upon black-connected components. This can be done quickly
since they contain at least one edge of weight λ/3.

If shrinking B in (12) produces new basic mincuts that can be easily found
(size 2 or 3), we say that it ignites a chain reaction (Fig. 3). Large parts of H(G)
can often be constructed in this way with little effort.

Algorithm NEWCACTUS correctly constructs H(G) of G. Nothing can stop
G′ from getting smaller until only 2 vertices are left. Therefore, the algorithm
stops after a finite number of steps. No superfluous empty nodes are created.
That is, the resulting cactus representation is normal. Whenever a λ/2-edge is
encountered, a part of a cycle is constructed. This guarantees that we construct
a cactus of cycle type. The construction step (11) and Figs. 4,5 ensure that every
mincut of the resulting cactus induces a mincut of the input graph. Every mincut
M ∈ M of the input graph G is represented. Shrinking basic mincuts ensures
that we do not destroy mincuts that we have not yet represented.
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Fig. 4. Finish H(G). Use Lemma 1 in G in order to make decisions
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Fig. 5. Constructing a cycle segment of H(G). Compare Proposition 2

4.4 Beyond Shrinking Basic Mincuts

Consider the cactus in Fig. 6. Let q be small and let p be very large. Since
H(G) does not contain any cycle edge with two non-empty end nodes, G does
not contain any λ/2-edge. Further, G does not have any mincut of size 3. The
search in (7) fails. There are no black-connected components yet. H-O is called
in order to compute such components. The 8 outer λ-starcuts of size 4 are then
found in (7), the corresponding parts of H(G) are constructed in (11), and the
λ-starcuts are shrunken in (12). No chain reaction is ignited. We are stuck with
2 new λ-starcuts of size 4 in G′. We have to call H-O again. Unfortunately, the
very large starset of size p is still in G′ and H-O has to work through it again. In
order to avoid this, we also shrink subsets of starsets of G′ (see Remark 2). The
corresponding parts ofH(G) are constructed analoguous to λ-starcuts. Shrunken
graphs are no longer TSP support graphs, finding λ-starcuts gets more difficult
and we have to be more careful when joining parts of H(G). H-O is burdened
only once with large starsets if they are shrunken as soon as they are detected.

If H-O is called repeatedly, then the input graph size of H-O usually decreases
very fast in practice. We need pathological examples if we want to witness the
opposite. Can the input graph size of H-O be guaranteed to decrease by a con-
stant factor for repeated calls? Let p in Fig. 6 be small. After H-O has been called
for the first time, the size of G′ is decreased by a certain number of vertices by
shrinking the outer λ-starcuts. Enhancing the number q of triangles shows that
the factor by which the input graph size decreases can be made arbitrarily bad
for two consecutive H-O calls. After the second H-O call, chain reactions are
ignited in Fig. 6 and H(G) can be quickly completed without a third call.

We describe a further operation that reduces G′ so that the input graph
size for repeated H-O calls decreases. The induced subgraphs of special kinds
of starsets are connected. These starsets are entirely detected by our λ-starcut
search method. Compare Remark 2.



120 Klaus M. Wenger

� � �

����

�

� �� �

�

�

Fig. 6. A problematic cactus H(G) of a TSP support graph G

Lemma 7. Let M be a mincut and S a starset with M ∩S = ∅. Let N := M ∪S
be a mincut. Let |S| ≥ 3. Then the subgraph induced by S is connected.

Proof. Assume (S,E(S)) is not connected. Then there exist A,B ⊂ S with
A,B �= ∅, A ∪ B = S, A ∩ B = ∅ and x(A : B) = 0. We have x(A : N) ≥
λ − x(A : M) and x(B : N) ≥ λ − x(B : M). Since A or B is a subset of the
starset S with more than 1 vertex, at least one of the two inequalities above
is strict (>). We have λ = x(δ(M)) = x(M : N) + x(M : A) + x(M : B).
Further, λ = x(δ(N)) = x(N : M) + x(N : A) + x(N : B). We arrive at
λ ≥ x(M : A) + x(M : B) > λ. A contradiction. �	

We have x(M : S) > λ/2. Assume that starset S has already been shrunken.
If we shrink the mincut M in (12), we generate an edge e with xe > λ/2. We
link the parts of H(G) representing S and M . If shrinking S resulted in vertex s
and shrinking M in vertex v, then we have to join the nodes p(v) to the empty
node p(s) just like in (11) or (20). We then shrink e.

Applying these reduction criteria to G′, we can see that O(log n) is an upper
bound for the number of H-O calls in the complete algorithm. An H-O call is only
needed when we get stuck. This bound is only reached for pathological graphs
in our testbed. Further, the input graph size for H-O is decreasing very rapidly
in practice. We conjecture that the time complexity of our complete algorithm
equals that of a single H-O call for the original graph G. We have to leave a
formal worst case analysis of the run-time for future work.

5 Cacti and Cutting-Plane Generation

All of the following applications benefit from a fast construction of H(G).

5.1 The Literature

We quickly summarize some cutting-plane generation procedures from the litera-
ture that rely on the cactus of a TSP support graph G weighted with a fractional
LP solution x or that can benefit from such a representation of mincuts.
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Fleischer and Tardos [12]: An important class of facet inducing inequalities
for the symmetric TSP are the comb inequalities defined on a handle H ⊂ V
and an odd number r of pairwise disjoint teeth Ti ⊂ V that intersect H but are
not contained in H. The tight triangular (TT) form [24] of comb inequalities is:

x(δ(H)) +
r∑

i=1

x(δ(Ti)) ≥ 3r + 1 . (1)

Both the variable vector and weight vector are denoted by x. The algorithm
in [12] searches for a comb inequality which is maximally violated by the LP
solution x. The maximal violation is 1. Either a violated comb inequality is
returned or a guarantee is given that no comb inequality is violated by 1. The
input graph G has to be planar. The algorithm exploits the structure of M
represented by H(G). The run-time is O(n + TH(G)) where TH(G) denotes the
time needed to construct H(G). Obviously, the run-time is dominated by cactus
construction. The faster the construction of H(G), the faster [12] in practice.
For finding maximally violated combs in planar graphs, [12] is faster than [5].

Caprara, Fischetti and Letchford [5]: Let min{ctx | Ax ≤ b, x integer} be
an ILP with A, b integer. The TSP and many other problems can be written
in this form. For k integer, a mod-k cutting-plane has the form �tAx ≤ ��tb�
where � has components in {0, 1/k, . . . , (k−1)/k}, �tA is integer and �·� denotes
rounding down. It is well known that comb inequalities are mod-2 cuts [5]. For
the TSP, the class of mod-k cuts is considerably larger than the class of comb
inequalities and it also contains inequalities that do not induce facets. In [5] an
algorithm is presented that finds a maximally violated mod-k cut in polynomial
time if such a cut exists. The maximal violation is (k − 1)/k. Here, not the TT
form of inequalities is used. At the heart of the algorithm is the solution of a
system of linear equations over the finite field IFk. It is enough to consider k
prime. For the asymmetric and symmetric TSP the number of variables in this
system can be reduced from O(n2) to O(n) if one has H(G) at hand, see [5].

Naddef and Thienel [25]: In some heuristics to detect (not necessarily maxi-
mally) violated comb inequalities [25] and other handle- and tooth-based violated
inequalities [26], one requires suitable candidate sets for handles and teeth. These
sets can, for instance, be grown in several ways from seed vertex sets by adding
further vertices while trying to keep the cut weight low [25]. Equation (1) shows
that the smaller the weights of the candidate sets for H and Ti, the better the
chances of violating (1). Good teeth are teeth with low weight. As a starting
point for the topic of near-minimum cuts see Benczúr [2] and Karger [18].

The cactus H(G) can be regarded as a container storing O(n2) ideal can-
didate sets with minimal weight in only O(n) space. Since H(G) also mir-
rors the intersection-structure of M, it is more than a simple container. Sets
S, S1, S2 ∈ M with S = S1 ∪ S2 and S1 ∩ S2 = ∅ can be easily extracted from
H(G) if they exist. See also [1]. Consider a cycle of H(G) and let S, S1, S2 be
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the union of appropriate consecutive beads of this cycle. In [25] the sets Si are
considered to be ideal seed sets for growing a handle H.

Some heuristic cutting-plane generation procedures tend to perform better
if G has many 1-paths. Generating 1-edges by shrinking appropriate mincuts in
G helps in [25,26] to find violated inequalities in the shrunken graph that could
not be found in the original TSP support graph G. These cuts are then lifted.
Using H(G) it is easy to find two mincuts whose shrinking results in a 1-edge:
The weight between two consecutive beads of a cycle is 1.

5.2 PQ-Trees

Cacti are not the only way to represent mincuts. PQ-trees, introduced by Booth
and Lueker [4], are an alternative. The algorithm in [12] uses a PQ-tree repre-
sentation ofM in addition to H(G) and is inspired by ideas from [1]. Applegate,
Bixby, Chvátal and Cook [1] use PQ-trees to represent cuts of weight 2. In the
graphs they consider these cuts are not necessarily mincuts. They use PQ-trees to
find violated comb inequalities. A PQ-tree representingM can be derived from
H(G) in time O(n). Therefore, we regard our cactus construction algorithm as
part of a new and fast way to construct a PQ-tree representing M.

5.3 Collections of Disjoint Mincuts

Consider the problem of finding a collection of pairwise disjointMi ∈M that has
to satisfy additional requirements. Examples of requirements are: (i) the number
r of mincuts in the collection has to be odd (think of teeth), (ii) r is fixed or
(iii) shrinking the Mi in G has to result in an n′-vertex TSP support graph with
n′ fixed. We might also be interested in more than one such collection. Further,
we might be more selective and accept only a subset D ⊂M as domain for the
Mi. Examples: (i) only consider mincuts of size at least 2, (ii) do not consider
mincuts that constitute only a small part of a long 1-path or (iii) ignore mincuts
that contain a depot in a CVRP. Let us assume that we use an enumeration
framework to find the collections. On top of testing the additional requirements,
we then have to test whether an M ∈ D considered for inclusion in a collection
intersects some mincut that is already in the collection. This can be done using
an array in time O(|M |). However, this is too slow for many applications.

We give the idea of a fast test based on H(G). For M ∈ D we select one
of the (at most 2) mincuts of H(G) that induce M (Sect. 2.2) and denote it
by M ′. We assume that D does not contain complementary cuts. We order the
mincuts in D in non-increasing size. Whenever we consider a mincut for inclusion
in a collection, its size is not greater than the smallest mincut already in the
collection. When we include a mincut M in our collection, we lock M ′ in H(G).
That is, we mark the nodes in M ′ as occupied. If M ′ is obtained by removing
two edges of cycle c of H(G), define Q(M ′) as the intersection of M ′ with the
nodes of cycle c. If M ′ is obtained by removing a tree edge t, define Q(M ′) as
the end of t lying in M ′. Note that |Q(M ′)| ≤ |M | ≤ |M ′| and usually Q(M ′) is
considerably smaller than M and M ′. The fast cactus-based test ([34]) is:
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Table 1. Construction CPU time in seconds, avg stands for the arithmetic mean

shrunken graph Time BEN Time NEW Speed-Up
1-paths type avg max avg max avg max

yes 1 5 48 0.2 1.2 21 61
yes 2 17 146 0.6 4.4 19 40
no 1 117 1172 0.3 1.6 237 899
no 2 126 1235 0.7 4.5 119 298

Proposition 3. Let pairwise disjoint mincuts M ′
i (i ∈ I) of H(G) be locked in

H(G). Let M ∈ D ⊂ M be induced by the mincut M ′ of H(G). If |M | ≤ |Mi|
(i ∈ I) where Mi = V (M ′

i)∈D, then: M intersects some Mi exactly if Q(M ′)
contains a locked node.

In [34] Proposition 3 is used to enumerate all collections of pairwise disjoint
mincuts that shrink G (short 1-paths) down to exactly n′ vertices. Using the
above cactus-based test, this enumeration takes seconds where a naive approach
takes hours [34]. Exploiting the known facet structure of low-dimensional TSP
polytopes STSP(n′), the n′-vertex graphs are used to generate cutting-planes
which can be lifted then. Pioneering results in this spirit are reported in [7].

6 Computational Results

We compare the run-time of the new algorithm (NEW) with that of Fleischer’s
[11,34] which we use as benchmark (BEN). We implemented both the algorithm
described in Sect. 4 and the algorithm [11]. We do not have any other cactus
implementation available. Both C-implementations use the same subroutines
and were prepared carefully from scratch. The run-time of our Hao-Orlin [14]
implementation [34] is O(n2√m) since we use highest level pushing. We used gcc
2.95.3 with optimization -O3 on a 450 Mhz SUN sparc with 4 GB memory.

We generated two TSP support graphs for each of 32 TSPLIB [31] instances
in the range of 1,000 to 20,000 cities. For type 1, only subtour elimination con-
straints were separated. In addition, simple combs were heuristically separated
[30] for type 2. For the instances with 2,000 to 20,000 cities (Fig. 7), cactus
construction for graphs of type 1 was always faster than for type 2.

The run-time of both algorithms was measured for these 64 original graphs
and for a further 64 graphs obtained by shrinking paths of 1-edges in the original
graphs to a single 1-edge (Table 1). Whether parts of a graph can be shrunken [30]
prior to cactus construction depends on the application. Naddef and Thienel [25]
report a situation in which they prefer not to make long 1-paths shorter than 4
edges. Shrinking only simple 1-paths leaves all interesting parts of a graph for the
algorithms to work through. The speed-up factor of 20 given in the abstract is the
arithmetic mean for shrinking of 1-paths in advance before cactus construction.
Table 1 also shows speed-up factors for unmodified TSP support graphs as they
are produced by a branch-and-cut framework.
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Fig. 7. Time required for big TSP instances; 1-paths shrunken in advance

For the testbed of 128 TSP support graphs, the number of Hao-Orlin calls was
usually 1 but ranged between 0 and 2. We also generated TSP support graphs
whose cacti are full k-ary trees of height h. The height is the maximum level of
a node where the root has level 0. For k ≥ 5 the number of H-O calls needed
is h. Speed-up factors for these pathological graphs, which are unfavourable for
the new approach in the sense that many H-O calls are needed, are at least 2.

7 Summary and Conclusion

We have presented a new kind of construction algorithm for cactus representa-
tions of mincuts with a view to cutting-plane generation. The new algorithmic
idea is intuitive and differs completely from previous approaches. We construct
the canonical cactus of a TSP support graph from the leaves inwards.

Fleischer’s deterministic approach to build cacti from Hao-Orlin [11] is among
the fastest proposed so far. We used this state-of-the-art approach for weighted
graphs as benchmark. For TSP support graphs, the algorithm detailed here
outperforms the benchmark in terms of construction time (Table 1, Fig. 7).

While the cactus of an n-vertex graph takes O(n) space to store, the memory
requirement during construction can differ substantially between algorithms. For
the larger testgraphs in our testbed, the benchmark algorithm takes GBytes
where the new algorithm takes MBytes. This corresponds to the reduction in
space requirement from O(n2) to O(m).
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12. L. Fleischer and É. Tardos. Separating maximally violated comb inequalities in
planar graphs. Mathematics of Operations Research, 24(1):130–148, February 1999.
A former version appeared in LNCS 1084, pages 475–489, 1996.

13. R. E. Gomory and T. C. Hu. Multi-terminal network flows. J. Soc. Indust. Appl.
Math., 9(4):551–570, December 1961.

14. J. Hao and J. B. Orlin. A Faster Algorithm for Finding the Minimum Cut in a
Directed Graph. J. Algorithms, 17:424–446, 1994.
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Abstract. In the seventies, Balas introduced intersection cuts for a
Mixed Integer Linear Program (MILP), and showed that these cuts can
be obtained by a closed form formula from a basis of the standard lin-
ear programming relaxation. In the early nineties, Cook, Kannan and
Schrijver introduced the split closure of an MILP, and showed that the
split closure is a polyhedron. In this paper, we show that the split clo-
sure can be obtained using only intersection cuts. We give two different
proofs of this result, one geometric and one algebraic. Furthermore, the
result is used to provide a new proof of the fact that the split closure
is a polyhedron. Finally, we extend the result to more general two-term
disjunctions.

1 Introduction

In the seventies, Balas showed how a cone and a disjunction can be used to
derive a cut [1] for a Mixed Integer Linear Program (MILP). In that paper, the
cone was obtained from an optimal basis to the standard linear programming
relaxation. The cut was obtained by a closed form formula and was called the
intersection cut.

Later in the seventies, Balas generalized the idea to polyhedra [2]. It was
demonstrated that, given a polyhedron, and a valid but violated disjunction, a
cut could be obtained by solving a linear program. The idea was further expanded
in the early nineties, where Cook, Kannan and Schrijver [4] studied split cuts
obtained from two-term disjunctions that are easily seen to be valid for an MILP.
The intersection of all split cuts is called the split closure of an MILP. Cook,
Kannan and Schrijver proved that the split closure of an MILP is a polyhedron.

Any basis of the constraint matrix describing the polyhedron can be used,
together with a disjunction, to derive an intersection cut, i.e. the basis used does
not have to be optimal or even feasible. A natural question is how intersection
cuts relate to disjunctive cuts obtained from polyhedra. This question was an-
swered by Balas and Perregaard [3] for the 0-1 disjunction for Mixed Binary
Linear Programs. The conclusion was that any disjunctive cut obtained from a
polyhedron and the 0-1 disjunction is identical to, or dominated by, intersection
cuts obtained from the 0-1 disjunction and bases of the constraint matrix de-
scribing the polyhedron. We generalize this result from 0-1 disjunctions to more
� Supported by NSF grant DMI-0098427 and ONR grant N00014-97-1-0196.
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general two-term disjunctions. This is the main result of this paper. We provide
two different proofs, one geometric and one algebraic. A consequence is a new
proof of the fact that the split closure is a polyhedron.

We consider the Mixed Integer Linear Program (MILP):

(MILP) min{cTx : Ax ≤ b, xj integer, j ∈ NI},
where c ∈ IRn, b ∈ IRm, NI ⊆ N := {1, 2, . . . , n} and A is an m × n matrix. r
denotes the rank of A. LP is the Linear Programming problem obtained from
MILP by dropping the integrality conditions on xj , j ∈ NI . PI and P denote
the sets of feasible solutions to MILP and LP respectively. M := {1, 2, . . . ,m} is
used to index the rows of A. ai., for i ∈M , denotes the ith row of A. We assume
ai. �= 0n for all i ∈M . Given S ⊆M , r(S) denotes the rank of the sub-matrix of
A induced by the rows in S (r(M) = r). Furthermore, for S ⊆M , the relaxation
of P obtained by dropping the constraints indexed by M \S from the description
of P , is denoted P (S), i.e. P (S) := {x ∈ IRn : (ai.)Tx ≤ bi,∀i ∈ S} (P (M) = P ).
A basis of A is an n-subset B of M , such that the vectors ai., i ∈ B, are linearly
independent. Observe that, if r < n, A does not have bases. B∗

k, where k is a
positive integer, denotes the set of k-subsets S of M , such that the vectors ai.,
i ∈ S, are linearly independent (B∗

n denotes the set of bases of A).
The most general two-term disjunction considered in this paper is an expres-

sion D of the form D1x ≤ d1∨ D2x ≤ d2, where D1 : m1 × n, D2 : m2 × n,
d1 : m1× 1 and d2 : m2× 1. The set of points in IRn satisfying D is denoted FD.
The set conv(P ∩FD) is called the disjunctive set defined by P and D in the re-
mainder. In addition, given a subset S of the constraints, the set conv(P (S)∩FD)
is called the disjunctive set defined by S and D. Finally, given a basis B in B∗

r ,
the set conv(P (B) ∩ FD) is called a basic disjunctive set.

An important two-term disjunction, in the context of an MILP, is the split
disjunction D(π, π0) of the form πTx ≤ π0 ∨ πTx ≥ π0+1, where (π, π0) ∈ ZZn+1

and πj = 0 for all j /∈ NI . For the split disjunction, a complete description of
the basic disjunctive sets is available as follows. Given a set B in B∗

r , the basic
disjunctive set defined by B and D(π, π0) is the set of points in P (B) that satisfy
the intersection cut derived from B and D(π, π0) (Lemma 1). Let Πn(NI) :=
{(π, π0) ∈ ZZn+1 : πj = 0, j /∈ NI}. The split closure of MILP, denoted by SC, is
defined to be the intersection of the disjunctive sets defined by P and D(π, π0)
over all disjunctions (π, π0) inΠn(NI). Similarly, given S ⊆M , SC(S), is defined
to be the intersection of the disjunctive sets defined by P (S) and D(π, π0) over
all disjunctions (π, π0) in Πn(NI). A split cut is a valid inequality for SC.

The first contribution in this paper is a theorem (Theorem 1) stating that
the split closure of MILP can be written as the intersection of the split closures
of the sets P (B) over all sets B in B∗

r . (i.e. SC =
⋂
B∈B∗

r
SC(B)). We prove this

theorem by proving that the disjunctive set defined by P and D(π, π0), for a split
disjunction D(π, π0), can be written as the intersection of the basic disjunctive
sets (i.e. conv(P ∩FD(π,π0)) =

⋂
B∈B∗

r
conv(P (B)∩FD(π,π0))). We provide both

a geometric and an algebraic proof of this result. The result implies that both
the disjunctive set defined by P and D(π, π0) and the split closure of MILP
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can be obtained using only intersection cuts. This generalizes a result of Balas
and Perregaard showing the same result for the disjunction xj ≤ 0 ∨ xj ≥ 1
for Mixed Binary Linear Programs [3]. (In fact, in that paper, it was assumed
that r = n, whereas the theorem presented here does not have this assumption).
Furthermore, the result leads to a new proof of the fact that the split closure is
a polyhedron (Theorem 3).

The second contribution in this paper is a theorem (Theorem 6) stating that
the disjunctive set defined by P and a general two-term disjunction D can be
written as the intersection of disjunctive sets defined by D and (r + 1)-subsets
S of M (i.e. conv(P ∩ FD) =

⋂
S∈C∗

1
conv(P (S) ∩ FD), where C∗

1 is some family
of (r + 1)-subsets of M to be defined later). The theorem implies that any
valid inequality for the disjunctive set defined by P and D is identical to, or
dominated by, inequalities derived from the disjunction D and (r+1)-subsets of
the constraints describing the polyhedron. Furthermore, in the special case where
r = n, we show that it is enough to consider a certain family C∗

2 of n-subsets of
the constraints describing the polyhedron.

The rest of this paper is organized as follows. In Sect. 2, we consider basic
disjunctive sets for split disjunctions. In Sect. 3, the characterization of the split
closure in terms of intersection cuts is presented, and a geometric argument for
the validity of the result is presented. In Sect. 4 we give a new proof of the fact
that the split closure is a polyhedron. In Sect. 5, we generalize the results of Sect.
3 to more general two-term disjunctions. We also give an example showing that
other extensions are incorrect. The arguments used in this section are mostly
algebraic. In fact, Sect. 3 and Sect. 5 could be read independently.

2 A Complete Description of the Basic Disjunctive Set
for Split Disjunction

In this section, we describe the set P (B) for B in B∗
r as the translate of a cone,

and use this cone together with a split disjunction to derive an intersection
cut. The intersection cut is then used to characterize the basic disjunctive set
obtained from the split disjunction.

Let B ∈ B∗
r be arbitrary. The set P (B) was defined using half-spaces in the

introduction. We now give an alternative description. Let x̄(B) satisfy aTi. x̄(B) =
bi for all i ∈ B. Furthermore, let L(B) := {x ∈ IRn : aTi.x = 0,∀i ∈ B}.
Finally, let ri(B), where i ∈ B, be a solution to the system (ak.)T ri(B) = 0, for
k ∈ B \ {i}, and (ai.)T ri(B) = −1. We have:

P (B) = x̄(B) + L(B) + Cone ({ri(B) : i ∈ B}), (1)

where Cone ({ri(B) : i ∈ B}) := {x ∈ IRn : x =
∑
i∈B λir

i(B), λi ≥ 0, i ∈ B}
denotes the cone generated by the vectors ri(B), i ∈ B. Observe that the vectors
ri(B), i ∈ B, are linearly independent.

Let (π, π0) ∈ ZZn+1. Assume that all points y in x̄(B) + L(B) violate the
disjunction D(π, π0) (Lemma 1 below shows that this is the only interesting
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case). Observe that this implies that the linear function πTx is constant on
x̄(B) + L(B). The intersection cut defined by B and D(π, π0) can now be de-
scribed. Define ε(π,B) := πT x̄(B)−π0 to be the amount by which the points in
x̄(B) + L(B) violate the first term in the disjunction. Also, for i in B, define:

αi(π,B) :=






−ε(π,B)/(πT ri(B)) if πT ri(B) < 0,
(1− ε(π,B))/(πT ri(B)) if πT ri(B) > 0,
∞ otherwise.

(2)

The interpretation of the numbers αi(π,B), for i ∈ B, is the following. Let
xi(α,B) := x̄(B) +αri(B), where α ∈ IR+, denote the half-line starting in x̄(B)
in the direction ri(B). The value αi(π,B) is the smallest value of α ∈ IR+,
such that xi(α,B) satisfies the disjunction D(π, π0), i.e. αi(π,B) = inf{α ≥ 0 :
xi(α,B) ∈ FD(π,π0)}. Given the numbers αi(π,B) for i ∈ B, the intersection cut
associated with B and D(π, π0) is given by:

∑

i∈B(bi − aTi.x)/αi(π,B) ≥ 1 . (3)

The validity of this inequality for Conv (P (B)∩FD(π,π0)) was proven by Balas
[1]. In fact, we have:

Lemma 1. Let B ∈ B∗
r and D(π, π0) be a split disjunction, where (π, π0) ∈

ZZn+1.

(i) If πTx /∈]π0, π0 + 1[, for some x ∈ x̄(B) + L(B), then Conv (P (B) ∩
FD(π,π0)) = P (B).

(ii) If πTx ∈]π0, π0+1[, for all x ∈ x̄(B)+L(B), then Conv (P (B)∩FD(π,π0)) =
{x ∈ P (B) : (3)}.

3 Split Closure Characterization

In this section, we give a geometric proof of the following theorem, which char-
acterizes the split closure in terms of certain basic subsets of the constraints.

Theorem 1.

SC =
⋂

B∈B∗
r

SC(B) . (4)

We prove this result in the following lemmas and corollaries. Let αTx ≤ β
and αTx ≥ ψ be inequalities, where α ∈ IRn and β < ψ. When α �= 0n, αTx ≤ β
and αTx ≥ ψ represent two non-intersecting half-spaces. We have the following
key lemma:

Lemma 2. Assume P is full-dimensional. Then:

Conv ((P ∩ {x : αTx ≤ β}) ∪ (P ∩ {x : αTx ≥ ψ})) =⋂

B∈B∗
r

Conv ((P (B) ∩ {x : αTx ≤ β}) ∪ (P (B) ∩ {x : αTx ≥ ψ})) . (5)



Split Closure and Intersection Cuts 131

Proof. The following notation will be convenient. Define P1 := P∩{x : αTx ≤ β}
and P2 := P ∩ {x : αTx ≥ ψ}. Furthermore, given a set B ∈ B∗

r , let P1(B) :=
P (B) ∩ {x : αTx ≤ β} and P2(B) := P (B) ∩ {x : αTx ≥ ψ}.

When α = 0n, no matter what the values of β and ψ are, at least one of P1
and P2 is empty (Notice that we always have β < ψ). If both are empty, then the
lemma holds trivially by ∅ = ∅. If one is not empty, then Conv (P1∪P2) = P and,
similarly,

⋂
B∈B∗

r
Conv ((P1(B) ∪ P2(B)) =

⋂
B∈B∗

r
P (B) = P . The last equality

is due to the assumption ai. �= 0n for i ∈ M . Therefore, we assume α �= 0n in
the rest of the proof.

Because P ⊆ P (B) for any B ∈ B∗
r , it is clear that Conv (P1 ∪ P2) ⊆⋂

B∈B∗
r
Conv ((P1(B)∪P2(B)). Therefore, we only need to show the other direc-

tion of the inclusion.
Observe that it suffices to show that any valid inequality for Conv (P1 ∪ P2)

is valid for Conv (P1(B) ∪ P2(B)) for at least one B ∈ B∗
r . Now, let δTx ≤ δ0

be a valid inequality for Conv (P1 ∪ P2). Clearly, we can assume δTx ≤ δ0 is
facet-defining for Conv (P1 ∪P2). This is clearly true for the valid inequalities of
P , since we can always choose a B ∈ B∗

r , by applying the techniques of linear
programming, such that the valid inequality of P is valid for P (B). So we may
assume that the inequality is valid for Conv (P1 ∪ P2) but not valid for P .

Case 1. P2 = ∅.
Since P2 = ∅, Conv (P1 ∪ P2) = P1 = P ∩ {x : αTx ≤ β}. Hence αTx ≤ β is
a valid inequality for Conv (P1 ∪ P2). We just want to show that it is also valid
for Conv ((P (B) ∩ {x : αTx ≤ β}) ∪ (P (B) ∩ {x : αTx ≥ ψ})) for some B ∈ B∗

r .
Because P2 = ∅ and P is full-dimensional, applying the techniques of linear
programming shows that the value γ̃ = max{γ : P ∩{x : αTx = γ} �= ∅} specifies
B ∈ B∗

r such that P (B)∩{x : αTx ≥ ψ} = ∅ and γ̃ = max{γ : P (B)∩{x : αTx =
γ} �= ∅}, where γ̃ < ψ. We have Conv ((P (B) ∩ {x : αTx ≤ β}) ∪ (P (B) ∩ {x :
αTx ≥ ψ})) = P (B) ∩ {x : αTx ≤ β} for this particular B. Therefore, αTx ≤ β
is valid for Conv ((P (B) ∩ {x : αTx ≤ β}) ∪ (P (B) ∩ {x : αTx ≥ ψ})).
Case 2. P1 and P2 are full-dimensional.
Consider an arbitrary facet F of Conv (P1 ∪ P2) which does not induce a valid
inequality for P . We are going to use the corresponding F -defining inequality
(half-space) and F -defining equality (hyperplane). Our goal is to show that the
F -defining inequality is valid for Conv (P (B) ∩ {x : αTx ≤ β}) ∪ (P (B) ∩ {x :
αTx ≥ ψ})) for some B ∈ B∗

r .
Let F1 := F ∩ P1 and F2 := F ∩ P2. Since the F -defining inequality is valid

for P1 and P2 but not valid for P , we can deduce F1 ⊆ {x ∈ IRn|αTx = β} and
F2 ⊆ {x ∈ IRn : αTx = ψ}. F is the convex combination of F1 and F2, where F1
is a k-dimensional face of P1 and F2 is an m-dimensional face of P2. Since F is
of dimension n− 1, we have 0 ≤ k ≤ n− 2 and n− k − 2 ≤ m ≤ n− 2.

The intersection of the F -defining hyperplane with αTx = β (or αTx =
ψ) defines a (n − 2)-dimensional affine subspace which contains F1 (or F2).
Therefore, Aff (F2) contains two affine subspaces S1 and S2 of dimensions n−k−2
and m − (n − k − 2) respectively, where S1 is orthogonal to Aff (F1) and S2 is
parallel to Aff (F1). In other words, Aff (F2) can be orthogonally decomposed
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into two affine subspaces S1 and S2 such that S1 ∩ S2 has an unique point x0,
(x1−x0)T (x2−x0) = 0 for any x1 ∈ S1 and x2 ∈ S2, and for some x3 ∈ Aff (F1)
we have {xi−x0 : xi ∈ S2} ⊆ {xi−x3 : xi ∈ Aff (F1)} and (x1−x0)T (x4−x3) = 0
for any x1 ∈ S1 and x4 ∈ Aff (F1).

There exist n − k − 1 constraints of P such that the corresponding hy-
perplanes, together with αTx = β, define Aff (F1). Let these hyperplanes be
A(n−k−1)×nx = b1. Similarly, there are n − m − 1 constraints of P such that
the corresponding hyperplanes, together with αTx = ψ, define Aff (F2). Let
them be A(n−m−1)×nx = b2. From the discussion in the previous paragraphs,
one can easily see that the equations A(n−k−1)×nx = 0, A(n−m−1)×nx = 0 have
solution space {xi − x0 : xi ∈ S2} with dimension m − (n − k − 2). Since
m − (n − k − 2) ≡ n − [(n − m − 1) + (n − k − 1)], the matrix

(A(n−k−1)×n

A(n−m−1)×n

)

is full row-rank. Because the rank of A is r, (n − k − 1) + (n − m − 1) ≤ r.
This allows us to choose another r − (n − k − 1) − (n − m − 1) constraints
A[r−(n−k−1)−(n−m−1)]×nx ≤ b3 from Ax ≤ b, together with A(n−k−1)×nx ≤ b1
and A(n−m−1)×nx ≤ b2, to construct a B ∈ B∗

r such that the F -defining inequal-
ity is valid for Conv (P (B) ∩ {x : αTx ≤ β}) ∪ (P (B) ∩ {x : αTx ≥ ψ})).
Case 3. P1 �= ∅, P2 �= ∅, and some of P1 and P2 is not full-dimensional.
Instead of considering the inequalities αTx ≤ β and αTx ≥ ψ, we construct
two inequalities αTx ≤ β + ε and αTx ≥ ψ − ε, where ε is an arbitrarily small
positive number satisfying β + ε < ψ − ε. Let P ε1 := P ∩ {x : αTx ≤ β + ε}
and P ε2 := P ∩ {x : αTx ≥ ψ − ε}. Since P1 �= ∅ and P2 �= ∅, P ε1 and P ε2 are
full-dimensional polyhedra.

Because |B∗
r | is finite and B and P are closed sets in IRn, by the definition

of the Conv operation and the result proved in Case 2, we have
⋂

B∈B∗
r

Conv ((P (B) ∩ {x : αTx ≤ β}) ∪ (P (B) ∩ {x : αTx ≥ ψ}))
=

⋂

B∈B∗
r

lim
ε→0+

Conv ((P (B) ∩ {x : αTx ≤ β + ε}) ∪ (P (B) ∩ {x : αTx ≥ ψ − ε}))
= lim

ε→0+

⋂

B∈B∗
r

Conv ((P (B) ∩ {x : αTx ≤ β + ε}) ∪ (P (B) ∩ {x : αTx ≥ ψ − ε}))
= lim

ε→0+
Conv ((P ∩ {x : αTx ≤ β + ε}) ∪ (P ∩ {x : αTx ≥ ψ − ε}))

= Conv ((P ∩ {x : αTx ≤ β}) ∪ (P ∩ {x : αTx ≥ ψ})) . 
�
From Lemma 2 we immediately have the following:

Corollary 1. Let S ⊂ IRn+2 be a set of (α, β, ψ) ∈ IRn+2 such that α ∈ IRn and
β < ψ. When P is full-dimensional,

⋂

(α,β,ψ)∈S
Conv ((P ∩ {x : αTx ≤ β}) ∪ (P ∩ {x : αTx ≥ ψ})) =

⋂

B∈B∗
r

⋂

(α,β,ψ)∈S
Conv ((P (B) ∩ {x : αTx ≤ β}) ∪ (P (B) ∩ {x : αTx ≥ ψ})) . (6)

By choosing S = {(π, π0, π0 + 1) : (π, π0) ∈ Zn+1} we get:
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Corollary 2. Equation (4) holds when P is full-dimensional.

Now assume that P is not full-dimensional. We first consider the case when
P is empty:

Lemma 3. Equation (4) holds when P is empty.

Proof. There always exist S̄ ⊆M and ī ∈M , where ī �∈ S̄, such that S̄ contains
B̄ ∈ B∗

r and {x ∈ IRn : aTi.x ≤ bi, i ∈ S̄} �= ∅ and {x ∈ IRn : aTi.x ≤ bi, i ∈
S̄ ∪ {̄i}} = ∅. Actually, S̄ and ī can be chosen by an iterative procedure. In
iteration k (k ≥ 0), an ik ∈ Mk ⊆ M is chosen such that Mk\{ik} contains a
B ∈ B∗

r , where M0 := M . If {x ∈ IRn : aTi.x ≤ bi, i ∈ Mk\{ik}} �= ∅, then
S̄ := Mk\{ik} and ī := ik. Otherwise, let Mk+1 := Mk\{ik} and proceed until
finally we obtain S̄ and ī. The fact that {x ∈ IRn : aTi.x ≤ bi, i ∈ B̄} �= ∅ for any
B̄ ∈ B∗

r ensures the availability of S̄ and ī.
By applying the techniques of linear programming, we see that S̄ contains

B̄∗ ∈ B∗
r such that {x ∈ IRn : aTi.x ≤ bi, i ∈ B̄∗ ∪ {̄i}} = ∅. It is possible to

choose ĩ ∈ B̄∗ such that B̃∗ := (B̄∗\{̃i}) ∪ {̄i} ∈ B∗
r . Then {x ∈ IRn : aTi.x ≤

bi, i ∈ B̄∗} ∩ {x ∈ IRn : aTi.x ≤ bi, i ∈ B̃∗} = ∅.
Because P = ∅, SC = ∅. SC(B̄∗) ∩ SC(B̃∗) = ∅ follows SC(B̄∗) ⊆ {x ∈

IRn : aTi.x ≤ bi, i ∈ B̄∗}, SC(B̃∗) ⊆ {x ∈ IRn : aTi.x ≤ bi, i ∈ B̃∗} and
{x ∈ IRn : aTi.x ≤ bi, i ∈ B̄∗} ∩ {x ∈ IRn : aTi.x ≤ bi, i ∈ B̃∗} = ∅. Therefore,
SC = ∅ = SC(B̄∗) ∩ SC(B̃∗) =

⋂
B∈B∗

r
SC(B). 
�

In the remainder of this section, we assume that P is non-empty and not
full-dimensional. Let Aff (P ) denote the affine hull of P . When P is not full-
dimensional, it is full-dimensional in Aff (P ). Let l := dim(Aff (P )) < n denote
the dimension of P . Also, M= := {i ∈M : aTi.x = bi, ∀x ∈ P} denotes the con-
straints describing P satisfied with equality by all points in P . Since dim(P ) = l,
there exists a set B ∈ B∗

n−l, such that Aff (P ) = {x ∈ IRn : aTi.x = bi, i ∈ B}.
S= := {B ∈ B∗

n−l : B ⊆ M=} denotes the set of all such sets B. The following
properties are needed:

Lemma 4. Assume P is non-empty and not full-dimensional. Then:

(i) Aff (P ) = P (M=).
(ii) Let i∗ ∈M= be arbitrary. The linear program min{aTi∗.x :x ∈ P (M=\{i∗})}

is bounded, the optimal objective value is bi∗ and the set of optimal solutions
is Aff (P ).

(iii) There exist B′ ∈ S= and i′ ∈M= \B′ such that Aff (P ) = P (B′ ∪ {i′}).
(iv) Let i′ and B′ be as in (iii). There exists i′′ ∈ B′ such that B′′ := (B′\{i′′})∪

{i′} ∈ S= and Aff (P ) = P (B′) ∩ P (B′′).

Proof. The correctness of (i), (ii) and (iv) is easy to check. So next we just prove
(iii).

Because of (i), we have |M=| ≥ n − l + 1. Choose i′ ∈ M= such that
(M=\{i′}) ∩ B∗

n−l �= ∅. So (ii) is true for i∗ = i′. Since (M=\{i′}) ∩ B∗
n−l �= ∅,

the optimal dual solution of min{aTi′x : aTi. ≤ bi, i ∈ M=\{i′}} specifies a
B′ ∈ (M=\{i′})∩B∗

n−l such that min{aTi′x : aTi. ≤ bi, i ∈ B′} = bi′ with optimal
solution set Aff (P ). Therefore, Aff (P ) = {x ∈ IRn : aTi. ≤ bi, i ∈ B′ ∪ {i′}}. 
�
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Let B′ and B′′ be as in Lemma 4. The sets B′ and B′′ might not be of
cardinality r, i.e. B′ (B′′) might not be a maximal subset of M such that the
vectors ai., for i ∈ B′ (i ∈ B′′), are linearly independent. Define γ := r− (n− l).
It follows that 0 ≤ γ ≤ l. BAγ := {B ∈ B∗

γ : B ∪B′ ∈ B∗
r} (= {B ∈ B∗

γ : B ∪B′′ ∈
B∗
r}) denotes the family of γ-subsets B in B∗

γ such that B′ ∪ B (B′′ ∪ B) is an
r-subset in B∗

r . Also, B′∗
r := {B ∈ B∗

r : B ⊇ B′} and B′′∗
r := {B ∈ B∗

r : B ⊇ B′′}
denotes the families of r-subsets in B∗

r containing B′ and B′′ respectively. The
following is immediate from the definitions of BAγ , B′∗

r and B′′∗
r :

Lemma 5. There is a one-to-one mapping from BAγ to B′∗
r, and there is a one-

to-one mapping from BAγ to B′′∗
r.

We are now able to finish the proof of Theorem 1:

Lemma 6. Equation (4) holds when P is non-empty and not full-dimensional
in IRn.

Proof. P is full-dimensional in Aff (P ). If there exists (π, π0) ∈ ZZn+1 such that
Aff (P ) is between the hyperplanes πTx = π0 and πTx = π0 + 1 and Aff (P )
does not intersect them, then Lemma 6 is trivially true with ∅ = ∅. Otherwise,
we only need to consider (π, π0) ∈ ZZn+1 such that both hyperplanes πTx = π0
and πTx = π0 +1 intersect Aff (P ) and neither of them contains Aff (P ). Denote
the set of these (π, π0) by SA.

Now we have
⋂

(π,π0)∈ZZn+1 Conv (P ∩ FD(π,π0)) =
⋂

(π,π0)∈SA
Conv ((P ∩

{x ∈ Aff (P ) : πTx ≤ π0}) ∪ (P ∩ {x ∈ Aff (P ) : πTx ≥ π0 + 1})). Ap-
plying Corollary 1 to the affine subspace Aff (P ), we see that the latter is
equal to

⋂
B∈BA

γ

⋂
(π,π0)∈SA

Conv (((P (B) ∩ Aff (P )) ∩ {x ∈ Aff (P ) : πTx ≤
π0})∪ ((P (B)∩Aff (P ))∩ {x ∈ Aff (P ) : πTx ≥ π0 + 1})). By Lemma 4(iv) and
Lemma 5, for any P (B), where B ∈ BAγ , there always exist P (B̃′) and P (B̃′′),
where B̃′ ∈ B′∗

r and B̃′′ ∈ B′′∗
r , such that B̃′ = B′ ∪ B, B̃′′ = B′′ ∪ B and

P (B)∩Aff (P ) = P (B̃′)∩P (B̃′′). Therefore,
⋂
B∈BA

γ

⋂
(π,π0)∈SA

Conv (((P (B)∩
Aff (P )) ∩ {x ∈ Aff (P ) : πTx ≤ π0}) ∪ ((P (B) ∩ Aff (P )) ∩ {x ∈ Aff (P ) :
πTx ≥ π0 + 1})) ⊇ ⋂

B∈B∗
r

⋂
(π,π0)∈ZZn+1 Conv (P (B) ∩ FD(π,π0)), which im-

plies
⋂

(π,π0)∈ZZn+1 Conv (P ∩ FD(π,π0)) ⊇
⋂
B∈B∗

r

⋂
(π,π0)∈ZZn+1 Conv (P (B) ∩

FD(π,π0)). Because P ⊆ P (B) for any B ∈ B∗
r , it is easy to obtain

⋂

(π,π0)∈ZZn+1

Conv (P ∩ FD(π,π0)) ⊆
⋂

B∈B∗
r

⋂

(π,π0)∈ZZn+1

Conv (P (B) ∩ FD(π,π0)).

The lemma is proved. 
�
Theorem 1 is implied by Corollary 2, Lemma 3 and Lemma 6. In fact, the

proofs allow us to extend Theorem 1 to arbitrary subsets of Πn(NI):

Theorem 2. Assume S ⊆ Πn(NI). Then:
⋂

(π,π0)∈S
Conv (P ∩ FD(π,π0)) =

⋂

B∈B∗
r

⋂

(π,π0)∈S
Conv (P ∩ FD(π,π0)). (7)
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4 Polyhedrality of Split Closure

In this section, we assume A ∈ Qm×n and b ∈ Qn, i.e. that P is a rational
polyhedron. Cook, Kannan and Schrijver proved the following result [4]:

Theorem 3. The split closure of MILP is a polyhedron.

We will give a new proof of this result using the characterization of the split
closure obtained in the previous section. Let C̃ := x̃+Cone ({r̃i : i = 1, 2, . . . , q})
be (the translate of) a cone with apex x̃ ∈ Qn and q linearly independent extreme
ray vectors {r̃i}qi=1, where q ≤ n and r̃i ∈ ZZn for 1 ≤ i ≤ q. The following lemma
plays a key role in proving Theorem 3.

Lemma 7. The split closure of C̃ is a polyhedron.

Proof. Suppose that the disjunction πTx ≤ π0 and πTx ≥ π0 + 1 induces a split
cut that is not valid for some part of C. Then it must be not valid for x̃ either.
So we know π0 < πT x̃ < π0 + 1, i.e. the point x̃ is between the two hyperplanes
πTx = π0 and πTx = π0 + 1.

Choose an extreme ray generated by vector r̃i and assume that the hyper-
plane πTx = π0 intersects the extreme ray at x̃+ α̃ir̃i, where α̃i > 0 (α̃i = +∞
is allowed). Then α̃i = ε

−πT r̃i
can be easily calculated, where πT r̃i ≤ 0, ε :=

πT x̃− π0 and 0 < ε < 1.
We claim that α̃i is either +∞ or bounded above by 1. When πT r̃i = 0,

α̃i = +∞, in which case the hyperplane πTx = π0 is parallel to the vector r̃i.
When πT r̃i < 0, 0 < α̃i < +∞, which means that the hyperplane intersects
the ray at some finite point. In this case, because π and r̃i are in ZZn, we know
−πr̃i ≥ 1. Hence, α̃i = ε

−πT r̃i
≤ ε < 1.

Let x̃ = (x̃1, x̃2, · · · , x̃n)T ∈ Qn. Let g be the least common multiple of all
the denominators of x̃1, x̃2, · · · , x̃n. Noticing the fact that α̃i = ε

−πT r̃i
, it follows

that α̃i can be expressed as p
wg , where p, w ∈ ZZ+ and 0 < p < g.

By the following claim, we actually prove the lemma.
Claim. There is only a finite number of undominated split cuts for cone C.
Proof of claim. By induction on m, the number of extreme rays of C.
When q = 1, C = {x ∈ IRn : x = x̃ + α1r̃1, α1 ≥ 0}. The case α̃1 = +∞

does not yield a split cut, so α̃1 is bounded above by 1 for every split cut. Note
that the maximum value of α̃1 is reachable, because α̃1 has the form of p

wg
as mentioned above. Let π∗x = π∗

0 be the hyperplane for which α̃1 reaches its
maximum. Then the split cut π∗x ≤ π∗

0 is an undominated split cut of C.
Assume that the claim is true for q = k < n. Let us consider the case of

q = k + 1.
Let Ci := {x ∈ IRn : x = x̃ +

∑
j �=i αj r̃j , αj ≥ 0, 1 ≤ j ≤ k + 1, j �= i},

where 1 ≤ i ≤ k + 1. Each Ci is a polyhedral cone with apex x̃ and k linearly
independent extreme rays. By induction hypothesis, there is only a finite number
of undominated split cuts for each cone Ci. Among those points obtained by
intersecting the undominated split cuts for Ci with the extreme ray generated
by r̃i, let zi be the closest point to x̃.
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Now we claim that any undominated split cut of C cannot intersect the
extreme ray generated by r̃i (1 ≤ i ≤ k+ 1) at a point which is closer to x̃ than
zi. Otherwise, let us assume that there is an undominated split cut H of C which
intersects the extreme ray generated by r̃i at a point z̃i that is between x̃ and zi.
By the definition of zi, the cut (when restricted to Ci) must be dominated by a
cut of Ci, say H′. Wlog, assume that the cut H′ is an undominated cut for Ci.
So H′ must intersect the extreme ray generated by r̃i at z′

i that is not between
x̃ and zi. But now H′ dominates H, a contradiction to the choice of H.

We know that the intersection point of any undominated split cut with the
extreme ray of r̃i (1 ≤ i ≤ k + 1) is either at infinity or between zi and x̃ + r̃i.
Since α̃i = p

wg , there are only finitely many points between zi and x̃ + r̃i that
could be the intersections of the split cuts with the extreme ray. Therefore, we
see that the claim is true when q = k + 1. 
�

Let B ∈ B∗
r be arbitrary. From Sect. 2 we know that P (B) can be written

as P (B) = x̄(B) + L(B) + C(B), where C(B) := Cone ({ri(B) : i ∈ B}) and
{ri(B) : i ∈ B} ⊆ ZZn are linearly independent (by scaling). The following
lemmas are straightforward:

Lemma 8. Let (π, π0) ∈ ZZn+1 and B ∈ B∗
r be arbitrary. If an inequality is

valid for Conv (P (B)∩FD(π,π0)) but not valid for P (B), then πT =
∑
i∈B αia

T
i. ,

where αi ∈ IR (i ∈ B).

Define SB := {π ∈ ZZn : πT =
∑
i∈B αia

T
i. , αi ∈ IR, i ∈ B}. From Lemma 8

we have:

Lemma 9. Let B ∈ B∗
r , (π, π0) ∈ SB × ZZ.

(i) Assume there exists a facet F of Conv (P (B) ∩ FD(π,π0)), which is not
a facet of P (B). Then F is unique and there exists a unique facet F̃ of
Conv ((x̄(B) + C(B)) ∩FD(π,π0)), which is not a facet of x̄(B) + C(B).
Furthermore F = L(B) + F̃ .

(ii) Assume there exists a facet F̃ of Conv ((x̄(B)+C(B)) ∩FD(π,π0)), which is
not a facet of x̄(B)+C(B). Then F̃ is unique and there exists a unique facet
F of Conv (P (B) ∩ FD(π,π0)), which is not a facet of P (B). Furthermore
F̃ = F ∩ (x̄(B) + C(B)).

The following result is implied by Lemma 7 and Lemma 9:

Lemma 10. SC(B), where B ∈ B∗
r , is a polyhedron.

Now, Theorem 3 follows from Theorem 1 and Lemma 10.

5 Disjunctive Sets Derived from Polyhedra
and Two-Term Disjunctions

In this section, two decomposition results for the set conv(P ∩FD) are presented.
The first decomposition result (Theorem 6) states that conv(P ∩ FD) can be
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written as the intersection of sets conv(P (T ) ∩ FD) over sets T ∈ C∗
1 , where

C∗
1 is some family of (r + 1)-subsets of M . Furthermore, in the special case

where r = n, we show that it is enough to consider r-subsets T of M . The
second result strengthens the first result for split disjunctions D(π, π0), and
states that the set conv(P ∩ FD(π,π0)) can be written as the intersection of the
sets conv(P (B) ∩ FD(π,π0)) for B ∈ B∗

r . We start by proving the following:

Theorem 4. Let S ⊆M be non-empty. If S satisfies |S| ≥ r(S) + 2, then

conv(P (S) ∩ FD) =
⋂

i∈S
conv(P (S \ {i}) ∩ FD) . (8)

Furthermore, (8) remains true if r(S) = n and |S| = n+ 1.

One direction is easy to prove:

Lemma 11. Let S ⊆M be non-empty. Then,

conv(P (S) ∩ FD) ⊆
⋂

i∈S
conv(P (S \ {i}) ∩ FD) . (9)

Proof. Clearly P (S) ⊆ P (S \ {i}) for all i ∈ S. Intersecting with FD on both
sides gives P (S) ∩ FD ⊆ P (S \ {i}) ∩ FD for all i ∈ S. Convexifying both sides
results in Conv (P (S) ∩ FD) ⊆ Conv (P (S \ {i}) ∩ FD) for all i ∈ S, and finally,
since this holds for all i ∈ S, the result follows. 
�

The proof of the other direction involves the idea introduced by Balas [2] of
lifting the set Conv (P (S) ∩ FD) onto a higher dimensional space. Specifically,
Conv (P (S)∩FD) can be described as the projection of the set, described by the
following constraints, onto the space of x-variables:

x = x1 + x2, (10)

aTi.x
1 ≤ biλ1, ∀i ∈ S, (11)

aTi.x
2 ≤ biλ2, ∀i ∈ S, (12)

λ1 + λ2 = 1, (13)

D1x1 ≤ d1λ1, (14)

D2x2 ≤ d2λ2, (15)

λ1, λ2 ≥ 0 . (16)

The description (10)-(16) can be projected onto the (x, x1, λ1)-space by using
constraints (10) and (13). By doing this, we arrive at the following character-
ization of Conv (P (S) ∩ FD). Later, the constraints below will be used in the
formulation of an LP problem. Therefore, we have written the names of the
corresponding dual variables next to the constraints:
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−λ1bi + aTi.x
1 ≤ 0, ∀i ∈ S, (ui) (17)

−λ1bi + aTi.x
1 ≤ bi − aTi.x, ∀i ∈ S, (vi) (18)

λ1 ≤ 1, (w0) (19)

−λ1d1 +D1x1 ≤ 0m1 , (u0) (20)

λ1d2 −D2x1 ≤ d2 −D2x, (v0) (21)

λ1 ≥ 0 . (t0) (22)

Consider now relaxing constraints (20) and (21), i.e. replacing (20) and (21)
by the following constraints:

−λ1d1 +D1x1 − s1m1 ≤ 0m1 , (u0) (23)

λ1d2 −D2x1 − s1m2 ≤ d2 −D2x, (v0) (24)
s ≥ 0 . (t1) (25)

Now, the problem of deciding whether or not a given vector x ∈ IRn belongs
to Conv (P (S) ∩ FD) can be decided by solving the following linear program,
which will be called PLP (x, S) in the following:

max −s
s.t. (17)− (19), (22) and (23)− (25) . (PLP (x, S))

Observe that PLP (x, S) is feasible if and only if x ∈ P (S), and that PLP (x, S)
is always bounded above by zero. Finally, note that x ∈ Conv (P (S)∩FD) if and
only if PLP (x, S) is feasible and bounded, and there exists an optimal solution
in which the variable s has the value zero.

The other direction is proved with the aid of the problem PLP (x, S) and
its dual DLP (x, S). Suppose S ⊆ M , satisfies S �= ∅, |S| ≥ r(S) + 1 and that
x̄ ∈ ⋂i∈S Conv (P (S \ {̄i}) ∩ FD). Then x̄ ∈ ⋂i∈S P (S \ {i}), and since |S| ≥ 2,
we have x̄ ∈ P (S). Hence PLP (x̄, S) is feasible and bounded if S satisfies |S| ≥
r(S) + 1 and x̄ ∈ ⋂i∈S Conv (P (S \ {̄i}) ∩ FD). In the case where PLP (x̄, S)
is feasible and bounded, (x̄1, λ̄1, s̄) denotes an optimal basic feasible solution
to PLP (x̄, S) and (ū, v̄, ū0, v̄0, w̄0, t̄0, t̄1) denotes a corresponding optimal basic
feasible solution to DLP (x̄, S).

For u0 ≥ 0m1 , ui ≥ 0 for i ∈ S and j ∈ N , define the quantities α1
j (S, u, u

0) :=
∑
i∈Suiai,j+(u0)TD1

.j and β1(S, u, u0) :=
∑
i∈Suibi+(u0)T d1, whereD1

.j denotes
the jth column of D1. The inequality (α1(S, u, u0))Tx ≤ β1(S, u, u0) is valid for
{x ∈ P (S) : D1x ≤ d1}. Similarly, for v0 ≥ 0m2 , vi ≥ 0 for i ∈ S and j ∈ N ,
defining the quantities α2

j (S, v, v
0) :=

∑
i∈Sviai,j + (v0)TD2

.j and β2(S, v, v0) :=
∑
i∈Svibi + (v0)T d2, gives the inequality (α2(S, v, v0))Tx ≤ β2(S, v, v0), which

is valid for {x ∈ P (S) : D2x ≤ d2}. With these quantities, the dual DLP (x̄, S)
of PLP (x̄, S) can be formulated as follows:
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min β2(S, v, v0)− (α2(S, v, v0))T x̄+ w0

s.t. α1
j (S, u, u

0)− α2
j (S, v, v

0) = 0, ∀j ∈ N, (x1
j ) (26)

β2(S, v, v0)− β1(S, u, u0) + w0 − t0 = 0, (λ1) (27)

1Tm1
u0 + 1Tm2

v0 + t1 = 1, (s) (28)

u0 ≥ 0m1 , (29)

v0 ≥ 0m2 , (30)
w0, t0, t1 ≥ 0, (31)
ui, vi ≥ 0 ∀i ∈ S . (32)

Lemma 12. Let S ⊆ M be arbitrary. Suppose x̄ ∈ P (S) \ Conv (P (S) ∩ FD).
Then ū0 �= 0m1 and v̄0 �= 0m2 .

Proof. Let x̄ be as stated, and suppose first that v̄0 = 0m2 . The inequality
(α2(S, v̄, 0m2))

Tx ≤ β2(S, v̄, 0m2) is valid for P (S). However, since the optimal
objective value to DLP (x̄, S) is negative, and w̄0 ≥ 0, we have β2(S, v̄, 0m2)−
(α2(S, v̄, 0m2))

T x̄ < 0, which contradicts the assumption that x̄ ∈ P (S).
Now suppose ū0 = 0m1 . The inequality (α1(S, ū, 0m1))

Tx ≤ β1(S, ū, 0m1)
is valid for P (S), but β1(S, ū, 0m1)− (α1(S, ū, 0m1))

T x̄ ≤ β2(S, v̄, v̄0) + w0−
(α2(S, v̄, v̄0))T x̄ < 0, where we have used (20) and (21). This contradicts the
assumption that x̄ ∈ P (S). 
�

The next lemma is essential for the proof of the converse direction of Theo-
rem 4:

Lemma 13. Let S ⊆ M , and let T ⊆ S satisfy |T | ≥ 2. Also, suppose x̄ ∈⋂
i∈T Conv (P (S \ {i}) ∩ FD) and x̄ /∈ Conv (P (S) ∩ FD). Then DLP (x̄, S) is

feasible and bounded. Furthermore, ūi > 0 or v̄i > 0 for all i ∈ T .

Proof. Let S, T and x̄ be as stated. The fact that DLP (x̄, S) is feasible and
bounded follows from the facts x̄ ∈ ⋂i∈T Conv (P (S \ {i}) ⊆ P (S) and |T | ≥ 2.

Now, suppose ūi′ = 0 and v̄i′ = 0 for some i′ ∈ T . Then the problem
(D′

LP (x̄, S \ {i′})), obtained from DLP (x̄, S) by eliminating ui′ , vi′ and the nor-
malization constraint:

min β2(S \ {i′}, v, v0)− (α2(S \ {i′}, v, v0))T x̄+ w0

s.t. α1
j (S \ {i′}, u, u0)− α2

j (S \ {i′}, v, v0) = 0, ∀j ∈ N, (x1
j )

β2(S \ {i′}, v, v0)− β1(S \ {i′}, u, u0) + w0 − t0 = 0, (λ1)

u0 ≥ 0m1 , v
0 ≥ 0m2 , w0, t0 ≥ 0, ui, vi ≥ 0, ∀i ∈ S \ {i′},

is unbounded (since x̄ /∈ Conv (P (S) ∩ FD)). This means that the dual of
D′
LP (x̄, S \ {i′}), the problem P ′

LP (x̄, S \ {i′}), is infeasible:
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max 0Tnx
1 + 0λ1

s.t. − λ1bi + aTi.x
1 ≤ 0, ∀i ∈ S \ {i′}, (ui)

λ1bi − aTi.x1 ≤ bi − aTi. x̄, ∀i ∈ S \ {i′}, (vi)

λ1 ≤ 1, (w0)

− λ1d1 +D1x1 ≤ 0m1 , (u0)

λ1d2 −D2x1 ≤ d2 −D2x̄, (v0)

λ1 ≥ 0 . (t0)

However, these constraints are the conditions that must be satisfied for x̄ to
be in Conv (P (S \ {i′}) ∩ FD), which is a contradiction. 
�

With the above lemmas, we are ready to prove the converse of Theorem 4:

Lemma 14. Let S ⊆ M , and suppose that either |S| ≥ r(S) + 2 or r(S) = n
and |S| = n+ 1. Then

Conv (P (S) ∩ FD) ⊇
⋂

i∈S
Conv (P (S \ {i}) ∩ FD) . (33)

Proof. Let x̄ ∈ ⋂i∈S Conv (P (S \{i})∩FD), and suppose x̄ /∈ Conv (P (S)∩FD).
Define Bu := {i ∈ S : ui basic } and Bv := {i ∈ S : vi basic } to be the set of
basic u’s and v’s respectively in the solution (ū, v̄, ū0, v̄0, w̄0, t̄0, t̄1) to DLP (x̄, S).
From Lemma 13 and the fact that a variable with positive value, that does not
have an upper bound, is basic, it follows that (Bu ∪Bv) = S.

The feasible set for the problem DLP (x̄, S) is of the form {y ∈ IRn
′
: Wy =

w0, y ≥ 0n′}, where W and w0 are of suitable dimensions. The column of W
corresponding to the variable ui, i ∈ S, is given by [aTi. ,−bi, 0]T . Similarly, the
column of W corresponding to the variable vi, i ∈ S, is given by [−aTi. , bi, 0]T .
Since for all i ∈ S, either ui or vi is basic, the vectors [aTi. ,−bi]T , i ∈ S, are
linearly independent. Clearly, there can be at most r(S) + 1 of these. Hence
|S| = r(S) + 1. This excludes the case |S| ≥ r(S) + 2, so we must have r(S) = n
and |S| = n+ 1.

The number of basic variables in the solution (ū, v̄, ū0, v̄0, w̄0, t̄0, t̄1) to
DLP (x̄, S) is at most n + 2, since the number of basic variables is bounded
by the number of equality constraints in DLP (x̄, S). The number of basic vari-
ables among the variables ui and vi, i ∈ S, is |S| = n+1. However, according to
Lemma 12, at least two of the variables in (ū0, v̄0) are basic, which gives a total
of n+ 3 basic variables – a contradiction. 
�

Now, we strengthen Theorem 4 for the case where |S| ≥ r(S) + 2. Let Ī(S)
be the set of constraints i ∈ S for which r(S \ {i}) = r(S), i.e. Ī(S) := {i ∈ S :
r(S) = r(S \ {i})}. We have:

Theorem 5. Let S ⊆M satisfy |S| ≥ r(S) + 2. Then

Conv (P (S) ∩ FD) =
⋂

i∈Ī(S)

Conv (P (S \ {i}) ∩ FD) . (34)
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Like in Theorem 4, and with the same proof, one direction of Theorem 5 is
easy. For the converse, observe that |S| ≥ r(S) + 2 implies |Ī(S)| ≥ 2. It also
implies

⋂
i∈Ī(S) Conv (P (S \ {i}) ∩ FD) ⊆ P (S). From Lemma 13, we have:

Corollary 3. Suppose |S| ≥ r(S) + 2, x̄ ∈ ⋂i∈Ī(S) Conv (P (S \ {i}) ∩ FD) and
x̄ /∈ Conv (P (S) ∩ FD). Then ūi > 0 or v̄i > 0 for all i ∈ Ī(S).

We can now prove the converse of Theorem 5:

Lemma 15. Let S ⊆M satisfy |S| ≥ r(S) + 2. Then:

Conv (P (S) ∩ FD) ⊇
⋂

i∈Ī(S)

Conv (P (S \ {i}) ∩ FD) . (35)

Proof. Let x̄ ∈ ⋂i∈Ī(S) Conv (P (S \ {i}) ∩ FD), and suppose x̄ /∈ Conv (P (S) ∩
FD). Observe that it suffices to prove that the vectors [aTi. ,−bi], i ∈ S, are linearly
independent, since that would contradict |S| ≥ r(S)+2. Suppose they are linearly
dependent, and let ī ∈ S satisfy [aT

ī.
,−bī] =

∑
i∈S\{i} µi[a

T
i. ,−bi], where µi, for

i ∈ S \{i}, are scalars, not all zero. Suppose first that ī ∈ S \ Ī(S). Then we have
aī. ∈ span({ai. : i ∈ S \ {̄i}). However, that implies r(S) = r(S \ {̄i}), which is
a contradiction. Hence, we must have ī ∈ Ī(S) and µi = 0 for all i ∈ S \ Ī(S).
However, according to Corollary 3, the vectors [aTi. ,−bi], i ∈ Ī(S), are linearly
independent. 
�

Applying Theorem 5 iteratively, and Theorem 4 for sets of size n+ 1, we get
the following:

Theorem 6. Suppose |M | = m ≥ r + 1. Also, define C∗
1 := {S ⊆ M : |S| =

r+1 and r(S) = r} and C∗
2 := {S ⊆M : |S| = r and (r(S) = r∨r(S) = r−1)}.

We have,

Conv (P ∩ FD) =
⋂

T∈C∗
1

Conv (P (T ) ∩ FD) . (36)

Furthermore, if r = n,

Conv (P ∩ FD) =
⋂

T∈C∗
2

Conv (P (T ) ∩ FD) . (37)

The example in Figure 1 demonstrates that the assumption |S| ≥ r(S) + 2
is necessary for (35) to hold. In this example, P has 3 constraints aTi.x ≤ bi,
i = 1, 2, 3, and D is a two-term disjunction involving the 2 constraints D1x ≤
d1 and D2x ≤ d2. C1 denotes the cone defined by aT1.x ≤ b1 and aT3.x ≤ b3,
and C2 denotes the cone defined by aT2.x ≤ b2 and aT3.x ≤ b3. We clearly see
Conv (P (M) ∩ FD) �= ⋂

i∈Ī(M) Conv (P (M \ {i}) ∩ FD).
The example does not exclude, however, that (35) is true for sets S satisfying

|S| = r(S) + 1 for the special case of a split disjunction. In fact, the example
suggests that it is also necessary for the disjunction to be a split disjunction. In
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Fig. 1. Example of two-term disjunction

the following, we will prove that (35) remains valid for |S| = r(S) + 1 for the
special case of a split disjunction.

Let D(π, π0) be a split disjunction. The problem PLP (x̄, S), for a split dis-
junction D(π, π0), which will be called PSLP (x̄, S) in the following, is obtained
from the problem PLP (x̄, S) by replacing (23) and (24) with:

−λ1π0 + πTx1 − s ≤ 0, (u0) (38)

−λ1(π0 + 1) + πTx1 − s ≤ −(π0 + 1) + πT x̄ . (v0) (39)

The dual of PSLP (x̄, S) is the problem DS
LP (x̄, S) defined as:

min
∑

i∈Svi(bi − a
T
i. x̄) + w0 + v0(πT x̄− (π0 + 1)) (40)

s.t.
∑

i∈Sai.(ui − vi) + π(u0 + v0) = 0n, (x1) (41)
∑

i∈Sbi(vi − ui)− π0(u0 + v0)− v0 + w0 − t0 = 0, (λ1) (42)

u0 + v0 + t1 = 1, (s) (43)

u0, v0, w0, t0, t1 ≥ 0, (44)
ui, vi ≥ 0, ∀i ∈ S . (45)

The solution (ū, v̄, ū0, v̄0, w̄0, t̄0, t̄1) to DS
LP (x̄, S), for the case where |S| =

r(S) + 1, can be characterized as follows (see also Lemma 2 in [3]):
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Lemma 16. Suppose |S| = r(S) + 1, x̄ ∈ ⋂i∈Ī(S) Conv (P (S \ {i}) ∩ FD(π,π0))
and x̄ /∈ Conv (P (S) ∩ FD(π,π0)). Let Bu := {i ∈ S : ui basic } and Bv :=
{i ∈ S : vi basic } be the set of basic u’s and v’s respectively in the solution
(ū, v̄, ū0, v̄0, w̄0, t̄0, t̄1) to DS

LP (x̄, S). Then Bu∩Bv = ∅, r(S) = n, |Bu∪Bv| = n,
and the vectors ai., i ∈ Bu ∪Bv, are linearly independent.

Proof. As mentioned earlier, the feasible set for DS
LP (x̄, S) can be written as

{y ∈ IRn
′
: Wy = z0, y ≥ 0n′}, where W and z0 are of suitable dimensions.

We first argue that the variables w0, t0 and t1 are non-basic in the solution
(ū, v̄, ū0, v̄0, w̄0, t̄0, t̄1) to DS

LP (x̄, S). t1 is clearly non-basic, since s is basic in
PSLP (x̄, S). From Lemma 12 it follows that both u0 and v0 are basic. The col-
umn corresponding to u0 is [π,−π0, 1] and the column corresponding to v0 is
[π,−(π0 + 1), 1]. Subtracting the column corresponding to v0 from the column
corresponding to u0 gives en+1, i.e. the (n+1)th unit vector in IRn+2. Since this
is exactly the column corresponding to w0 and −t0, and since basic columns
must be linearly independent, it follows that w0 and t0 are both non-basic.

As argued earlier, not both vi and ui, i ∈ S, can be in the basis, since their
corresponding columns in W are multiples of each other. Hence Bu ∩ Bv = ∅.
Now, since (ū, v̄, ū0, v̄0, w̄0, t̄0, t̄1) is a basic solution to DS

LP (x̄, S), the solution
to the system:

∑

i∈Bu

ai.ui −
∑

i∈Bv

ai.vi + π = 0n, (46)
∑

i∈Bv

bivi −
∑

i∈Bu

biui − π0 − v0 = 0, (47)

u0 + v0 = 1, (48)

is unique. The system (46)-(48) is of the form WBy = zB0 . The number of rows of
WB (and zB0 ) is n+ 2, and the number of columns is |Bu ∪Bv|+ 2. All columns
of WB are linearly independent. If |Bu ∪ Bv| + 2 < n + 2, multiple solutions
would exist. Hence, we must have |Bu ∪Bv| = n.

Now suppose the vectors ai., i ∈ Bu∪Bv, are linearly dependent. Then there
exists a non-zero solution (u∗, v∗) to the system

∑
i∈Bu

ai.u
∗
i−

∑
i∈Bv

ai.v
∗
i =

0n. Define the scalars ui(δ) := ūi + δu∗
i for i ∈ Bu and vi(δ) := v̄i + δv∗

i for
i ∈ Bv, where δ ∈ IR. We have that (u(δ), v(δ), u0, v0) satisfies (46)-(48) if and
only if u0 + v0 = 1 and v̄0 + δ(

∑
i∈Bv

biv
∗
i−

∑
i∈Bu

biu
∗
i ) − v0 = 0. Defining

v0(δ) := v̄0 + δ(
∑
i∈Bv

biv
∗
i−

∑
i∈Bu

biu
∗
i ) and u0(δ) := 1 − v0(δ), we have that

(u(δ), v(δ), u0(δ), v0(δ)) satisfies (46)-(48). Since u∗
i for i ∈ Bu and v∗

i for i ∈ Bv
are not all zero, and none of the vectors ai., i ∈ M , are zero vectors, there
must exist δ∗ ∈ IR such that (u(δ∗), v(δ∗), u0(δ∗), v0(δ∗)) is a different solution
to (46)-(48) than (ū, v̄, ū0, v̄0), a contradiction. 
�

From the above lemma, we immediately have the desired extension of Theo-
rem 5 for the split disjunction:

Lemma 17. Suppose S ⊆M satisfies |S| = r(S) + 1. Then:

Conv (P (S) ∩ FD(π,π0)) =
⋂

i∈Ī(S)

Conv (P (S \ {i}) ∩ FD(π,π0)) . (49)
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Proof. Suppose x̄ ∈ ⋂i∈Ī(S) Conv (P (S \ {i}) ∩ FD(π,π0)) and x̄ /∈ Conv (P (S) ∩
FD(π,π0)). Let Bu and Bv and (ū, v̄, ū0, v̄0, w̄0, t̄0, t̄1) be as in Lemma 6. We have
Bu ∩ Bv = ∅, r(S) = n, |Bu ∪ Bv| = n, and the vectors ai., i ∈ Bu ∪ Bv, are
linearly independent. Let {̄i} = S\(Bu∪Bv). We can not have ī ∈ Ī(S), since by
Corollary 1, that would imply ūī > 0 or v̄ī > 0, which contradicts ī /∈ Bu ∪ Bv.
Hence, we must have ī ∈ S \ Ī(S). But that means that ī is in every basis of S,
which contradicts ī /∈ Bu ∪Bv. 
�

From Theorem 5 and Lemma 17, we get the following:

Theorem 7.

Conv (P ∩ FD(π,π0)) =
⋂

T∈B∗
r

Conv (P (T ) ∩ FD(π,π0)) . (50)

By intersection over all possible split disjunctions, and interchanging inter-
sections, we get Theorem 1 of Sect. 3.
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Abstract. Branch-and-cut methods are among the more successful tech-
niques for solving integer programming problems. They can also be used
to prove that all solutions of an integer program satisfy a given linear
inequality. We examine the complexity of branch-and-cut proofs in the
context of 0-1 integer programs. We prove an exponential lower bound
on the length of branch-and-cut proofs in the case where branching is
on the variables and the cutting planes used are lift-and-project cuts
(also called simple disjunctive cuts by some authors), Gomory-Chvátal
cuts, and cuts arising from the N0 matrix-cut operator of Lovász and
Schrijver. A consequence of the lower-bound result in this paper is that
branch-and-cut methods of the type described above have exponential
running time in the worst case.

1 Introduction

Branch-and-cut methods for integer programs are currently the most important
techniques for solving a wide range of integer programming problems. The two
main ingredients of branch-and-cut methods, namely linear programming based
branch-and-bound and cutting planes, were developed in the late 50’s but were
used successfully in combination only during the last decade.

Branch-and-cut methods employ a variety of cutting planes, some of which
are specific to the problem class (e.g., comb inequalities for TSP instances) and
also some that are defined for all integer programs, e.g., Gomory-Chvátal cutting
planes (see [11]), disjunctive cuts [4] and Gomory mixed integer cuts [29]. In the
case of 0-1 integer programs, the matrix cuts of Lovász and Schrijver [38] and the
lift-and-project cuts of Balas, Ceria and Cornuéjols [5] define general families of
cutting planes, i.e., they can be used for any 0-1 integer program. Branch-and-cut
methods also utilize different branching strategies. The effectiveness of lift-and-
project cuts (which are a class of facial disjunctive cuts) in a branch-and-cut
framework is studied in [5], while [7] illustrates that Gomory mixed-integer cuts
can be useful in branch-and-cut algorithms. The matrix cuts of Lovász and
Schrijver have not been studied in much detail.

The integer programming problem (also the 0-1 variant) is NP-hard; no
polynomial-time branch-and-cut algorithm is likely to exist. Some special classes
� This work was supported by ONR Grant N00014-98-1-0014.
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of branch-and-cut algorithms are known to have exponential time-complexity.
Jeroslow [33] showed that any branch-and-bound procedure for the 0-1 integer
program max{x1 |x1 + · · · + xn = n/2, x1, . . . , xn ∈ {0, 1}} where n is an odd
integer, requires at least 2(n+1)/2 iterations to solve it (i.e., to establish infeasi-
bility). Chvátal [12] exhibited a class of 0-1 knapsack problems such that every
branch-and-bound procedure requires an exponential number of iterations for
almost every problem in this class. For 0-1 integer programs, every cutting-plane
algorithm which uses only Gomory-Chvátal cuts requires exponential time in the
worst case; this follows from Pudlák’s [39] results on the complexity of cutting-
plane proofs. We extend Pudlak’s idea and prove exponential lower bounds on
the complexity of a large class of branch-and-cut algorithms for 0-1 integer pro-
grams, via complexity results for branch-and-cut proofs.

Chvátal [11] introduced the notion of a cutting-plane proof and developed this
idea further in [13] and [14]; see also [43]. Examples of such proofs can be found
in [30]. It is easy to extend the notion of cutting-plane proofs to branch-and-cut
proofs which we study in this paper. We refer to the cutting-plane proofs studied
in Chvátal [11] as Gomory-Chvátal cutting-plane proofs or as G-C proofs. We
describe cutting-plane proofs which use lift-and-project cuts and matrix cuts in
addition to Gomory-Chvátal cuts and call these L-M-G proofs. If in addition
branching on variables is used, we refer to such proofs as L-M-G branch-and-cut
proofs.

Pudlák [39] gave a class of infeasible 0-1 integer programs such that every G-C
proof of infeasibility has exponential length. This non-trivial result uses bounds
from monotone circuit complexity theory (see also Cook and Haken [17]) and the
interpolation technique from proof complexity theory. A discussion of cutting-
plane proofs in the context of complexity theory can also be found in [20], [19],
[40] and [9]. Lovász suggested the study of proofs using matrix cuts, and Pudlák
[40] presents some results on such proofs, and mentions some open problems.
We prove an exponential lower bound for the length of L-M-G branch-and-cut
proofs. Thus branch-and-cut algorithms which use branching on the variables
and the cuts above have exponential worst-case complexity.

The paper is organized as follows. In Sect. 2, we describe the different cuts
we use in this paper, and in Sect. 3 we discuss the notion of branch-and-cut
proofs. In Sect. 4, we discuss interpolation and its usefulness in establishing lower
bounds on the lengths of cutting-plane proofs. We also answer a question posed
by Pudlák [40]. In Sect. 5, the concept of monotone interpolation is discussed,
and an exponential lower bound on the length of lift-and-project cutting-plane
proofs (or simple disjunctive cutting-plane proofs) is proved. This result is used
to obtain the main result of this paper, an exponential lower bound on the length
of some classes of branch-and-cut proofs for 0-1 integer programs.

2 Some Classes of Cutting Planes

Two classes of cutting planes available for general integer programs which can
be used for 0-1 problems are Gomory-Chvátal cutting planes and the disjunctive
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cuts of Balas [4]. The disjunctive cuts we consider in this paper are called simple
disjunctive cuts in [24]. Balas, Ceria and Cornuéjols [5] consider lift-and-project
cuts for 0-1 problems which are identical to simple disjunctive cuts. Lift-and-
project cuts form a subclass of the matrix cuts of Lovász and Schrijver [38].

Let Qn = [0, 1]n be the 0-1 cube in IRn. If the dimension is obvious from the
context, we denote the 0-1 cube by Q. Let aTi x ≤ bi (i = 1, . . . ,m) be a system
of rational linear inequalities in IRn (we generally assume linear inequalities are
rational). Assume that the inequalities 0 ≤ xj ≤ 1 (j = 1, . . . , n) are included in
the above system. Let P ⊆ Q be defined by

P = {x | aTi x ≤ bi, i = 1, . . . ,m} , (1)

and let PI stand for the convex hull of 0-1 points in P .
If cTx ≤ d is a linear inequality valid for P and c is integral, then cTx ≤ �d�

is valid for all 0-1 points in P , and is called a Gomory-Chvátal cutting plane
for P (abbreviated as a G-C cut). The Chvátal closure of P is the set of points
satisfying all G-C cuts for P and is denoted by P ′.

In what follows, we write aTx ≤ b as b− aTx ≥ 0. All points in P satisfy

(bi − aTi x)xj ≥ 0, i = 1, . . . ,m, j = 1, . . . , n ,

(bi − aTi x)(1− xj) ≥ 0, i = 1, . . . ,m, j = 1, . . . , n , (2)

obtained by multiplying the inequalities in (1) with the inequalities defining Q.
In addition, 0-1 points in P satisfy

x2
j − xj = 0, for j = 1, . . . , n . (3)

Adding non-negative multiples of the inequalities in (2) and arbitrary multiples
of (3) yields inequalities valid for all 0-1 points in P . A linear inequality of this
form is a cutting plane for P , and is called an N -cut.

Formally, an inequality cTx ≤ d or d− cTx ≥ 0 is called an N -cut for P if

d− cTx =
∑

i,j

αij(bi − aTi x)xj +

∑

i,j

βij(bi − aTi x)(1− xj) + (4)

∑

j

λj(x2
j − xj),

where αij ≥ 0, βij ≥ 0 and λj ∈ IR for i = 1, . . . ,m, j = 1, . . . , n. A weakening
of N -cuts, called N0-cuts, can be obtained if in (4) we insist that xixj and xjxi
are distinct terms, for all i, j with i �= j. A lift-and-project cut for P with respect
to a variable xk is a linear inequality of the form

α(b1 − aT1 x)xk + β(b2 − aT2 x)(1− xk) + λ(x2
k − xk) , (5)

where aT1 x ≤ b1 and aT2 x ≤ b2 are valid for P , λ is some real number and α and
β are non-negative reals. Thus a lift-and-project cut is a special type of N0-cut.
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N -cuts and N0-cuts are examples of matrix cuts (see [38]). Stronger matrix
cuts, called N+-cuts, are defined in [38]. An inequality d− cTx ≥ 0 is called an
N+-cut for P if it is formed by adding n + 1 squares of linear functions (i.e.,
terms of the form (gk + hTk x)

2) to the sum in (4).
Adding all cuts of one of the types listed above to P yields a closed convex

set which contains PI and is strictly contained in P (unless P = PI). The sets
N(P ) and N+(P ) are defined as follows:

N(P ) is the set of points satisfying all N -cuts for P , (6)

N+(P ) is the set of points satisfying all N+-cuts for P . (7)

N0(P ) is defined similarly in terms of N0-cuts; these sets have alternative pro-
jection representations, see [38]. N(P ) and N0(P ) are polytopes, whereas N+(P )
is generally non-polyhedral. Pk is the polytope obtained from P by adding all
lift-and-project cuts with respect to the variable xk. Observe that any inequality
valid for N(P ) is an N -cut for P ; this is true even if N(P ) = ∅. The operators
N0, N+ and Pk have similar properties.

The matrix-cut operators can be iterated to obtain approximations of PI
which are strictly contained in P (if P �= PI). Let N0(P ) = P and N t+1(P ) =
N(N t(P )) if t is a non-negative integer. Let N t

0(P ) and N t
+(P ) be similarly

defined. Lovász and Schrijver proved the following important results.

Theorem 1. [38] Let P ⊆ Qn be a polytope. Then Nn
0 (P ) = PI .

Theorem 2. [38] Let P = {x |Ax ≤ b} be a polytope contained in Qn. For any
fixed value of t, it is possible to optimize linear functions over both N t

0(P ) and
N t(P ) in time bounded by a polynomial function of the encoding size of Ax ≤ b.

The first theorem remains true if N0 is replaced by N or N+, as both of these
operators yield smaller convex sets than N0. In the case of N+, it is possible
to approximate the maximum or minimum of a linear function over N+(P ) to
within a prescribed error tolerance in polynomial time.

The Chvátal closure can be iterated to obtain PI from P ; see [11], [43], and
[26]. Lift-and-project cuts can also be generated iteratively. In fact, Theorem 1
follows from the following result of Balas [4].

Theorem 3. [5] If i1, i2, . . . , in is any permutation of {1, 2, . . . , n} and P is a
polytope in Qn, then (· · · ((Pi1)i2) · · ·)in = PI .

The next result can be found in Cook and Dash [22]; an analogous property
holds in the case of the Chvátal operator. Lemma 4 will be necessary for our
lower-bound proof.

Lemma 4. [22] If F is a face of a polytope P ⊆ Q, then N(F ) = N(P ) ∩ F .
This equation is also valid for the N+ and N0 operators.
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Lemma 4 is useful in many contexts. Let F be a face of a polytope P and let
cTx ≤ d be an N -cut for F . From Lemma 4, N(F ) is a face of N(P ). As N(P )
is a polytope, we can “rotate” cTx ≤ d to get an inequality (c′)Tx ≤ d′ valid for
N(P ), and hence an N -cut for P , such that

F ∩ {x | cTx ≤ d} = F ∩ {x | (c′)Tx ≤ d′} . (8)

Compare this with Lemma 6.33 in Cook, Cunningham, Pulleyblank, and Schri-
jver [21] (the same result for P ′). We may not be able to “rotate” cTx ≤ d in
the case of N+(P ) as it may not be a polytope. Lemma 4 also implies:

F is a face of Q⇒ N(P ∩ F ) = N(P ) ∩ F . (9)

The following two results give useful properties of N0(P ).

Lemma 5. [5,38] Assume that aTx ≤ b is valid for P ∩ {x |xi = 0} and P ∩
{x |xi = 1}, where P is a polytope, and 1 ≤ i ≤ n. Then aTx ≤ b is valid for Pi
and N0(P ).

Proof. It is easy to see that there are numbers α and β, such that

aTx− αxi ≤ b is valid for P,
aTx− β(1− xi) ≤ b is valid for P.

Multiplying the first inequality by 1− xi and the second by xi, replacing x2
i by

xi and adding, we see that aTx ≤ b is a lift-and-project cut with respect to the
variable xi. ��

Lemma 6. [5,38] If P ⊆ Qn is a polytope, then Pi = conv((P ∩ {x |xi =
0}) ∪ (P ∩ {x |xi = 1})) for i = 1, . . . , n, and N0(P ) = ∩iPi.

We now state some well-known properties of (symmetric) positive semidef-
inite matrices which we will need; see Horn and Johnson [32]. We denote the
fact that a matrix A is positive semidefinite by A � 0. A principal submatrix
of a matrix is a square submatrix obtained by deleting some rows and the cor-
responding columns from the matrix. If A � 0, then every principal submatrix
of A is positive semidefinite. If a matrix A has a block-diagonal decomposition,
then A � 0⇔ every block is positive semidefinite. For example,

if A =
[
A1 0
0 A2

]

, then A � 0⇔ A1 � 0, A2 � 0 . (10)

Proposition 7. (Schur complements) Let A be a non-singular matrix, and let
B and C be matrices.

If D =
[
A B
BT C

]

, then D � 0⇔ C −BTA−1B � 0 .
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The following result is crucial for the exponential bounds we prove later on.

Lemma 8. Let P1 = {(x, y) |Ax ≤ e} and P2 = {(x, y) |By ≤ f} be two poly-
topes contained in Q. Then N+(P1∩P2) = N+(P1)∩N+(P2). An identical result
holds for N and N0.

Proof. For any two polytopes P1 and P2, it is true that N+(P1∩P2) ⊆ N+(P1)∩
N+(P2). Let P1 and P2 satisfy the conditions of the lemma. To prove the reverse
inclusion, assume that

z =
(
x
y

)

∈ N+(P1) ∩N+(P2) . (11)

Let z =
(

1
z

)

. Then there are symmetric matrices X ∈M+(P1) and Y ∈M+(P2)

(M+(P ) and M(P ) are defined in [38]), such that z = Xe0 = Y e0, where

X =




1 xT yT

x X11 X
T
12

y X12 X22



 and Y =




1 xT yT

x Y11 Y
T
12

y Y12 Y22



 . (12)

Also X,Y � 0. As X and Y are positive semidefinite,
(

1 xT

x X11

)

� 0 and
(

1 yT

y Y22

)

� 0 ; (13)

the above matrices are principal submatrices of X and Y . We can conclude that
X11 − xxT and Y22 − yyT are both positive semidefinite. This is true because of
Proposition 7 (set A = 1 in Proposition 7).

Now, let Z be the matrix defined by

Z =




1 xT yT

x X11 xy
T

y yxT Y22



 . (14)

It is not difficult to verify that Z is contained in M(P1 ∩ P2). Also, observe
that Z − zzT is a block-diagonal matrix with non-zero blocks X11 − xxT and
Y22 − yyT . Therefore Z − zzT is positive semidefinite by (10); this implies that
Z � 0. Since z = Ze0, we have shown that z ∈ N+(P1 ∩ P2), and the result
follows for the semidefinite operator.

Observe that in (12), if we start out with X in M(P1) and Y in M(P2),
then Z yields the result for N(P ). Let X and Y belong to M0(P1) and M0(P2)
respectively. Then X and Y are as in (12), except that they are non-symmetric
and XT

12 is replaced by X21, and Y T12 by Y21. The matrix Z above, formed from
X and Y , belongs to M0(P1 ∩ P2), and the result for N0(P ) follows. ��

3 Cutting-Plane Proofs and Branch-and-Cut Proofs

Traditionally, the phrase “cutting-plane proof” refers to a proof using G-C cuts.
We refer to such proofs as Gomory-Chvátal cutting-plane proofs (or as G-C proofs
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for shortness sake). By a cutting-plane proof, we mean one which uses any of
the cutting planes discussed in Sect. 2.

Let Ax ≤ b denote the following linear system in IRn:

aTi x ≤ bi (i = 1, . . . ,m) . (15)

Assume cTx ≤ d is valid for all 0-1 solutions of Ax ≤ b. An N -cutting-plane
proof of cTx ≤ d from Ax ≤ b is a sequence,

aTm+kx ≤ bm+k (k = 1, . . . ,M) , (16)

with cTx ≤ d the last inequality in the sequence, and a collection of numbers

αkjl, β
k
jl ≥ 0 (j = 1, . . . ,m+ k − 1, l = 1, . . . , n) (17)

such that, for k = 1, . . . ,M aTm+kx ≤ bm+k is derived as in (4) using αkjl and βkjl
from

aTj x ≤ bj (j = 1, . . . ,m+ k − 1) . (18)

Informally, an inequality in the sequence is an N -cut for the previous inequalities
in the sequence. The length of the cutting-plane proof is M and its size is the
sum of the sizes of the inequalities and numbers αkjl, β

k
jl in the proof. (The size of

a proof is the number of bits required to write it down). If an inequality belongs
to or is implied by Ax ≤ b, we say it has an N -cutting-plane proof of length 0
from Ax ≤ b. We can assume that inequalities in (15) and (16) integral. Proofs
using disjunctive cuts, N0-cuts, or N+-cuts are defined in a similar fashion. An
N -cutting-plane proof will be abbreviated as an N -proof. We analogously define
N+-proofs.

If an inequality cTx ≤ d has an N -proof from P , then cTx ≤ d is valid for
PI . Conversely, an inequality valid for PI has an N -proof from P ; this follows
from Theorem 1 and the fact that N(P ) is a polytope whenever P is. If PI is
empty, we refer to a cutting-plane proof of 0Tx ≤ −1 as a cutting-plane proof of
infeasibility.

We can use both G-C cuts and N+-cuts in a cutting-plane proof; such a proof
will be called an N∗-proof. We also define N#-proofs; each cut is either an N -cut
or a G-C cut for the previous ones.

The branch-and-cut method can be used to prove that a given inequality is
satisfied by all 0-1 solutions of (15); this yields the notion of a “branch-and-cut
proof”. The length of the proof is defined as the sum of the number of cuts in
the proof and the number of times we branch on a variable. We will mainly deal
with branch-and-cut proofs of infeasibility where 0Tx ≤ −1 is the last inequality
in each branch.

4 Interpolation and Cutting-Plane Proofs

An important goal in the theory of propositional proofs is to establish exponen-
tial worst-case complexity for proofs in various proof systems. Achieving this
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goal for all proof systems would show P �= NP . See Beame and Pitassi [8],
and also Pudlák [40], for recent surveys on propositional proof complexity. Some
methods used in this endeavour are the bottleneck counting method of Haken [31],
the restriction method of Ajtai [1], and the interpolation method. Kraj́ıček [35,36]
proposed the idea of using effective interpolation to establish lower bounds on
the lengths of proofs in different proof systems. This idea was first used in [42]
and [9]. Pudlák [39] derived exponential lower bounds for lengths of G-C proofs
using interpolation. We now discuss this technique.

Assume that the following linear system is infeasible:

Ax+ Cz ≤ e ,

By +Dz ≤ f , (19)

x, y, z are 0-1 .

Then 0Tx+ 0T y + 0T z ≤ −1 has a G-C proof P from (19). Let z′ denote some
0-1 assignment to z. The system

Ax ≤ e− Cz′ ,

By ≤ f −Dz′ , (20)

x, y are 0-1 ,

obtained from (19), is still infeasible. Now, P can be modified to a proof P ′ of
infeasibility of (20), with the same length (let Pi stand for the ith inequality in
P):

if Pi is aTx+ bT y + cT z ≤ d then P ′
i is aTx+ bT y ≤ d− cT z′ . (21)

In (20) we have two linear systems, with no variables in common, and at least
one of the two is infeasible. Which of the two systems is infeasible can decided
by examining P ′. Pudlák [39] showed:
Given any z′, it is possible to construct in polynomial time (in the size of P),
two G-C proofs, one involving x alone and the other involving only y, such that
either the last inequality in the first proof is 0Tx ≤ −1 or the last in the second
proof is 0T y ≤ −1.
This yields a polynomial-time algorithm FP(z) for each composite G-C proof P,
which takes as input z′ and decides which of the two systems in (20) is infea-
sible. This is called effective interpolation and FP(z) is called an interpolating
algorithm.

A strong lower bound can sometimes be derived for the complexity of the
interpolating algorithm FP ; this immediately yields a lower bound for the length
of P. We discuss this later. First we give Pudlák’s effective interpolation result
for G-C proofs [39, Theorem 3] in Proposition 9.

Assume that the following system, in n variables and m inequalities, is in-
feasible:

Ax ≤ e, x is 0-1 , (22)
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By ≤ f, y is 0-1 , (23)

and assume that x and y have no variables in common. For convenience, we
assume that the initial inequalities in every cutting-plane proof of infeasibility
from the above system are precisely the inequalities in the system.

Proposition 9. [39] Let R be a G-C proof of 0Tx + 0T y ≤ −1 from (22) and
(23). In polynomial time (in the size of R), a G-C proof of infeasibility of either
(22), or of (23), can be constructed from R.

Proof. Let aTi x + bTi y ≤ di be the ith inequality in R and call this Ri. Now,
R1, . . . ,Rm are just (22) and (23) and Rk (for some k) is precisely 0Tx+0T y ≤
−1. We can assume that R has integral inequalities. We say that Ri is derived
from R1, . . . ,Ri−1 if

aTi x+ bTi y =
∑

j

λij(aTj x+ bTj y) and di = �
∑

j

λijdj� , (24)

where λij ≥ 0 for j = 1, . . . , i− 1.
We construct a sequence of inequalities S involving only x, and another

sequence T , involving only y, such that Si and Ti together imply Ri. Let Ii
stand for {1, . . . , i−1}. For i = 1, . . . ,m, if Ri involves only x, then set Si to Ri
and Ti to 0T y ≤ 0, otherwise set Si to 0Tx ≤ 0 and Ti to Ri. Define subsequent
terms of S and T as follows: for i = m+1, . . . , k, if Ri is derived from Rj (j ∈ Ii)
with the numbers λij ≥ 0 (j ∈ Ii), then let Si be derived from Sj (j ∈ Ii) and
let Ti be derived from Tj (j ∈ Ii), with the same numbers λij . If the right-hand
sides of Si and Ti are gi and hi respectively, we can conclude that

Si ≡ aTi x ≤ gi and Ti ≡ bTi y ≤ hi with gi + hi ≤ di . (25)

Therefore the last inequalities in S and T are, respectively, 0Tx ≤ gk and 0T y ≤
hk. Since dk = −1, one of gk and hk is at most -1, and we have a G-C proof of
infeasibility of either (22) or (23). This is a polynomial-time construction. ��

Suppose P is a G-C proof of 0Tx + 0T y + 0T z ≤ −1 from (19). The inter-
polating algorithm FP(z) mentioned above broadly does the following. If z′ is
a 0-1 assignment to z, then FP first computes (20). Then it computes one of
the two proofs in Proposition 9, say S. If in Sk the right-hand side gk ≤ −1,
FP returns 0 to indicate that Ax ≤ e − Cz′ is infeasible, else it knows that
hk ≤ −1, and it returns 1. We need not compute T or P ′. In fact, FP only needs
to compute e − Cz′ and the numbers gi to decide which of the two systems in
(20) is infeasible.

To obtain a similar property forN -proofs, Pudlák proved the following result.

Proposition 10. [40] Let R be an N#-proof of 0Tx ≤ −1 from (22) and (23).
In polynomial time (in the size of R), an N#-proof of infeasibility of either (22),
or of (23), can be constructed from R.
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We now proceed to extend the above result to N+-proofs (more precisely
N∗-proofs) thus answering a question which is mentioned as being unsolved by
Pudlák; see[40, page 11].

Proposition 11. Let R be an N∗-proof of 0Tx ≤ −1 from (22) and (23). In
polynomial time (in the size of R), an N∗-proof of infeasibility of either (22), or
of (23), can be constructed from R.

Proof. We can assume that all inequalities in R are integral and N+-cuts for the
previous ones in R. G-C cuts can be handled as in Proposition 9.

Let R be as in Proposition 9 (only R is an N+-proof of infeasibility). We
construct two N+-proofs S and T with the same length as R. Let the first m
terms in S and T be as in Proposition 9. By definition, if Rj is aTj x+ bTj y ≤ dj
and i = m+ 1, then for all j < i

Sj ≡ aTj x ≤ gj and Tj ≡ bTj y ≤ hj with gj + hj ≤ dj . (26)

Assume that we have obtained Sj and Tj satisfying (26) for all j < i, where i is
some number greater than m. Let P1 be the polytope defined by S1, . . . ,Si−1.
Similarly, let P2 be defined by T1, . . . , Ti−1. Now, if P is defined by R1, . . . ,Ri−1,
then P1 ∩ P2 ⊆ P .

It follows that aTi x + bTi y ≤ di is valid for N+(P1 ∩ P2). By Lemma 8 and
Carathéodory’s Theorem, we have

aTi x+ bTi y =
∑

j∈J
αjp

T
j x+

∑

k∈K
βkq

T
k y and

∑

j∈J
αjrj +

∑

k∈K
βksk ≤ di , (27)

where pTj x ≤ rj (j ∈ J) are N+(P1)-cuts and qTk x ≤ sk (k ∈ K) are N+(P2)-
cuts and αj ≥ 0 and βk ≥ 0 for all j ∈ J and k ∈ K. Adding separately the
N+(P1)-cuts and the N+(P2)-cuts, we see that there are there are real numbers
g′
i and h′

i such that

aTi x ≤ g′
i is an N+(P1)-cut and bTi y ≤ h′

i is an N+(P2)-cut , (28)

and g′
i + h′

i ≤ di. The numbers g′
i and h′

i can be computed as

g′
i = max{aTi x | (x, y) ∈ N+(P1)}, h′

i = max{bTi y | (x, y) ∈ N+(P2)} . (29)

To get the ith terms of S and T , we compute g′
i and h′

i as in (29), by solving
two semidefinite programs (see Theorem 2 and the discussion following it). As
these are not necessarily integers, we round them down to get gi and hi; we have
completed the construction of the ith terms in S and T . Repeating this process
we get, as the last terms in S and T , 0Tx ≤ gk and 0Tx ≤ hk where at least one
of gk or hk is bounded above by -1. ��

In the proof above, if we replace N+(P ) by N(P ), we get Pudlák’s result,
Proposition 10, by combining with Proposition 9. We can also use N0(P ) instead
of N+(P ) and get a result analogous to Proposition 10 in the case where we have
proofs using N0-cuts and G-C cuts.
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5 Monotone Interpolation

Let f : IRn → IR be a real-valued non-decreasing function, that is, if x ≤ y
with x, y in IRn, then f(x) ≤ f(y). Such a function is also called a monotone
function. We use the term “monotone computation” to refer to an application of
a monotone function to given inputs. Examples of monotone unary and binary
functions (referred to as monotone operations) are

tx, r + x, x+ y, �x�, thr(x,−1) (30)

where t is a non-negative number, x and y are real variables, and r is a real
number; thr(x,−1) is a threshold function which returns 0, if x ≤ −1, and
returns 1 otherwise.

Consider a fixed system in (19), and the interpolating algorithm FP men-
tioned in the context of G-C proofs. Once we have computed e−Cz′ in (20), all
further computations to obtain the numbers gi in Proposition 9 are monotone.
We can perform a sequence of monotone operations, with precisely the ones in
(30), to get gi, for i = 1, . . . , k and then apply thr(x,−1) to gk to get FP(z′)
(which is 0 or 1). Further, if all coefficients in C are negative, then it is possible
to compute e−Cz′ and therefore FP(z′) by monotone operations only; the num-
ber of monotone operations is polynomially bounded by the length of the proof
P. This is an example of monotone interpolation. This result is a crucial step in
Pudlák’s proof of an exponential lower bound on the length of G-C proofs.

Razborov [41], and independently Andreev [3], proved super-polynomial lower
bounds on the lengths of sequences of monotone boolean operations (‘and’ and
‘or’) required to compute certain monotone boolean functions. See also [2] and
[10]. Pudlák [39] and Cook and Haken [17] extended the above results to the case
where arbitrary monotone operations are used in computing monotone boolean
functions. The following follows from their results.

Proposition 12. [39] There is a polynomial function p(n) and an exponential
function e(n), such that for every positive integer n, there is a system of inequal-
ities In with the properties:

(i) In has the same form as (19) with C ≤ 0 and has no 0-1 solution,
(ii) In has at most p(n) inequalities and variables,
(iii) Any sequence of monotone operations which has z as input and computes

0 if Ax ≤ e− Cz′ is infeasible and 1 otherwise has length at least e(n).

Pudlák combined the monotone interpolation result mentioned above along with
Proposition 12 to obtain an exponential lower bound on the length of G-C proofs.
To get similar bounds for L-M-G proofs we first prove an effective interpolation
result for N+-cuts.

Theorem 13. Assume that (19) is infeasible and assume that C ≤ 0. If P is
an N∗-proof of infeasibility of (19), then there is an algorithm FP(z) with the
following properties:
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(i) if z′ is any 0-1 assignment to z, then FP computes 0 if Ax ≤ e − cz′ is
infeasible, and 1 otherwise;

(ii) FP performs only monotone computations;
(iii) The number of monotone computation steps performed by FP is bounded

above by a polynomial function of the length of P.

Proof. Let P be an N∗-proof of 0Tx+0T y+0T z ≤ −1 from (19). By Lemma 4, if
P ′ is defined by (21) then P ′ is an N∗-proof of the infeasibility of (20). Now, let
R denote P ′; as in Proposition 11, obtaining the N∗-proof S suffices to decide
whether Ax ≤ e − cz′ is feasible or not. We proceed as in the case of G-C
proofs and first compute e− Cz′ and then the numbers g1, g2, . . . , gk described
in Proposition 11, and finally thr(gk,−1) to get FP(z′).

If C ≤ 0 then e−Cz′ can be obtained by monotone operations. The numbers
g1, g2, . . . , gk can be obtained by monotone computations. To see this, observe
that the following computation

max{aTi x |x ∈ N+(P )},

P = {x ∈ Q | aT1 x ≤ g1, . . . , aTi−1x ≤ gi−1} , (31)

performed in (29), is monotone in the inputs g1, g2, . . . , gi−1. If the numbers
g1, . . . , gi−1 are increased, then P is larger, and so is N+(P ), and the maximum
in (31) increases.

Finally, assume (19) has m inequalities and n variables. Computing e− Cz′

requires at most 2mn monotone operations. The numbers g1, g2, . . . , gk each re-
quire a monotone computation of the form (31). Hence, the number of monotone
computation steps is at most 2nL, where L is the length of P (here m ≤ L). ��

Theorem 13 does not yield an exponential lower bound on the length of N∗-
proofs as all monotone computations do not have a bounded number of inputs
(they are not monotone operations, for example). But we can prove:

Theorem 14. Any lift-and-project cutting-plane proof of infeasibility of the sys-
tem In given in Proposition 12 has exponential length (in n).

Proof. Let O be a lift-and-project cutting-plane proof of length L of the infea-
sibility of In for a given integer n. Every Oi is a lift-and-project cut (say with
respect to the variable xk; this variable changes with i) for O1, . . . ,Oi−1. There-
fore Oi is equal to αq1 +βq2 +λ(x2

k−xk) for some α, β ≥ 0 and some λ, where q1
and q2 are inequalities implied by O1, . . . ,Oi−1. Define a sequence P of length
at most 3L by

P3i−2 ≡ q1, P3i−1 ≡ q2, P3i ≡ Oi . (32)

As lift-and-project cuts are also N0-cuts, P is an N0-cutting-plane proof of 0Tx+
0T y + 0T z ≤ −1 with the special property that each inequality is either a non-
negative linear combination of p(n)+1 previous inequalities in P (In has at most
p(n) variables) or is an N0-cut derived from at most two previous inequalities.
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If in Theorem 13, we replace N∗ by N0, we get an interpolating algorithm
FP which performs only monotone operations. To see this, let z′ be some 0-
1 assignment to z, and let R ≡ P ′ where P ′ is defined as in (21). As in the
proof of Proposition 11 define the proofs S and T from R with the following
property. If Ri = λ1R1 + · · ·+λi−1Ri−1 for non-negative numbers λ1, . . . , λi−1,
then Si equals λ1S1 + · · ·+ λi−1Si−1 and Ti equals λ1T1 + · · ·+ λi−1Ti−1. If Ri
is the inequality aTi x + bTi y ≤ di and is an N0-cut derived from two previous
inequalities, say Rj and Rl, then Si is the inequality aTi x ≤ gi such that

gi = max{aTi x |x ∈ N0(P )},
P = {x ∈ Q | aTj x ≤ gj , aTl x ≤ gl} . (33)

Similarly Ti is the inequality bTi y ≤ hi derived as an N0-cut from bTj y ≤ hj and
bTl y ≤ hl; also gi + hi ≤ di. Hence, if P has k inequalities, then either gk ≤ −1
or hk ≤ −1. Also, g1, g2, . . . , gk can be computed by monotone operations only.
Either gi is the non-negative linear combination of p(n) + 1 previous numbers
from g1, . . . , gi−1 (this requires 2(p(n) + 1) monotone operations) or gi is com-
puted as in (33), which is a monotone operation. The result follows. ��

The next result implies that any N0-cutting-plane proof of the infeasibility
of In, given in Proposition 12, must have exponential length.

Lemma 15. Let P be an N0-proof of cTx ≤ d, from some polytope in Qn, of
length L. There is a lift-and-project cutting-plane proof of cTx ≤ d of length at
most (n+ 1)L.

Proof. Let aTx ≤ b be an inequality in the proof. Let P = {x |Ax ≤ b} be the
polytope defined by the inequalities used in deriving aTx ≤ b as an N0-cut. By
Lemma 6, N0(P ) = ∩iPi, where Pi is the lift-and-project operator with respect
to the variable xi. Therefore N0(P ) is completely defined by the inequalities
defining the polytopes Pi. Hence, by Carathéodory’s Theorem, aTx ≤ b is a
nonnegative linear combination of n inequalities gT1 x ≤ h1, . . . , g

T
n x ≤ hn, where

for i = 1, . . . , n, gTi x ≤ hi is valid for some Pk (1 ≤ k ≤ n). It follows that
aTx ≤ b is a nonnegative linear combination of n lift-and-project cuts for P .
Let R be a sequence of inequalities such that aTx ≤ b in P is replaced by
the inequalities gT1 x ≤ h1, . . . , g

T
n x ≤ hn and aTx ≤ b (in order). In R, every

inequality is either a nonnegative linear combination of previous inequalities or
a lift-and-project cut derived from previous inequalities; hence R is a lift-and-
project cutting-plane proof of length at most (n+ 1)L. ��

Combining Proposition 9, Proposition 12, Theorem 14 and Lemma 15, we
get the following theorem.

Theorem 16. Let In be as in Proposition 12. Then any cutting-plane proof of
infeasibility which uses only N0-cuts, lift-and-project cuts and G-C cuts must
have exponential length, i.e., length at least e(n)/h(n) where e(n) is the expo-
nential function in Proposition 12, and h(n) is some polynomial function of n.
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To get an exponential lower bound on the length of branch-and-cut proofs for
In, we prove the following lemma.

Lemma 17. Let P ⊆ Qn be a polytope which does not contain 0-1 points. Let P
be an L-M-G branch-and-cut proof of 0Tx ≤ −1 from P , with m cutting planes
and k branches. Then there is an L-M-G cutting-plane proof of 0Tx ≤ −1 with
length exactly m+ k.

Proof. As discussed earlier, every lift-and-project cut is an N0-cut; so we can
assume that the cuts in the proof are either N0-cuts or Gomory-Chvátal cuts.
Assume P has exactly one branch and s inequalities in the left branch and t
inequalities in the right branch. Further assume that the very first step in the
branch-and-cut proof consists of branching on the variable x1. In the the left
branch, we impose the condition x1 = 0 and in the right branch the condition
x1 = 1.

Let the inequalities in the left branch be aT1 x ≤ b1, aT2 x ≤ b2, . . .. Let aT1 x ≤
b1 be an N0-cut for P and the inequality x1 = 0. We can assume that aT1 x ≤ b1 is
an N0-cut for P ∩{x |x1 = 0}, i.e., aT1 x ≤ b1 is an N0(P ∩{x |x1 = 0})-cut. From
Lemma 4 and the subsequent discussion, we know that aT1 x ≤ b1 can be “rotated”
to get an N0-cut for P of the form aT1 x + α1x1 ≤ b1 for some number α1. To
continue this process, for i = 2, . . . , s do the following: if aTi x ≤ bi is an N0-cut
from P , x1 = 0, and the inequalities aT1 x ≤ b1, . . . , a

T
i−1x ≤ bi−1, let Pi−1 equal

P intersected with the inequalities aT1 x+α1x1 ≤ b1, . . . , aTi−1x+αi−1x1 ≤ bi−1.
Then aTi x ≤ bi is an N0(Pi−1 ∩ {x |x1 = 0})-cut and can be rotated to get an
N0(Pi−1)-cut of the form aTi x + αix1 ≤ bi. This rotation process can also be
performed if aTi x ≤ bi is a Gomory-Chvátal cut. Similarly an inequality cTi ≤ di
in the right branch gets rotated to cTi x+ βi(1− x1) ≤ di for some βi.

The last inequality in the left branch is mapped to 0Tx + αsx1 ≤ −1 and
the last inequality in the right branch is mapped to 0Tx + βt(1 − x1) ≤ −1.
Multiplying the first of these two inequalities by (1− x1) and the second by x1,
replacing x2

1 by x1, and adding, we get the inequality 0Tx ≤ −1 as an N0-cut.
Observe that we have removed a branch and replaced it by an N0-cut, to get a
cutting-plane proof of infeasibility of length s+ t+ 1.

If a branch-and-cut proof has many branches, we can start from the lowermost
branches, and recursively eliminate the branches by adding an extra N0-cut for
every branch eliminated. This completes the proof. ��

The exponential lower bounds on the length of L-M-G branch-and-cut proofs
follows immediately from Theorem 16.
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Abstract. We study the mixed 0-1 knapsack polytope, which is defined
by a single knapsack constraint that contains 0-1 and bounded continu-
ous variables. We develop a lifting theory for the continuous variables. In
particular, we present a pseudo-polynomial algorithm for the sequential
lifting of the continuous variables. We introduce the concept of super-
linear inequalities and show that our lifting scheme can be significantly
simplified for them. Finally, we show that superlinearity results can be
generalized to nonsuperlinear inequalities when the coefficients of the
continuous variables lifted are large.

1 Introduction

Lifted cover inequalities, derived from 0-1 knapsack inequalities, have proven to
be a useful family of cuts for solving 0-1 integer programs by branch-and-cut
algorithms. The idea was first proposed by Crowder, Johnson and Padberg [5],
with the theoretical foundation coming from the studies of the 0-1 knapsack
polytope by Balas [3], Balas and Zemel [2], Hammer, Johnson and Peled [15]
and Wolsey [23]. A computational study is presented in Gu, Nemhauser and
Savelsbergh [13]. In order to extend these ideas to the mixed integer case, in
which continuous variables are present as well, it is necessary to develop a lifting
theory for the continuous variables. In this paper we study the polytope gener-
ated by a mixed 0-1 knapsack inequality with an arbitrary number of bounded
continuous variables and we develop a lifting theory for them.

Although we are not aware of any previous study of the mixed 0-1 knapsack
polytope, valid inequalities and facets for related polyhedra have been known
for quite some time. For example, there are the mixed integer cuts introduced
by Gomory [11], the MIR inequalities introduced by Nemhauser and Wolsey
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[17], and the mixed disjunctive cuts introduced by Balas, Ceria and Cornuéjols
[1]. More closely related to our study is the “0-1 knapsack polyhedron with
a single nonnegative continuous variable” introduced by Marchand and Wolsey
[16]. However, as we discuss in the next section, our polytope yields more general
results with respect to generating cuts.

Given M = {1, . . . ,m}, N = {1, . . . , n}, the sets of integers {a1, . . . , am},
{b1, . . . , bn}, and the integer d, let

S = {(x, y) ∈ {0, 1}m × [0, 1]n |
∑

j∈M
ajxj +

∑

j∈N
bjyj ≤ d}.

We define the mixed 0-1 knapsack polytope as PS = conv(S). Note that the
choice of 1 as an upper bound for the (bounded) continuous variables is without
loss of generality, since they can be rescaled. We assume throughout the paper
that

Assumption 1. M �= ∅ and N �= ∅.

Assumption 2. 0 < aj ≤ d ∀j ∈M , and 0 < bj ≤ d ∀j ∈ N .

If Assumption 1 is not satisfied, PS is either trivial (M = ∅) or has already been
studied (N = ∅). Clearly, there is no loss of generality in Assumption 2.

We now give a few results about PS and its inequality description. Whenever
it is clear from the context, we use the term facet to denote the corresponding
inequality as well.

Proposition 1. PS is full-dimensional. �

Some inequalities of the linear description of PS are easy to explain. We give
their characterization in the following proposition.

Proposition 2. The inequality

xi ≥ 0 (1)

is a facet of PS ∀i ∈M . The inequality

xi ≤ 1 (2)

is a facet of PS for i ∈ M iff max{aj | j ∈ M − {i}} + ai ≤ d and ai < d. The
inequality

yi ≥ 0 (3)

is a facet of PS ∀i ∈ N . The inequality

yi ≤ 1 (4)

is a facet of PS for i ∈ N iff max{aj | j ∈M}+ bi ≤ d. �
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We call the inequalities of Proposition 2 trivial. Another trivial inequality that
may or may not be a facet of PS is the initial knapsack inequality. It does
not seem that there exists a simple characterization of when this inequality
is a facet except for particular cases, as for example, when the coefficients of
the continuous variables are big (see Marchand and Wolsey [16] and Sect. 2).
Sufficient conditions can also be derived from Theorem 4 presented later. In the
remainder of the paper, we characterize some families of nontrivial facets of PS
that can be obtained by sequential lifting. The nontrivial facets of PS satisfy
the following proposition.

Proposition 3. Assume that
∑
j∈M αjxj +

∑
j∈N βjyj ≤ δ is a facet of PS

that is not a multiple of (1) or (3). Then αj ≥ 0 for j ∈ M , βj ≥ 0 for j ∈ N ,
and δ > 0. �

In Sect. 2 we discuss why the polytope we study is more general than the
polyhedron of Marchand and Wolsey. In Sect. 3 we develop sequential lifting
schemes for continuous variables. For the sequential lifting of continuous vari-
ables fixed at 0 (“lifting from 0”), we show that the lifting coefficients are 0
almost always (Theorem 2). Finally, we consider the sequential lifting of con-
tinuous variables fixed at 1 (“lifting from 1”), which is much more interesting
and difficult, and we give a pseudo-polynomial algorithm for it (Theorem 5). In
Sect. 4 we present a way to alleviate some of the computational burden associ-
ated with our lifting scheme by imposing structure on the inequality to be lifted
and we introduce the concept of superlinear lifting (Theorem 7). In Sect. 5 we
present another way to reduce the amount of computation in our algorithm by
imposing restrictions on the coefficients of the continuous variables to be lifted
(Theorem 11). We conclude in Sect. 6 with some discussion on how our lifting
theory can be used algorithmically.

2 A Related Polyhedron

Let

T = {(x, s) ∈ {0, 1}m × [0,∞) |
∑

j∈M
ajxj ≤ d+ s} .

Marchand and Wolsey [16] studied the 0-1 knapsack polyhedron with a sin-
gle nonnegative continuous variable PT = conv(T ). The polytope PS and the
polyhedron PT are similar. However, as we show in this section, because PS
is bounded and has more than one continuous variable, it is possible to derive
from it certain cuts for 0-1 mixed integer programming that cannot be derived
from PT . We first show that PS with |N | = 1 is more general than PT because
it is bounded. Then we show that PS with more than one continuous variable
is more general than the polytope obtained by aggregating them into a single
continuous variable.

When |N | = 1, there exists a natural transformation that converts a polytope
of the form PS into a polyhedron of the form PT and vice-versa. The simple
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addition of the constraint s ≤ µ transforms PT into PS after adequately scal-
ing and complementing the continuous variable. We call the resulting polytope
PS′ = conv{(x, y) ∈ {0, 1}m× [0, 1] | ∑j∈M ajxj +µy ≤ d+µ}, where y = µ−s

µ .
When µ is large enough, the facets of PS′ are in one-to-one correspondence with
the facets of PT (if we remove the facet y ≥ 0 from the linear description of
PS′).

Now consider a transformation from PS with a single continuous variable to
PT . If we scale and complement the variable y, defining s = b − by, we obtain
an equivalent polytope where 0 ≤ s ≤ b. Suppose we relax the upper bound on
s (i.e. we relax the lower bound on y). Then we obtain a polytope of the form
PT that we call PT ′ = conv{(x, s) ∈ {0, 1}m× [0,∞) | ∑j∈M ajxj ≤ d− b+ s}.
In general, there is no bijection between the facets of PS and those of PT ′,
although valid inequalities for PT ′ can be turned into valid inequalities of PS
by substituting s = b−by. However, even when starting from a facet of PT ′, this
procedure is not guaranteed to generate a facet of PS as the following example
illustrates.

Example 1. Consider the polytope PS defined by

12x1 + 8x2 + 8x3 + 7x4 + 5y ≤ 24 .

Let s = 5−5y. Introduce s in the previous inequality and relax its upper bound.
The inequality becomes

12x1 + 8x2 + 8x3 + 7x4 ≤ 19 + s,

which is in the format studied by Marchand and Wolsey. The inequality

8x1 + 4x2 + 8x3 + 7x4 ≤ 15 + s

is a facet of the polytope PT ′. Substituting back s = 5− 5y, we obtain

8x1 + 4x2 + 8x3 + 7x4 + 5y ≤ 20 .

This inequality is not a facet of PS since it defines a face whose dimension is
only 3. �

Now we show that we need to consider several continuous variables to de-
scribe the most general results about facets. Consider the polytopes PS1 =
conv{(x, y) ∈ {0, 1}m × [0, 1] | ∑j∈M ajxj + by ≤ d} and PSn = conv{(x, y) ∈
{0, 1}m × [0, 1]n | ∑j∈M ajxj +

∑
j∈N bjyj ≤ d}. Note that any polytope of the

form PSn can be turned into a polytope of the fom PS1 by defining y =
∑

j∈N bjyj

b
and b =

∑
j∈N bj . If facets of PS1 are known, the substitution y =

∑
j∈N bjyj

will turn them into valid inequalities for PSn. There are two main issues re-
garding this aggregation procedure. The first is that the inequality generated is
not necessarly a facet of PSn. The second is that there are many facets of PSn
that cannot be obtained in this way. The following example illustrates this last
observation.
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Example 2. Consider the polytope PS defined by

30x1 + 25x2 + 23x3 + 20x4 + 18x5 + 17x6 + 13x7 + 12x8 + 16y1 + 7y2 ≤ 103 .

The linear description of this polytope was obtained using Porta [4] and contains
3114 inequalities. The following five

2x1 + 2x2 + 2x3 + 2x4 + x5 + x6 + x7 + x8 ≤ 8, (5)
4x1 + 4x2 + 4x3 + 4x4 + 4x5 + 4x6 + 4x7 + 16y1 ≤ 16, (6)
6x1 + 4x2 + 4x3 + 4x4 + 2x5 + 2x6 + 2x7 + 2x8 + 7y2 ≤ 23, (7)

16x1 + 16x2 + 12x3 + 12x4 + 12x5 + 8x6 + 8x7 + 8x8 + 16y1 + 7y2 ≤ 71, (8)
20x1 + 20x2 + 15x3 + 15x4 + 15x5 + 10x6 + 10x7 + 10x8 + 48y1 + 7y2 ≤ 115, (9)

are some of them. �

Only inequalities (5) and (8) can be derived by the above procedure. But in-
equalities (6) and (7) of Example 2 suggest a more general aggregation technique
to obtain facets of PSn. Here, we choose J ⊆ N and define y =

∑
j∈J bjyj

b where
b =

∑
j∈J bj . PSn can be converted into PS1 by dropping all the variables yj

for j ∈ N\J and replacing
∑
j∈J bjyj with by. If facets of PS1 are known, the

substitution y =
∑

j∈J bjyj

b will turn them into valid inequalities of PSn. The
disadvantages of this aggregation procedure are identical to the ones described
for the initial one. The inequalities generated are not necessarly facets and there
are some facets of PSn that cannot be explained in this way. Inequality (9) of
Example 2 illustrates this last disadvantage. We note, however, that aggregation
can be helpful practically since many facets of PSn can be obtained in this way.
Therefore we will refer to inequalities that can be scaled in such a way that
coefficients of the continuous variables are either 0 or the given coefficient of the
knapsack inequality as having the ratio property.

3 Lifting Theory for Continuous Variables

Describing facets of high dimensional polytopes can be a difficult task. One alter-
native is to reduce the number of variables by fixing some of them at their upper
or lower bounds to obtain a polytope for which at least one nontrivial inequal-
ity is known. Once such an inequality is available, it is converted progressively
into facets of higher dimensional polytopes by the mechanism known as lifting.
Lifting was introduced in the context of the group problem by Gomory [12]. Its
computational possibilites were emphasized by Padberg [18] and the approach
was generalized by Wolsey [24], Zemel [25] and Balas and Zemel [2]. Although
lifting techniques have been studied extensively for 0-1 variables, see Gu [14],
there has been limited study of lifting for continuous variables (de Farias [10],
de Farias, Johnson and Nemhauser [6,8,7] and de Farias and Nemhauser [9] are
exceptions). The purpose of this section is to develop algorithms for it. In princi-
ple we should investigate the lifting of continuous variables that are fixed at any
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value within the interval [0, 1]. However, we have shown (see Richard, de Farias
and Nemhauser [20]) that when S is defined by only one 0-1 mixed knapsack
inequality, the inequalities obtained by fixing continuous variables at fractional
values are only rarely different from the ones that can be generated from the
fixing of continuous variables at 0 and 1. Thus we focus only on the lifting of
continuous variables fixed to 0 and 1. For the lifting of continuous variables from
0, we show that the lifting coefficients are almost always equal to 0. We also
describe when they are not equal to 0 and how to obtain the lifting coefficients
in this case. Finally, we study the lifting of continuous variables from 1 and we
show that it is much richer and more difficult than the lifting from 0.

3.1 General Lifting Results

Given M0, M1, two disjoint subsets of M , and N0, N1 two disjoint subsets of N ,
we define

S(M0,M1, N0, N1) = S ∩ { (x, y) ∈ {0, 1}m × [0, 1]n |xj = 0∀j ∈M0,

xj = 1∀j ∈M1, yj = 0∀j ∈ N0, yj = 1∀j ∈ N1},

and PS(M0,M1, N0, N1) = conv(S(M0,M1, N0, N1)). Whenever it is clear from
the context, we abbreviate S(M0,M1, N0, N1) as S∗, PS(M0,M1, N0, N1) as
PS∗,M−(M0∪M1) asM∗, N−(N0∪N1) as N∗, and d−∑j∈M1

aj−
∑
j∈N1

bj =
d∗. We also let m∗ = |M∗| and n∗ = |N∗|. Note that PS∗ is defined by the
constraint

∑

j∈M∗
ajxj +

∑

j∈N∗
bjyj ≤ d∗. (10)

We represent nontrivial valid inequalities of PS∗ by

∑

j∈M∗
αjxj +

∑

j∈N∗
βjyj ≤ δ∗. (11)

We assume throughout the paper that:

Assumption 3. i ∈M0 whenever ai > d∗.

Note that, as with Assumption 2, there is no loss of generality in Assumption 3
and it implies that PS∗ is full-dimensional. As a result, it is simpler to lift (11).

In the remainder of this paper, we assume that r1, . . . , rs are distinct elements
of N0 and N1 and that we wish to sequentially lift the corresponding variables
yr1 , . . . , yrs in (11). We denote the associated lifting coefficients by βr1 , . . . , βrs .
Lemma 1 establishes the lifting procedure, see [10,24] for a proof. In the lemma,
i indicates the value we lift from, i.e. 0 or 1. Given a polytope Q we let V (Q) be
the set of its extreme points.
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Lemma 1. Let (11) be a valid (resp. facet-defining) inequality of PS∗. Let i ∈
{0, 1} and let r1, . . . , rs ∈ Ni. Define Ñq

i = Ni − {r1, . . . , rq} and Ñq
1−i = N1−i

for q = 1, . . . , s. Then,

∑

j∈M∗
αjxj +

∑

j∈N∗
βjyj +

s∑

t=1

βrtyrt ≤ δ∗ +
s∑

t=1

iβrt (12)

is a valid (resp. facet-defining) inequality for PS(M0,M1, Ñ
s
0 , Ñ

s
1 ), where βrq is

the optimal value of Li(q):

βrq = (−1)i min (−1)i
∑
j∈M∗ αjxj +

∑
j∈N∗ βjyj +

∑q−1
t=1 βrt(yrt − i)− δ∗

i− yrq

s.t. (x, y) ∈ V (PS(M0,M1, Ñ
q
0 , Ñ

q
1 )) and yrq

∈
[
1− i
brq

, 1− i

brq

]

for q = 1, . . . , s. �
Regardless of whether the lifting coefficients of the continuous variables sat-

isfy the ratio property, they satisfy the following relations.

Theorem 1. Let r ∈ N0 and s ∈ N1 be distinct.

1. If yr1 and yr2 are lifted from 0 in (11) then βr1
br1
≥ βr2

br2
.

2. If yr1 and yr2 are lifted from 1 in (11) then βr1
br1
≤ βr2

br2
.

3. If yr is lifted from 0 and ys is lifted from 1 in (11) then βr

br
≤ βs

bs
(note that

the lifting order is irrelevant in this case). �

3.2 Lifting Continuous Variables from 0 (L0)

We show that the lifting coefficients of the continuous variables fixed at 0 are
almost always zero. We also develop a pseudo-polynomial algorithm when this
is not the case.

Theorem 2. Assume that (11) is a facet of PS∗ that is not a multiple of (10).
Then, when lifting continuous variables from 0 in (11), we have that βr1 = · · · =
βrs

= 0. �
We now consider the lifting of continuous variables from 0 in an inequality

that is a multiple (10). First we consider the case with N∗ �= ∅.
Theorem 3. Let (10) be a facet of PS∗ with N∗ �= ∅. When lifting continuous
variables from 0 in (10) we have that βrq

= brq
for q = 1, . . . , s. �

Now we consider the case where N∗ = ∅. Given a polytope PS∗ with N∗ = ∅,
let

σ = d∗− max
∑

j∈M∗
ajxj

s.t.
∑

j∈M∗
ajxj ≤ d∗ − 1, (13)

xj ∈ {0, 1} ∀j ∈M∗ .
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Theorem 4. Let (10) be a facet of PS∗ with N∗ = ∅. When lifting continuous
variables from 0 in (10), we have that

1. If br1 ≥ σ then βrq = brq for q = 1, . . . , s
2. If br1 < σ then βr1 = σ and βrq = 0 for q = 2, . . . , s. �

Theorem 4 leads to a simple pseudo-polynomial algorithm to perform the
lifting from 0 of continuous variables when (11) is a multiple of (10): we compute
σ by dynamic programming, and then we use Theorem 4 to deduce the lifting
coefficients.

3.3 Lifting Continuous Variables from 1 (L1)
In Lemma 1, we described a formal way to lift continuous variables from 1. In
order to turn it into a practical scheme, we define the function

Λ(w) = min
∑

j∈M∗
ajxj +

∑

j∈N∗
bjyj − d∗

s.t.
∑

j∈M∗
αjxj +

∑

j∈N∗
βjyj = δ∗ + w

xj ∈ {0, 1} ∀j ∈M,yj ∈ [0, 1]∀j ∈ N.

The domain of the function Λ is

W = {w ∈ IR | ∃ (x, y) ∈ {0, 1}m∗× [0, 1]n
∗
s.t.

∑

j∈M∗
αjxj +

∑

j∈N∗
βjyj = δ∗ + w}.

We say that (11) is satisfied at equality at least once, abbreviated SEO, if there
is at least one (x∗, y∗) ∈ S∗ such that

∑
j∈M∗ αjx

∗
j +

∑
j∈N∗ βjy

∗
j = δ∗. For

A ⊆ IR, we define A+ = {x ∈ A |x > 0}.
We focus on the case N∗ = ∅, i.e. we will consider the lifting of continuous

variables from 1 with respect to
∑

j∈M∗
αjxj ≤ δ∗ (14)

(which is purely 0-1 and SEO). The reason for restricting ourselves to this case
is that Λ is a discrete function and it is simpler to obtain the lifting coefficients.
The case N∗ �= ∅ can be treated similarly, see [20].

Let W
q = {w ∈ W |Λ(w) ≤ ∑q

j=1 brj}, S
q = W

q\Wq−1, and T
q = {w ∈

S
q | βrq−1

brq−1
<

w−∑q−1
i=1 βri

Λ(w)−∑q−1
i=1 bri

} for q ∈ {1, . . . , s}.

Theorem 5. When lifting continuous variables from 1 in (14), we have that

1. If T
q = ∅ then βrq

brq
=

βrq−1
brq−1

2. If T
q �= ∅ then βrq

brq
= max{ w−∑q−1

j=1 βrj

Λ(w)−∑q−1
j=1 brj

|w ∈ T
q}
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for q ∈ {1, . . . , s}, where we define βr0
br0

= 0. �

Table 1 gives an algorithm that computes the lifting coefficients of continuous
variables fixed at 1. The algorithm requires W+, the function Λ and the initial
coefficients bi of the continuous variables to be lifted. It outputs θi and the
desired lifting coefficients βi are computed as βi = θibi for i = 1, . . . ,m.

Table 1. Algorithm for the lifting of continuous variables from 1

Lift(W,Λ,b)

θ0 = 0, βold = 0, bold = 0

For i = 1 : m

bnew = bold + bi

θi = θi−1

For Each w ∈W s.t. bold < Λ(w) ≤ bnew

θi = max{θi,
w−βold

Λ(w)−bold }
End For

bold = bnew

βold = βold + θibi

End For

Let w1 and w2 be distinct points of W+. We say that w1 is dominated by w2
if w2 > w1 and Λ(w1) ≥ Λ(w2). It can be shown that it suffices in the algorithm
of Table 1 to consider the nondominated points in the domain of the function Λ.
This result is important because it allows us to compute the sets T

q of Theorem
5 without performing any sorting of the ordinates of Λ. From this observation,
we obtain the complexity of the algorithm.

Theorem 6. The algorithm presented in Table 1 runs in time O(m+ |W+|). �

This algorithm is pseudo-polynomial when the inequalities we lift have no
particular structure. However, for structured inequalities like covers, it is poly-
nomial since |W+| is polynomially bounded in m.

Example 2 (continued). Consider the polytope PS presented in Example 2. Let
N1 = {1, 2}. The inequality

4x1 + 4x2 + 3x3 + 3x4 + 3x5 + 2x6 + 2x7 + 2x8 ≤ 12 (15)

is valid and defines a facet of PS(∅, ∅, ∅, N1). In fact,

4x2 + 3x3 + 3x4 + 3x5 + 2x6 + 2x7 + 2x8 ≤ 8
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is a Chvátal-Gomory inequality with weight 1
6 in PS(∅, {1}, ∅, N1) and can be

extended into a valid inequality of PS(∅, ∅, ∅, N1) by lifting x1, leading to (15).
It can be shown that (15) is a facet of the associated polytope. So assume that
we want to lift from 1 the continuous variables y2 and y1 in this order (i.e.
r1 = 2 and r2 = 1) using Theorem 5. We first need to compute the function Λ
associated with (15). Its values are represented in Table 2.

Table 2. Function Λ associated with (15)

w 1 2 3 4 5 6 7 8 9 10 11

Λ(w) 5 8 18 25 31 38 48 55 61 ∞ 78

We compute the first lifting coefficient using Theorem 5. We have that T
1 =

{1}. Therefore βr1
br1

= max{ w
Λ(w) |w ∈ T

1} = 1
5 . Next, we compute S

2 = {2, 3}
and T

2 = {2}. It follows that

βr2
br2

= max{ w − 7
5

Λ(w)− 7
|w ∈ T

2} =
3
5
.

This shows that the inequality

4x1 + 4x2 + 3x3 + 3x4 + 3x5 + 2x6 + 2x7 + 2x8 +
48
5
y1 +

7
5
y2 ≤ 12 +

48
5

+
7
5

is a facet of PS. In fact, this inequality is (9) from Example 2. �

4 Superlinear Lifting

Our algorithm is not polynomial because |W+| can be large. There are three
directions we can consider to diminish the impact of this pseudo-polynomiality.
The first is to consider families of inequalities for which |W+| is polynomially
bounded (like covers). The second is to determine conditions that would make
the function Λ yield an easier lifting process (and a simpler algorithm than the
one presented before). The third is to impose conditions on the coefficients of
the variables to be lifted so that the lifting algorithm can be simplified. Each
of these three approaches is fruitful in its own way. We will describe the second
one in this section, leaving the third one for Sect. 5, see [21] for details.

Definition 1. The function Λ(w) associated with (14) in PS∗ and the inequality
(14) are said to be superlinear if for w ≥ w∗, w∗Λ(w) ≥ wΛ(w∗) with w∗ =
max argmin{Λ(w) |w ∈W+}. We call w∗ the superlinearity point.

Example 2 (continued). Inequality (15) is not superlinear. In fact, we can see
from Table 2 that w∗ = 1 and Λ(1) = 5. In order for the function Λ to be
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Fig. 1. Function Λ associated with (15)

superlinear, we should have Λ(w) ≥ wΛ(1) which is not true when w = 2. In
Fig. 1, we see that Λ is not superlinear because the point (2, Λ(2)) lies beneath
the line containing the points (0, 0) and (w∗, Λ(w∗)). �

Superlinear inequalities play a pivotal role in our study since when continuous
variables are lifted from 1, the inequality generated always satisfies the ratio
property. Moreover, once their superlinearity point is known, the lifting from 1 of
any continuous variable becomes trivial. Let p = max{i ∈ {0, . . . , s} | ∑i

j=1 brj <
Λ(w∗)}.

Theorem 7. If (14) is superlinear, then in the lifting of continuous variables

from 1 we obtain
βri

bri
= 0 for i = 1, . . . , p and

βri

bri
= w∗

Λ(w∗)−∑p
j=1 brj

for i =
p+ 1, . . . , s. �

Note that Theorem 7 can be used to generate facets of PS. First, we fix
all the continuous variables to 0 or 1, then we generate a facet of the resulting
pure 0-1 knapsack polytope that we finally lift with respect to the continuous
variables. This scheme is restricted by Assumption 3 so that, after we perform the
lifting of continuous variables, we are left with a facet of PS(M0, ∅, ∅, ∅) where
M0 = {i ∈ M | ai ≥ d∗}. Surprisingly, there exists a closed form expression for
lifting the members of M0 that is presented in the next theorem. For a ∈ IR, let
(a)+ = max{a, 0}.
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Theorem 8. Let (N0, N1) be a partition of N , N1 = {1, . . . , n1} and M0 = {i ∈
M | ai ≥ d −∑j∈N1

aj}. Assume that (14) is superlinear and is not a multiple
of (2) and that p < n1. Then

∑

j∈M∗
αjxj +

n1∑

j=p+1

θ̄brjyrj +
∑

j∈M0

(δ∗ + θ̄(a− d∗ − b)+)xj ≤ δ∗ +
n1∑

j=p+1

θ̄brj(16)

is a facet of PS(∅, ∅, N0, ∅) where b =
∑p
j=1 brj and θ̄ = w∗

Λ(w∗)−b . �

The practical relevance of Theorem 8 depends on our ability to find fami-
lies of pure 0-1 facets that are superlinear. We will show next that covers are
superlinear. Let P = conv{x ∈ {0, 1}m | ∑j∈M ajxj ≤ d}. Let (C1, U, C2) be a
partition of M and C1 be a minimal cover in P (U,C) where xi = 0 for i ∈ U
and xi = 1 for i ∈ C2. We say that the inequality

∑

j∈C1

xj +
∑

j∈U
αjxj +

∑

j∈C2

αjxj ≤ |C1| − 1 +
∑

j∈C2

αj (17)

is a partitioned cover inequality based on (C1, U, C2) if it is obtained from the
inequality

∑
j∈C1

xj ≤ |C1| − 1 by sequentially lifting the members of U from 0
and then the members of C2 from 1.

Theorem 9. Let (17) be a facet of P that is a partitioned cover based on
(C1, U, C2). Then Λ(w) ≥ wΛ(1) for w ∈W+. �

We already know, from the algorithm presented in Table 1, how to lift 0-
1 covers in polynomial time. Together with Theorem 8, Theorem 9 provides a
faster technique to construct facets of PS based on 0-1 covers. We illustrate this
technique in the next example.

Example 2 (continued). Let M0 = {3, 4}, M1 = {1, 2}, N0 = {1} and N1 = {2}.
The cover inequality x5 + x6 + x7 + x8 ≤ 3 is a facet of PS∗. It can be turned
into the partitioned cover facet of PS(∅, ∅, N0, N1)

3x1 + 2x2 + 2x3 + 2x4 + x5 + x6 + x7 + x8 ≤ 8

by lifting the variables x3, x4, x1 and x2 in this order. By Theorem 9, this
inequality is superlinear and we have also that Λ(1) = 2. Therefore,

3x1 + 2x2 + 2x3 + 2x4 + x5 + x6 + x7 + x8 +
7
2
y2 ≤ 8 +

7
2

is a facet of PS, which is inequality (7). �
We have shown that the lifting of continuous variables from 1 in a superlinear

inequality always leads to an inequality that satisfies the ratio property. More-
over, as stated in the next theorem, these are the only inequalities for which this
can be guaranteed.

Theorem 10. Assume (14) is not superlinear. Let Λ̄ = min{Λ(w) |w∗Λ(w) <
wΛ(w∗) and w ∈ W+} and w̄ = max argmin{Λ(w) |w∗Λ(w) < wΛ(w∗) and
w ∈W+}. If br1 = Λ(w∗) and br2 = Λ̄− Λ(w∗) then 0 < βr1

br1
<

βr2
br2

. �
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5 Pseudo-superlinear Lifting

Although lifted nonsuperlinear inequalities do not necessarly have the ratio prop-
erty, we would like to understand when they do. Refer to Table 2 and the lifting
of (15). The only reason we obtain two different lifting ratios is because br1 is
too small which forces the point (2, Λ(2)) out of S

1. This suggests that the ratio
property can possibly be salvaged if the first continuous variable lifted has a big
coefficient.

Definition 2. The pseudo-superlinearity ratio of the function Λ(w) associated
with (14) in PS∗ and the inequality (14) is max{ w

Λ(w) | w ∈W+}. Their pseudo-

superlinearity point w̃ is min{w ∈W+ | w
Λ(w) = θ̃}.

The pseudo-superlinearity point can be seen to be a substitute for the su-
perlinearity point when the inequality is not superlinear. This statement is sup-
ported by the following characterization of superlinear inequalities.

Proposition 4. Λ(w) is superlinear if and only if w∗ = w̃. �

Therefore, we can generalize Theorem 8 using w̃ as a substitue for w∗.

Theorem 11. Let (N0, N1) be a partition of N and M0 = {i ∈ M | ai ≥
d −∑j∈N1

aj}. Assume that (14) is not a multiple of (2),
∑p+1
j=1 brj ≥ Λ(w̃)

and p < n1. Then (16) is a facet of PS(∅, ∅, N0, ∅) where b =
∑p
j=1 brj , θ̄ =

max{ w
Λ(w)−b |w ∈W+ ∩ [w∗, w̃]} and w̄ = min{w ∈W+ ∩ [w∗, w̃] | w

Λ(w)−b}. �

Note that Theorem 11 is a result about asymptotic lifting. In fact, if we
assume that br1 ≥ Λ(w̃), we can conclude that βri

bri
= θ̃ for i = 1, . . . , s. On the

other hand, if the inequality we start from is superlinear, we have w∗ = w̄ and
Theorem 11 reduces to Theorem 8 since the condition

∑p+1
j=1 brj

≥ Λ(w̃) becomes
void and θ̄ = w∗

Λ(w∗)−b . Next, we present an example of the asymptotic version
of Theorem 11.

Example 2 (continued). Consider inequality (15), which we already observed is
not superlinear. We can easily establish that its pseudo-superlinearity ratio is
θ̃ = 1

4 and that Λ(w̃) = 8. Now suppose we want to sequentially lift from
1 the continuous variables y1 and y2 in this order (i.e. r1 = 1 and r2 = 2).
Since br1 ≥ Λ(w̃), we can apply Theorem 11 to obtain that inequality (8) from
Example 2,

4x1 + 4x2 + 3x3 + 3x4 + 3x5 + 2x6 + 2x7 + 2x8 +
1
4
(16y1 + 7y2) ≤ 12 +

23
4

is a facet of PS. �

Note that sometimes it is easy to find the pseudo-superlinearity ratio. As
an example, the weight inequalities introduced by Weismantel [22] have θ̃ = 1.
The lifting of continuous variables is therefore easy for them provided that the
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coefficients of the variables to be lifted are large. Large coefficients arise, for
example, in the transformation of PT into PS presented in Sect. 2. This sim-
ple observation gives rise to the following refinement of a theorem by Marc-
hand and Wolsey [16]. Let M0,M1 be nonintersecting subsets of M and define
PT (M0,M1) = {x ∈ {0, 1}m|∑j∈M ajxj ≤ d, xj = 0∀j ∈M0, xj = 1∀j ∈M1}.
Theorem 12. Let M0 = {i ∈M | ai ≥ d}. Assume (14) is a facet of PT (M0, ∅)
which is not a multiple of (2). Then the inequality

∑

j∈M∗

αj

θ̃
xj +

∑

j∈M0

(
δ∗

θ̃
+ (aj − d∗)+)xj ≤ δ∗

θ̃
+ s

is a facet of PT . �

Note that θ̃ = 1 for the weight inequalities and θ̃ = 1
Λ(1) for partitioned

covers.

6 Concluding Remarks and Further Research

We investigated the lifting of continuous variables for the mixed 0-1 knap-
sack polytope. Although our algorithm is in general only pseudo-polynomial,
we showed that it is polynomial for a particular class of well known and exten-
sively used facets of the 0-1 knapsack polytope and we showed how to decrease
its computational burden by introducing the concept of superlinearity. We also
have shown how the lifting is made easier when the continuous variables have
large coefficients. Currently, we are evaluating the practical impact of these re-
sults in the context of cutting plane algorithms. Our mixed integer cuts are
not only strong but robust in the sense that a violated mixed integer cut of
the type given in this paper can always be found when a basic solution to the
linear programming relaxation violates integrality. This observation leads to a
simplex-based algorithm for which finite convergence can be proved [19]. We are
currently testing the significance of using these inequalities in a branch-and-cut
algorithm designed to solve general 0-1 mixed integer programs.
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Abstract. The aim of this note is to point out some combinatorial ap-
plications of a lemma of Scarf, proved first in the context of game theory.
The usefulness of the lemma in combinatorics has already been demon-
strated in [1], where it was used to prove the existence of fractional ker-
nels in digraphs not containing cyclic triangles. We indicate some links of
the lemma to other combinatorial results, both in terms of its statement
(being a relative of the Gale-Shapley theorem) and its proof (in which
respect it is a kin of Sperner’s lemma). We use the lemma to prove a
fractional version of the Gale-Shapley theorem for hypergraphs, which
in turn directly implies an extension of this theorem to general (not nec-
essarily bipartite) graphs due to Tan [12]. We also prove the following
result, related to a theorem of Sands, Sauer and Woodrow [10]: given a
family of partial orders on the same ground set, there exists a system of
weights on the vertices, which is (fractionally) independent in all orders,
and each vertex is dominated by them in one of the orders.

1 Introduction

A famous theorem of Gale and Shapley [5] states that given a bipartite graph
and, for each vertex v, a linear order ≤v on the set of edges incident with v,
there exists a stable matching. Here, a matching M is called stable if for every
edge e �∈ M there exists an edge in M meeting e and beating it in the linear
order of the vertex at which they are incident. (The origin of the name “stable”
is that in such a matching no non-matching edge poses a reason for breaking
marriages: for every non-matching edge, at least one of its endpoints prefers its
present spouse to the potential spouse provided by the edge.) Alternatively, a
stable matching is a kernel in the line graph of the bipartite graph, where the
edge connecting two vertices (edges of the original graph) is directed from the
larger to the smaller, in the order of the vertex of the original graph at which
they meet.
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It is well known that the theorem fails for general graphs, as shown by the
following simple example: let G be an undirected triangle on the vertices u, v, w,
and define: (u, v) >u (w, u), (v, w) >v (u, v), (w, u) >w (v, w). But the theorem
is true for general graphs if one allows fractional matchings, as follows easily
from a result of Tan [12] (see Theorem 3 below). For example, in the example
of the triangle one could take the fractional matching assigning each edge the
weight 1

2 : each edge is then dominated at some vertex by edges whose sum of
weights is 1 (for example, the edge (u, v) is dominated in this way at v).

The notions of stable matchings and fractional stable matchings can be ex-
tended to hypergraphs. A hypergraphic preference system is a pair (H,O), where
H = (V,E) is a hypergraph, and O = {≤v: v ∈ V } is a family of linear orders,
≤v being an order on the set D(v) of edges containing the vertex v. If H is a
graph we call the system a graphic preference system.

A set M of edges is called a stable matching with respect to the preference
system if it is a matching (that is, its edges are disjoint) and for every edge e
there exists a vertex v ∈ e and an edge m ∈M containing v such that e ≤v m.

Recall that a function w assigning non-negative weights to edges inH is called
a fractional matching if

∑
v∈h w(h) ≤ 1 for every vertex v. A fractional matching

w is called stable if every edge e contains a vertex v such that
∑
v∈h,e≤vh

w(h)=1.
As noted, by a result of Tan every graphic preference system has a fractional

stable matching. Does this hold also for general hypergraphs? The answer is yes,
and it follows quite easily from a result of Scarf [11]. This result is the starting
point of the present paper. It was originally used in the proof of a better known
theorem in game theory, and hence gained the name ”lemma”. Its importance
in combinatorics has already been demonstrated in [1], where it was used to
prove the existence of a fractional kernel in any digraph not containing a cyclic
triangle.

Scarf’s lemma is intriguing in that it seems unrelated to any other body of
knowledge in combinatorics. In accord, its proof appears to be of a new type.
The aim of this paper is to bring it closer to the center of the combinatorial
scene. First, by classifying it as belonging to the Gale-Shapley family of results.
Second, by pointing out its similarity (in particular, similarity in proofs) to
results related to Brouwer’s fixed point theorem.

In [4], it was noted that the Gale-Shapley theorem is a special case of a result
of Sands, Sauer and Woodrow [10] on monochromatic paths in edge two-colored
digraphs. This result can also be formulated in terms of dominating antichains
in two partial orders (see Theorem 7 below). We shall use Scarf’s lemma to prove
a fractional generalization of this “biorder” theorem to an arbitrary number of
partial orders.

In [4], a matroidal version of the Gale-Shapley theorem was proved, for two
matroids on the same ground set. Using Scarf’s lemma, we prove a fractional
version of this result to arbitrarily many matroids on the same ground set.

We finish the introduction with stating Scarf’s lemma. (Apart from the orig-
inal paper, a proof can also be found in [1]. The basic ideas of the proof are
mentioned in the last section of the present paper).
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Theorem 1 (Scarf [11]). Let n < m be positive integers, b a vector in IRn+.
Also let B = (bi,j), C = (ci,j) be matrices of dimensions n ×m, satisfying the
following three properties: the first n columns of B form an n×n identity matrix
(i.e. bi,j = δi,j for i, j ∈ [n]), the set {x ∈ IRn+ : Bx = b} is bounded, and
ci,i < ci,k < ci,j for any i ∈ [n], i �= j ∈ [n] and k ∈ [m] \ [n].

Then there is a nonnegative vector x of IRm+ such that Bx = b and the columns
of C that correspond to supp(x) form a dominating set, that is, for any column
i ∈ [m] there is a row k ∈ [n] of C such that ck,i ≤ ck,j for any j ∈ supp(x).

As we shall see in the last section, under the assumption that the columns of
B are in general position and the entries in each row of C are different the proof
of the lemma yields a stronger fact, namely that there exists an odd number of
vectors x as in the lemma.

2 Some Applications

In this section we study some extensions of the stable marriage theorem.

Theorem 2 (Gale-Shapley [5]). If (G,O) is a graphic preference model and
graph G = (V,E) is bipartite then there exists a stable matching. ��
As we mentioned in the introduction, in nonbipartite graphic preference models
Theorem 2 is not true. The first algorithm to decide the existence of a stable
matching in this case is due to Irving [6]. Later on, based on Irving’s proof, Tan
gave a compact characterization of those models that contain a stable matching
[12]. In what follows, we formulate Tan’s theorem.

In a graphic preference model (G,O), a subset C = {c1, c2, . . . , ck} of E is
a preference cycle if c1 <v1 c2 <v2 c3 <v3 . . . <vk−1 ck <vk

c1 for different
vertices v1, v2, . . . , vk of V . A preference cycle C is odd if |C| is odd, otherwise C
is even. A stable partition of model (G,O) is a subset S of E with the following
properties.

1. Any component of S is either a cycle or an edge, and
2. each cycle component of S is a preference cycle, and
3. for any edge e of E \ S there is a vertex v covered by S and incident with e

such that e <v s for any edge s of S incident with v.

It is easy to see that a stable partition with no cycle component is a stable
matching.

Let us define a stable half-matching as a stable fractional matching x so that
2x is an integral vector. Clearly, for a graphic preference model, the support of
a stable half-matching is a stable partition. Also, if S is a stable partition then
xS is a stable half matching, where

xS(e) =






0 if e �∈ S,
1 if e is an edge-component of S,
1
2 if e belongs to a cycle-component of S .
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Theorem 3 (Tan, [12]). Any graphic preference model has a stable partition.

Note that a weaker version of Theorem 3 can be proved the following way:
Define model M′ = (G′,O′) by G′ = (V ′, E′), V ′ := {vm, vw : v ∈ V }, E′ :=
{umvw, uwvm : uv ∈ E} and umvw <um

umv
′
w iff vmuw <uw

v′
muw iff uv <u uv′.

That is, we introduce a bipartite preference model by duplicating the original
one. According to Theorem 2, there is a stable matching M inM′. Define S :=
{uv : umvw ∈ M or vmuw ∈ M}. It is straightforward to check that S satisfies
the first two requirements in the definition of a stable partition, but instead of
3., we have the weaker property

3’. For any edge e of E \S there are two edges s1 and s2 of S such that s1 ≤v e
and s2 ≤u e for some u, v ∈ V . If s1 is an edge-component of S then s1 = s2
is allowed, otherwise s1 �= s2.

However, the above weak version of Theorem 3 does not help us to decide the
existence of a stable matching in a model. In particular, the following fact is not
true with the weaker notion of stable partition.

Observation 4 If S is a stable partition for graphic preference model M =
(G,O) and there are no odd preference cycles in S then there exists a stable
matching of M.

An immediate consequence of Observation 4 and Theorem 3 is that if a model
M is free of odd preference cycles then there is a stable matching of M.

Proof. Throw away each second edge of each cycle in S. By the definition of
a stable partition, what is left from S after these deletions is exactly a stable
matching of M. ��
So if stable partition S does not contain an odd cycle then we immediately see
a stable matching. On the other hand, an odd cycle in S means that no stable
matching exists in M. More specifically, there is the following theorem.

Theorem 5 (Tan [12]). Let M = (G,O) be a graphic preference model and S
be a stable partition of M. If there is an odd cycle C in S then C is present in
each stable partition of M.

To prove Theorem 3, we justify the promised fractional version of the Gale-
Shapley theorem for hypergraphs.

Theorem 6. Any hypergraphic preference system has a fractional stable match-
ing.

Proof. Let (H,O) be a hypergraphic preference system, where H = (V,E) and
O = {≤v: v ∈ V }. Let B be the incidence matrix of H, with the identity matrix
adjoined to it at its left. Let C ′ be a V × E matrix satisfying the following two
conditions:

(1) c′v,e < c′v,f whenever v ∈ e ∩ f and e <v f ,
(2) c′v,f < c′v,e whenever v ∈ f \ e .
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Let C be obtained from C ′ by adjoining to it on its left a matrix so that
C satisfies the conditions of Theorem 1. Let x be a vector as in Theorem 1 for
B and C, where b is taken as the all 1′s vector 1. Define x′ = x|E , namely
the restriction of x to E. Clearly, x′ is a fractional matching. To see that it is
dominating, let e be an edge of H. By the conditions on x, there exists a vertex
v such that cv,e ≤ cv,j for all j ∈ supp(x). Since cv,v < cv,e it follows that
v �∈ supp(x). Since Bx = 1 it follows that supp(x) contains an edge f containing
v (otherwise (Bx)v = 0). Since cv,f ≥ cv,e it follows by condition (2) above that
v ∈ e. The condition (Bx)v = 1 now implies that e is dominated by x at v. ��

In fact, the vector x′ can be assumed to be a vertex of the fractional matching
polytope of H. To see this, write x′ =

∑
αiyi, where αi > 0 for all i,

∑
αi = 1

and the yi’s are vertices of the fractional matching polytope. Then each yi must
be a fractional stable matching. It is well known (see e.g. [8]) that the vertices of
the fractional matching polytope of a graph are half integral, that is, they have
only 0, 1

2 , 1 coordinates. This yields Theorem 3. Next we give a direct proof of
this fact.

Proof (of Theorem 3). Let M = (G,E) be a graphic preference model, x be
a fractional stable matching for M that exists by Theorem 6 and define S :=
supp(x). We shall prove that S is a stable partition. By the stability of x, we
can orient each edge e of E so that the corresponding arc e points to a vertex v
such that ∑

e≤vf

x(f) = 1 . (1)

Let D = (V,A) be the resulted digraph. From (1), it follows that if e, f ∈ S
then e and f have different endvertices. Also, if e,f is a directed path for some
e, f ∈ S then x(f) < 1 as x is a fractional matching. Then (1) yields that there
is an edge g ∈ S such that e,f , g is a directed path. These two properties of S
imply that the components of S correspond to disjoint edges and directed cycles
in D. Condition 3. in the definition of a stable partition holds for S because if
edge e of E \ S is oriented as e = uv then e <v s for any s ∈ S because of (1).
So S = supp(x) is indeed a stable partition ofM. ��
For the sake of completeness we finish this section by proving Theorem 5.

Proof (of Theorem 5). Introduce preference model M′ = (G′,O′) by G′ =
(V,E′), E′ := {eu, ev : e = uv ∈ E, eu and ev are parallel to e}, O′ := {<′

v:
v ∈ V }, where

eu <′
v f

w iff (e <v f or (e = f, u = v, w �= v)) .

(We duplicate all edges, and extend the order to the duplicates in a natural way,
so that we only have to take extra care for the relation of the two copies of the
same edge.)

Observe that if C = {e1, e2, . . . , ek} is a preference cycle of model M such
that ei+1 <vi ei (i is modulo k) then C ′ := {ev11 , e

v2
2 , . . . , e

vk

k } is a corresponding
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preference cycle of model M′. So for any stable partition S of model M there
is a corresponding subset S′ of E′ defined by

S′ :=
⋃
{C ′ : C is a cycle component of S}∪
∪ {eu, ev : e = uv is an edge component of S} .

Observe that S′ is a stable partition of M′ and each component of S′ is a
preference cycle of M′.

Let S and T be stable partitions of model M so that C is an odd cycle
component of S. For the corresponding stable partitions S′ and T ′ ofM′ we get

|S′|+|T ′| ≤ |{(s, t1, t2, v) : s ∈ S′, t1, t2 ∈ T ′, v ∈ V, t1 �= t2, s ≤′
v t1, s ≤′

v t2}|(2)
+|{(t, s1, s2, v) : t ∈ T ′, s1, s2 ∈ S′, v ∈ V, s1 �=s2, t ≤′

v s1, t ≤′
v s2}|(3)

≤ 2|V (S′) ∩ V (T ′)| ≤ |V (S′)|+ |V (T ′)| = |S′|+ |T ′| . (4)

The inequality in (2) is true because of property 3. of stable partitions S′ and
T ′ (note that both S′ and T ′ are 2-regular subgraphs of (V,E′)). The inequality
between (3) and (4) holds because the contribution of each vertex that is covered
by S′ and T ′ is at most two. So there must be equality throughout (2) to (4).
This means that V (S) = V (S′) = V (T ′) = V (T ) (i.e. any two stable partitions
cover the same set of vertices) and that every vertex v of V (S′) contributes
exactly two at (2,3).

From this latter property, it follows that there is no vertex v of V (S′) that is
incident with exactly three edges of S′ ∪ T ′. This is because the contribution of
v can only be two, if these three edges are e, f and g so that e <′

v f , e <′
v g and

e ∈ S′ ∩ T ′. But if we follow the two preference cycle components of S′ and T ′

starting at common edge e then we shall find a vertex u �= v of V (S′) so that u
is incident with exactly three edges of S′ ∪ T ′, and the common edge of S′ and
T ′ is the <′

u-maximal of the three. The contribution to (2,3) of vertex u is only
one, hence the degrees in S′ ∪T ′ can only be 0, 2 and 4. It also follows that if S′

and T ′ share an edge e then the cycle component containing e is the the same
for S′ and T ′.

So assume that the odd cycle component C ′ of S′ is not a component of T ′.
This means that each vertex v of C ′ is incident with exactly four edges of S′∪T ′.
As the contribution of v in (2,3) is exactly two, we have only two possibilities
for vertex v. Either the two <′

v-smaller edges of these four edges belong to S′

and the two <′
v-bigger edges belong to T ′ (in which case we say that v is an

S′-vertex) or vice versa, when v is a T ′-vertex. From property 3. of S′ it follows
that for no edge e = uv of C ′ it can happen that both u and v are S′-vertices.
As C ′ is an odd cycle, it means that there must be an edge e = uv so that both
u and v are T ′-vertices. But then the inequality in (2) is strict at e.

The contradiction shows that C ′ ⊆ T ′, hence C is a component of T . ��
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3 Dominating Antichains and Matroid-Kernels

In [10], there was proved a generalization of the Gale-Shapley theorem by Sands
et al. Its original formulation was in terms of paths in digraphs whose edges are
two-colored. But at its core is a fact about pairs of partial orders.

Let V be a finite ground set and ≤1 and ≤2 be two partial orders on V . A
dominating common antichain of ≤1 and ≤2 is a subset A of V such that A is an
antichain in both partial orders and for any element v of V there is an element
a in A with v ≤1 a or v ≤2 a.

Theorem 7 (see [4,3]). For any two partial orders ≤1 and ≤2 on the same
finite ground set V , there exists a dominating antichain of ≤1 and ≤2. ��

The Gale-Shapley theorem is obtained by applying this theorem to the two
orders on the edge set of the bipartite graph, each being obtained by taking the
(disjoint) union of the linear orders induced by the vertices in one side of the
graph.

The theorem is false for more than two partial orders. But a fractional version
is true. For given partial orders ≤1,≤2, . . . ,≤k on a ground set V , a nonnegative
vector x of IRV+ is called a fractional dominating antichain if x is a fractional
antichain (i.e.

∑
c∈C x(c) ≤ 1 for any chain C of any of the partial orders ≤i)

and x is a fractional upper bound for any element of V , that is for each element
v of V there is a chain v = v0 ≤i v1 ≤i v2 ≤i . . . ≤i vl of some partial order ≤i
with

∑l
j=0 x(vj) = 1. Note that if a fractional dominating antichain x happens

to be integral then it is the characteristic vector of a dominating antichain.

Theorem 8. Any finite set ≤1,≤2, . . . ,≤k of partial orders on the same ground
set V has a fractional dominating antichain.

Proof. For each i ≤ k let Di be the set of maximal chains in the partial order ≤i.
Let J =

⋃
i≤k{i} × Di (that is, J is the union, with repetition, of the families

Di).
Let B′ be the V ×J incidence matrix of the chains of J (that is, for v ∈ V

and a maximal chain D in ≤i, the (v, (i,D)) entry of B′ is 1 if v ∈ D, otherwise
it is 0). Let B := [In, B′] be obtained by adding an n× n identity matrix In in
front of B′.

Next we define a V × J matrix C ′. For v ∈ V and j = (i,D) ∈ J define
C ′
v,j as |D| + 1 if v /∈ D, and as the height of v in D in the order ≤i if v ∈ D.

Append now on the left of C ′ a matrix so that the resulting matrix C satisfies
the conditions of Theorem 1.

Applying Theorem 1 to the above matrices B,C and the all 1’s vector b = 1n,
we get a nonnegative vector x ∈ IRJ ∪V . Let x′ be the restriction of x to IRV . As
B ·x = b = 1, we have B′ ·x′ ≤ 1, meaning that x′ is a fractional antichain. The
domination property of x implies that for any element v of V there is a chain
D of some partial order ≤i such that for any element u from D ∩ supp(x) we
have v ≤i u. Since c(i,D),(i,D) is smallest in row (i,D) of C, it follows that the
column (i,D) of C does not belong to supp(x). The equality (Bx)(i,D) = 1 thus
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means that
∑
d∈D x(d) = 1, showing that

∑
d∈D,d≥iv

x(d) = 1. This proves the
fractional upper bound property of x. ��
Our last application is a generalization of a matroid version of the Gale-Shapley
theorem.

An ordered matroid is a triple M = (E, C,≤) such that (E, C) is a matroid
and ≤ is a linear order on E. For two ordered matroids M1 = (E, C1,≤1) and
M2 = (E, C2,≤2) on the same ground set, a subset K of E is anM1M2-kernel,
if K is independent in both matroids (E, C1) and (E, C2), and for any element e
in E \K there is a subset Ce of K and an index i = 1, 2 so that

{e} ∪ Ce ∈ Ci and e ≤i c for any c ∈ Ce .

Theorem 9 (see [4,3]). For any pairM1,M2 of ordered matroids there exists
an M1M2-kernel. ��

LetM1,M2, . . . ,Mk be ordered matroids on the same ground set E, where
Mi = (E, Ci,≤i). A vector x ∈ IRE+ is called a fractional kernel for matroids
M1,M2, . . . ,Mk if it satisfies the following two properties:

(1) x is fractionally independent, namely
∑
e∈E′ x(e) ≤ ri(E′) for any subset

E′ of E, where ri is the rank function of the matroidMi.
(2) every element e of E is fractionally optimally spanned in one of the ma-

troids, namely there exists a subset E′ of E and a matroidMi, such that e ≤i e′

for any e′ ∈ E′, and
∑
e∈E′ x(e) = ri(E′ ∪ {e}).

Note that a fractional matroid-kernel for two matroids that happens to be
integral is a matroid kernel.

Theorem 10. Every family Mi = (E, Ci,≤i) (i = 1, 2, . . . , k) of ordered ma-
troids has a fractional kernel.

Proof. Let B′ be a matrix whose rows are indexed by pairs (i, F ) , where 1 ≤
i ≤ k and F ⊆ E, and whose columns are indexed by E, the ((i, F ), e) entry
being 1 if e ∈ F , 0 otherwise. Let B := [I,B′].

Define matrix C ′ on the same row and column sets as those of B′, by letting
its ((i, F ), e) entry be the height of e in ≤i if e ∈ F and |F | + 1 otherwise.
Append an appropriate matrix on the left of C ′, so as to get a matrix C as in
Theorem 1. Let b be the vector on E defined by b(i,F ) := ri(F ).

Apply Theorem 1 to B, C and b. Let x be the vector whose existence is
guaranteed in the theorem and x′ be the restriction of x to E. We claim that
x′ is a fractional kernel for our matroids. As Bx = b and both B and x are
nonnegative, we have B′x′ ≤ b. In other words, x′ is fractionally independent.
The domination property of supp(x) yields that for any element e of E there is
a subset F and a matroidMi such that we have

e ≤i f for any element f of F ′ := F ∩ supp(x) . (5)

Since c(i,F ),(i,F ) is smallest in row (i, F ) of C, column (i, F ) does not belong to
supp(x). Thus (Bx)(i,F ) = ri(F ) implies

ri(F ′) ≥
∑

f∈F ′
x′(f) =

∑

f∈F
x(f) = ri(F ) ≥ ri(F ′) .
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In particular, F ′ �= ∅, hence (5) and the definition of ≤i shows that e ∈ F , and
this proves the optimal spanning property of x′. ��

We finish this section by pointing out a difference between Theorem 8 and
Theorem 10. Namely, we show that Theorem 10 (the fractional version of The-
orem 9), together with the well-known fact about the integrality of the matroid
intersection polytope implies Theorem 9. The proof is analogous to the method
of Aharoni and Holzman in [1]. There, they proved the existence of an integral
kernel for any normal orientation of any perfect graph from the existence of a so
called strong fractional kernel and from the linear description of the independent
set polytope of perfect graphs. On the other hand, there is no similar polyhedral
argument to deduce Theorem 7 from Theorem 8.

The polyhedral result that we need here is the following theorem of Edmonds.

Theorem 11 (Edmonds [2]). If M1 = (E, C1) and M2 = (E, C2) are ma-
troids on the same ground set then

conv{χI : I is independent both in M1 and in M2} =

{x ∈ IRE : 0 ≤ x,
∑

f∈F
x(f) ≤ ri(F ) for any i ∈ {1, 2} and F ⊆ E} .

��

Proof (Alternative proof of Theorem 9.). By Theorem 10, there is a fractional
kernel x for ordered matroids M1 and M2. As x is fractionally independent,
Theorem 11 implies that x =

∑l
j=1 λjχ

Ij is a convex combination of the char-
acteristic vectors of common independent sets of M1 and M2. We claim that
any of the Ij-s is an M1M2-kernel.

As x is a fractionally optimally spanning set, for any element e of E there
is an index i ∈ {1, 2} and a subset E′ of E such that wi(e′) ≤ wi(e) for any
element e′ of E and

l∑

j=1

λj |Ij∩E′| =
∑

e∈E′
x(e) = ri(E′∪{e}) ≥

∑

e∈E′∪{e}
x(e) =

l∑

j=1

λj |Ij∩(E′∪{e})| .

This means that each common independent set Ij intersects E′ in ri(E′ ∪ {e})
elements, that is each Ij spans e. ��

In contrast to the above argument, there is no polyhedral proof for Theorem 7
from Theorem 8 along similar lines. Namely, it can happen that for two partial
orders <1 and <2 on the same ground set, a fractional dominating antichain is
not a convex combination of dominating antichains. Figure 1 shows the Hasse
diagrams of two partial orders on four elements. As any two elements of the
common ground set are comparable in one of the partial orders, a dominating
antichain contains exactly one element. However, it is easy to check that the
all- 1

3 vector is a fractional dominating antichain of total weight 4
3 .



On a Lemma of Scarf 185

d

c

a

b

dc a b

Fig. 1. Hasse diagrams of the counterexample partial orders

4 A Link with a Theorem of Shapley

A simplicial complex is a non-empty family C of subsets of a finite ground set
such that A ⊂ B ∈ C implies A ∈ C. Members of C are called simplices or faces.
Let us call a simplicial complex manifold-like if, denoting its rank by n (that is,
the maximum cardinality of a simplex in it is n + 1), every face of cardinality
n in it is contained in two faces of cardinality n+ 1. The dual D∗ of a complex
D is the set of complements of its simplices. Just like in the case of complexes,
members of a dual complex are also called faces.

Lemma 1. If C,D are two manifold-like complexes on the same ground set X,
then the number of maximum cardinality faces of C that are also minimum car-
dinality faces of D∗ is even.

Proof. Let Cmax be the family of faces of C of maximum cardinality and D∗
min

be the set of faces of D∗ of minimum cardinality. We may clearly assume that
these two cardinalities are equal, as otherwise the lemma claims the triviality
that zero is an even number. Fix an element x of X, and define an auxiliary
digraph G on Cmax ∪ D∗

min by drawing an arc from C ∈ Cmax to D ∈ D∗
min if

D \ C = {x}.
Let D ∈ D∗

min. If x �∈ D or D\{x} �∈ C then no arc enters D in G. Otherwise,
as C is manifold-like, there are exactly two different members C1, C2 of Cmax of
the form Ci = D\{x}∪{yi} for some different elements y1, y2 ofX. If y1 �= x �= y2
then the in-degree of D in G is two and D is not a member of Cmax. Else D has
in-degree exactly one, and x ∈ D ∈ Cmax ∩ D∗

min.
Similarly, let C ∈ Cmax. If x ∈ C or C ∪ {x} �∈ D∗ then no arc of G leaves

C. Otherwise, D being manifold-like, there are exactly two members D1, D2 of
D∗
min of the form Di = C ∪ {x} \ {yi} for some different elements y1, y2 of X. If

y1 �= x �= y2 then the out-degree of C is exactly two and C is not a member of
D∗
min. Else the out-degree of C in G is exactly one and x �∈ C ∈ Cmax ∩ D∗

min.
Let G be the underlying undirected graph of G. The above argument shows

that a vertex v of G has degree zero or two if v ∈ Cmax∆D∗
min and v has degree

one if v ∈ Cmax ∩ D∗
min. As the number of odd degree vertices of a finite graph

is even, the lemma follows. ��
What examples are there of manifold-like complexes? Of course, a triangu-

lation of a closed manifold is of this sort. (We call this complex a manifold-
complex.) Another well known example of a dual manifold-like complex is the
cone complex: let X be a set of vectors in IRn, and b a vector not lying in the
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positive cone spanned by any n− 1 elements of X. Consider the set C∗ := {A ⊆
X : b ∈ cone(A)}. It is a well known fact from linear programming that if
b ∈ cone(A), where A ⊂ X, |A| = n and z ∈ X \ A, then there exists a unique
element a ∈ A such that b ∈ cone(A ∪ {z} \ {a}). That is, C∗ is indeed a dual
manifold-like complex.

A third example of a manifold-like complex is the domination complex. Let
C be a matrix as in Theorem 1 with the additional property that in each row
of C all entries are different. Then it is not difficult to check that the family of
dominating column sets together with the extra member [n] is a manifold-like
complex. (For the details, see [1].)

Lemma 1 directly implies a generalization of Sperner’s lemma.

Lemma 2. Let the vertices of a triangulation T of a closed n-dimensional man-
ifold be labeled with vectors from IRn+1. Let b ∈ IRn+1 be a vector that does not
belong to the cone spanned by fewer than n + 1 labels. Then there are an even
number of simplices S of the triangulation with the property that b is in the cone
spanned by the vertex-labels of S.

Proof. Let C be the manifold complex of T . Define family D∗ by

D∗ := {A ⊆ V (T ) : b ∈ cone(L(A))},
where V (T ) is the set of vertices of triangulation T and for subset A of V (T ),
L(A) denotes the set of labels on the vertices of A. By the condition on the
vertex-labels, D∗ is a cone complex. Clearly, the common members of C and D∗

are minimum cardinality faces of C and maximum cardinality faces of D∗. By
Lemma 1, there is an even number of common members of C and D∗, and these
common members are exactly those simplices of T whose labels contain b in their
cone. ��

Sperner’s lemma is obtained from Lemma 2 by taking the n-sphere Sn as the
closed manifold, by choosing the vertex-labels from the standard unit vectors
(0, 0, . . . , 1, . . . , 0) and by fixing b = 1 (the all 1’s vector). This is not the standard
way the lemma is stated, but is well known to be equivalent to it, see e.g. [7]. The
more general Lemma 2 is undoubtedly known, but we do not know a reference
to it. Shapley [9] proved it for the case that the labels are 0, 1 vectors, but his
proof works also for general vectors.

Next we apply Theorem 1 to prove Scarf’s lemma. The proof is essentially
the same as in [1].

Proof (of Theorem 1). By slightly changing vector b and the entries of matrix C,
we can construct vector b′ and matrix C ′ with the following properties. No n−1
columns of B span a cone that contains b′ and if n columns of B span a cone
that contains b′ then this cone also contains b. For C ′ we require that in each
row of C ′ all entries are different, and if cij < cik then for the corresponding
C ′-entires the same holds: c′ij < c′ik.

Define family D∗ on [m] by X ∈ D∗ if and only if coneB(X) (the cone of those
columns of B that are indexed by X) contain b′. Then D∗ is a cone complex, by
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the choice of b′. Let C be the domination complex defined by C ′. By the choice
of B, b′ and C ′, any common member of C and D∗ is a maximum cardinality
face of C and a minimum cardinality face of D∗. So Lemma 1 implies that there
is an even number of such common faces. But a common face of C and D∗ is
either [n] or it corresponds to a dominating set of C ′ (which is also a dominating
set of C) and to a column set of B that contains b′ (hence b as well) in its cone.
As [n] is indeed a common face of C and D∗, we get that there exists a common
face of the second type. ��

Shapley’s theorem can be proved via Brouwer’s fixed point theorem (which is
also easily implied by it). This, and the similarity between its proof and the proof
of Scarf’s lemma, suggests that perhaps there is a fixed point theorem related
to the latter. A supporting fact is that in [4] there was given a proof of Gale-
Shapley’s theorem using the Knaster-Tarski fixed point theorem for lattices.
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Abstract. Seymour proved that the set of odd circuits of a signed binary
matroid (M, Σ) has the Max-Flow Min-Cut property if and only if it does
not contain a minor isomorphic to (M(K4), E(K4)). We give a shorter
proof of this result.

1 Introduction

The matroids considered in this paper are all binary. A signed matroid is a pair
(M,Σ) where M is a matroid and Σ ⊆ E(M). A subset X of elements of M is
called odd (resp. even) if |X ∩Σ| is odd (resp. even). We denote the set of odd
circuits of (M,Σ) by C(M,Σ). We say that Σ′ ⊆ E(M) is a signature of (M,Σ)
if C(M,Σ) = C(M,Σ′). Consider weights w ∈ ZE(M)

+ . We say that a subset P
of C(M,Σ) is a w-packing (of odd circuits) if, for every element e of M , at most
we circuits of P use e. A subset B of E(M) is a cover of (M,Σ) if every odd
circuit of (M,Σ) contains some element of B. It is straightforward to show that
(inclusion-wise) minimal covers are signatures. Evidently, for every w-packing
P and every cover B we must have w(B) ≥ |P|. If equality holds we say that
(M,Σ) packs with respect to weights w. When we = 1 for all e ∈ E(M) then
a w-packing is called a packing and we say that (M,Σ) packs if it packs with
respect to w. A signed matroid (M,Σ) has the Max-Flow Min-Cut property if it
packs with respect to all non-negative integral weights w.

Let e ∈ E(M). The deletion (M,Σ)\e of (M,Σ) is defined as (M\e,Σ −
{e}). The contraction (M,Σ)/e of (M,Σ) is defined as follows: if e �∈ Σ then
(M,Σ)/e := (M/e,Σ); if e ∈ Σ and e is not a loop then there exists a cocircuitD
ofM with e ∈ D and (M,Σ)/e := (M/e,Σ�D). A minor of (M,Σ) is any signed
matroid which can be obtained by a sequence of deletions and contractions. We
say that (M,Σ) is isomorphic to (M ′, Σ′) if after relabeling elements of M ′ we
have C(M,Σ) = C(M ′, Σ′). It is easy to see that the Max-Flow Min-Cut property
is closed under taking minors. We denote by M(K4) the graphic matroid of the
complete graph on four vertices. Note that (M(K4), E(K4)) does not pack, as
� This work supported by a grant from the Natural Sciences and Engineering Research
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there are no two disjoint odd circuits and no edge intersects all odd circuits.
Thus the essence of the next theorem is the “if” direction.

Main Theorem. (Seymour [2]) A signed binary matroid (M,Σ) has the Max-
Flow Min-Cut property if and only if it has no minor that is isomorphic to
(M(K4), E(K4)).

2 A Short Proof

Some of the ideas in this proof were used to give a characterization of evenly-
bipartite graphs [1]. That paper also contains a proof for the graphic case of
Seymour’s theorem. The presentation of the proof below follows closely the pre-
sentation of that proof.

Proof (of the main theorem). Let (M0, Σ0) be a minor-minimal signed binary
matroid which does not have the Max-Flow Min-Cut property. Let e0 be an ele-
ment of M0. Choose w ∈ ZE(M0)

+ such that (M0, Σ0) does not pack with respect
to w and such that it minimizes w(E(M0)) − 3

2we0 . Let (M,Σ) be obtained
by replacing each element f ∈ E(M) by wf parallel elements (where f and its
copies belong to Σ if and only if f ∈ Σ0). Then (M,Σ) does not pack. Let e be
one of the copies of e0. Choose a set F of odd circuits of (M,Σ) such that:

(1) {C − {e} : C ∈ F} are disjoint.
(2) |F| is maximum with respect to (1).
(3) |{C : e ∈ C ∈ F}| is minimum with respect to (1) and (2).

Let (Fe,Fē) be the partition of F into circuits containing e and not containing
e respectively.

Claim 1. |Fe| = 2.

Proof. Choices (1) and (2) for F imply that {C − {e} : C ∈ F} is a maximum
packing of (M,Σ)/e. Because of the choice of (M0, Σ0), (M,Σ)/e packs. Thus
there exists a cover B of (M,Σ)/e with |B| = |F|. Since B is also a cover
of (M,Σ) and since (M,Σ) does not pack, |Fe| ≥ 2. Suppose |Fe| > 2. Let
(M1, Σ1) be obtained by adding an element e1 parallel to e (with Σ1 = Σ if
e �∈ Σ and Σ1 = Σ ∪ {e1} otherwise). By the choice of w, (M1, Σ1) packs and
let F1, B1 be the corresponding packing and cover with |F1| = |B1|. Let F ′ be
obtained by replacing the circuit C of F1 using e1, by C − {e1} ∪ {e}. Since
2 = |{C : e ∈ C ∈ F ′}| < |Fe|, we must have |F ′| < |F|. Thus |B1| < |F|. Since
B1 intersects all circuits of F , e ∈ B1. Since e1 is parallel to e, e1 ∈ B1. But
the packing consisting of the set of circuits of F1 avoiding e1 together with the
cover B1 − {e1} imply that (M,Σ) pack, a contradiction. �	
Let C1, C2 denote the circuits in Fe. Note C1∩C2 = {e}. Recall that in a binary
matroid, every cycle is the union of disjoint circuits.

Claim 2. There are no odd cycles of (M,Σ) in C1 � C2.



190 Bertrand Guenin

Proof. Suppose for a contradiction, there exists an odd cycle C ⊆ C1�C2. Then
C and C1 � C2 � C contain odd circuits, say S and S′ respectively. But then
{S, S′} ∪ Fē contradicts choice (3) for F since e �∈ S ∪ S′. �	
Let (M ′, Σ′) be a minor of (M,Σ) where E(M) − E(M ′) ⊆ C1 � C2. Let
C ⊆ C1 ∪C2 be an odd circuit of (M ′, Σ′). We say that B is a good cover of C if
it is a cover of (M ′, Σ′) and |B −C| = |Fē|. We say that B is a small cover if it
is a cover of (M ′, Σ′) and |B − {e}| = |Fē|. Since circuits of Fē are odd circuits
of (M ′, Σ′) it follows that if B is a good cover of C (resp. if B is a small cover)
then B − C (resp. B − {e}) intersects every odd circuit of Fē exactly once.

Claim 3. Every odd circuit C of (M,Σ) included in C1 ∪ C2 has a good cover.

Proof. Let F ′ be a maximum packing of (M,Σ)\C. Observe that if |F ′| > |Fē|
then F ′ ∪{C} violates either choice (2) or (3) for F . Thus |F ′| = |Fē|. It is easy
to see that (M0, Σ0) has no odd loops. Hence, neither does (M,Σ) and |C| ≥ 2.
It follows from the choice of w that (M,Σ)\C packs. Hence there exists a cover
B′ of (M,Σ)\C with |B′| = |Fē|. Then B := B′ ∪ C is a good cover of C. �	

Claim 4. For every element f �= e there exists a minimum cover B of (M,Σ)
with f ∈ B. Moreover, B intersects every odd cycle included in C1 ∪ C2 exactly
once.

Proof. Because of the choice of w, (M,Σ)\f packs and let F ′, B′ be the cor-
responding packing and cover with |F ′| = |B′|. Since (M,Σ) does not pack,
the size of the minimum cover of (M,Σ) is at least |F ′| + 1 = |B′| + 1. Thus
B := B′ ∪ {f} is a minimum cover of (M,Σ). Suppose for a contradiction there
exists an odd cycle C ⊆ C1 ∪ C2 with |B ∩ C| > 1. As B is minimal, it is a
signature, thus |B ∩C| is odd, hence at least 3. Because B intersects all circuits
of Fē, |B| ≥ |Fē|+3 > |F|. Since (M,Σ)/e packs and since {C−{e} : C ∈ F} is
a maximum packing of (M,Σ)/e, minimum covers of (M,Σ)/e have cardinality
|F|. Hence, minimum covers of (M,Σ) have cardinality at most |F|. But then
B is not a minimum cover, a contradiction. �	
Let (M ′, Σ′) be a minor of (M,Σ) which is minimal and satisfies the following
properties:

(1) E(M)− E(M ′) ⊆ C1 � C2.
(2) There exists odd cycles C ′

1, C
′
2 ⊆ C1∪C2 of (M ′, Σ′) such that {e} = C ′

1∩C ′
2.

(3) Every odd circuit C ⊆ C ′
1 ∪ C ′

2 of (M ′, Σ′) has a good cover.
(4) (M ′, Σ′) has no small cover.
(5) For all f ∈ C ′

1 � C ′
2, there exists f ′ ∈ C ′

1 � C ′
2 such that {f, f ′} intersects

every odd cycle of (M ′, Σ′) included in C ′
1 ∪ C ′

2 exactly once.

We claim that (M,Σ) satisfies properties (1)-(5). (1) is trivial; for (2) choose
C ′

1 = C1, C
′
2 = C2; (3) holds because of Claim 3; (4) is satisfied since (M,Σ) does

not pack. Let f ∈ C1 � C2. Claim 4 implies that f is contained in a minimum
cover B which intersects odd cycles included in C1 ∪ C2 exactly once. Then
C1, C2 imply that B contains exactly two elements in C1�C2. Hence (5) holds.
Thus (M ′, Σ′) is well defined.
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Claim 5. The only odd cycles of (M ′, Σ′) included in C ′
1 ∪ C ′

2 are C ′
1 and C ′

2.

Proof.

Fact (a). Each odd cycle in C ′
1 ∪ C ′

2 is a circuit. In particular C ′
1, C

′
2 are odd

circuits.

Proof (of fact). Otherwise there exists an odd cycle C ⊆ C ′
1 ∪C ′

2 which is not a
circuit. Partition C into an even cycle Ceven and an odd circuit Codd. Consider
(5) and choose f ∈ Ceven. Since Codd is odd, we must have f ′ ∈ Codd, but then
|{f, f ′} ∩ C| = 2, a contradiction. �	
Suppose for a contradiction, there exists an odd cycle C ⊆ C ′

1∪C ′
2 distinct from

C ′
1, C

′
2. We know from Claim 2 that e ∈ C. Note that Fact (a) implies that C

and C̄ := C ′
1 � C ′

2 � C are odd circuits. Define:

P1 := C ′
1 ∩ C − {e} Q1 := C ′

1 ∩ C̄ − {e}
P2 := C ′

2 ∩ C̄ − {e} Q2 := C ′
2 ∩ C − {e}

Note (P1, Q1, {e}) partitions C ′
1 and (P2, Q2, {e}) partitions C ′

2. Since P1∪P2 =
C ′

2�C,Q1 ∪Q2 = C ′
1�C it follows that P1 ∪ P2 and Q1 ∪Q2 are even cycles.

Odd circuits C ′
1, C

′
2, C, C̄ imply,

Fact (b). For f, f ′ as in (5) either one element is in P1 the other in P2, or one
is in Q1 the other in Q2.

Fact (c). Let S, S′ be odd circuits of (M ′, Σ′) which are included in C ′
1∪C ′

2 and
which are disjoint in P1 ∪ P2. Then P1 ∪ P2 ⊆ S ∪ S′.

Proof (of fact). Suppose for a contradiction (P1 ∪ P2)− (S ∪ S′) �= ∅. Consider
f, f ′ as in (5) and choose f ∈ Pi − S − S′ for some i ∈ {1, 2}. Fact (b) implies
f ′ ∈ P3−i. Since S, S′ are disjoint in P1 ∪ P2, {f, f ′} intersects at most one of
S, S′, a contradiction. �	

Case 1: There exists P ⊆ P1 ∪P2, Q ⊆ Q1 ∪Q2 such that P ∪Q∪{e} is an odd
circuit of (M ′, Σ′) such that for all covers B′ of (M ′, Σ′), |B′−P −{e}| > |Fē|.
We may assume, after relabeling, that P∪Q∪{e} corresponds to C ′

1; that the odd
cycles (P ∪Q∪{e})�C ′

1�C ′
2, (P ∪Q∪{e})�(Q1∪Q2) correspond respectively

to C ′
2 and C; and that P1 = P,Q1 = Q. Let (M ′′, Σ′′) := (M ′, Σ′)\P1/P2. We

will show that (M ′′, Σ′′) satisfies conditions (1)-(5) thereby contradicting the
minimality of (M ′, Σ′). Clearly (1) holds. (2) is satisfied since C ′′

1 := Q1 ∪{e} =
C̄ −P2 and C ′′

2 := Q2 ∪{e} = C ′
2−P2 are odd cycles of (M ′′, Σ′′). Let S be any

odd circuit of (M ′′, Σ′′) included in C ′′
1 ∪ C ′′

2 . Then there exists an odd circuit
S′ ⊆ S ∪P2 in (M ′, Σ′). Since C ′

1 and S′ are disjoint in P1 ∪P2, Fact (c) implies
that S′ = S ∪ P2. Fact (a) implies that S̄ := (P1 ∪ P2)� S′ = S ∪ P1 is an odd
circuit of (M ′, Σ′). From (3) we know that there exists a cover B′ of (M ′, Σ′)
such that |B′ − S̄| = |(B′ − P1)− S| = |Fē|. Then B′ − P1 is a good cover of S
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in (M ′′, Σ′′). Thus (3) holds. Note (4) holds by hypothesis (Case 1). Finally, (5)
follows from Fact (b).

Case 2: For all P ⊆ P1∪P2, Q ⊆ Q1∪Q2 such that P ∪Q∪{e} is an odd circuit
of (M ′, Σ′) there exists a cover B′ of (M ′, Σ′) such that |B′ − P − {e}| = |Fē|.
Let (M ′′, Σ′′) := (M ′, Σ′)/(Q1 ∪ Q2). We will show that (M ′′, Σ′′) satisfies
conditions (1)-(5) thereby contradicting the minimality of (M ′, Σ′). Clearly (1)
holds. (2) is satisfied since C ′′

1 := P1∪{e} = C ′
1−Q1 and C ′′

2 := P2∪{e} = C ′
2−Q2

are odd cycles of (M ′′, Σ′′). Consider an odd circuit included in C ′′
1 ∪ C ′′

2 of
(M ′′, Σ′′). It is of the form P ∪ {e} where P ⊆ P1 ∪ P2. Then there is an odd
circuit P ∪Q∪{e} of (M ′, Σ′) where Q ⊆ Q1∪Q2. By hypothesis (Case 2) there
is a cover B′ such that |B′ −P −{e}| = |Fē|. Then B′ is disjoint from Q1 ∪Q2.
Hence, it is a good cover of P ∪ {e} in (M ′′, Σ′′). Thus (3) holds. (4) is satisfied
because (M ′′, Σ′′) is a contraction minor of (M ′, Σ′). Finally, (5) follows from
Fact (b). �	
Let C ′

1, C
′
2 be the odd circuits given in (2). Let B1, B2 be the good covers of

C ′
1, C

′
2 given by (4). Note e ∈ B1 ∩B2.

Claim 6. There exists an odd circuit S of (M ′, Σ′) such that S ∩Bi ⊆ C ′
i−{e}

for i = 1, 2.

Proof. Let T := ((B1 ∪B2)− C ′
1 − C ′

2) ∪ {e}. Suppose for a contradiction, T is
not a cover. Then there exists a minimal cover B ⊆ T . For each C ∈ Fē we have
|B ∩C| ≤ 2. Since B is a signature of (M ′, Σ′), |B ∩C| is odd, hence equal to 1.
But then B is a small cover, a contradiction to (5). Therefore, T is not a cover,
i.e. E(M)− T contains an odd circuit S. �	
Choose S in Claim 6 so that |S − C ′

1 − C ′
2| is minimized. Let (M ′′, Σ′′) :=

(M ′, Σ′)\(E(M ′) − C ′
1 − C ′

2 − S). For i = 1, 2, let B′
i ⊆ C ′

i be the minimal
cover of (M ′′, Σ′′) corresponding to Bi. Note |C ′

i ∩B′
i| is odd, thus in particular

|C ′
i| ≥ 3.

Claim 7. There are no two disjoint odd circuits in (M ′′, Σ′′).

Proof. Let E′ := S − C ′
1 − C ′

2. Consider an odd circuit C of (M ′′, Σ′′) distinct
from C ′

1, C
′
2. Then Claim 5 implies C ∩ E′ �= ∅. Suppose e �∈ C. Then E′ ⊆ C,

for otherwise we would have chosen C instead of S. Moreover, (for i = 1, 2)
C ∩ C ′

i �= ∅ since C ∩B′
i �= ∅. �	

Note {C ′
1, C

′
2, S} implies that covers of (M ′′, Σ′′) have cardinality at least two.

Thus (M ′′, Σ′′) does not pack and by minimality we must have (M,Σ) =
(M ′′, Σ′′). Since (M,Σ)/f packs for all f ∈ E(M) and since (M,Σ) has no
two disjoint odd circuits, M has no parallel elements f, f ′ where both f, f ′ ∈ Σ
or both f, f ′ �∈ Σ. Hence, wf = 1 for every f ∈ E(M0) and (M0, Σ0) = (M,Σ).
Therefore element e plays the same role as any other element of M . Thus for
each f ∈ E(M) we have odd circuits, say Cf1 , C

f
2 , which intersect exactly in f .

Define a graph G as follows: V (G) := E(M) and (f, f ′) ∈ E(G) if and only if
{f, f ′} is a cover of (M,Σ).
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Claim 8. Edges of G form a perfect matching. Moreover, for each (f, f ′) ∈
E(G), {f, f ′} = E(M)− (Cf1 � Cf2 ).

Proof. Claim 4 and the fact that every element plays the same role implies that
every element of (M,Σ) is in a cover of cardinality 2. Thus, every f ∈ E(M)
has degree at least one in G. Let f be any element of M . Odd circuits Cf1 , C

f
2

imply (minimum covers are signatures) that all edges of G with endpoint f have
an endpoint in E(M) − (Cf1 ∪ Cf2 ), and conversely, all edges with an endpoint
in E(M)− (Cf1 ∪Cf2 ) have endpoint f . It follows that for each f ∈ E(M) all its
neighbors in G have degree one. Therefore, edges of G form a perfect matching.
Finally, let f ′, f ′′ ∈ E(M) − (Cf1 ∪ Cf2 ), then both (f, f ′) and (f, f ′′) are edges
of G. Since E(G) is a matching f ′ = f ′′. Thus E(M)− (Cf1 ∪ Cf2 ) = {f ′}. �	
Let e ∈ E(M). Recall |Ce1 |, |Ce2 | ≥ 3. Claim 8 implies that we have elements
f, h ∈ Ce1 − {e}, f ′, h′ ∈ Ce2 − {e}, where (f, f ′), (h, h′) are independent edges
of G. It follows from Claim 8 that {f, h, f ′, h′} = Cf1 � Cf2 � Ch1 � Ch2 . Thus
Ce1�{f, h, f ′, h′} is an odd cycle. It follows from Claim 5 that Ce1�{f, h, f ′, h′} =
Ce2 . Hence, |Ce1 | = |Ce2 | = 3. Let e′ ∈ E(M) be such that {e, e′} is a cover.
Claim 8 implies that E(M) = {e, e′, f, f ′, h, h′}. Then Ce

′
1 = {e′, h, f ′} and Ce

′
2 =

{e′, f, h′}. Since Ce1 , C
e
2 , C

e′
1 , C

e′
2 are also covers of (M,Σ), the only odd circuits

of (M,Σ) are Ce1 , C
e
2 , C

e′
1 , C

e′
2 , i.e. (M,Σ) is isomorphic to (M(K4), E(K4)).
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Abstract. We formulate the problem of deciding which preference do-
mains admit a non-dictatorial Arrovian Social Welfare Function as one
of verifying the feasibility of an integer linear program. Many of the
known results about the presence or absence of Arrovian social welfare
functions, impossibility theorems in social choice theory, and properties
of majority rule etc., can be derived in a simple and unified way from
this integer program. We characterize those preference domains that ad-
mit a non-dictatorial, neutral Arrovian social welfare Function and give a
polyhedral characterization of Arrovian social welfare functions on single-
peaked domains.

1 Introduction

The Old Testament likens the generations of men to the leaves of a tree. It is
a simile that applies as aptly to the literature inspired by Arrow’s impossibil-
ity theorem [2]. Much of it is devoted to classifying those preference domains
that admit or exclude the existence of a non-dictatorial Arrovian social welfare
function (ASWF)1. We add another leaf to that tree. Specifically, we formu-
late the problem of deciding which preference domains admit a non-dictatorial
Arrovian social welfare function as one of verifying the feasibility of an integer
linear program. Many of the known results about the presence or absence of
Arrovian social welfare functions, impossibility theorems in social choice theory,
properties of the majority rule etc., can be derived in a simple and unified way
from this integer program. The integer program also leads to some interesting
new results such as (a) a characterization of preference domains that admit a
non-dictatorial, neutral Arrovian social welfare function; and (b) a polyhedral
characterization of Arrovian social welfare Functions on single-peaked domains.
1 An ASWF is a social welfare function that satisfies the axioms of the Impossibility

theorem.
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Let A denote the set of alternatives (at least three). Let Σ denote the set of
all transitive, antisymmetric and total binary relations on A. An element of Σ
is a preference ordering. The set of admissible preference orderings for members
of a society of n-agents (voters) will be a subset of Σ and denoted Ω. Let Ωn

be the set of all n-tuples of preferences from Ω, called profiles. An element of
Ωn will typically be denoted as P = (p1,p2, . . . ,pn), where pi is interpreted as
the preference ordering of agent i. (In the language of Le Breton and Weymark
[7], we assume the “common preference domain” framework; this assumption
can be relaxed, see Sect. 2.) An n-person social welfare function is a function
f : Ωn → Σ. Thus for any P ∈ Ωn, f(P) is an ordering of the alternatives. We
write xf(P)y if x is ranked above y under f(P). An n-person Arrovian social
welfare function (ASWF) on Ω is a function f : Ωn → Σ that satisfies the
following two conditions:
1. Unanimity: If for P ∈ Ωn and some x, y ∈ A we have xpiy for all i then
xf(P)y.

2. Independence of Irrelevant Alternatives: For any x, y ∈ A suppose
∃P,Q ∈ Ωn such that xpiy if an only if xqiy for i = 1, . . . , n. Then xf(P)y
if an only if xf(Q)y.

The first axiom stipulates that if all voters prefer alternative x to alternative
y, then the social welfare function f must rank x above y. The second axiom
states that the ranking of x and y in f is not affected by how the voters rank
the other alternatives. An obvious social welfare function that satisfies the two
conditions is the dictatorial rule: rank the alternatives in the order of the pref-
erences of a particular voter (the dictator). Formally, an ASWF is dictatorial
if there is an i such that f(P) = pi for all P ∈ Ωn. An ordered pair x, y ∈ A
is called trivial if xpy for all p ∈ Ω. In view of unanimity, any ASWF must
have xf(P)y for all P ∈ Ωn whenever x, y is a trivial pair. If Ω consists only of
trivial pairs then distinguishing between dictatorial and non-dictatorial ASWF’s
becomes nonsensical, so we assume that Ω contains at least one non-trivial pair.
The domain Ω is Arrovian if it admits a non-dictatorial ASWF.

The main contributions of this paper are summarized below.

• We provide an integer linear programming formulation of the problem of
finding an n-person ASWF. For each Ω we construct a set of linear inequal-
ities with the property that every feasible 0-1 solution corresponds to an
n-person ASWF.
• When restricted to the class of neutral ASWF’s the integer program yields a

simple and easily checkable characterization of domains that admit neutral,
non-dictatorial ASWF’s. This result contains as a special case the results of
Sen [14] and Maskin [8] about the robustness of the majority rule.
• For the case when Ω is single-peaked, we show that the polytope defined by

the set of linear inequalities is integral: the vertices of the polytope corre-
spond to ASWF’s and every ASWF corresponds to a vertex of the polytope.
This gives the first characterization of ASWF’s on this domain. The same
proof technique yields a characterization of the generalized majority rule on
single peaked domains, originally due to Moulin [10].
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• We show that the computational complexity of deciding whether a domain is
Arrovian depends critically on the way the domain is described. We propose a
graph-theoretical method to identify stronger linear inequalities for ASWF’s.
For cases with a small number of alternatives (3 or 4), our approach is able
to characterize the polytope of all ASWF’s. Thus for any Ω and any set of
alternatives size at most 4 we characterize the polyhedral structure of all
ASWF’s.

2 The Integer Program

Denote the set of all ordered pairs of alternatives by A2. Let E denote the set
of all agents, and Sc denote E \ S for all S ⊆ E.

To construct an n-person ASWF we exploit the independence of irrelevant
alternatives condition. This allows us to specify an ASWF in terms of which
ordered pair of alternatives a particular subset, S, of agents is decisive over.

Definition 1. For a given ASWF f , a subset S of agents is weakly decisive for
x over y if whenever all agents in S rank x over y and all agents in Sc rank y
over x, the ASWF f ranks x over y.

Since this is the only notion of decisiveness used in the paper, we omit the
qualifier ‘weak’ in what follows.

For each non-trivial element (x, y) ∈ A2, we define a 0-1 variable as follows:

dS(x, y) =
{

1, if the subset S of agents is decisive for x over y;
0, otherwise.

If (x, y) ∈ A2 is a trivial pair then by default we set dS(x, y) = 1 for all S �= ∅.
Given an ASWF f , we can determine the associated d variables as follows:

for each S ⊆ E, and each non-trivial pair (x, y), pick a P ∈ Ωn in which agents
in S rank x over y, and agents in Sc rank y over x; if xf(P)y, set dS(x, y) = 1,
else set dS(x, y) = 0.

In the rest of this section, we identify some conditions satisfied by the d
variables associated with an ASWF f .
Unanimity: To ensure unanimity, for all (x, y) ∈ A2, we must have

dE(x, y) = 1. (1)

Independence of Irrelevant Alternatives: Consider a pair of alternatives
(x, y) ∈ A2, a P ∈ Ωn, and let S be the set of agents that prefer x to y in P.
(Thus, each agent in Sc prefers y to x in P.) Suppose xf(P)y. Let Q be any
other profile such that all agents in S rank x over y and all agents in Sc rank y
over x. By the independence of irrelevant alternatives condition xf(Q)y. Hence
the set S is decisive for x over y. However, had yf(P)x a similar argument would
imply that Sc is decisive for y over x. Thus, for all S and (x, y) ∈ A2, we must
have

dS(x, y) + dSc(y, x) = 1. (2)
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A consequence of Eqs. (1) and (2) is that d∅(x, y) = 0 for all (x, y) ∈ A2.
Transitivity: To motivate the next class of constraints, it is useful to consider
the majority rule. If the number n of agents is odd, the majority rule can be
described using the following variables:

dS(x, y) =
{

1, if |S| > n/2,
0, otherwise.

These variables satisfy both (1) and (2). However, if Ω admits a Condorcet
triple (e.g., p1,p2,p3 ∈ Ω with xp1yp1z, yp2zp2x, and zp3xp3y), then such a
rule does not always produce an ordering of the alternatives for each preference
profile. Our next constraint (cycle elimination) is designed to exclude this and
similar possibilities.

Let A, B, C, U , V , and W be (possibly empty) disjoint sets of agents whose
union includes all agents. For each such partition of the agents, and any triple
x, y, z,

dA∪U∪V (x, y) + dB∪U∪W (y, z) + dC∪V ∪W (z, x) ≤ 2, (3)

where the sets satisfy the following conditions (hereafter referred to as conditions
(*)):

A �= ∅ only if there exists p ∈ Ω, xpzpy,
B �= ∅ only if there exists p ∈ Ω, ypxpz,
C �= ∅ only if there exists p ∈ Ω, zpypx,
U �= ∅ only if there exists p ∈ Ω, xpypz,
V �= ∅ only if there exists p ∈ Ω, zpxpy,
W �= ∅ only if there exists p ∈ Ω, ypzpx.

The constraint ensures that on any profile P ∈ Ωn, the ASWF f does not
produce a ranking that “cycles”.

Theorem 1. Every feasible integer solution to (1)-(3) corresponds to an ASWF
and vice-versa.

Proof. Given an ASWF, it is easy to see that the corresponding d vector satisfies
(1)-(3). Now pick any feasible solution to (1)-(3) and call it d. To prove that d
gives rise to an ASWF, we show that for every profile of preferences from Ω,
d generates an ordering of the alternatives. Unanimity and Independence of
Irrelevant Alternatives follow automatically from the way the dS variables are
used to construct the ordering.

Suppose d does not produce an ordering of the alternatives. Then, for some
profile P ∈ Ωn, there are three alternatives x, y and z such that d ranks x over
y, y over z and z over x. For this to happen there must be three non-empty sets
H, I, and J such that

dH(x, y) = 1, dI(y, z) = 1, dJ(z, x) = 1,
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Fig. 1. The sets and the associated orderings

and for the profile P, agent i ranks x over y (resp. y over z, z over x) if and
only if i is in H (resp. I, J). Note that H ∪ I ∪ J is the set of all agents, and
H ∩ I ∩ J = ∅.

Let
A← H \ (I ∪ J), B ← I \ (H ∪ J), C ← J \ (H ∪ I),

U ← H ∩ I, V ← H ∩ J,W ← I ∩ J.
Now A (resp. B, C, U , V , W ) can only be non-empty if there exists p in Ω with
xpzpy (resp. ypxpz, zpypx, xpypz, zpxpy, ypzpx).

In this case constraint (3) is violated since

dA∪U∪V (x, y)+dB∪U∪W (y, z)+dC∪V ∪W (z, x) = dH(x, y)+dI(y, z)+dJ(z, x) = 3.

��
For the case n = 2, constraint (3) can be simplified as follows: (i) if for some

p,q ∈ Ω and x, y, z ∈ A, we have xpypz and yqzqx, then

dS(x, y) ≤ dS(x, z), (4)
dS(z, x) ≤ dS(y, x); (5)

and (ii) if for some p ∈ Ω and x, y, z ∈ A, we have xpypz, then

dS(x, y) + dS(y, z) ≤ 1 + dS(x, z), (6)
dS(z, y) + dS(y, x) ≥ dS(z, x). (7)

These inequalities, discovered earlier by Kalai and Muller [5], are called decisive-
ness implications. Thus, Constraints (3) generalize the decisiveness implication
conditions to n ≥ 3. We will sometimes refer to (1)-(3) as IP.

General Domains. The IP characterization obtained above can be generalized
to the case in which the domain of preferences for each voter is non-identical. In
general, let D be the domain of profiles over alternatives. In this case, for each
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set S, the dS variables need not be well-defined for each pair of alternatives x, y,
if there is no profile in which all agents in S (resp. Sc) rank x over y (resp. y over
x). dS is thus only defined for (x, y) if such profiles exist. Note that dS(x, y) is
well-defined if and only if dSc(y, x) is well-defined. With this proviso inequalities
(1) and (2) remains valid. We only need to modify (3) to the following:

Let A, B, C, U , V , and W be (possibly empty) disjoint sets of agents
whose union includes all agents. For each such partition of the agents,
and any triple x, y, z,

dA∪U∪V (x, y) + dB∪U∪W (y, z) + dC∪V ∪W (z, x) ≤ 2, (8)

where the sets satisfy the following conditions (hereafter referred to as
condition (**)):

A �= ∅ only if there exists pi, i ∈ A, with xpizpiy,

B �= ∅ only if there exists pi, i ∈ B, with ypixpiz,

C �= ∅ only if there exists pi, i ∈ C, with zpiypix,

U �= ∅ only if there exists pi, i ∈ U, with xpiypiz,

V �= ∅ only if there exists pi, i ∈ V, with zpixpiy,

W �= ∅ only if there exists pi, i ∈W, with ypizpix.

and (p1, . . . ,pn) ∈ D.
The following theorem is immediate from our discussion. We omit the proof.

Theorem 2. Every feasible integer solution to (1), (2) and (8) corresponds to
an ASWF on domain D and vice-versa.

This yields a new characterization of non-dictatorial profile domains D, and
can be used to obtain a simple proof of a result due to Fishburn and Kelly [4]
on super non-Arrovian domains; we state this result without proof.

A domain D is called super non-Arrovian if it is non-Arrovian and every
domain D′ containing D is also non-Arrovian. Furthermore, if dS is well defined
for every pair of alternatives x, y and every S, we say that the domain D satisfies
the near-free doubles condition.

Theorem 3 (Fishburn and Kelly [4]). A domain D is super-non-Arrovian
if and only if it is non-Arrovian and satisfies the near-free doubles condition.

3 Applications

Arrow’s Theorem. Our first use of IP is to provide a simple proof of Arrow’s
theorem.

Theorem 4 (Arrow’s Impossibility theorem). When Ω = Σ, the 0-1 solu-
tions to the IP correspond to dictatorial rules.
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Proof: When Ω = Σ, we know from constraints (4-5) and the existence of all
possible triples that dS(x, y) = dS(y, z) = dS(z, u) for all alternatives x, y, z, u.
We will thus write dS in place of dS(x, y) in the rest of the proof.

We show first that dS = 1⇒ dT = 1 for all S ⊂ T . Suppose not. Let T be the
set containing S with dT = 0. Constraint (2) implies dT c = 1. Choose A = T \S,
U = T c and V = S in (3). Then, dA∪U∪V = dE = 1, dB∪U∪W = dT c = 1 and
dC∪V ∪W = dS = 1, which contradicts (3).

The same argument implies that dT = 0 ⇒ dS = 0 whenever S ⊂ T . Note
also that if dS = dT = 1, then S ∩ T �= ∅, otherwise the assignment A =
(S∪T )c, U = S, V = T will violate the cycle elimination constraint. Furthermore,
dS∩T = 1, otherwise the assignment A = (S∪T )c, U = T\S, V = S\T,W = S∩T
will violate the cycle elimination constraint. Hence there exists a minimal set S∗

with dS∗ = 1 such that all T with dT = 1 contains S∗. We show that |S∗| = 1.
If not there will be j ∈ S with dj = 0, which by (2) implies dE\{j} = 1. Since
dS∗ = 1 and dE\{j} = 1, dE\{j}∩S∗ ≡ dS∗\{j} = 1, contradicting the minimality
of S∗. ��

Born Loser rule. For subsequent applications we introduce the born loser rule.
For each j, we define the born loser rule with respect to j (denoted by Bj) in the
following way: (i) set dBj

E (x, y) = 1 for every x, y ∈ A2; (ii) set dBj

∅ (x, y) = 0 for
every x, y ∈ A2; and (iii) for every non-trivial pair (x, y), and for any S �= ∅, E,
d
Bj

S (x, y) = 0 if S � j, dBj

S (x, y) = 1 otherwise.

Theorem 5. For any j and n > 2, the born loser rule Bj is a non-dictatorial
n-person ASWF if and only if for all x, y, z, there do not exist p1,p2,p3 in Ω
with

xp1zp1y, xp2yp2z, zp3xp3y,

Proof. It is clear that by definition, dBj satisfies (1, 2). To see that it satisfies
(3), observe that in every partition of the agents, one of the sets obtained must
contain j. Say j ∈ A ∪ U ∪ V . If dBj

A∪U∪V (x, y) = 0, then (3) is clearly valid. So
we may assume that dBj

A∪U∪V (x, y) = 1. This happens only when A∪U ∪V = E
(or if (x, y) is trivial, which in turns imply that all the other sets are empty). We
may assume U, V �= ∅ and j ∈ A, otherwise (3) is clearly valid. But according to
condition (*), this implies existence of p1,p2,p3 in Ω with

xp1zp1y, xp2yp2z, zp3xp3y,

which is a contradiction.
So, dBj satisfies (1-3) and hence corresponds to an ASWF. When n > 2, Bj

is clearly non-dictatorial. ��

Anonymous and Neutral Rules. Two additional conditions that are some-
times imposed on an ASWF are anonymity and neutrality. An ASWF is called
anonymous if its ranking over pairs of alternatives remains unchanged when the
labels of the agents are permuted. Hence dS(x, y) = dT (x, y) for all (x, y) ∈ A2
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whenever |S| = |T |. In particular a dictatorial rule is not anonymous. An ASWF
is called neutral if its ranking over any pair of alternatives depends only on the
pattern of agents’ preferences over that pair, not on the alternatives’ labels.
Neutrality implies that dS(x, y) = dS(a, b) for any (x, y), (a, b) ∈ A2. Thus the
value of dS(·, ·) is determined by S alone. When anonymity and neutrality are
combined, dS(·, ·) is determined by |S| alone. In such a case, we write dS as dr
where r = |S|. If n is even, it is not possible for an anonymous ASWF to be
neutral because Eq. (2) cannot be satisfied for |S| = n/2. The IP (1)-(3) can
be used to derive a number of old and new results regarding anonymous and
neutral ASWF’s in a unified way; we state these results next.

Recall that Ω admits a Condorcet triple if there are x, y and z ∈ A and p1,
p2 and p3 ∈ Ω such that xp1yp1z, yp2zp2x, and zp3xp3y.

The following results are well known and follow directly from the IP charac-
terization:

Theorem 6. (Sen [14]) For an odd number of agents, the majority rule is an
ASWF on Ω if and only if Ω does not contain a Condorcet triple.

Theorem 7. (Maskin [8]) Suppose there are at least 3 agents. If Ω admits an
anonymous, neutral ASWF, then Ω has no Condorcet triples.

Theorem 8. (Maskin [8]) Suppose that g is anonymous, neutral, satisfies una-
nimity and independence of irrelevant alternatives, and is not the majority rule.
Then there exists a domain Ω on which g is not an ASWF but the majority rule
is.

The next result, which is new, shows that checking whether Ω admits a
neutral, non-dictatorial ASWF reduces to checking whether the majority rule or
the born loser rule is an ASWF on that domain. Notice that no parity assumption
on the number of voters is needed.

Theorem 9. For n ≥ 3, a domain Ω admits a neutral, non-dictatorial ASWF
if an only if the majority rule or the born loser rule is an ASWF on Ω.

Proof. If either the majority rule or the born loser rule is an ASWF on Ω,
Ω clearly admits a neutral, non-dictatorial ASWF. Suppose then Ω admits a
neutral, non-dictatorial ASWF, but neither the majority rule nor the born loser
rule is an ASWF on Ω. Since the majority rule is not an ASWF, Ω admits a
Condorcet triple {a, b, c}. Since the born loser rule is not an ASWF on Ω, by
corollary 1 there exist p1,p2,p3 in Ω and x, y, z ∈ A with

xp1zp1y, xp2yp2z, zp3xp3y.

We will need the existence of these orderings to construct a partition of the
agents that satisfies the cycle elimination constraints. The proof will mimic the
proof of Arrow’s theorem (Theorem 4) given earlier.

Neutrality implies that dS(x, y) = dS(y, z) = dS(z, u) for all alternatives
x, y, z, u. We will thus write dS in place of dS(x, y) in the rest of the proof.
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First, dS = 1 ⇒ dT = 1 for all S ⊂ T . Suppose not. Let T be the set
containing S with dT = 0. Constraint (2) implies dT c = 1. Choose A = T \ S,
U = T c and V = S in (3). We can do this because of p1,p2,p3. Then, dA∪U∪V =
dE = 1, dB∪U∪W = dT c = 1 and dC∪V ∪W = dS = 1, which contradicts (3).

The same argument implies that dT = 0 ⇒ dS = 0 whenever S ⊂ T . Note
also that if dS = dT = 1, then S ∩ T �= ∅, otherwise the assignment A =
(S ∪ T )c, U = S, V = T will violate the cycle elimination constraint.

Next we show that dS∩T = 1. Suppose not. Consider the assignment U =
E\S, V = S\T and W = S∩T . We can choose such a partition because {a, b, c}
form a Condorcet triple. For this specification, dA∪U∪V = dE\{S∩T} = 1. Since
T ⊂ B ∪ U ∪W , dB∪U∪W = 1 and dC∪V ∪W = dS = 1, which contradicts (3).

Hence there exists a minimal set S∗ such that dS∗ = 1 and all T with dT = 1
contains S∗. We show that |S∗| = 1. If not there will be j ∈ S with dj = 0, and
hence dE\{j}∩S∗ = 1, contradicting the minimality of S∗. ��

A simple consequence of this result is the following theorem due to Kalai and
Muller [5]. The proof is new.

Theorem 10. A non-dictatorial solution to (1, 2, 4 - 7) exists for the case
n = 2 agents if and only if a non-dictatorial solution to (1-3) exists for any n.

Proof. Given a 2 person non-dictatorial AWSF, we can build an ASWF for the
n-person case by focusing only on the preferences submitted by the first two
voters and ranking the alternatives using the 2-person ASWF. This is clearly a
non-dictatorial ASWF for the n-person case. Hence we only need to give a proof
of the converse.

Let d∗ be a non-dictatorial solution to (1-3). Suppose d does not imply a
neutral ASWF. Then there is a set of agents S such that d∗

S(x, y) is non-zero for
some but not all (x, y) ∈ A2. Hence, d1 = d∗

S , d2 = d∗
Sc would be a non-dictatorial

solution to (1, 2, 4–7).
Suppose then d implies a neutral ASWF. By the previous theorem we can

choose d to be either the majority rule or the born loser rule. In the first case,
we can build a 2 person ASWF by using a dummy voter with a fixed ordering
from Ω and using the (3 person) majority rule. In the second case, we can build
a 2 person ASWF by adding a dummy born loser. ��

The following refinement to Maskin’s result also follows directly from Theo-
rem 9.

Theorem 11. Let the number of agents be odd. Suppose Ω does not contain any
Condorcet triples, and suppose there exist p1,p2,p3 in Ω and x, y, z ∈ A with

xp1zp1y, xp2yp2z, zp3xp3y.

Then, the majority rule is the only anonymous, neutral ASWF on Ω.

Proof.(Sketch) From the proof to Theorem 9, we know that if dS corresponds
to a neutral ASWF, and if there exist p1,p2,p3 in Ω and x, y, z ∈ A with
xp1zp1y, xp2yp2z, zp3xp3y, then dS is monotonic. i.e., dS ≤ dT if S ⊂ T . By
May’s Theorem, it has to be the majority rule since the majority rule is the only
ASWF that is anonymous, neutral and monotonic. ��
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Single-peaked Domains. The domain Ω is single-peaked with respect to a
linear ordering q over A if Ω ⊆ {p ∈ Σ : for every triple (x, y, z) if xqyqz then
it is not the case that xpy and zpy}. The class of single-peaked preferences has
received a great deal of attention in the literature. Here we show how the IP
can be used to characterize the class of ASWF’s on single peaked domains. We
prove that the constraints (1–3), along with the non-negative constraints on the
d variables, are sufficient to characterize the convex hull of the 0-1 solutions.

Theorem 12. When Ω is single-peaked the set of non-negative solutions satis-
fying (1-3) is an integral polytope. All ASWF’s are extreme point solutions of
this polytope.

Proof. (Sketch) It suffices to prove that every fractional solution satisfying (1-3)
can be written as a convex combination of 0-1 solutions satisfying the same set of
constraints. Let q be the linear ordering with respect to which Ω is single-peaked.

Let dS(·) be a (possibly) fractional solution to the linear programming re-
laxation of (1-3). We round the solution d to the 0-1 solution d′ in the following
way:

– Generate a random number Z uniformly between 0 and 1.
– For a, b ∈ A with aqb, and S ⊂ E, then
• d′

S(a, b) = 1, if dS(a, b) > Z, 0 otherwise;
• d′

S(b, a) = 1, if dS(b, a) ≥ 1− Z, 0 otherwise.

The 0-1 solution d′
S generated in the above manner clearly satisfies constraints

(1). To verify that it satisfies constraint (2), consider a set T ⊆ E, an arbitrary
pair of alternatives a, b, and suppose without loss of generality aqb. From the
linear programming relaxation, we know that either dT (a, b) > Z or dT (b, a) ≥
1− Z (since the two variables add up to 1), but not both. Thus, exactly one of
d′
T (a, b) or d′

T (b, a) is set to 1.
We show next that all the constraints in (3) are satisfied by the solution d′

S(·).
Consider three alternatives a, b, c, and constraint (3) (with a, b, c replacing the
role of x, y, z) can be re-written as:

dA∪U∪V (a, b) + dB∪U∪W (b, c) + dC∪V ∪W (c, a) ≤ 2.

Suppose aqbqc. Then in constraints (3), by the single-peakedness property,
we must have A = V = ∅. In this case, the constraint reduces to dU (a, b) +
dB∪U∪W (b, c) + dC∪W (c, a) ≤ 2.

We need to show that d′
U (a, b) + d′

B∪U∪W (b, c) + d′
C∪W (c, a) ≤ 2. By choos-

ing the sets in constraints (3) in a different way, with U ′ ← U , B′ ← B,
W ′ ← W ∪ C, C ′ ← ∅, we have a new inequality dU ′(a, b) + dB′∪U ′∪W ′(b, c) +
dC′∪W ′(c, a) ≤ 2, which is equivalent to dU (a, b)+1+dC∪W (c, a) ≤ 2. Hence we
must have dU (a, b)+dC∪W (c, a) ≤ 1. Note that since aqb and bqc, our rounding
scheme ensures that d′

U (a, b)+d′
C∪W (c, a) ≤ 1. Hence d′

U (a, b)+d′
B∪U∪W (b, c)+

d′
C∪W (c, a) ≤ 2.

To finish the proof, we need to show that constraint (3) holds for different
orderings of a, b and c under q; the above argument can be easily extended to
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handle all these cases to show that constraint (3) is valid. Integrality of the
polytope follows directly from this rounding method. We omit the details here.

��
The argument above shows the set of ASWF’s on single-peaked domains

(wrt q) has a property similar to the generalized median property of the stable
marriage problem (see Teo and Sethuraman [15]).

Theorem 13. Let f1, f2, . . . , fN be distinct ASWF’s for the single-peaked do-
main Ω (with respect to q). Define a function Fk : Ωn → Σ with the property:

The set S under Fk is decisive for x over y if
xqy, and S is decisive for x over y for at least k + 1 of the ASWF
fi’s; or
yqx, and S is decisive for x over y for at least N − k of the ASWF
fi’s.

Then Fk is also an ASWF.

One consequence of Theorem 13 is that when Ω is single-peaked, it is Ar-
rovian, since the dictatorial ASWF’s can be used to construct non-dictatorial
ASWF in the above manner. For instance, consider the case n = 2. Let f1 and f2
be the dictatorial rule associated with agent’s 1 and 2 respectively. The function
F1 constructed above reduces to the following ASWF:

If xqy, the social welfare function ranks x above y if and only if both agents
prefer x over y.
If yqx, the social welfare function ranks y above x if and only if none of the
agents prefer x above y.

Generalized Majority Rule. Moulin [10] has introduced a generalization of
the majority rule called the generalized majority rule. A Generalized majority
rule (GMR) M for n agents is of the following form:

– Add n-1 dummy agents, each with a fixed preference drawn from Ω.
– x is ranked above y under M if and only if the majority (of real and dummy

agents) prefer x to y.

Each instance of a GMR can be described algebraically as follows. Fix a
profile R ∈ Ωn−1 and let R(x, y) be the number of orderings in R where x is
ranked above y. Given any profile P ∈ Ωn, GMR ranks x above y if the number
of agents who rank x above y under P is at least n − R(x, y). To check that
GMR is an ASWF on single peaked domains, set

gS(x, y) = 1 iff |S| ≥ n−R(x, y)

and zero otherwise. It is easy to check that g satisfies (1)-(3) when Ω is single
peaked.

GMR has two important properties. The first is that it is anonymous and
second that it is monotonic.
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Definition 2. An ASWF is monotonic if when one switches from the profile P
to Q by raising the ranking of x ∈ A for at least one agent, then f(Q) will not
rank x lower than it is in f(P).

Theorem 14 (Moulin). An ASWF that is anonymous and monotonic on a
single-peaked domain Ω must be a generalized majority rule

Proof. Let dS be a solution to (1)-(3), corresponding to an anonymous and
monotonic ASWF on the domain Ω. Let q be the underlying order of alterna-
tives. For each (x, y) ∈ A2, by anonymity, dS(x, y) depends only on the cardi-
nality of S. Monotonicity implies dS(x, y) ≤ dT (x, y) if S ⊆ T . Thus

dS(x, y) = 1 if and only if |S| ≥ e(x, y)
for some number e(x, y). To complete the proof we need to determine a profile
R ∈ Ωn−1 such that

n−R(x, y) = e(x, y) ∀(x, y) ∈ A2.

Since dS(x, y) + dSc(y, x) = 1, we have

e(x, y) + e(y, x) = n+ 1

for all (x, y) and (y, x). Note that e(x, y) ≥ 1 and e(x, y) ≤ n. Furthermore,
if xqyqz, then by (4) and (5), dS(x, y) ≤ dS(x, z) and hence e(x, y) ≥ e(x, z).
Similarly, we have e(y, x) ≤ e(z, x), e(z, y) ≥ e(z, x) and e(x, z) ≥ e(y, z).

We use the geometric construction used in the earlier proof to construct the
profile R ∈ Ωn−1.

– To each (x, y) such that xqy, associate the interval [0, e(x, y)] and label it
l(x, y).

– To each (x, y) such that yqx, associate the interval [n + 1 − e(x, y), n + 1]
and label it l(x, y).

We construct preferences in R in the following way:

– For each k = 1, 2, . . . , n− 1, if l(x, y) covers the point k + 0.5, then the kth
dummy voter ranks y over x. Otherwise the dummy voter ranks x over y.

Since the intervals l(x, y) and l(y, x) are disjoint and cover [0, n+1] the procedure
is well-defined. If R(x, y) is the number of dummy voters who rank x above y in
this construction it is easy to see that n − R(x, y) = e(x, y), which is what we
need. It remains then to to show that the profile constructed is in Ωn−1.

Claim. The procedure returns a linear ordering of the alternatives.

Proof. Suppose otherwise and consider three alternatives x, y, z where the pro-
cedure (for some dummy voter) ranks x above y, y above z and z above x.
Hence the intervals l(x, y), l(y, z) and l(z, x) do not cover the point k + 0.5.
From symmetry, it suffices to consider the following two cases:
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– Case 1. Suppose xqyqz. Since l(x, z) covers the point k + 0.5 and e(x, y) ≥
e(x, z), l(x, y) must cover the point k + 0.5, a contradiction.

– Case 2. Suppose yqxqz. Now, there exists p and p′ in Ω with zpxpy and
xp′yp′z, hence l(z, x) ≥ l(z, y). This is impossible as l(z, y) covers the point
k + 0.5 but l(z, x) does not.

Hence the ordering constructed is a linear order. ��
Claim. The linear orderings constructed for the dummy voters correspond to
orderings from Ω.

Proof. If not there exist k and xqyqz with the kth dummy voter ranking y
below x and z. i.e. l(x, y) does not cover the point k+0.5 and l(y, z) does. Hence
e(x, y) < e(y, z). Now, using xqyqz, we have

dS(x, y) ≤ dS(x, z), dS(x, z) ≤ dS(y, z).

So
e(x, y) ≥ e(x, z), e(x, z) ≥ e(y, z),

which is a contradiction. ��

Muller-Satterthwaite Theorem. A social choice function maps profiles of
preferences into a single alternative. These are objects that have received as
much attention as social welfare functions. It is therefore natural to ask if the
integer programming approach described above can be used to obtain results
about social choice functions. Up to a point, yes. The difficulty is that knowing
what alternative a social choice function will pick from a set of size two, does
not, in general, allow one to infer what it will choose when the set of alternatives
is extended by one. However, given the additional assumptions imposed upon a
social choice function one can surmount this difficulty. We illustrate how with
an example.

The analog of Arrow’s impossibility theorem for social choice functions is
the Muller-Satterthwaite theorem [11]. The counterpart of Unanimity and the
Independence of Irrelevant Alternatives condition for social choice functions are
called pareto optimality and monotonicity. To define them, denote the preference
ordering of agent i in profile P by pi.

1. Pareto Optimality: Let P ∈ Ωn such that xpy for all p ∈ P. Then
f(P) �= y.

2. Monotonicity: For all x ∈ A, P,Q ∈ Ωn if x = f(P) and {y : xpiy} ⊆ {y :
xqiy} ∀i then x = f(Q).

We call a social choice function that satisfies pareto-optimality and mono-
tonicity an Arrovian social choice function (ASCF).

Theorem 15 (Muller-Satterthwaite). When Ω = Σ, all ASCF’s are dicta-
torial2.
2 The more well known result about strategy proof social choice functions is due to

Gibbard [3] and Satterthwaite [13]. It is a consequence of Muller-Satterthwaite [11].
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Proof: For each subset S of agents and ordered pair of alternatives (x, y), denote
by [S, x, y] the set of all profiles where agents in S rank x first and y second, and
agents in Sc rank y first and x second. By the hypothesis on Ω this collection is
well defined.

For any profile P ∈ [S, x, y] it follows by pareto optimality that f(P) ∈ {x, y}.
By monotonicity, if f(P) = x for one such profile P then f(P) = x for all
P ∈ [S, x, y].

Suppose then for all P ∈ [S, x, y] we have f(P) �= y. Let Q be any profile
where all agents in S rank x above y, and all agents in Sc rank y above x. We
show next that f(Q) �= y too.

Suppose not. That is f(Q) = y. Let Q′ be a profile obtained by moving x and
y to the top in every agents ordering but preserving their relative position within
each ordering. So, if x was above y in the ordering under Q, it remains so under
Q′. Similarly if y was above x. By monotonicity f(Q′) = y. But monotonicity
with respect to Q′ and P ∈ [S, x, y] implies that f(P) = y a contradiction.

Hence, if there is one profile in which all agents in S rank x above y, and all
agents in Sc rank y above x, and y is not selected, then all profiles with such a
property will not select y. This observation allows us to describe ASCF’s using
the following variables.

For each (x, y) ∈ A2 define a 0-1 variable as follows:

– gS(x, y) = 1 if when all agents in S rank x above y and all agents in Sc rank
y above x then y is never selected,

– gS(x, y) = 0 otherwise.

If E is the set of all candidates we set gE(x, y) = 1 for all (x, y) ∈ A2. This
ensures pareto optimality.

Consider a P ∈ Ωn, (x, y) ∈ A2 and subset S of agents such that all agents
in S prefer x to y and all agents in Sc prefer y to x. Then, gS(x, y) = 0 implies
that gSc(y, x) = 1 to ensure a selection. Hence for all S and (x, y) ∈ A2 we have

gS(x, y) + gSc(y, x) = 1 . (9)

We show that the variables gS satisfy the cycle elimination constraints. If
not there exists a triple {x, y, z}, and set A,B,C,U, V,W such that the cycle
elimination constraint is violated. Consider the profile P where each voter ranks
the triple {x, y, z} above the rest, and with the ordering of x, y, z depending
on whether the voter is in A, B, C, U , V or W . Since gA∪U∪V (x, y) = 1,
gB∪U∪W = 1, and gC∪V ∪W = 1, none of the alternatives x, y, z is selected for
the profile P. This violates pareto optimality, a contradiction.

Hence gS satisfies constraints (1-3). Since Ω = Σ, by Arrow’s Impossibility
Theorem, gS corresponds to a dictatorial solution. ��

4 Decomposability, Complexity and Valid Inequalities

A domain is called decomposable if and only if there is a non-trivial solution
(not all 1’s or all 0’s) to the system of inequalities (1, 2, 4–7) for the case
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n = 2. The main result of [5] (cf. Theorem 10) can be phrased as follows: the
domain Ω is non-dictatorial if and only if it is decomposable. This result allows
one to formulate the problem of deciding whether Ω is arrovian as an integer
program involving a number of variables and constraints that is polynomial in
|A|. However, the set A is not the only input to the problem. The preference
domain Ω is also an input. If Ω is specified by the set of permutations it contains,
and if it has exponentially many permutations (say O(2|A|), the the straight
forward input model needs at least O(2|A|) bits. Recall the number of decision
variables for the integer program for 2-person ASWF’s is polynomial in |A|.
Furthermore, the time complexity of verifying the existence of triplets in Ω
can trivially be performed in time O(n32|A|). Hence the decision version of the
decomposability conditions can be solved in time polynomial in the size of the
input.

Suppose, however, instead of listing the elements of Ω, we prescribe a poly-
nomial time oracle to check membership in Ω. The complexity issue of deciding
whether the domain is decomposable now depends on how we encode the mem-
bership oracle, and not on the number of elements in Ω. In this model, we exhibit
an example to show that checking whether a triplet exists in Ω is already NP-
hard.

Let G be a graph with vertex set V . Let ΩG consist of all orderings of V
that correspond to a Hamiltonian path in G. Given any triple (u, v, w) ∈ V ,
the problem of deciding if G admits a Hamiltonian path in which u precedes v
precedes w is NP-complete3. Hence the problem of deciding whether there is a
preference ordering p in Ω with upvpw is already NP-complete.

Thus, given an Ω specified by hamiltonian paths, it is already NP-hard just
to write down the set of inequalities specified by the decomposability conditions!

One way to by-pass the above difficulties is to focus on ordering on triplets
that are realized by some preferences in Ω. The input to the complexity question
is thus the set of orderings on triplets (O(n3) size) that are admissible in Ω. We
will focus on this input model for the rest of the paper.

Ignore, for the moment, inequalities of types (6) and (7). The constraint
matrix associated with the inequalities of types (1, 2, 4, 5) and 0 ≤ d(x, y) ≤
1 ∀(x, y) ∈ A2 is totally unimodular. This is because each inequality can be re-
duced to one that contains at most two coefficients of opposite sign and absolute
value of 1 4. Hence the extreme points are all 0-1. If one or more of these extreme
points was different from the all 0’s solution and all 1’s solution we would know
that Ω is Arrovian. If the only extreme points were the all 0’s solution and all
1’s solution that would imply that Ω is not Arrovian.

Thus difficulties with determining the existence of a feasible 0-1 solution
different from the all 0’s and all 1’s solution have to do with the inequalities
of the form (6) and (7). Notice that any admissible ordering (by Ω) of three

3 If not, we can apply the algorithm for this problem thrice to decide if G admits a
Hamiltonian cycle.

4 It is well known that such matrices are totally unimodular. See for example, Theorem
11.12 in [1].
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alternatives gives rise to an inequality of types (6) and (7). However some of
them will be redundant. Constraints (6, 7) are not redundant only when they
are obtained from a triplet (x, y, z) with the property:

There exists p such that xpypz but no q ∈ Ω such that yqzqx or zqxqy.

Such a triplet is called an isolated triplet.
Call the inequality representation of Ω, by inequalities of types (1, 2, 4, 5),

the unimodular representation of Ω. Note that all inequalities in the unimodular
representation are of the type d(x, u) ≤ d(x, v) or d(u, x) ≤ d(v, x). Furthermore,
d(x, u) ≤ d(x, v) and d(u, y) ≤ d(v, y) appear in the representation only if there
exist p,q with upx and vpx and xqu and xqv.

This connection allows us to provide a graph-theoretic representation of the
unimodular representation of Ω as well as a graph-theoretic interpretation of
when Ω is not Arrovian.

With each non-trivial element of A2 we associate a vertex. If in the unimod-
ular representation of Ω there is an inequality of the form d1(a, b) ≤ d1(x, y)
where (a, b) and (x, y) ∈ A2 then insert a directed edge from (a, b) to (x, y). Call
the resulting directed graph DΩ .

If (x, y) is a trivial pair (and hence (x, y) /∈ DΩ), then d1(x, y) is automat-
ically fixed at 1, and d1(y, x) fixed at 0. An inequality of the form d1(x, y) ≤
d1(x, z) (or d1(z, y)) cannot appear in the unimodular representation, for any
alternative z in A. Otherwise there must be some p ∈ Ω with ypx. Similarly, if
(x, y) is trivial, d1(y, x) ≥ d1(z, x) (or d1(y, z)) cannot appear in the unimodular
representation, for any alternative z in A. Thus fixing the values of d1(x, y) and
d1(y, x) arising from a trivial pair (x, y) does not affect the value of d1(a, b) for
(a, b) ∈ DΩ .

A subset S of vertices in DΩ is closed if there is no edge directed out of S.
That is, there is no directed edge with its tail incident to a vertex in S and
its head incident to a vertex outside S. Notice that d1(x, y) = 1 ∀(x, y) ∈ S
and 0 otherwise (and together with those arising from the trivial pairs) is a
feasible 0-1 solution to the unimodular representation of Ω if S is closed. Hence
every closed set in DΩ corresponds to a feasible 0-1 solution to the unimodular
representation. The converse is also true.

Theorem 16. If DΩ is strongly connected then Ω is non-Arrovian.

Proof. The set of all vertices of DΩ is clearly a closed set. The solution cor-
responding to this closed set is the ASWF where agent 1 is the dictator. The
empty set of vertices is closed and this corresponds to agent 2 being the dictator.
If DΩ is strongly connected5, these are the only closed sets in the graph. Since
any ASWF must correspond to some closed set in DΩ , we conclude that Ω is
non-Arrovian. ��

We note that verifying whether a directed graph is strongly connected can
be done efficiently. See [1] for details. Note also that if Ω does not contain any
isolated triplets, then Ω is Arrovian if and only DΩ is not strongly connected.
5 A directed graph is strongly connected if there is a directed cycle through every

pair of vertices.



210 Jay Sethuraman, Chung-Piaw Teo, and Rakesh V. Vohra

We describe next a sequential lifting method to derive valid inequalities for
the problem to strengthen the LP formulation, using the directed graph DΩ

defined previously. We say that the node u dominates the node v if there is a
directed path in DΩ from v to u (i.e. d(u) ≥ d(v)).

Sequential Lifting Method:

– For each isolated triplet (x, y, z), we have the inequality

1 + d(x, z) ≥ d(x, y) + d(y, z). (10)

– Let D(x, y) (and resp. D(y, z)) denote the set of nodes in DΩ that are
dominated by the node (x, y) (resp. (y, z)) in DΩ .

– For each node (a, b) in DΩ , if

u ∈ D(a, b) ∩D(x, y) �= ∅, v ∈ D(a, b) ∩D(y, z) �= ∅,
then the constraint arising from the isolated triplet can be augmented by
the following valid inequalities:

d(a, b) + d(x, z) ≥ d(u) + d(v). (11)

To see the validity of the above constraint, note that by the definition of dom-
ination, we have d(x, y) ≥ d(u), d(y, z) ≥ d(v), d(a, b) ≥ d(u), d(a, b) ≥ d(v). If
d(a, b) = 0, then d(u) = d(v) = 0 and hence (11) is trivially true. If d(a, b) = 1,
then (11) follows from (10).

We have successfully verified that the sequential lifting method finds the
convex hull of the set of all ASWF’s whenever the number of alternatives is at
most four. A natural question is if whether the sequential lifting method will
gives rise to all facets even for the case |A| ≥ 5; we do not yet know, although
we suspect the answer to be negative.

5 Conclusions

In this paper, we study the connection between Arrow’s Impossibility Theorem
and Integer Programming. We show that the set of ASWF’s can be expressed
as integer solutions to a system of linear inequalities. Many of the well known
results connected to the impossibility theorem are direct consequences of the
Integer Program. Furthermore, the polyhedral structure of the IP formulation
warrants further study in its own right. We have initiated the study on this
class of polyhedra by characterizing the polyhedral structure of ASWF’s on
single peaked domain. We have also demonstrated by an extensive computational
experiment that the sequential lifting method proposed in this paper can be used
to obtain the complete polyhedral description of ASWF’s when the number of
alternatives is small. Several interesting problems still remain:

1. Given a domain Ω specified by certain membership oracle, is it possible to
check for existence of non-dictatorial ASWF’s in polynomial time? Is the
problem in the class NP?
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2. The LP relaxation of our proposed IP formulation characterizes the ASWF’s
for single peaked domain. What are the domains that can be characterized
by the LP relaxation given by the sequential lifting method?

3. Can the conditions for ASCF’s be written down as a system of integer linear
inequalities?

We leave the above questions for future research.
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Abstract. We initiate a study of the approximability of integrated lo-
gistics problems that combine elements of facility location and the asso-
ciated transport network design.
In the simplest version, we are given a graph G = (V, E) with metric
edge costs c, a set of potential facilities F ⊆ V with nonnegative facility
opening costs φ, a set of clients D ⊆ V (each with unit demand), and a
positive integer u (cable capacity). We wish to open facilities and con-
struct a network of cables, such that every client is served by some open
facility and all cable capacities are obeyed. The objective is to minimize
the sum of facility opening and cable installation costs. With only one
zero-cost facility and infinite u, this is the Steiner tree problem, while
with unit capacity cables this is the Uncapacitated Facility Location prob-
lem. We give a (ρST + ρUFL)-approximation algorithm for this problem,
where ρP denotes any approximation ratio for problem P .
For an extension when the facilities don’t have costs but no more than p
facilities may be opened, we provide a bicriteria approximation algorithm
that has total cost at most ρp−MEDIAN +2 times the minimum but opens
up to 2p facilities.
Finally, for the general version with k different types of cables, we extend
the techniques of [Guha, Meyerson, Munagala, STOC 2001] to provide
an O(k) approximation.

1 Introduction

A ubiquitous problem faced by every corporation which manufactures and sells
products to a geographically spread-out market is the following: Where should
the factories be built, and how should the finished goods be transported to the
markets, so as to minimize costs? Earlier work on facility location problems and
network design problems have sought to address these two questions indepen-
dently. In this paper, we initiate an integrated study of the overall problem;
We define and study some simple versions of problems that combine the two
objectives, and provide polynomial time approximation algorithms for them.
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Consider the following scenario: A multinational corporation wishes to enter
a promising new geographic market, characterized by demand at each city. It
has also identified potential locations of its manufacturing facilities, and the
associated costs. Suppose the shipping of the goods (from the facilities to the
cities) is to be outsourced to a transport company. This transport company
has only one type of truck, with a large capacity. For each truck, the transport
company charges at a fixed rate per mile, and offers no discount in case the
truck is not utilized to full capacity. The overall logistics problem facing the
corporation is to decide on the location of its manufacturing facilities, and a
shipping plan of the finished goods to each city, so that the total demand at each
city is met and the total cost is minimized. Assume for the sake of simplicity
that facilities have no capacity limitations.

If the facility location costs were not an issue (e.g., if the company had already
decided where to open its facilities), the problem becomes a single sink edge
installation problem [12] (If several facilities are open, they can all be identified
into a single sink node). If the transport company charged in proportion to the
amount shipped instead of the (discrete) number of trucks used, the problem
becomes the uncapacitated facility location problem [21]. Both these problems
have been well studied in the past. However, to the best of our knowledge,
there has been no effort to study the problem in an integrated way that would
allow one to exploit the savings that may result from making both decisions
in a coordinated way to reduce the total cost of location and transportation.
Our paper addresses this gap, and provides approximation algorithms for some
simple versions of the integrated problem.

The first problem we consider is exactly as defined above. We call this the
capacitated cable facility location problem (CCFL for short). A variant of this
problem is the median version. Here there are no facility location costs, but we
are not allowed to open more than p facilities. We call this the capacitated cable
p-median problem (CCpM). Finally, we study an extension of CCFL where, for
example, the transport company may provide a range of truck types, each with
a different capacity and cost. We call this the k-cable facility location problem
(KCFL for short). We note for all of these problems, the assumption that the
edge-lengths obey the triangle inequality is without loss of generality, since we
may use the metric completion of the costs in running our algorithms and replace
solution edges by the corresponding shortest paths in the underlying graph of
the same total length.

All three problems generalize known NP-hard problems, and hence are NP-
hard. We provide polynomial time approximation algorithms for these problems.

1.1 Previous Work

While this is a first attempt to combine the facility location and transport net-
work design objectives, a lot of work has been done on each of the individual
problems. The uncapacitated facility location problem has been the focus of
much attention in recent years [3,5,6,7,9,13,14,16,17,21,22]. Shmoys, Tardos and
Aardal [21] provided the first O(1) approximation algorithm for the uncapaci-
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tated facility location problem. They used LP-rounding, thus also showing that
the integrality gap of their IP formulation is 4. The bound on the integrality gap
was improved to 3 by a primal-dual algorithm due to Jain and Vazirani [14]. An
alternative IP formulation was recently provided by Jain, Mahdian and Saberi
[13], with integrality gap 1.61. The current best known approximation algorithm
is a 1.52 approximation due to Mahdian, Ye and Zhang [17].

Charikar, Guha, Shmoys and Tardos [7] gave the first constant factor approx-
imation algorithm for the p-median problem with metric costs. A local search
technique by Korupulu, Plaxton and Rajaraman [16] provided an improved ap-
proximation, and this was further improved by Arya, Garg, Khandekar, Meyer-
son, Munagala and Pandit [3] to a factor of 3 + ε, which is the best known at
present.

Cable installation problems have also received a lot of attention in the recent
past [2,4,8,11,12,20,23]. Hassin, Ravi and Salman [12] provide a constant factor
approximation for the single sink single cable version of the cable installation
problem; we use their method as a subroutine. A constant factor approximation
for the multiple cable single sink edge installation problem was first provided
by Guha, Meyerson and Munagala [11]; we use this method also in our solution
to the general problem. Recently, Talwar [23] showed that the IP formulation
of this problem has a constant integrality gap, thus also providing an improved
approximation factor for the multiple cable single sink edge installation problem.

1.2 Our Results

The CCFL problem with unit demands at the clients generalizes both the Steiner
tree (ST) and uncapacitated facility location (UFL) problems. In the next section
(Sect. 2), we present a ρST +ρUFL approximation algorithm for CCFL, where ρP
is any approximation factor achievable for the problem P . We do this by carefully
combining solutions to appropriately set up Steiner tree and UFL problems
that capture two natural lower bounds for our problem. With the current best
approximation factors, this is a 3.07-approximation algorithm. We also present
an integer programming formulation of the problem, and show that its integrality
gap is no more than the sum of the integrality gaps of natural formulations of
the Steiner Tree and UFL problems. Again, with the current best results, this
gap is less than 5. For the case where clients have arbitrary demands and the
entire demand for a client must be served by the same facility, we provide a
ρST + 2ρUFL approximation, which is currently at most 4.59 (Sect. 2.7).

For CCpM, in Sect. 3, we provide a bicriteria approximation that delivers
a solution of cost at most (ρp−MEDIAN + 2) times the optimum while open-
ing up to 2p medians. Again, our method combines approximate solutions to
a corresponding p-median problem and a 2-approximation for a newly defined
p-Steiner forest problem. With the current best approximation factor for the
p-median problem, this is a (5 + ε, 2) bicriteria approximation algorithm for the
(total cost, number of medians) problem.

Finally, in Sect. 4, we study the KCFL problem where k different cable types
(or truck sizes) are available to us, each with a different cost and capacity. We
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provide an O(k) approximation for this problem, by extending and adapting the
algorithm of Guha et al [11] to incorporate the choices for facility location.

2 The Capacitated-Cable Facility Location Problem

2.1 Problem Definition

The capacitated-cable facility location problem (CCFL) is defined as follows. We
are given an undirected graph G = (V,E). There is a weight function on the
edges, c : E → IR+, which satisfies the triangle inequality. The clients (markets)
consist of a subset of nodes, D ⊂ V . The set of potential facilities, F ⊂ V , is
also part of the input. Each potential facility j ∈ F has a facility opening cost
of φj . We are also given an integer u > 0, which is the capacity of the cable type
available to us.

Each client has a demand of one unit, which needs to be serviced by routing
one unit of flow from it to some open facility. On any edge, we are only allowed
to install integral amounts of the cable. If we install ze copies of the cable on
edge e, we can route uze units of flow through it, and it costs us ceze. Hence
our total cost is the cost of all cables installed plus the cost of all the facilities
we have opened. The objective of CCFL is to open facilities and install cables
connecting clients to open facilities such that no capacity constraint is violated,
all clients are served, and the total cost is minimized.

2.2 Hardness and Relation to Other Problems

If there is only a single potential facility (|F| = 1) and u is infinity, then the
problem reduces to the Steiner tree problem. If there is a single facility and
1 < u < ∞, CCFL is the single-sink, single-cable edge installation problem. If
u = 1 but |F| > 1, CCFL is the uncapacitated facility location problem. All
these problems have been studied in the past, and all three are known to be
MAX-SNP-hard. Hence CCFL is also MAX-SNP-hard.

2.3 Lower Bounds

We begin with two lemmas which provide lower bounds to an optimal solution
of CCFL.

Lemma 1. Consider a UFL (uncapacitated facility location) instance defined
as follows. The set of clients and potential facilities remain the same as in the
CCFL instance, but for all edges e, we set the edge cost to be ce/u. Then the
cost of an optimal solution to this UFL instance is a lower bound on the optimal
solution to CCFL.

Proof. Consider the optimal solution to CCFL. In the UFL instance, open all
facilities which were opened by CCFL. Every client in CCFL is able to send one
unit of flow to an open facility. Construct these flow paths. Now for each client,
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assign it to the facility it is assigned to in CCFL. The cost of this assignment is
at most 1

u of that of the flow path used by this client in the CCFL solution, by
triangle inequality. This constitutes a feasible solution to UFL, of cost no more
than that of the CCFL solution. Hence an optimal UFL solution has cost at
most that of the optimal CCFL solution.

Lemma 2. Consider the graph G′ = (V ∪ {r}, E ∪ E′) where E′ = {(j, r) : j ∈
F} and c(j,r) = φj. Define the set of terminals to be R = D ∪ {r}. Then the
cost of a minimum Steiner tree in G′ is a lower bound on the optimal solution
of CCFL.

Proof. Consider the optimal solution to CCFL. The set of edges in the CCFL
solution, along with the edges (j, r) such that facility j is opened in the CCFL
solution, constitutes a Steiner tree in G′ of the same cost as the CCFL solution.
Dropping all but one copy of edges which have multiplicity more than 1 in the
CCFL solution only reduces the cost. Hence an optimal Steiner tree must cost
no more than the optimal CCFL solution.

We use the two lower bounds in Lemma 1 and Lemma 2 (and approximation
algorithms for these two problems) to build our solution. We use a flow rerouting
algorithm introduced by Hassin, Ravi and Salman [12] to efficiently construct
our solution.

2.4 Algorithm

We first run approximation algorithms for an uncapacitated facility location
instance and a Steiner tree instance by transforming our problem as described
in Lemmas 1 and 2. We then merge the two solutions to obtain a feasible solution
of cost no more than the sum of these two approximate solutions (in a Merge
phase).

To carry out the Merge phase, we adapt a re-routing algorithm described in
[12]. We first open all facilities identified by the earlier two phases. Consider the
subtrees associated with the facilities opened in the Steiner tree phase. If such a
subtree has at most u clients, this subtree along with the facility it is attached
to is a feasible solution, without adding any additional copies of the cable.

On the other hand, a subtree that has more than u clients is not feasible
right away, since more cables have to be installed along the tree to route all the
demand in this overloaded subtree. This is where we use the UFL solution - we
clump the demands in these overloaded subtrees into subtrees which are disjoint
with respect to edge capacities such that each new subtree has exactly u clients
(with one remaining subtree with at most u clients attached to the facility opened
in the original overloaded subtree). The fact that such a clumping is possible was
proved in [12]; we describe it in detail in Algorithm 1 and prove it in Lemma 3.
For each such clump, we use the UFL solution to select the client which is closest
to an open facility in the UFL solution, and install one cable from this client to
its nearest open facility. The idea is that since each client can pay a 1/u fraction
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of the cable cost to the facility assigned to it by the UFL phase, u such clients
in a clump can together pay for one full cable from a client to an open facility if
this distance is the cheapest distance among these u clients. In order to achieve
this, we need to re-route flow from the u− 1 other clients to our selected client
in a clump. However, this rerouting takes place along the original Steiner tree
solution at no extra cost since the subtrees obtained in the clumping are disjoint
with respect to edge capacities. We finally prune the solution by getting rid of
unused facilities and cables.

The algorithm is formally described in Fig. 1.

2.5 Analysis

Lemma 3. (due to Hassin, Ravi and Salman [12]) The solution produced by our
algorithm is feasible for CCFL.

Proof. In the demand routing phase, client demands from a subtree that is not
fully served in an iteration may be reassigned in a later iteration. In particular,
let’s say part of the subtree’s demand is routed to a picked client (say i1w) in a
sibling subtree using upward flow on its parent arc. In the next iteration of the
While loop (Steps 21-29), suppose one of the unsatisfied clients (say i2w) in this
subtree is part of a picked pair. Now, flow from sibling subtrees in this iteration
may be routed into it using a downward flow on the same parent arc. However,
by standard flow cancellation arguments, no cable is used in both an upward and
a downward direction. This flow cancellation implicitly reassigns the clients from
the subtree initially assigned to to i1w to i2w, and instead redirects the appropriate
demand from elsewhere headed for i2w in the second iteration to i1w.

The flow cancellation only reduces flow in the upward direction. If any cable
has an upward flow, this flow has value at most u− 1, and this may potentially
be cancelled by downward flow when a client in the subtree below it is part of
a picked pair. Downward flow is assigned to any cable at most once, and the
quantity of flow assigned is at most u − 1. After such an assignment, all the
clients in this subtree are deleted from further consideration.

We have argued that both the underlying UFL instance and the associated
Steiner tree problem are lower bounds for our CCFL instance. Hence the facilities
opened by these two phases can be paid for by these two lower bounds.

The cables purchased by the Steiner tree phase can be paid for by the Steiner
tree lower bound. We also install fresh cables in the Merge phase. Each cable
has exactly u demand flowing through it. Each of the terminals which use this
cable were assigned a facility whose distance is at least the length of the cable
in the UFL phase. Hence we can charge the cost of this cable to the cost in the
UFL solution.

Recall that ρST and ρUFL denote the currently best known approximation
ratios for the Steiner tree and UFL problems respectively. We have the following
theorem.

Theorem 1. Algorithm CCFL is a ρST +ρUFL approximation algorithm for
CCFL.
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Algorithm CCFL
1: UFL phase:
2: Convert into UFL instance by changing edge costs to ce/u.
3: Solve UFL (approximately).
4: Let F1 denote the facilities opened.
5: For a client i, let φ(i) be its assigned facility.
6: Steiner tree phase:
7: Create a new root node r.
8: For every j ∈ F , add an edge (j, r) with cost φj .
9: Define the terminal set R := D ∪ {r}.

10: Solve (approximately) the Steiner tree problem.
11: Let T denote this tree.
12: Orient all edges to point towards the root along T .
13: Let F2 be the set of facilities from which there are edges to r in T .
14: Let Tj be the subtree of T rooted at j, for all j ∈ T .
15: Merge phase:
16: Open all facilities in F1 ∪ F2.
17: For all j ∈ F2, do:
18: Let Dj be the set of clients in Tj .
19: Install cable on all edges in Tj .
20: While |Dj | > u do:
21: Let V ′ be the set of nodes at which the incoming demand on

each edge is less than u, but the total demand is at least u.
22: For all v ∈ V ′ do:
23: For every child w of v, let Tw be the subtree rooted at w.
24: Let (iw, jw) be the nearest client-facility pair in Tw.
25: Pick the cheapest �Dv/u� such pairs (at most one per

child subtree of v).
26: Install one cable on each such picked pair (iw, jw).
27: Route all demand in Tw to jw via iw.
28: Route remaining demand (in other subtrees Tw of children

of v) to either some picked pair or to w, in such a way
that all newly installed cables are saturated. This means
that the total remaining demand to v is less than u.

29: Remove all satisfied demands from Dj .
30: Prune phase:
31: Remove all cables on which flow is zero.
32: Close all facilities which serve no demand.

Fig. 1. Algorithm for CCFL

Proof. This follows from Lemmas 1, 2 and 3.

The current best approximation algorithm for the Steiner tree problem is the
one by Robins and Zelikovsky [19], which achieves an approximation factor of
1.55. Mahdian, Ye and Zhang’s algorithm [17] is the current best approximation
for UFL, with a performance ratio of 1.52. With these values for ρST and ρUFL,
Theorem 1 gives a 3.07 approximation.
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2.6 IP Formulation and Its Gap

There is a natural integer programming formulation of CCFL, which we de-
scribe next. We show that the techniques used in our approximation algorithm
described above extend to providing a constant factor rounding algorithm for
the linear relaxation of the IP formulation.

IPCCFL is an integer program formulation of CCFL. Variable yj is an in-
dicator variable which is 1 iff facility j is opened. The number of copies of the
cable on edge e is counted by ze. Finally, f ie is the flow of the demand from client
i along edge e. For a vertex set S, define δ+(S) = {(u, v) ∈ E : u ∈ S, v /∈ S}.
Define δ−(S) = δ+(V \ S), and for a vertex v, define δ+(v) = δ+({v}). The
first four constraints are standard flow conservation and capacity constraints.
The last is a connectivity constraint which strengthens the linear relaxation of
IPCCFL – these constraints enforce that for any set S containing a client, either
it must contain a facility or it must have at least one cable leaving the set (to
connect a client within it to a facility in the solution).

min
∑

j

φjyj +
∑

e

zece (IPCCFL)

∑

e∈δ+(i)

f ie −
∑

e∈δ−(i)

f ie ≥ 1 ∀i ∈ D
∑

i

f ie − zeu ≤ 0 ∀e ∈ E
∑

e∈δ−(j)

f ie −
∑

e∈δ+(j)

f ie ≤ yj ∀i ∈ D,∀j ∈ F
∑

e∈δ+(v)

f ie −
∑

e∈δ−(v)

f ie = 0 ∀i ∈ D,∀v ∈ V \ (F ∪ {i})
∑

e∈δ+(S)

ze +
∑

j∈S
yj ≥ 1 ∀S ⊆ V : S ∩D �= ∅

ze, yj , f
i
e non-negative integers .

Let gapST and gapUFL denote the currently known upper bounds on the
integrality gap of the undirected cut formulation of Steiner tree problem (See
e.g., [1]) and the standard IP formulation of the uncapacitated facility location
problem (due to Balinski [5]) respectively, that are obtainable by LP rounding
algorithms.

Theorem 2. The integrality gap of IPCCFL is no more than gapST + gapUFL.

Proof. Consider an optimal solution to the linear relaxation (denoted LPCCFL)
of IPCCFL. The linear relaxation of our UFL instance described in Lemma 1
is exactly LPCCFL with the last constraint ignored. Hence an optimal solution
to LPCCFL costs no less than the solution to our UFL instance. If we use the
rounding algorithm with gap gapUFL in the UFL phase of our algorithm, this
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solution costs no more than gapUFL times the value of an optimal solution to
LPCCFL.

Similarly, the linear relaxation of our Steiner tree instance described in
Lemma 1 is identical to LPCCFL if we ignore the first four (flow) constraints.
Hence the value of an optimal solution of the Steiner tree relaxation is a lower
bound on the cost of the optimal solution of LPCCFL. Therefore the cost of
the Steiner tree phase of our algorithm (using the rounding algorithm with ratio
gapST ) is no more than gapST times the value of an optimal solution to LPCCFL.

The current best bounds on gapUFL and gapST are 3 [14] and (2− 2
|D|+1 ) [1]

respectively. Hence the integrality gap of this formulation of CCFL is less than
5. Note that there is an alternative IP formulation for UFL due to Jain et al. [13]
with a lower integrality gap, but this formulation does not fit our framework.

2.7 Non-uniform Demands

The above algorithm generalizes directly to the case of non-uniform demands at
the clients, provided we are allowed to split the demand at each client to different
facilities. If the demands are unsplittable, the problem becomes more interesting.
However, Hassin et al. [12] showed how their (single sink) problem can be solved
in the unsplittable demand case with a slight increase in the approximation ratio.
Clients which have more than u demand can be sent directly to their nearest
facilities, incurring an additional factor of at most 2. To assign the remaining
clients, we proceed as before. We now aggregate demands to lie between u and
2u, and now use the UFL bound at most twice1. Hence the approximation ratio
for this problem is at most 2ρUFL + ρST = 4.59.

3 The Capacitated Cable p-Median Problem

3.1 Problem Definition

The capacitated cable p-median problem (CCpM) is a minor variant of CCFL.
Facilities can be opened for free in this version, but we are not allowed to open
more than p facilities (called medians in this context). Everything else is as in
CCFL. An (α, β) approximation for CCpM consists of a solution which uses βp
medians and costs no more than α times the best possible solution which uses
no more than p medians.

We first consider a simplified spanning version where every node in the
graph is a client node and also an eligible median. Let ρp−MEDIAN denote
the best known approximation factor for the p-median problem. We provide a
(ρp−MEDIAN+1, 2)-approximation for this restricted spanning version of CCpM.

In Sect. 3.4 we extend it to the case where every node may be a client, a
potential median, both, or neither, and provide a (ρp−MEDIAN + 2, 2) approxi-
mation.
1 A slight refinement is possible here since only the cable costs of the UFL solution are

used twice while the facility costs are charged at most once in the resulting merged
solution.
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3.2 Overview of Our Approach

Our approach is essentially the same as before, with appropriate modifications.
The proof of the following lemma is identical to the proof of Lemma 1.

Lemma 4. Consider a p-median instance as follows. The set of clients and
potential facilities remain the same as in the CCpM instance, but for all edges
e, we set the edge cost to be ce/u. Then an optimal solution to this p-median
instance is a lower bound on the optimal solution to CCpM.

Definition 1. Given a graph G = (V,E) with edge costs, the p-spanning forest
problem is to find a minimum cost forest with at most p trees.

Lemma 5. The p-spanning forest problem can be solved optimally in polynomial
time.

Proof. A minimum spanning tree with the p − 1 heaviest edges deleted can be
verified to be an optimal solution to the p-spanning forest problem.

Lemma 6. A minimum cost p-spanning forest in G is a lower bound on the
optimal solution of CCpM.

Proof. Consider the optimal solution to CCpM, and delete all but one copy
of edges which have multiplicity more than one. This constitutes a p-spanning
forest in G of no greater cost than the CCpM solution.

Our algorithm is now straightforward. We solve the above two problems on
our input instance (The p-median instance can only be solved approximately, to
a factor ρp−MEDIAN = 3+ε [3]). For each tree in the p-spanning forest solution,
designate any node as its median. We then reroute exactly as described in the
Merge phase of Algorithm CCFL.

3.3 Analysis

Lemma 3 continues to hold and ensures that we do not violate any capacities in
the solution we construct. Lemmas 4 and 6 bound the cost of the two stages of
our solution. However, since each of our phases chooses p medians, we may end
up with a solution which has as many as 2p medians.

Theorem 3. There is a (ρp−MEDIAN + 1, 2) approximation algorithm for the
spanning version of CCpM.

3.4 Unrestricted Version of CCpM

We now relax the simplification that every node is a client as well as a possible
median. In the unrestricted case, a node may be a client, a possible median,
both, or neither (Steiner node). As before, let F ⊆ V denote the set of possible
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medians. We can continue to use the (3 + ε) approximation for p-median for the
p-median phase. However, our new p-Steiner forest problem is as follows. We
wish to compute a minimum cost forest which has at most p trees, such that
every client is in some tree, and each tree has at least one possible median.

The following is an integer program formulation of p-Steiner forest. Let yr
be an indicator variable indicating whether or not we designate node r to be a
median. Let ze denote whether or not we pick edge e, and for any S ⊆ V , let
δ(S) = {(u, v) ∈ E : u ∈ S, v /∈ S}. Let y(S) =

∑
r∈S∩F yr.

min
∑

e∈E
ceze (IPpSF )

z(δ(S)) + y(S) ≥ 1 ∀S ⊆ V, S ∩D �= ∅
∑

r∈F
yr ≤ p

z, y non-negative integers .

The dual of the linear relaxation of IPpSF is given below:

max
∑

S⊆V,S∩D �=∅
uS − λp (DPpSF )

∑

S:e∈δ(S)

uS ≤ ce ∀e ∈ E
∑

S:r∈S
uS ≤ λ ∀r ∈ F

u, λ ≥ 0 .

The following is a corollary of a lemma about the integrality ratio of the
Steiner tree IP formulation, proved in [1] (See also [18]).

Corollary 1. The primal-dual algorithm of [1] applied to IPpSF provides a poly-
nomial time 2 approximation for the p-Steiner forest problem.

Proof. (Sketch) In the absence of the second constraint, IPpSF is exactly the
undirected Steiner tree IP formulation. The dual of its linear relaxation is exactly
DPpSF with the second constraint ignored.

Consider the primal-dual algorithm for Steiner tree of [1]. We can run the
same algorithm here to search for a locally optimal dual solution. In the algo-
rithm, we raise the value of dual variables corresponding to minimally violated
sets simultaneously. A violated set is a subset of the vertex set which is either
not connected by edges selected in the primal solution, or does not contain a me-
dian. If necessary, we simultaneously raise λ, as long as the number of connected
components in the primal is more than p. We also construct a primal solution
alongside, driven by the complementary slackness conditions. Since all variables
are being raised simultaneously, we can define a notion of “time”, such that the
dual variables are being raised at the rate of one unit per unit time. Whenever
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two minimally violated sets have duals large enough to satisfy a constraint to
equality, we add the tightened edge between them to our primal solution, and
replace the two sets by their union (which is a new minimally violated set).

Clearly, while there are more than p components the total dual value is
increasing. A locally optimal solution is obtained when there are at most p
components, each containing a potential median. By imposing an ordering to
break ties, we can find a locally maximal dual solution and a corresponding
primal solution which has at most p connected components, each with at least
one median. Note that in the case when λ is set to a positive value, the algorithm
stops when there are exactly p components.

Lemma 5.3 in [1] proves that at time t, the cost of any tree constructed in
the primal is no more than twice the total dual collected minus twice the time t.
Clearly λ is never more than the final value of the time t, since λ is also raised
at the same rate of one per unit time. Therefore, the cost of each component is
at most twice the value of the duals collected by moats within it minus twice λ.
Recall that when λ is positive, there are exactly p components in the solution.
Summing this inequality over the (upto) p components, we get that the primal
solution has cost at most twice the value of this locally maximal dual solution
to DPpSF .

Theorem 4. There is a polynomial time (ρp−MEDIAN +2, 2) bicriteria approx-
imation algorithm for the general version of the capacitated-cable p-median prob-
lem.

Proof. This follows from Lemmas 4, 3 and Corollary 1.

The current best value of ρp−MEDIAN is 3 + ε [3]. Hence our algorithm is
a (5 + ε, 2) bicriteria approximation to the general cable-capacitated p-median
problem.

4 The Multiple-Cable Facility Location Problem

We now consider an extension of CCFL. Instead of just one cable type (or truck
type), we have a suite of k cable types. Cable type i has fixed cost σi and
variable (per unit) cost δi. That is, for using one copy of cable type i on edge e
and transporting fe flow through it, our cost is (σi + feδi)ce. This is equivalent
to cables having fixed costs and capacities (within an approximation factor of
two – see [8,11,23]), which is why we call it a generalization of CCFL. We call
this problem the k-cable facility location problem, or KCFL.

In KCFL, if |F| = 1, then the problem reduces to the single sink edge in-
stallation problem. Guha, Meyerson and Munagala provided a constant factor
approximation algorithm for this problem [11]. In this section, we show how their
algorithm can be adapted to incorporate many facilities. We will closely follow
their paper, and many lemmas will not be proved here because they require only
minor or notational changes from their paper. We use GMM to denote their
paper and algorithm.
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4.1 Algorithm

We begin with a brief overview of the GMM algorithm for the single sink edge
installation problem. It can be shown that there is a near-optimal solution which
is a tree, and where the flow path from any node to the sink uses cables in non-
decreasing order of fixed costs. GMM build this tree in a bottom-up fashion.
They start with the set of all clients, and build the first layer using a Steiner
tree. They are able to charge this cost to a connectivity component of the cost of
an optimal solution. They then find points of aggregation of sufficient demand
along this tree, and solve a lower bounded facility location problem2 to send some
of that demand to the root. The rest of the demand is aggregated at certain points.
The amount of aggregation is such that it justifies the use of the next type of
cable, which has a higher fixed cost but a lower incremental cost. This process
is repeated for all the cable types. The details may be read in their paper [11].

For our purposes, we begin by pre-processing the cables as in GMM. We
order the cables in order of increasing fixed cost, and then retain cables such
that for any i, we have σi ≤ ασi+1 and δi+1 ≤ αδi, for some predefined constant
α ∈ (0, 1

2 ). We also define bi to be such that σi+1 + δi+1bi = 2α(σi + δibi).
Intuitively, bi is the demand quantity at which the cost of using cable types i
and i + 1 are (almost) the same. We also define ui = σi/δi. Again, ui is the
point in building the part of the solution using cable type i when the problem
shifts its focus from being a Steiner-tree-like problem to being a Shortest-path-
aggregation-like problem, since after this threshold, the routing cost of any cable
can pay for the fixed cost of installing it on any edge with this much flow.

We are now ready to state our algorithm. In the following, the changes we
introduce are italicized, while the rest is the original GMM algorithm.

Iterate over cable types in order of increasing fixed cost:

1. Steiner tree: Augment the graph by adding a “sink” and connecting it to
every facility with edge cost equal to the facility cost. All other edges have
cost σi. Construct an approximately optimal Steiner tree with the terminals
being the sources and the newly added sink. Walking along this tree, identify
edges which have ui demand and “cut” the tree at these edges.

2. Consolidate: For every tree in the forest created in the preceding step not
attached to a facility paid for by the Steiner tree, transfer the total demand
in the tree back to one of its sources with probability proportional to the
demand at that source. Route the demands in the trees attached to a paid
facility via the tree using the current cable type.

3. Shortest path tree: Set up a lower bounded facility location instance as
follows. On every node, the lower bound is bi and cost is 0. On facility nodes,
the lower bound is 0 and cost is the facility cost. Edge costs are now δi per unit
length. Solve this LBFL problem approximately. Demand at nodes assigned
to facility nodes in this solution are routed to them using the current cable
type.

2 The lower bounded facility location can be solved to within a constant factor, see
[10,15].
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4. Aggregate: Consider only nodes which are not assigned to facilities opened
by the previous step. For each such node, as in Step 2, transfer the total
demand in that component of the solution back to one of the sources with
probability proportional to the demand at that source.

In each stage, we also make available all facilities opened at all previous
stages, at cost zero. In the last stage, the Shortest path tree step has no bi
since there are no more cable types. Hence all the demand aims to reach only
facilities. There is no Aggregate step for the last cable type, since all the demand
has reached open facilities.

4.2 Properties of a Near-Optimum Solution

If the set of facilities to be opened has already been decided for us, then the
problem reduces to the single-sink edge installation problem. This is achieved
by identifying all opened facilities into a new node called “sink”, and updating
the metric appropriately. This transformation allows us to show the existence of
a near-optimum solution to KCFL which satisfies the properties mentioned in
Theorem 5 below. Our algorithm also constructs a solution which satisfies these
properties, and we compare ourselves with this near-optimal solution.

Theorem 5. (Similar to Theorem 3.2 in GMM) There exists a solution to
KCFL which uses cable type i + 1 on a link only if at least bi demand is be-
ing routed across that link, and which routes all demand which entered a node
using cable i, out of that node using cables i and i + 1. This solution pays at
most 2

α + 1 times the optimum.

Proof. Consider an optimum solution of KCFL. Take its set of open facilities,
and identify them to a sink. The resulting solution is now a (possibly sub-
optimal) single-sink solution. GMM show that there is a near-optimal solution to
this single-sink instance which obeys the properties enumerated in the theorem.
Hence we can transform our KCFL-optimal solution to a solution which satis-
fies these properties. We next reverse our “identification-of-facilities” operation,
that is, we “separate” the facilities. This yields a solution to KCFL which is not
too far from the optimum, and which satisfies the properties mentioned in the
theorem.

The next two lemmas can be proved using nothing more than the definition
of ui and bi.

Lemma 7. (Lemmas 3.3 and 3.4 in GMM) For all i, we have ui ≤ bi ≤ ui+1.

Define fi(D) = σi+δi(D) to be the per-unit-distance cost of routing D units
of flow on cable type i.

Lemma 8. (Lemma 3.5 in GMM) For any i and D ≥ bi, we have fi+1(D) ≤
2αfi(D).
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4.3 Analysis

Our analysis will follow and make some modifications to the analysis in the paper
by Guha, Meyerson and Munagala. Let dv be the original demand of node v.
Let Di

v be the demand at node v at stage i in the algorithm.
Let Ti, Pi and Ni be the Steiner tree, Shortest path and consolidation-

aggregation step costs respectively, at iteration i. Also, let T Ii , T
F
i and Tφi denote

the incremental (variable), fixed and facility opening cost components respec-
tively of the Steiner tree step at iteration i. P Ii , P

F
i and Pφi are similarly defined

for the Shortest path step. The following lemmas are proved for the single sink
version in GMM, and can be adapted to hold in our setting with facility costs
too.

Lemma 9. (Lemma 4.1 in GMM)3 At the end of every consolidation and ag-
gregation step, E[Di

v] at each node which has not yet been connected to an open
facility is dv.

Proof. The main idea is that at the end of every consolidation and aggregation
step, we re-route any demand which has not yet been connected to client nodes
with probability proportional to the original demand at each node. Some nodes
are connected to open facilities, and no demand is ever re-routed to any such
node. Hence for any client node which still hasn’t been connected to an open
facility, its expected demand at any stage E[Di

v] is exactly dv.

Since the consolidation and aggregation steps occur only after all excess de-
mand has been removed, the total demand at each such step is no more than
the cable capacity. Hence, we have the following.

Lemma 10. (Lemma 4.2 in GMM) At every i, we have E[Ni] ≤ Ti + Pi.

Proof. The consolidation step occurs only along the Steiner tree which has just
been built. It uses no extra edges, and hence costs no more than Ti. Similarly,
the aggregation step costs no more than Pi. Hence the total consolidation-
aggregation cost at step i, E[Ni], is no more than Ti + Pi.

Lemma 11. (Lemmas 4.4 and 4.8 in GMM) At every i, we have PFi ≤ P Ii and
T Ii ≤ TFi .

Proof. At the start of every Shortest path tree stage, we know that the demand
at any active node is at least ui, since this is guaranteed by the preceding Steiner
tree step. By the definition of ui, the fixed cost at the shortest-path step is no
more than the incremental cost, hence PFi ≤ P Ii .

Similarly, at the start of every Steiner tree step we have at least bi demand at
every active node. Again, using the definition of bi, we can prove that T Ii ≤ TFi .
3 Some of the results from GMM have been reworded for contextual clarity, while

others have been extended by us to incorporate facility costs.
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Now let C∗
i be the total cost of cables of type i in the near-optimum solution.

Define C∗ =
∑
i C

∗
i to be the total cable cost of the near-optimum solution. Let

φ∗ be the cost of the facilities opened by the near-optimum solution. Our main
result is a consequence of the following two theorems.

Theorem 6. (Lemma 4.3 in GMM) For every i, we have E[P Ii +Pφi ] = O(C∗ +
φ∗).
Proof Sketch. Consider the near-optimum solution, and replace all cables of type
less than i by cable type i. For each j < i, the incremental cost of the new solution
is a small fraction (αi−j) of the incremental cost of the optimal solution’s cable-
j portion. The set of facilities opened in this new solution, combined with the
new cables, constitutes a feasible solution for our problem of cost no more than
φ∗ + C∗

(1−α) . Since the lower bounded facility location problem can be solved
within a constant factor ([10], [15]), the theorem follows.

Theorem 7. (Lemmas 4.6 and 4.7 in GMM) For every i, we have E[TFi +Tφi ] =
O(C∗ + φ∗).
Proof Sketch. Consider the near-optimum solution, and consider only those nodes
which are candidate terminals in our stage i. Since it already has sufficient
demand (bi), thanks to stage i− 1, the expected cost incurred when we modify
the near optimum solution to install a type i cable on the path from this node
to an open facility is small, that is, within a constant of the original cost of the
near-optimum solution.

This solution is a candidate solution for the Steiner tree stage, and hence
a lower bound. Since we can find a Steiner tree within a constant factor of
optimum [1], we are done.

Theorem 8. There is an O(k) approximation algorithm for KCFL.

Proof. This follows from Lemma 10, Lemma 11, Theorem 6 and Theorem 7.

The precise details of the single sink edge installation problem can be read in
the paper by Guha, Meyerson and Munagala [11]. They are able to prove much
stronger versions of Theorems 6 and 7, which allows them to obtain an O(1)
approximation for their problem. However, they do not address facility costs.
We have shown that we can incorporate facility costs, but we are only able to
prove a weaker bound on the cost at each stage. We note that in our solution,
the cable costs continue to meet the bounds proved in GMM, but the facility
costs do not. In other words, the cable cost of our solution to KCFL is in fact
within a constant factor of the best possible. It is an intriguing open question
to bound the facility costs to within a constant as well.

5 Open Questions

Our approximation algorithm for CCpM provides a solution which uses twice
as many medians as we are allowed to. An algorithm which is uni-criterion,
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that is, obeys the median restriction exactly, would be very desirable. Similarly,
our approach does not work for the median version of KCFL, as it would open
O(kp) medians. Again, an approximation algorithm that opens O(p) medians
(independent of k) would be interesting.

Recently, Talwar [23] showed that the integrality gap of a natural IP for-
mulation of the k-cable single sink edge installation problem [8] is a constant.
Consequently, he provides a better approximation for this problem than GMM
[11]. The KCFL problem studied by us can be modeled as an integer program
which combines the IP studied by Talwar and IPCCFL. It remains open whether
this IP (for KCFL) can be rounded within a constant factor in polynomial time,
thus providing an alternate approach to obtain an improved approximation al-
gorithm for KCFL.
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Abstract. In the minimum latency problem (MLP) we are given n
points v1, . . . , vn and a distance d(vi, vj) between any pair of points.
We have to find a tour, starting at v1 and visiting all points, for which
the sum of arrival times is minimal. The arrival time at a point vi is
the traveled distance from v1 to vi in the tour. The minimum latency
problem is MAX-SNP-hard for general metric spaces, but the complexity
for the problem where the metric is given by an edge-weighted tree has
been a long-standing open problem. We show that the minimum latency
problem is NP-hard for trees even with weights in {0, 1}.

1 Introduction

Given n points v1, . . . , vn and a distance between any pair of points, the minimum
latency problem asks for a tour π, starting at v1 and visiting all points, for which
the sum of the arrival times dπ(v1, vi) is minimum, where the arrival time is
defined as the traveled distance from v1 to vi in tour π. The minimum latency
problem has been well-studied in operations research, where it is also known
as the traveling repairman problem and the delivery man problem. Unlike the
traveling salesman problem, where the objective is minimizing maximum arrival
time and therefore is server oriented, the MLP is client oriented. Interesting
applications of the MLP are diskhead scheduling and searching information in
a network [4],[12] (for example in the world wide web), where the MLP can be
used to minimize expected search time.

The MLP was proven to be NP-complete for general metric spaces by Sahni
and Gonzalez [16]. In fact both the traveling salesman problem and the MLP
are MAX-SNP-hard for general metric spaces, but the minimum latency problem
has a reputation for being much harder than the traveling salesman problem.
The first constant-factor approximation algorithm for general metric spaces was
a 144-approximation algorithm given by Blum et al. [6]. A 7.18-approximation
algorithm follows from a result of Goemans and Kleinberg [11] and an improved
version of Garg’s algorithm [10] for the k-MST problem. The improvement is
mentioned in the papers by Arora and Karakostas [3] and Chudak et al. [7]. We

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 230–239, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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refer to the papers of Goemans and Kleinberg [11], Arora and Karakostas [2],
Ausiello et al. [4] and Lenstra et al. [13] for a recent overview of the MLP and
related problems.

2 The Minimum Latency Problem for Trees

The problems in which the metric is defined by points on the line or an edge-
weighted tree are denoted by the line-MLP and the tree-MLP respectively. The
line-MLP can be solved in O(n2) time by dynamic programming, as was shown by
Afrati et al. [1]. Recently a linear time algorithm has been proposed by Garćıa
et al. [8]. Notice that the traveling salesman problem is trivial even for edge-
weighted trees. However, for the tree-MLP no exact polynomial time algorithm
is known. Classifying the complexity of the MLP for edge-weighted trees has
been mentioned as an open problem in many papers [3,4,5,6,11,12,15,19,20]. For
example Goemans and Kleinberg [11] write that ‘the MLP is not known to be
NP-hard in weighted trees, so it is worth considering whether it could be solved
optimally.’ The first attempt to solve the tree-MLP was made by Minieka [14]
who gave an O(nk+1) algorithm, where n is the number of vertices and k is the
number of leaves. Koutsoupias et al. mention that the dynamic programming
solution for the line-MLP can be extended to a O(nk) dynamic programming
algorithm for the tree-MLP. Blum et al. [6] show that dynamic programming
gives an O(n2) algorithm for the tree-MLP on trees with diameter at most 3.
Wu [20] puts the dynamic programming approach for the MLP in a more general
framework. If the tree is unweighted, then a tour is optimal if and only if it is a
depth-first search. Proofs have been given by several authors [6], [15].

Goemans and Kleinberg [11] gave a 3.59-approximation algorithm for the
tree-MLP, improving the 8-approximation algorithm given by Blum et al. [6].
Arora and Karakostas [2] give a quasipolynomial-time approximation scheme for
weighted trees and for Euclidean spaces with fixed dimension. The performance
of depth-first search algorithms has been studied by Webb [19].

3 Implications and Open Problems

A problem almost equivalent to the MLP is the graph searching problem (GSP),
in which an arbitrary probability distribution on the nodes is given and we want
to minimize the sum of all arrival times multiplied by their probability. If we
imagine that the probabilities represent a probability that an object is hidden
at the vertex, then the optimal tour minimizes the expected search time. From
Theorem 1 it follows immediately that the GSP is strongly NP-hard for edge-
weighted trees. Moreover, Corollary 1 implies that the GSP is NP-hard for trees
with unit edge-lengths.

Another interesting problem is finding the search ratio of a graph, introduced
by Koutsoupias et al. [12]. Again one has to find an object hidden in a vertex not
known to the server, but instead of a distribution on the vertices one is facing
an adversary who chooses at which vertex it hides the object. The search ratio is
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then defined as the optimal competitive ratio, where the competitive ratio is the
distance traveled by the server divided by the length of the shortest path from
the origin to the object. Koutsoupias et al. [12] show that both the randomized
and the deterministic version are MAX-SNP-hard for general graphs. They note
that computing the (randomized) search ratio for trees is a ‘surprisingly tough
problem’ but show that, if one can solve the GSP for a class of graphs in poly-
nomial time, then by duality one can solve the randomized search ratio problem
for that same class of graphs. Our result excludes this tool for finding a polyno-
mial time algorithm for the randomized search ratio problem for trees. However,
polynomial time approximation algorithms for the MLP may be transferable to
the randomized search ratio problem [12].

The MLP is NP-hard for the metric with distances 1 and 2, but the com-
plexity for trees with edge distance 1 and 2 does not follow from our result. We
conjecture that this problem is polynomially solvable.

The 3.59-approximation algorithm of Goemans and Kleinberg gives the cur-
rent best ratio for the tree-MLP. However this algorithm hardly uses character-
istics of the tree-metric. We conjecture that a significant improvement of this
ratio is possible.

The value of the optimal MLP-tour clearly depends on the given starting
vertex. To find the best starting vertex we could repeatedly run an algorithm
that solves the MLP, each time using a different starting vertex. However, Sichmi-
Levi and Berman [17] notice that for general metric spaces one run suffices. Wu
[20] gives an O(n2) algorithm for this problem on the line, and Minieka [15]
notices that for unweighted trees any vertex at the end of a longest path can
be taken as the best starting vertex. It is unknown to us whether, for weighted
trees and for general metric spaces, there is a more subtle way than solving an
MLP instance to find the best starting vertex.

Koutsoupias et al. [12] mention that the MLP is conjectured to be NP-hard
even for caterpillars (a path with edges sticking out). This conjecture remains
unresolved.

In the forthcoming paper by Lenstra et al. [13] the authors define a large
class of so called dial-a-ride problems. In this more general framework servers
have to transport items from a source to a destination in a metric space. The
class contains about 8,000 problems, from which all but 72 have been classified
as NP-hard or solvable in polynomial time1. As one of the most interesting open
problems, the authors mention the minimum latency problem with release dates
and where the metric is the real line. This problem was already mentioned as an
interesting open problem by Tsitsiklis [18].

4 Proof of NP-Hardness

We define an instance of the tree-MLP as a tree with root r and weights on the
edges and the vertices. Notice that we can polynomially reduce any such instance
to an instance with unit vertex-weights by replacing a vertex with weight w by
1 By February 2002.
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w vertices at distance zero from one another. Of course this only applies if all
vertex-weights are polynomially bounded. For clarity we shall use the terms edge
length and vertex weight. We will use the term total completion time for the sum
of the weighted completion times. We assume that the weight of the starting
vertex is zero and that the server always ends its tour in the origin.

To facilitate the exposition we assume that the server travels at unit speed
such that distance traveled and elapsed time are equal. Given an instance of
the MLP on a tree, let T be an optimal tour and let t0 = 0, t1, . . . , tk be the
moments at which the server is in the origin. Notice that tk is equal to the length
of T since we assumed that the server ends in the origin. Let Ti be the subtour
between time ti−1 and ti, 1 ≤ i ≤ k, and let |Ti| resp. Wi be the length resp.
total weight of this subtour. Then the we have the following lemma.

Lemma 1. For any optimal tour T the following holds.

(i) W1
|T1| ≥ W2

|T2| ≥ . . . ≥ Wk

|Tk| .

(ii) If Wi

|Ti| = Wj

|Tj | for some i, j ∈ {1, . . . , k}, then the total completion time
remains the same if the subtours Ti and Tj swap their position on T .

Proof. (i) We use a simple interchange argument. Assume that for some i Wi

|Ti| <
Wi+1
|Ti+1| . If we change the order of the subtours Ti and Ti+1, then the increase in
the total completion time is Wi|Ti+1| −Wi+1|Ti| < 0. Now (ii) follows directly
from the proof of (i). ��
To prove NP-hardness for the tree-MLP we give a reduction from the 3-Partition
problem, which was proven to be NP-hard in the strong sense by Garey and
Johnson [9].

3-Partition
Instance: A multiset of natural numbers A = {p1, p2 . . . , p3n}, with P/4 < pi <
P/2 for all i ∈ {1, . . . , 3n}, and a number P such that p1 + · · ·+ p3n = nP .
Question: Is it possible to partition the set A in n sets A1, . . . , An such that∑

pi∈Aj

pi = P for all j ∈ {1, . . . , n}?

Theorem 1. The minimum latency problem is strongly NP-hard for weighted
trees.

Proof. Given an instance of 3-Partition with the notation as described above,
we define ai = Kpi for all i ∈ {1, . . . , 3n} and Q = KP , where K = 2Pn4. We
define a tree on 3n(n+ 2) + 1 vertices as follows.

For each i ∈ {1, . . . , 3n} we construct a path (r, vi1, vi2, . . . , vin, zi). All these
paths start in the root of the tree, which is appointed as the origin of the MLP-
instance. To each of these paths an extra vertex ui is attached through the
edge (vi1, ui) (see Fig. 1). For the definition of the lengths of the edges in this
tree we introduce the numbers m and li, i ∈ 1, . . . , 3n, and choose their value
appropriately later. The lengths of the edges are:
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Fig. 1. Sketch of the MLP instance

d(r, vi1) = li, i = 1, . . . , 3n;
d(vij , vi,j+1) = ai, i = 1, . . . , 3n, j = 1, . . . , n− 1;
d(vi1, ui) = 2Qai, i = 1, . . . , 3n;
d(vin, zi) = m, i = 1, . . . , 3n.

The weights on the vertices are:

w(vi1) = ai, i = 1, . . . , 3n;
w(vij) = n− j + 1, i = 1, . . . , 3n, j = 2, . . . , n;
w(zi) = ai, i = 1, . . . , 3n;
w(ui) = 1, i = 1, . . . , 3n.

We call the subtree rooted at r and constituted by the path (r, vi1, . . . , vin, zi)
and the edge (vi1, ui) the root-branch i, i = 1, . . . , 3n.
If the values m and li are chosen appropriately large it is easy to see that an
optimal tour satisfies the following properties for all i in {1, . . . , 3n}:
(a) each edge (r, vi1) is traversed exactly once in each direction;

(b) vertex ui is visited before vertex zi.

Moreover, we can choose li, i = 1, . . . , 3n, such that for all i and h in {1, . . . , 3n}
(c) Wi

Li
= Wh

Lh
, where Wi and Li are, respectively, the sum of all vertex-weights

and the sum of all edge-lengths of root-branch i.

With respect to (c) we note that choosing li = M(2ai +n(n− 1)/2 + 1)− (2Q+
n− 1)ai−m yields Wi

Li
= M , for all i ∈ {1, . . . , 3n}, where M is a large number.

It is intuitively clear that we can bound the numbers m and M by a polynomial
in the size of the 3-Partition instance. A proof for this is submitted at the end
of this proof.

By (a) and (b) there are only n different ways for the server to traverse root-
branch i: for k = 2, . . . , n, we call the subtour (r, vi1, . . . , vik, vi,k−1, . . . , vi1, ui,
vi1, . . . , vin, zi, vin, . . . , vi1, r) the k-tour. The tour (r, vi1, ui, vi1, . . . , vin, zi,
vin, . . . , vi1, r) is a 1-tour. Consider an optimal tour. Renumber the root branches
according to the k-tour by which they are traversed: root branches 1, . . . , i1 are
traversed by a 1-tour, i1 + 1, . . . , i2 by a 2-tour, etc. until in−1 + 1, . . . , in = 3n
being the root branches traversed by an n-tour. We know from Lemma 1(i) and
(c) that in an optimal tour all root-branches 1, . . . , i1 are served first followed
by the root branches i1 + 1, . . . , i2, etc.
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Now consider the tour in which all root-branches are traversed by a 1-tour.
We will compare the optimal tour with this tour. Due to Lemma 1(ii) and (c)
we may assume that the order in which the root-branches are served is the same
for both tours.
If root-branch i is served by a k-tour, then compared to serving this root-branch
by a 1-tour, this will reduce the completion time of all vertices vij by 2 ≤ j ≤ k
by 4Qai and increase the completion time of all vertices vij by k + 1 ≤ j ≤ n
and vertices ui and zi by 2(k − 1)ai. It also increases the completion time of all
vertices in root-branches h for h ≥ i+ 1 by 2(k − 1)ai.

Thus the total decrease of serving according to the optimal solution instead
of the all 1-tour solution is

n∑

k=2

3n∑

i=ik−1+1

4(n− k + 1)Qai =
n∑

k=2



4(n− k + 1)Q
3n∑

i=ik−1+1

ai



 . (1)

Let us now first study the total increase R due to a delay of all vertices except the
vertices zi and vi1, i = 1, . . . , 3n. There are 3n2 of them and their total weight
is 3n( 1

2n(n − 1) + 1) < 2n3. The delay for each of them is at most 2(n − 1)Q.
Therefore, R < 4Qn4.

To study the total increase due to a delay of the vertices vi1 and zi, i =
1, . . . , 3n, consider a root branch h that is served by a k-tour, i.e., ik ≤ h < ik+1.
Compared to serving it by a 1-tour, the vertex vh1 is not delayed, but the vertex
zh is delayed by an amount 2(k − 1)ah, as noted before, which multiplied by its
weight gives an increase in objective value of 2(k − 1)a2

h. Moreover, all vertices
vi1 and zi for i > h receive a delay of 2(k − 1)ah by this k-tour. Thus, the total
increase by this k-tour due to delay of vertices vi1 and zi, i = h, . . . , 3n amounts
to

2(k − 1)ah

(

ah +
3n∑

i=h+1

2ai

)

.

The total increase of the optimal solution over the all 1-tour solution is then
given by

R+
n∑

k=2

ik∑

h=ik−1+1

2(k− 1)ah

(

ah +
3n∑

i=h+1

2ai

)

= R+
n∑

k=2

2




3n∑

i=ik−1+1

ai





2

. (2)

Let COPT and C be the total completion times, respectively, for the optimal
tour and the all 1-tour solution. Combining (1) and (2) we obtain

COPT = C +R+
n∑

k=2




2




3n∑

i=ik−1+1

ai





2

− 4Q(n− k + 1)
3n∑

i=ik−1+1

ai




 . (3)

For each k ∈ {2, . . . , n}, writing bk =
∑3n
i=ik−1+1 ai, the term between the large

brackets in (3) becomes 2b2k−4Q(n−k+1)bk, which is minimal if bk = (n−k+1)Q.
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If the 3-Partition instance has a yes-answer, implying that a perfect partition
exists, then we can construct a tour T̃ for which b̃k = (n − k + 1)Q for all
k ∈ {2, . . . , n} (with b̃k defined as bk with respect to T̃ ), which inserted in (3)
yields:

COPT = C +R+
n∑

k=2
(2b2k − 4Q(n− k + 1)bk)

≤ C +R+
n∑

k=2
(2b̃2k − 4Q(n− k + 1)̃bk)

= C +R− 2Q2
n∑

k=2
(n− k + 1)2

= C +R− 1
3Q

2n(n− 1)(2n− 1)

< C + 4Qn4 − 1
3Q

2n(n− 1)(2n− 1)

= C + 2K2 − 1
3Q

2n(n− 1)(2n− 1),

using Q = KP and K = 2Pn4 in the second term of the last line.
Notice that bk is a multiple of K for any k ∈ {2, . . . , n}. Therefore standard

calculus tells us that
n∑

k=2

2b2k − 4Q(n− k + 1)bk < −1
3
Q2n(n− 1)(2n− 1) + 2K2

if and only if
bk = (n− k + 1)Q, for all k ∈ {2, . . . , n}.

Therefore if no perfect partition exists then

COPT = C +R+
n∑

k=2
(2b2k − 4Q(n− k + 1)bk)

≥ C − 1
3Q

2n(n− 1)(2n− 1) + 2K2 .

We conclude that the 3-Partition instance has a yes-answer if and only if

COPT < C − 1
3
Q2n(n− 1)(2n− 1) + 2K2,

which completes the proof.
In the remaining part of the proof we show that the numbers m and M can be
bounded by a polynomial in the size of the 3-Partition instance, and still satisfy
the conditions that each edge (r, vi1) is traversed exactly once in each direction,
and that vertex ui is visited before vertex zi.

Assume that the optimal tour traverses the edge (r, vi1) more than once in
each direction. For large enough M we can adjust the optimal tour to obtain a
tour with smaller total completion time as follows. When the optimal tour visits
vertex vi1 for the first time we continue this tour by visiting all the remaining
vertices of root branch i in the same order as they are visited in the optimal
tour. Next, we continue the optimal tour, leaving out the visits to root branch
i (except for vertex r). For any vertex, the delay in completion time in this
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new tour is at most 2((2n − 2 + 2Q)ai + m). On the other hand, for at least
one of the vertices of root branch i, the completion time is decreased by at
least 2li. Therefore, the total decrease in the total completion time is at least
2li − 2((2n − 2 + 2Q)ai + m)W , where W = 3

2n
2(n − 1) + 3n + 2nQ is the

total weight of the tree. Now it easy to see that we can choose M such that
li > ((2n − 2 + 2Q)ai + m)W for all i ∈ {1, . . . , 3n} and M is bounded by a
polynomial in the size of the 3-Partition instance and in m.

Now assume that the optimal tour traverses the edges (r, vi1) (i = 1 . . . 3n)
exactly once in each direction but vertex zi is visited before vertex ui for some i ∈
{1, . . . , 3n}. If we change the optimal tour by traversing root branch i according
to a 1-tour, then the completion time changes only for the vertices in root branch
i. The decrease in completion time for vertex ui is exactly 2(m+(n− 1)ai), and
the increase for the vertices vi2, . . . , vin, zi is exactly 4Qai. Therefore, the total
decrease becomes 2(m+ (n− 1)ai)− 4Qai(n(n− 1)/2 + ai) which is a positive
number for m > 2Qai(n(n− 1)/2 + ai)− (n− 1)ai. ��

We can strengthen Theorem 1 a little. We can reduce the MLP with polynomially
bounded lengths and weights to the MLP with all vertex-weights 1 and all edge-
lengths either 0 or 1.

Corollary 1. The MLP is NP-hard for trees where all edge-lengths are either 0
or 1.

Proof. Let I be an instance of the tree-MLP with vertices v1, . . . , vn and edges
e1, . . . , em. Let wi (i ∈ {1, . . . , n}) and lj (j ∈ {1, . . . ,m}) be the weight of vertex
vi and the length of edge lj respectively. From I we define an instance I ′ of the
tree-MLP with all vertex weights 1 and edge-lengths 0 and 1.

We define weight w′
i = Kwi on vertex vi, i = 1, . . . , n, where K is a large

number that we choose appropriately later. As mentioned before, vertex-weights
may be regarded as an equivalent number of points at distance zero from each
other. For edge ej with length lj incident to vertices u and v we insert lj−1 extra
vertices vj1, . . . , vj,lj−1 and the path u, vj1, . . . , vj,lj−1, v containing lj edges of
length 1. The inserted vertices receive weight 1 and are referred to as intermediate
vertices. We do this for all edges of I.

Choose K > 2L(n + L −m)2, with L the sum of the lengths of all edges of
I. We claim that, for any positive integer C, there exists a solution with total
completion time C(I) < C for I if and only if there exists a solution with total
completion time C(I ′) < KC.

If there exists a tour T ′ for I ′ with C(I ′) < KC, then the tour for I that
follows from T ′ in the obvious way has total completion time less than C. On
the other hand, if there exists a tour T for I with C(I) = C − 1, then the tour
T ′ for I ′ that follows from T in the obvious way has objective K(C − 1) + D,
where D is the total completion time of the intermediate vertices. It suffices to
show that D < K.

The number of vertices of I ′ is n+ L−m. Notice that 2L(n+ L−m) is an
upper bound on the length of the tour that returns to the origin every time a
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new vertex has been visited, which in its turn is clearly an upper bound on the
length of T ′. Therefore, D ≤ 2L(n+ L−m)2 < K. ��
The following statement is an obvious corollary of the above results. It makes a
clear distinction between edge-weighted and vertex-weighted trees.

Corollary 2. The MLP is strongly NP-hard for

(i) vertex-weighted trees, i.e. all edges have length 1,
(ii) edge-weighted trees, where all vertices have weight 1 and the edge-lengths

have integer values larger than or equal to 1.

Proof. The first follows directly from Corollary 1 and the observation that we
can replace any vertex of weight w by w vertices at distance zero from one
another. The second follows from Corollary 1 as well. Given an instance I of
the tree-MLP with all edge-lengths either 0 or 1 (and all vertex-weights 1 by
the definition of the tree-MLP), we define an instance I ′ of the tree-MLP by
replacing an edge of length 0 by an edge of length 1, and replacing an edge of
length 1 by an edge of length K, where K is some large number. It is easy to
verify that if we choose K ≥ 2n2, then a tour is optimal for I if and only if it is
optimal for I ′. ��
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Abstract. We design a new approximation algorithm for the metric
uncapacitated facility location problem. This algorithm is of LP rounding
type and is based on a rounding technique developed in [5,6,7].

1 Introduction

In the uncapacitated facility location problem we are given a set of potential
facility locations F and a set of demand points D. Each point i ∈ F has an
associated opening cost fi. Once facility point i has been opened it can provide
an unlimited amount of certain commodity. A client j ∈ D has a demand of
commodity that must be shipped from one of the opened facilities. We assume
that transportation costs of demand transferred from facility point i to demand
point j are proportional to the distance cij between them. We assume that c is
a metric, i.e. cii = 0 for all i ∈ F , cij = cji for all i, j ∈ D∪F and cij + cjk ≥ cik
for all i, j, k ∈ D∪F . The goal is to determine a subset of potential facility points
that minimizes the sum of total opening costs of facilities at these locations and
total service costs of all demand points from opened facilities.

This problem can be written as the following mixed integer program

min
∑

i∈F

∑

j∈D
cijxij +

∑

i∈F
fiyi, (1)

∑

i∈F
xij = 1, j ∈ D, (2)

xij ≤ yi, i ∈ F , j ∈ D, (3)
xij ≥ 0, i ∈ F , j ∈ D, (4)

yi ∈ {0, 1}, i ∈ F . (5)

The uncapacitated facility location problem (UFLP) (another popular name
is the simple plant location problem) is one of the most studied and known
optimization problems. There are hundreds of papers on different aspects of this
problem (see the survey chapter of Cornuejols, Nemhauser & Wolsey in [31]
and short survey paper on polynomially solvable subcases of the problem by
Ageev & Beresnev [3]). In this paper we are mainly interested in approximation
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algorithms with proven performance guarantees. We say that an algorithm has
performance guarantee ρ ≥ 1 if it always delivers a solution within a factor of ρ
of optimum. We also call such an algorithm as ρ-approximation algorithm.

The first approximation algorithm for UFLP was built by Cornuejols, Fisher
& Nemhauser [16]. They obtain (1− e−1)-approximation algorithm for the max-
imization variant of UFLP. Recently, Ageev & Sviridenko [4] obtained an 0.828-
approximation algorithm for this problem. The first approximation algorithm
for the minimization version of the general UFLP (c might not satisfy the tri-
angle inequality in this case) was built by Hochbaum [21]. Her algorithm has
performance guarantee at most lnn + 1. Slightly better algorithm was recently
discovered by Young [33]. And it is easy to prove by a reduction from the set
cover problem that the general UFLP is at least as hard to approximate as
the set cover problem. On the other side Feige [17] proved that for any ε > 0
there is no (1− ε) lnn-approximation algorithm for the set cover problem unless
NP �⊆ DTIME(nlog log n).

The most interesting special case of the general UFLP is the metric UFLP.
In this problem distance function c satisfies the triangle inequality. The first
approximation algorithm for this problem was obtained by Shmoys, Tardos &
Aardal [32] using clustering and filtering techniques due to Lin & Vitter [26].
The performance guarantee of their algorithm is 3.16. Guha & Khuller [18] ob-
tain 2.408-approximation algorithm by combining Shmoys, Tardos & Aardal’s
algorithm with the greedy algorithm. They also proved that there is no an
approximation algorithm with performance guarantee better than 1.463 unless
NP �⊆ DTIME(nlog log n) by the reduction from the set cover problem. Chudak
& Shmoys [12,14] improved the Shmoys, Tardos & Aardal’s algorithm by using
dependent randomized rounding and information about the dual linear program
to the linear programming relaxation of the problem (1)-(5). Their original per-
formance guarantee [12] was 1 + 2e−1 ≈ 1.736 but using some additional tricks
they slightly improved it to 1.732 [14]. Charikar & Guha [10] obtained 1.728-
approximation algorithm by combining the primal-dual algorithm, the greedy
algorithm and the Chudak & Shmoys’s algorithm. Jain, Mahdian and Saberi
[22] obtained 1.61-approximation algorithm using technique developed by Mah-
dian et al. [27]. Recently, combining few different approaches Mahdian, Ye &
Zhang [28] obtained 1.52-approximation algorithm.

There are also few very interesting approximation algorithm for the metric
UFLP based on different ideas with worse performance guarantees: local search
algorithms was analyzed by Korupolu et al. [25], Arya et al. [9] and Charikar
& Guha [10], primal-dual algorithms was studied by Jain & Vazirani [23] and
Charikar & Guha [10]. Mettu & Plaxton [29] analyzed an algorithm very similar
with Jain & Vazirani’s one but their analysis doesn’t use the primal-dual tech-
nique. The advantage of such algorithms is that all of them are combinatorial and
very fast. All these techniques, developed originally for UFLP, was applied to dif-
ferent generalizations of this problem like capacitated facility location problem,
multilevel facility location problem and others [32,23,15,13,1,25,30].
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Several authors considered the metric UFLP in special metric spaces. Arora et
al. [8] obtain a polynomial time approximation scheme (PTAS) for the UFLP on
the plane, later Kolliopoulos & Rao [24] improved running time of this PTAS and
they also generalized the result to the Euclidean spaces of constant dimension.
Ageev [2] obtain a PTAS for the UFLP on planar graphs for instances of UFLP
satisfying some technical condition.

The main result of this paper is an 1.582-approximation algorithm for the
metric UFLP. The result is based on few main ideas. We use clustering technique
developed in works [26,32,12,14]. We also use rounding technique developed in
[5,6,7] for the problems with cardinality constraint, these technique allows us
to derandomize randomized algorithms without actually constructing them. For
example, assume that you want to construct a randomized algorithm which
delivers an approximate solution with some expected value which is an analytical
expression but you don’t know how to do that. In some cases it is enough to know
the analytical expression for the expectation and have some concavity property
for this expression to construct a deterministic algorithm giving a solution of
value no more than expected one.

2 Structure Lemma

Consider a linear programming relaxation of the problem (1)-(5) obtained by
relaxing the integrality constraints (5) with the constraints

yi ≥ 0, i ∈ F . (6)

Let (x∗, y∗) be an optimal solution of the linear programming relaxation and
let LP ∗ be the value of this solution. The following lemma is an extension of
Lemma 4 in [14].

Lemma 1. Suppose (x, y) is a feasible solution to the linear program (1)-(4),(6)
for a given instance of the uncapacitated facility location problem I and let α ≥ 1
be some fixed constant. Then we can find, in polynomial time, an equivalent
instance Ĩ and a feasible solution (x̃ij), (ỹi) such that both solutions have the
same fractional service and facility costs. The new instance Ĩ differs only by
replacing each facility location by at most �α	|D|+1 copies of the same location
and the new feasible solution (x̃ij), (ỹi) has three additional properties:
1. x̃ij = ỹi for all i ∈ F̃ , j ∈ D such that x̃ij > 0,
2. ỹi ≤ 1/α, i ∈ F̃ ,
3. For any demand point j there is a permutation πj of facility points F̃ and
facility point πjs(j) such that cπ1j ≤ cπ2j ≤ . . . ≤ cπnj (we omit superscript j

from πj) and
∑s(j)
i=1 ỹπi = 1/α.

Proof. We start with F̃ = F and (x̃ij), (ỹi) = (x∗
ij), (y

∗
i ) then on each itera-

tion we will change an instance of the problem by adding new copies for some
facilities, deleting the old ones and changing the current feasible solution.
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1. Pick any facility i which violate the first property, i.e. there is a demand
point j such that 0 < x̃ij < ỹi. Let j0 be a demand point with smallest value of
x̃ij among all demand points with x̃ij > 0. Instead of facility i create two new
facilities i1 and i2 with the same location and opening cost and set ỹi1 = x̃ij0
and ỹi2 = ỹi − x̃ij0 . Then after that set x̃i1j = x̃ij0 and x̃i2j = x̃ij − x̃ij0 for
all demand points j such that x̃ij > 0. After that repeat the process until the
solution satisfies property 1 of the lemma. During the process, each facility in
our original instance can be copied at most |D| − 1 times.

2. The second property is proved in a similar way. If ỹi > 1/α we define a set
Si of at most �α	 copies of facility i and corresponding variables ỹk, k ∈ Si such
that

∑
k∈Si

ỹk = ỹi and 0 ≤ ỹk ≤ 1/α, we also split the demand x̃ij between
new facilities for any demand point j with x̃ij > 0.

3. For each demand point j ∈ D fix any permutation πj of the new set of
facilities such that cπ1j ≤ cπ2j ≤ . . . ≤ cπnj . Let k = πs(j) be the facility point
with smallest index s(j) such that

∑s(j)
i=1 ỹπi

≥ 1/α. If
∑s(j)
i=1 ỹπi

> 1/α then we
define two new facilities k′ and k′′ instead of facility k. The facility assignment
variables are defined as follows ỹk′′ =

∑s(j)
i=1 ỹπi

− 1/α and ỹk′ = ỹk − ỹk′′ .
We also modify the permutation πj : πjt = πjt for t = 1, . . . , s(j) − 1, πjs(j) =

k′, πjs(j)+1 = k′′ and πjt = πjt−1 for t = s(j) + 2, . . . , n+ 1. All demands assigned
to the facility k are splited now between two new facilities k′ and k′′. All other
permutations πw, w �= j are also modified accordingly. If k = πwu then πwt = πwt
for t = 1, . . . , u− 1, πwu = k′, πwu+1 = k′′ and πwt = πwt−1 for t = u+ 2, . . . , n+ 1.
We repeat this procedure for each demand point j.

So, after application of this lemma we have a new solution for the instance of the
problem where we allow to locate few identical facilities at the same point. New
solution has the same cost and any integral solution produced by the rounding
procedure for the new instance can be easily transformed into a feasible solution
of original problem with the same or smaller value of objective function (we just
delete redundant copies of the same facility from approximate solution).

3 Approximation Algorithm: General Idea

On the first step of the algorithm we solve linear programming relaxation (1)-
(4),(6).

On the second step we choose a parameter α ∈ [1,+∞) from some probability
distribution g(α) defined later (actually, g(α) will have nonzero value only when
α ∈ [1, 1.71566]). After that we construct a new instance (x̃, ỹ) of the problem by
applying the algorithm from the Lemma 1 and define a new solution ȳi = αỹi, i ∈
F̃ which is feasible by the second property from the Lemma 1. For convenience,
we redefine F = F̃ . New demand assignment variables x̄ij are defined in an
obvious way by using third property from the Lemma 1: x̄ij = ȳi for closest s(j)
facilities and x̄ij = 0 for all other facilities, where πjs(j) is a facility defined in
the third property in the Lemma 1.
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On the third step we define a set of d nonoverlapping clusters K1, . . . ,Kd

(i.e. Kp ∩Kq = ∅ for any p, q = 1, . . . , d) where each cluster is a set of facilities.
Each cluster K = K1, . . . ,Kd satisfies the following equality

∑
i∈K ȳi = 1 . The

exact description of the clustering procedure will appear in the next section.
On the fourth step for each demand point j we define a function Fj(z1, . . . , zn,

α) of n = |F| variables zi ∈ [0, 1] and variable α ≥ 1. Note that the definition
of the functions depends on a fractional solution (x̄, ȳ) and clustering defined on
the third step. These functions satisfy the following properties for any fractional
solution z1, . . . , zn such that

∑
i∈K zi = 1 for any cluster K = K1, . . . ,Kd :

1.
∫ +∞
1

(∑
j∈D Fj(ȳ1, . . . , ȳn, α) +

∑
i∈F fiȳi

)
g(α)dα ≤ 1.582LP ∗

2. for any cluster K = K1, . . . ,Kd with at least one fractional facility in it there
exist two fractional facilities p, q ∈ K such that the functions ϕj(ε, p, q) =
Fj(z1, . . . , zp + ε, . . . , zq − ε, . . . , zn, α) are concave functions of variable ε ∈
[−min{zp, 1− zq},min{1− zp, zq}]

3. the functions κj(ε, p) = Fj(z1, . . . , zp + ε, . . . , zn, α) are concave functions of
variable ε ∈ [−zp, 1− zp] for any facility point p ∈ F \ ∪di=1Ki

4. for any integral solution z1, . . . , zn such that there is at least one integrally
open facility in each cluster K1, . . . ,Kd the value of Fj(z1, . . . , zn, α) is an
upper bound on the distance from the demand point j to the closest open
facility in the solution z1, . . . , zn

The firth step of approximation algorithm is the so-called ”pipage rounding”.
Let z1, . . . , zn be a current fractional solution. In the beginning of the rounding
procedure zi = ȳi, i ∈ F and at the end z1, . . . , zn is an approximate fractional
solution with exactly one integrally open facility in each cluster K = K1, . . . ,Kd.
During the rounding we always maintain the property that

∑
i∈K zi = 1 for any

cluster K.
If there is a cluster K with a fractional facility inside then we choose two

fractional facilities p and q from cluster K such that all functions ϕj(ε, p, q)
are concave (Property 2). Let zi(ε) = zi if i ∈ F \ {p, q}, zp(ε) = zp + ε and
zq(ε) = zq − ε. Let ε1 = min{zp, 1− zq} and ε2 = min{1− zp, zq}. The function

G(ε) =
∑

j∈D
ϕj(ε, p, q) +

∑

i∈F
fizi(ε)

is a concave function of variable ε on the interval [−ε1, ε2] and therefore it is
minimized when ε = −ε1 or ε = ε2, in particular min{G(−ε1), G(ε2)} ≤ G(0).
Let ε∗ ∈ {−ε1, ε2} be the value of ε minimizing the function G(ε). We define
zi = zi(ε∗) and repeat the ”pipage” step for the new solution z until all clusters
contain a facility integrally assigned to it. Note that on each pipage step the
number of fractional variables is decreasing.

The sixth and the last step is the final rounding. In the end of the previous
pipage step we had a fractional solution such that each cluster K contains a
facility i with zi = 1 and

∑
i∈K zi = 1. We apply a simpler rounding procedure

since we do not have fractional facilities inside of clusters.
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We choose any fractional facility p. Let zi(ε) = zi if i ∈ F \ {p} and zp(ε) =
zp + ε. Let ε1 = zp and ε2 = 1− zp. The function

G(ε) =
∑

j∈D
κj(ε, p) +

∑

i∈F
fizi(ε)

is concave (Property 3) and therefore it is minimized on the endpoints of the
interval [−ε1, ε2]. Let ε∗ ∈ {−ε1, ε2} be the value of ε minimizing the function
G(ε). We define zi = zi(ε∗) for i ∈ F and repeat rounding step again.

In the end of the rounding procedure we obtain an integral solution z1, . . . , zn
such that

∑

j∈D
Fj(z1, . . . , zn, α) +

∑

i∈F
fizi ≤

∑

j∈D
Fj(ȳ1, . . . , ȳn, α) +

∑

i∈F
fiȳi .

Moreover, Property 4 guarantees that Fj(z1, . . . , zn, α) is an upper bound on
the distance from the demand point j to the closest open facility in the solu-
tion z1, . . . , zn and therefore by Property 1 the solution z1, . . . , zn is an 1.582-
approximation solution for the metric uncapacitated facility location problem.

4 Approximation Algorithm: Details

In this section we describe the clustering procedure and give the definition for
functions Fj then in the next few sections we show that Fj satisfy properties
(1)-(4).

Let Nα(j) = {i ∈ F|x̄ij > 0}, i.e. Nα(j) is a set of facilities fractionally
serving j in the modified fractional solution, let Rj(α) = maxi∈Nα(j) cij be a
radius of Nα(j). Let Cj(α) =

∑
i∈Nα(j) cij x̄ij be a service cost of demand point

j in the modified fractional solution (x̄, ȳ). Notice that Cj(α) is a nonincreasing
function of α and in general Cj(α) can be smaller then Cj(1) =

∑
i∈N1(j) cijx

∗
ij .

Let D′ = ∅ and let j1 ∈ D be a demand point such that Rj1(α) + Cj1(α) =
minj∈D (Rj(α) + Cj(α)). Add j1 to D′. Delete j1 and all demand points j such
that Nα(j) ∩ Nα(j1) �= ∅ from D (we will call such demand points as demand
points assigned to cluster center j1). Delete the set of facility points Nα(j1)
from F and repeat the clustering procedure until D is empty. This clustering
procedure defines a set of clusters K1 = Nα(j1), . . . ,Kd = Nα(jd) and a set of
cluster centersD′ = {j1, . . . , jd}. Notice that by constructionNα(j)∩Nα(j′) = ∅
for any two different cluster centers j, j′ ∈ D′ and by the third property from
the Lemma 1

∑
i∈K ȳi = 1 for each cluster K = K1, . . . ,Kd.

We now define functions Fj(z1, . . . , zn, α) for all demand points j. Variable
zi always represents the fraction of facility assigned to facility location i ∈ F .
Originally, i.e. in the moment when we define functions Fj zi = ȳi = αỹi.
Assume that demand point j was assigned to some cluster center jk. For each
demand point j let πj be the permutation on the set of all facility location
points F such that cπ1j ≤ cπ2j ≤ . . . ≤ cπnj (we omit superscript j from πj)
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and N1
j = ∪mk=1{πk} where m = |N1

j |. The function Fj(z1, . . . , zn, α) is defined
as follows: if Nα

jk
⊆ N1

j then Fj(z1, . . . , zn, α) =

cπ1jzπ1 + cπ2j(1− zπ1)zπ2 + . . .+ cπmj

(
m−1∏

k=1

(1− zπk
)

)

zπm
+Rj(1)

m∏

k=1

(1− zπk
),

if Nα
jk
\N1

j �= ∅ then Fj(z1, . . . , zn, α) =

cπ1jzπ1 + cπ2j(1− zπ1)zπ2 + . . .+ cπmj

(
m−1∏

k=1

(1− zπk
)

)

zπm+

m∏

k=1

(1− zπk
)

(

cjjk +

∑
i∈Nα

jk
\N1

j
cijkzi

∑
i∈Nα

jk
\N1

j
zi

)

, (7)

where cjjk is a distance between demand point j and cluster center jk.
The intuition behind this definitions is that if Nα

jk
\ N1

j �= ∅ then Fj is an
upper bound for the expectation of the distance from demand point j to the
closest open facility in the following random process. Open a facility at the
facility point i ∈ N1

j at random independently with probability zi, if we didn’t
open a facility in N1

j during this process then open one facility from Nα
jk
\ N1

j

at random such that facility i is chosen with probability zi/
∑
i∈Nα

jk
\N1

j
zi. If

Nα
jk
⊆ N1

j then noticing that cπmj = Rj(1) we can define the similar random
process. Open a facility at the facility point πk at random independently with
probability zπk

for k = 1, . . . ,m − 1, if this random process didn’t open any
facility we open a facility at the point πm with probability 1.

The reason we use a deterministic rounding instead of randomized one is that
we don’t know how to construct a random process which guarantee the above
expectations for all demand points. The randomized rounding due to Chudak
& Shmoys [12,14] gives similar expectations but they are a little bit different.
Instead of distance from demand point j to the facility location point πk they
have some average distance from j to the set of facilities which belong to the
same cluster (see [12,14] for details).

5 Proof of Properties

To prove that our approximation algorithm has performance guarantee 1.582 we
need to prove four properties for functions Fj .

Theorem 1. The function Fj(z1, . . . , zn, α) satisfies Property 2.

Proof. If there is a cluster k with some fractional facilities in it then we chose
two facilities p, q to be fractional facilities in the cluster K = Nα

jk
with longest

distances to the center jk, i.e. cpjk and cqjk are the biggest among all distances
between jk and other facilities in Nα

jk
. We prove that for this choice of p, q
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the second derivative of ϕj(ε, p, q) is always negative for ε ∈ [−min{zp, 1 −
zq},min{1−zp, zq}] and therefore ϕj(ε, p, q) is a concave function on this interval
for every j ∈ F . See next section for details.

Property 3 follows from the fact that functions κj(ε, p) are linear in ε for any
index p ∈ N1

j . We now prove Property 4. Let q be a closest to j opened facility.
We know that q ∈ N1

j ∪ Nα
jk

since there is always an opened facility in Nα
jk

. If
q ∈ N1

j then zp = 0 for all facilities p such that π−1(p) < π−1(q), therefore there
is only one non-zero term in the expression for Fj(z1, . . . , zn, α) and this term
is equal to cqj . If q ∈ Nα

jk
\N1

j then Fj(z1, . . . , zn, α) = cjjk + cqjk ≥ cqj by the
triangle inequality.

To prove Property 1 we define the density function g(x) as follows

g(x) =
{
Kex

x3 , if 1 ≤ x ≤ B,
0, otherwise,

where e is the base of the natural logarithm, B = 1.71566 and

K =

(∫ B

1

ex

x3 dx

)−1

≈ 0.839268

is a constant normalizing g(x).

Theorem 2.

∫ +∞

1




∑

j∈D
Fj(ȳ1, . . . , ȳn, α) +

∑

i∈F
fiȳi



 g(α)dα ≤
(

max

{

K +
∫ B

1

B(e−α/B − e−α)
B − 1

g(α)dα,

∫ B

1
B(1− e−α/B)g(α)dα+

∫ B

1
αe−αg(α)dα,

∫ B

1
αg(α)dα

}

+
∫ B

1
e−αg(α)dα

)

LP ∗ = ρLP ∗

Proof. The proof of this theorem is rather complicated from technical viewpoint,
so we put it into Sect. 7 and 8. It consists of many auxiliary lemmas on properties
of Fj and the proof that g(x) is a solution of certain integral equation of Volterra
type.

We compute each quantity in the above expression and the performance
guarantee ρ of our algorithm numerically by Mathematica

ρ ≈ max{1.30404, 1.25777, 1.30404}+ 0.27707 = 1.58111 .

Note that our algorithm can be simply derandomized using the discretizing of
the probability space and choosing the best parameter α from the discrete prob-
ability space. The simplest way to do it is to split interval [1, B] into sufficiently
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many equally spaced intervals and then run the algorithm on each of the end-
points of subintervals. Using this approach we are loosing small constant ε in
our performance guarantee which can be made arbitrary small by decreasing the
length of subintervals.

6 Property 2

Proof of Theorem 1. Assume that we have the cluster K = K1, . . . ,Kd with
at least one fractional facility (then we must have at least two fractional facilities
due to the property that

∑
i∈K zi = 1) and center jk. Choose two fractional fa-

cilities p, q ∈ K with biggest distances cpjk and cqjk among all fractional facilities
in K.

Fix j ∈ F . We consider now few cases. Assume that j was assigned to the
cluster center jk. If Nα

jk
⊆ N1

j then it is easy to see that the function ϕj(ε, p, q) is
a quadratic polynomial in ε. Moreover we will prove now that it has nonpositive
main coefficient and therefore the function ϕj(ε, p, q) is concave in this case.

W.l.o.g. we assume that facility p is closer to j then facility q, i.e. π−1(p) <
π−1(q), therefore we can explicitly write the main coefficient in quadratic poly-
nomial ϕj(ε, p, q) as

cqj




∏

k∈{1,...,π−1(q)−1}\{π−1(p)}
(1− zπk

)



 ε2−

m∑

t=π−1(q)+1

cπtj



zπt

∏

k∈{1,...,t−1}\{π−1(p),π−1(q)}
(1− zπk

)



 ε2−

Rj(1)




∏

k∈{1,...,m}\{π−1(p),π−1(q)}
(1− zπk

)



 ε2 ≤

cqjε
2




∏

k∈{1,...,π−1(q)−1}\{π−1(p)}
(1− zπk

)



×



1−
m∑

t=π−1(q)+1



zπt

t−1∏

k=π−1(q)+1

(1− zπk
)



−
m∏

k=π−1(q)+1

(1− zπk
)



 = 0 .

If Nα
jk
\N1

j �= ∅ then if both p, q ∈ Nα
jk
\N1

j then ϕj(ε, p, q) is a linear function
since only the last term in (7) is nonconstant and +ε and −ε are canceled in
denominator of ∑

i∈Nα
jk

\N1
j
cijkzi(ε)

∑
i∈Nα

jk
\N1

j
zi(ε)

.

If both p, q ∈ N1
j then we claim again that ϕj(ε, p, q) is a quadratic polyno-

mial in ε with nonpositive main coefficient since zi(ε) = zi for i ∈ Nα
jk
\N1

j . The
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proof is very similar to the case when Nα
jk
⊆ N1

j . We just should use the fact
that

cjjk +

∑
i∈Nα

jk
\N1

j
cijkzi(ε)

∑
i∈Nα

jk
\N1

j
zi(ε)

=

∑
i∈Nα

jk
\N1

j
(cijk + cjjk)zi

∑
i∈Nα

jk
\N1

j
zi

≥
∑
i∈Nα

jk
\N1

j
cijzi

∑
i∈Nα

jk
\N1

j
zi
≥ cπmj .

The last inequality follows from the fact that cij ≥ cπmj for any i ∈ Nα
jk
\N1

j .
Note that this case covers the case when j was not assigned to the cluster center
jk but p, q ∈ N1

j if N1
j contains only p or only q and j was not assigned to the

cluster center jk then ϕj(ε, p, q) is a linear function in ε.
We now consider the most difficult case when q ∈ N1

j ∩Nα
jk

and p ∈ Nα
jk
\N1

j .
In this case the nonlinear term of ϕj(ε, p, q) is

m∏

k=1

(1− zπk
(ε))

(∑
i∈Nα

jk
\N1

j
cijkzi(ε)

∑
i∈Nα

jk
\N1

j
zi(ε)

)

. (8)

If number of remaining fractional facilities in the set Nα
jk
\ N1

j is exactly one
then we assume that ∑

i∈Nα
jk

\N1
j
cijkzi(ε)

∑
i∈Nα

jk
\N1

j
zi(ε)

= cpjk .

The reason we stress it out is that we can have a division by zero during
rounding if we would treat the above expression as function of ε. Therefore
ϕj(ε, p, q) is a linear function in this case.

So without loss of generality we consider the case when there are at least two
fractional facilities in the setNα

jk
\N1

j . Dividing (8) by the positive constant factor
cpjk ×

∏
k∈{1,...,m}\{π−1(q)}(1− zπk

(ε)) = cpjk ×
∏
k∈{1,...,m}\{π−1(q)}(1− zπk

) we
obtain that nonlinear term (8) is proportional to

(1− zq + ε)

(
ε+

∑
i∈Nα

jk
\N1

j
cijkzi/cpjk

ε+
∑
i∈Nα

jk
\N1

j
zi

)

.

Let A = 1− zq, B =
∑
i∈Nα

jk
\N1

j
cijkzi/cpjk and C =

∑
i∈Nα

jk
\N1

j
zi. We want

to prove concavity of the function (A+ ε)(B + ε)/(C + ε). Note that C + ε > 0
since ε ∈ [−min{zp, 1−zq},min{1−zp, zq}] and there are at least two fractional
facilities in the set Nα

jk
\N1

j . The first derivative of this function is

A+ ε

C + ε
+
B + ε

C + ε
− (A+ ε)(B + ε)

(C + ε)2

and the second derivative is equal to

2
C + ε

+
2(A+ ε)(B + ε)

(C + ε)3
− 2(2ε+A+B)

(C + ε)2
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We claim that

(C + ε)2 + (A+ ε)(B + ε) ≤ (2ε+A+B)(C + ε) .

And therefore the second derivative is nonpositive when ε ∈ [−min{zp, 1 −
zq},min{1− zp, zq}]. Indeed, the above inequality is equivalent to the inequality
C2 +AB ≤ AC +BC, which is equivalent to B(A−C) ≤ C(A−C). We prove
it by proving two inequalities A ≥ C and B ≤ C.

The inequality A ≥ C is equivalent to 1 − zq ≥
∑
i∈Nα

jk
\N1

j
zi which holds

since q ∈ Nα
jk
∩N1

j and 1 =
∑
i∈Nα

jk

zi.

The inequalityB ≤ C is equivalent to
∑
i∈Nα

jk
\N1

j
cijkzi ≤ cpjk(

∑
i∈Nα

jk
\N1

j
zi)

which holds since we chose p, q to be furthest facility points from the cluster
center jk. Therefore the second derivative of ϕj(ε, p, q) is negative when ε ∈
[−min{zp, 1− zq},min{1− zp, zq}], this implies the statement of the lemma.

7 Property 1: Technical Lemmas

We now prove few technical lemmas on the auxiliary properties of Fj . Let rj(t) =
Rj(1/t) and recall thatRj(1/t) is a smallest number such that a ball of this radius
around demand point j contains facilities with total sum of facility assignment
variables of least t. The first technical lemma establishes the connection between
rj(t), Rj(α) and Cj(α).

Lemma 2.

Cj(α) = α

∫ 1/α

0
rj(t)dt = α

∫ +∞

α

Rj(γ)
γ2 dγ .

Proof. Shmoys, Tardos and Aardal (Lemma 10, [32]) proved this statement for
α = 1, our proof is very similar. Recall that cπ1j ≤ . . . ≤ cπmj . The function
rj(t) is a step function and it is equal to cπkj for every t ∈ (

∑k−1
s=1 y

∗
πs
,
∑k
s=1 y

∗
πs

]
(we use the fact that y∗

i = x∗
ij). Let q be an index such that

1/α ∈ (
q−1∑

s=1

y∗
πs
,

q∑

s=1

y∗
πs

] .

Hence,

Cj(α) = cπqj

(

1−
q−1∑

s=1

x̄πsj

)

+
q−1∑

s=1

cπsj x̄πsj =

α

(

cπqj

(
1
α
−
q−1∑

s=1

x∗
πsj

)

+
q−1∑

s=1

cπsjx
∗
πsj

)

= α

∫ 1/α

0
rj(t)dt .

The second equality is trivial since we just should change variable t into variable
γ = 1/t.
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The next lemma is basically a reformulation of some property of expectation
used in [12,14].

Lemma 3. In the case when Nα
jk
\N1

j �= ∅ for some cluster center jk and some
demand point j assigned to it, the following inequality holds

cjjk +

∑
i∈Nα

jk
\N1

j
cijkzi

∑
i∈Nα

jk
\N1

j
zi
≤ Rj(1) +Rj(α) + Cj(α) .

Proof. If there is a facility q ∈ N1
j ∩Nα

jk
such that cqjk ≤ Cjk(α) then by triangle

inequality cjjk ≤ cjq + cqjk and since cjq ≤ Rj(1) and cijk ≤ Rjk(α) we obtain

cjjk +

∑
i∈Nα

jk
\N1

j
cijkzi

∑
i∈Nα

jk
\N1

j
zi
≤ Rj(1) + Cjk(α) +Rjk(α) ≤ Rj(1) + Cj(α) +Rj(α)

where the last inequality follows from the definition of cluster centers.
If cqjk > Cjk(α) for all facilities q ∈ N1

j ∩Nα
jk

then
∑
i∈Nα

jk
\N1

j
cijkzi

∑
i∈Nα

jk
\N1

j
zi
≤
∑
i∈Nα

jk

cijkzi
∑
i∈Nα

jk

zi
= Cjk(α) .

Using the fact that by triangle inequality cjjk ≤ Rj(1) + Rjk(α) we obtain the
statement of the lemma.

Lemma 3 implies that

Fj(ȳ1, . . . , ȳn, α) ≤ cπ1j ȳπ1 + cπ2j(1− ȳπ1)ȳπ2 + . . .+

cπmj

(
m−1∏

k=1

(1− ȳπk
)

)

ȳπm +
m∏

k=1

(1− ȳπk
) (Rj(1) +Rj(α) + Cj(α)) .

Lemma 4.

cπ1j ȳπ1 + cπ2j(1− ȳπ1)ȳπ2 + . . .+ cπmj

(
m−1∏

k=1

(1− ȳπk
)

)

ȳπm+

Rj(1)
m∏

k=1

(1− ȳπk
) ≤

∫ 1

0
αe−αtrj(t)dt+Rj(1)e−α .

Proof. Recall that the way we modified the solution (x∗, y∗) in Sect. 2 guar-
antees that ȳi = αy∗

i = αx∗
ij . Let Y1 = ȳπ1 , Y2 = (1 − ȳπ1)ȳπ2 , . . . , Ym =

(∏m−1
k=1 (1− ȳπk

)
)
ȳπm

and Ym+1 =
∏m
k=1(1 − ȳπk

). Let Z1 = 1 − e−αy∗
1 , Z2 =

e−αy∗
1 − e−α(y∗

1+y∗
2 ), . . . , Zm = e−α

∑m−1

k=1
y∗

πk − e−α
∑m

k=1
y∗

πk and Zm+1 = e−α.
We claim that these two sequences of numbers satisfy the following properties:
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P1.
∑m+1
i=1 Yi =

∑m+1
i=1 Zi=1,

P2.
∑k
i=1 Yi ≥

∑k
i=1 Zi, k = 1, . . . ,m.

The first property follows directly from the definition of sequences and the
fact that

∑m
k=1 y

∗
πk

= 1. We now derive the second property:

k∑

i=1

Yi = 1−
k∏

i=1

(1− ȳπi) ≥ 1− e−α
∑k

i=1
y∗

πi =
k∑

i=1

Zi

where we applied the well-known inequality
∏k
i=1(1 − pi) ≤ e−

∑k

i=1
pi for 0 ≤

pi ≤ 1.
Since rj(t) is a step function and

∫ b
a
αe−αtdt = −e−αt|ba we obtain

∫ 1

0
αe−αtrj(t)dt = cπ1jZ1 + cπ2jZ2 + . . .+ cπmjZm .

Therefore, what we really need to prove is the inequality

cπ1jY1 + cπ2jY2 + . . .+ cπmjYm +Rj(1)Ym+1 ≤

cπ1jZ1 + cπ2jZ2 + . . .+ cπmjZm +Rj(1)Zm+1 . (9)

We claim that the inequality (9) holds for any sequences of positive numbers Y
and Z satisfying properties P1, P2 and any sequence 0 ≤ cπ1j ≤ cπ2j ≤ . . . ≤
cπmj ≤ Rj(1), the similar inequality was proved by Hardy, Littlewood and Polya
[20].

Lemma 5. For any real number B ≥ 1 the following inequality holds

∫ 1

0
αe−αtrj(t)dt ≤ B(1−e−α/B)

∫ 1/B

0
rj(t)dt+

B

B − 1
(e−α/B−e−α)

∫ 1

1/B
rj(t)dt.

Proof. The proof is a direct application of the following integral inequality. We
are given two monotone functions g(x) and r(x) on the interval (a, b). If function
g(x) is nonincreasing and function r(x) is nondecreasing then

∫ b

a

g(x)r(x)dx ≤
(∫ b

a
g(x)dx

)(∫ b
a
r(x)dx

)

b− a . (10)

The above inequality is a special case of the Chebychev Inequality (see inequality
236 for an integral version or Theorem 43 for the finite version of this inequality
in [20]). Note also that Chebychev Inequality we mentioned above is different
from the well-known probabilistic inequality with the same name.

To prove Lemma 5 using the inequality (10), we just split the integral
∫ 1
0 αe

−αtrj(t)dt into two integrals, one on the interval [0, 1/B] and another on
the interval [1/B, 1] and apply the inequality (10) to each of these integrals.
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Lemma 6 (Chudak & Shmoys [14]).
∑

j∈D
Rj(1) ≤ LP ∗ .

We reformulated this lemma using our notations. The proof uses the connection
between Rj(1) and dual variable corresponding to the demand point j in the dual
LP to the linear relaxation (1)-(4),(6). We omit the proof from this version of the
paper. The following lemma can be checked by a straightforward computation.

Lemma 7. The function f(x) = ex

x3 is a solution of the following integral equa-
tion

x2e−xf(x) +
∫ x

1
te−tf(t)dt = 1 .

From above lemmas we derive the following upper bound on Fj(ȳ1, . . . , ȳn, α)
for any j ∈ D.
Theorem 3.

Fj(ȳ1, . . . , ȳn, α) ≤ B(1− e−α/B)
∫ +∞

B

Rj(γ)
γ2 dγ+

B

B − 1
(e−α/B−e−α)

∫ B

1

Rj(γ)
γ2 dγ+e−α

(

Rj(1) +Rj(α) + α

∫ +∞

α

Rj(γ)
γ2 dγ

)

.

8 Property 1: Proof of the Theorem 2

We want to estimate above the following quantity

∫ +∞

1




∑

j∈D
Fj(ȳ1, . . . , ȳn, α) +

∑

i∈F
fiȳi



 g(α)dα

using optimal value of linear relaxation LP ∗.
By Theorem 3, ∫ +∞

1
Fj(ȳ1, . . . , ȳn, α)g(α)dα ≤

∫ +∞

1

(

B(1− e−α/B)
∫ +∞

B

Rj(γ)
γ2 dγ +

B

B − 1
(e−α/B − e−α)

∫ B

1

Rj(γ)
γ2 dγ

+e−α
(

Rj(α) + α

∫ +∞

α

Rj(γ)
γ2 dγ +Rj(1)

))

g(α)dα =

We will simplify this expression using Fubini’s Theorem (switching the order of
integration).

=
∫ +∞

B

Rj(γ)
γ2

(∫ +∞

1
B(1− e−α/B)g(α)dα

)

dγ+
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∫ B

1

Rj(γ)
γ2

(∫ +∞

1

B

B − 1
(e−α/B − e−α)g(α)dα

)

dγ +
∫ +∞

1
e−αRj(α)g(α)dα+

∫ +∞

1

Rj(γ)
γ2

(∫ γ

1
αe−αg(α)dα

)

dγ +Rj(1)
∫ +∞

1
e−αg(α)dα =

Renaming variable α to γ in the third integral we continue.

=
∫ +∞

1

Rj(γ)
γ2 F (γ)dγ +Rj(1)

∫ +∞

1
e−αg(α)dα

where

F (γ) =
∫ +∞

1

B

B − 1
(e−α/B − e−α)g(α)dα+ γ2e−γg(γ) +

∫ γ

1
αe−αg(α)dα,

if 1 ≤ γ ≤ B and

F (γ) =
∫ +∞

1
B(1− e−α/B)g(α)dα+ γ2e−γg(γ) +

∫ γ

1
αe−αg(α)dα,

if γ > B. Using Lemma 7 and the fact that g(γ) = 0 if γ > B we simplify the
expressions for F (γ):

F (γ) =

{∫ B
1

B
B−1 (e−α/B − e−α)g(α)dα+K, if 1 ≤ γ ≤ B,

∫ B
1 B(1− e−α/B)g(α)dα+

∫ B
1 αe−αg(α)dα, if γ > B.

Therefore, F (γ) is a step function and

F (γ) ≤ max

{∫ B

1
B(1− e−α/B)g(α)dα+

∫ B

1
αe−αg(α)dα,

∫ B

1

B

B − 1
(e−α/B − e−α)g(α)dα+K

}

.

We are ready now to prove Theorem 2

∫ +∞

1




∑

j∈D
Fj(ȳ1, . . . , ȳn, α) +

∑

i∈F
fiȳi



 g(α)dα ≤

∑

j∈D

(∫ +∞

1

Rj(γ)
γ2 F (γ)dγ +Rj(1)

∫ +∞

1
e−αg(α)dα

)

+

∫ +∞

1
αg(α)dα

∑

i∈F
fiy

∗
i ≤

We continue applying Lemmas 2 and 6.

max
γ≥1

F (γ)
∑

j∈D
Cj(1) +

(∫ +∞

1
e−αg(α)dα

)

LP ∗ +
∫ +∞

1
αg(α)dα

∑

i∈F
fiy

∗
i ≤

(

max
{

max
γ≥1

F (γ),
∫ +∞

1
αg(α)dα

}

+
∫ +∞

1
e−αg(α)dα

)

LP ∗ .
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9 Conclusion

In this paper we obtained an approximation algorithm for the metric uncapac-
itated facility location problem using new rounding technique and many new
technical lemmas. The most interesting new technical lemma is Lemma 4 which
is a refinement of Lemma 17 from [14]. The rounding technique we used in this
paper is rather general and can be implemented in the similar way for other
more general facility location problems like fault tolerant facility location [19] or
facility location with outliers [11].

The performance guarantee in this paper can be easily improved by using
more numerical methods. Instead of using Lemma 5 we could choose the density
function g(x) as scaled solution of the following integral equation

∫ B

1
te−t/xf(t)dt+ x2e−xf(x) +

∫ x

1
te−tf(t)dt = 1 .

Unfortunately, this equation does not seem to have an analytic solution, it can
be solved by discretizing an interval [1, B] and solving a corresponding system
of linear algebraic equations. Notice that numerical computations show that for
big values of constant B the function g(x) becomes negative and therefore we
should be careful in choosing a value for B. Since all our numerical experiments
gave a constant worse then recently announced 1.52 [28], we decided to omit
the description of more exact estimation of the performance guarantee of our
algorithm.
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Abstract. We investigate the problem of reconstruction a surface given
its contours on parallel slices. We present a branch-and-cut algorithm
which computes the surface with the minimal area. This surface is as-
sumed to be the best reconstruction since a long time. Nevertheless there
were no algorithms to compute this surface. Our experiments show that
the running time of our algorithm is very reasonable and that the com-
puted surfaces are highly similar to the original surfaces.

1 Introduction

We investigate the problem of reconstruction a surface given its contours on
parallel slices. This problem has its applications mainly in medical imaging such
as computer tomography (CT) and magnetic resonance imaging (MRI). The re-
sult of those scans is a series of slices of the object. These slices are converted
by edge-detection methods to sets of simple, non-intersecting polygons, called
the contours. These are the input of our algorithm. The goal is to visualize the
original surface in a computer. Typical visualization software requires triangu-
lated surfaces as input. Thus, we have to solve the surface reconstruction from
planar contours problem, i.e. we have to convert the polygonal slices to a trian-
gulated surface that looks like the surface of the original object. The problem is
illustrated in Fig. 1.

It is assumed since a long time [7,10] that the triangulated surface with
minimal area is the best reconstruction. As we will see, the problem to compute
this surface is NP-complete. Up to now there where only algorithms that solve the
area minimization problem either for special cases [10,8] or only approximatively
[7,8]. We present a branch-and-cut algorithm which computes the surface with
the minimal area exactly. Our experiments show that the running time of the
algorithm is very reasonable and that the computed surfaces are highly similar
to the original surfaces.

We assume that the reader is familiar with basic polyhedral theory and
branch-and-cut algorithms. For an introduction, we refer to [14]. In Sect. 2,
we relate our work to extant work. In Sect. 3, we introduce some basic notations
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Fig. 1. The input is a series of parallel slices. We compute a triangulated surface

and definitions. In particular, we give two possible characterizations of triangu-
lated surfaces. These characterizations lead to integer linear programming (ILP)
formulations formulations, which are given in Sect. 4. Our investigations on the
corresponding polyhedra follow in Sect. 5 and 6, respectively. In Sect. 7, we show
the NP-completeness of both problems. In Sect. 8 and 9 we describe the resulting
branch-and-cut algorithms and the experiments we made with the algorithms.
Finally we give some conclusion.

2 Comparison to Extant Work

Our algorithm as well as most previous algorithms compute the triangulated
surface by iteratively computing the part of the surface that lies between two
neighbored slices. Thus we assume in the following, that we want to compute
a surface between two parallel slices. Most previous algorithms split the surface
reconstruction into three subproblems.

1. the correspondence problem, i.e. the problem to decide which contours on
the one slice are connected to which contours on the other slice.

2. the branching problem, i.e. if there is no one-to-one correspondence between
the contours on the two slices, the contours must be split (see Fig. 2d) or
connected (see Fig. 2c) by adding one or two additional segments to the
contour. These segments are called the bridge.

3. the tiling problem, i.e. given one contour in each slice which triangles should
be chosen to get an appropriate surface

Keppel [10] proposes to solve the tiling problem by area minimization, i.e.
given two contours, the triangulated surface with the minimal surface area should
be chosen as reconstruction. Sederberg, Hong, Kaneda, and Klimaszewski [8] go
one step beyond and propose to solve the branching problem by area minimiza-
tion, too. They describe an algorithm that, given two contours in one slice and
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a b c d e

Fig. 2. Different solutions for the branching and correspondence problem

one contour in the other slice, computes the best possible bridge, i.e. the two
segments, so that the area of the minimal-area triangulated surface is minimal.

We go even a step further and solve the correspondence problem by area
minimization, too. Thus we have to deal with the following problem: Given a set
of contours in two parallel slices, we compute the triangulated surface with the
minimal area.

3 Definitions and Notation

We introduce some notations. We assume that we are given the set of contours
on the two slices as a graph G = (V, S), whose nodes V correspond to the corners
of the contours and where two points are connected by an edge in S, if the points
are connected by a segment in a contour. Let n = |V | and k be the number of
polygons in G. Let furthermore E be the set of edges of the complete graph
over V and T all possible triangles over V . A triangle is adjacent to a point p or
an edge pq if it contains the point or the edge, respectively. We call edges in S
segment edges and edges in E \S non-segment edges. Let F be a set of triangles
over V . For two points p, q ∈ V let Fp = {t ∈ F | p ∈ t}, Fpq = {t ∈ Fp | q ∈ t}
and Ep(F ) = {rs | prs ∈ F}. Furthermore we assume that the contours are
directed in some way. For a point p let p− its predecessor on the contour and p+

its successor. We also assume that the contours are numbered from 0 to k − 1
and that ⊕ is the addition modulo k. For a point p let cp the index of the contour
of p. For an set of edges E′ ⊆ E let E′i = {pq ∈ E′ | cp = cq = i}. For a subset
V ′ ⊆ V , let V ′i = {p ∈ V ′ | cp = i}.

First we have to characterize those sets of triangles that correspond to tri-
angulated surfaces for the input. We define a triangulated surface between two
slices as a set of triangles with the following two properties.

1. For each segment-edge of an input contour, exactly one triangle adjacent to
it is in the surface.

2. Each non-segment-edge is either in the surface or not. In the first case, ex-
actly two adjacent triangles are in the surface, in the second case no adjacent
triangle is in the surface.

One could further restrict the set of surfaces by insisting to the following property.
3. Let F be the set of the triangles of the surface. Then Ep(F ) is a path betweeen
p− and p+ for every p ∈ V .
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The last property forbids configurations as shown in Fig. 2e to be surfaces. We
call surfaces with property 3 normal surfaces. If we do not restrict the surfaces
to have property 3 we talk about general surfaces. We present ILP-formulations
and derive branch-and-cut algorithms for both cases. In all our experiments, the
general surface with the minimal area was a normal surface.

Let C = (p0, . . . , pl, p0) be a cycle. A set of triangles F closes the cycle, if
|Fpq| = 1 for all edges pq of the cycle and |Fpq| is 0 or 2 for other pairs of points
in {p0, . . . , pl}. Furthermore Epi(F ) is a path between the two adjacent points of
pi. A cycle can be closed e.g. by the triangles pipi+1pl, 0 ≤ i ≤ l−2. One possible
normal surface is obtained by closing all contours. It is an easy observation that
all segment and non-segment conditions are satisfied for this surface.

4 ILP-Formulations and Cutting Planes

Both ILP-formulations use binary decision variables for the triangles, indicating
whether a triangle belongs to a surface or not. For all triangles t ∈ T , let at
be the surface area of the triangle t. The first two conditions above are easily
formulated as linear constraints.

min
∑

t∈T
atxt

s.t.
∑

t∈Tpq

xt = 1 for all pq ∈ S, (1)

∑

t∈Tpq

xt ≤ 2 for all pq ∈ E \ S, (2)

xpqr ≤
∑

s∈V p\{q}
xpqs for all pq ∈ E \ S, r ∈ V \ {p, q}, (3)

xt ∈ {0, 1} for all t ∈ T .

The Equalities (1) enforce for each segment that exactly one adjacent triangle
in the surface, thus property 1 is satisfied. To guarantee property 2, we need two
classes of inequalities. The Inequalities (2) enforce that at most two triangles
adjacent to a non-segment-edge are selected and Inequalities (3) enforce that
either no triangle or at least two triangles adjacent to a non-segment are selected.

The following lemma is crucial for the formulation for normal surfaces and
for the validity of the cutting planes we use.

Lemma 1. Let F be a surface and p ∈ V be fixed. The edges Ep(F ) form a
unique path P between p− and p+ and a, possibly empty, set of cycles C1, . . . , Cl.
Furthermore P,C1, . . . , Cl are pairwise node-disjoint.

Proof. From property 1 we conclude that there is exactly one edge adjacent to
p− and p+. From property 2 we conclude that for all other points there are either
0 or 2 adjacent edges. ��

We now introduce some additional notation. For a point p let Gp = (V p, Ep)
be the complete graph whose nodes correspond to V \{p}. We call a set of edges
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E′ ⊆ Ep a p-path configuration, if E′ is the union of a path P between p− and
p+ and cycles C1, . . . Cl, so that P,C1, . . . , Cl are pairwise node-disjoint. This
name is justified in Lemma 2, where we show that for every p-path configuration
P there is a surface F , so that Ep(F ) = P .

Observation 1. If
∑
q,r∈V p aqrxqr ≤ a0 is a valid inequality of the p-path con-

figuration problem in Gp, the inequality
∑
pqr∈Tp

aqrxpqr ≤ a0 is valid for the
general surface problem. Analogously, if

∑
q,r∈V p aqrxqr ≤ a0 is a valid inequal-

ity of the (p−, p+)-path problem in Gp, the inequality
∑
pqr∈Tp

aqrxpqr ≤ a0 is
valid for the normal surface problem.

This transformation of an inequality for Gp to an inequality for the surface
problem is called lifting. The reverse transformation is called projection.

Look at any (p−, p+)-cut in Gp. At least one edge of any path between
p− and p+ crosses this cut. Lifting the corresponding inequalities leads to the
following (exponential) class of valid inequalities for the general and normal
surface polytope.

∑

q∈V ′,r∈V p\V ′
xpqr ≥ 1 for all V ′, {p−} ⊆ V ′ ⊆ V p \ {p+} . (4)

We use this inequalities as cutting planes. We show a separation algorithm in
Sect. 8.

To restrict the set of feasible solutions of the ILP above to normal surfaces,
we have to eliminate those surfaces, where at least one set Ep(F ) is not only a
path from p− to p+ but contains also a cycle C. The following (exponential) set
of inequalities can be used.

∑

r∈V p\{q}
xpqr ≤

∑

r∈V ′,s∈V p\V ′
xprs for all p, q ∈ V, {q} ⊆ V ′ ⊆ V p \ {p−, p+} .

(5)
We first argue the validity of the inequality. Look at a node p and the path

between p− and p+ of the edges Ep(F ). Let q be any node. If q is not on the
path, the left hand side of the inequality is 0 and thus the inequality is satisfied
for all V ′. If q is on the path, the left hand side of the inequality is 2. The right
hand side of the inequality is at least two, since there is a path from q to p− and
a path from q to p+.

We now argue that the inequalities restrict the set of feasible solutions as
desired. Assume that for one point p the edges Ep(F ) form a path P and a cycle
C. Choosing q as any point in C and V ′ as the set of nodes in C, the left hand
side of the inequality is 2 whereas the right hand side is 0. Thus this inequality
is violated.

We handle these inequalities also by separation. The separation algorithm is
given in Sect. 8.
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5 Polyhedral Investigations for General Surfaces

We want to show that all described inequalities of the general surface ILP are
facet defining.

If one takes a closer look to the inequalities, one makes the following obser-
vation: for every described inequality ax ≤ b for the general surface polytope,
there is at least one point p, so that at = 0 for all t ∈ T \Tp. Thus we can project
these inequalities to an inequality in Gp. Looking at the resulting inequalities
one observes that they are valid for the p-path configuration problem.

We first proof, that all p-path configurations can indeed be extended to gen-
eral surfaces (Lemma 2). Furthermore we will see that for all facets of the p-
path configuration polytope with a special property, the lifted inequality defines
a facet of the general surface polytope. We finally show that the projected in-
equalities of all described inequalities for the general surface polytope are facets
of the p-path configuration polytope and that they have the special property.

We will use the following observation several times.

Observation 2. Let P = (qi, . . . , qj) be a path of segment edges, so that the
length of the path is smaller than the size of the contour. For any (normal)
surface F of the modified problem, where the path P is replaced by an edge
(qi, qj), the set of triangles F ∪ {qlql+1qj | i ≤ l ≤ j − 2} is a (normal) surface
for the original input (see Fig. 3).

��
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����

����

��

��

Fig. 3. The nodes qi+1, . . . qj−1 were removed and a surface is constructed. Then the
triangles {qlql+1qj | i ≤ l ≤ j − 2} are added to the surface

We now show the crucial lemma of our proof. Every p-path configuration can
be extended to a general surface.

Lemma 2. Let p ∈ V and P be a set of edges forming a p-path configuration in
Gp. There is a general surface with Tp = {pqr | qr ∈ P}.
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Proof. Let F be the set of triangles induced by P . First notice that no segment
edge has more than one adjacent triangle in F and no non-segment edge has
more than two adjacent triangles in F . Furthermore only non-segment edges
adjacent to p can have two adjacent triangles. Let E′ be the set of edges that
need a further triangle, i.e. the set of segment edges without adjacent triangle
in F and the set of non-segment edges which have exactly one adjacent triangle
in F . We claim that E′ is a union of cycles, not containing the point p. Thus
closing all those cycles will lead to a correct surface.

We show that every point q has an even number of adjacent edges in E′. If
q is not in P , the two adjacent segment edges are in E′, namely qq− and qq+. If
q is on the path and q− and q+ are on P , too, E′ contains no edge adjacent to
q, since both segment edges have an adjacent triangle. If exactly one of q−, q+

is also on the path, say q−, the segment q−q+ and qr are in E′, where r is the
adjacent point of q in P different from q−. Finally, if neither q− nor q+ is on
the path, there are 4 adjacent edges in E′, namely q−q, q+q, rq and sq, where r
and s are the two adjacent points of q in P . The point p is not on a cycle, since
there are triangles adjacent to pp− and to pp+ in F . ��

Note that, if the path is different from (p−, p+), the surface can be chosen,
so that it does not use the segment p−p+. This is obvious, if p− and p+ are
on different cycles. If p− and p+ are on the same cycle, we have to chose the
triangles that close the cycle carefully (Note that the edge p−p+ is not on a
cycle). If the path contains no further point on cp, p− and p+ lie on the same
cycle, since all edges on cp different from p−p and pp+ are in this cycle (all those
edges are in E′ and the nodes have degree 2 in E′). In this case there is also
an surface that contains the edge p−p+, since we can close the cycle so that the
edge p−p+ is chosen.

Before we can make a facet proof, we need to know the dimension of the
polytope.

Lemma 3. The dimension of the general surface polytope is
(
n
3

) − n, where n
is the number of nodes in G.

Proof. Let ri ∈ V be any point with cri = i. We have n equalities of type 1
in our description, one for each segment. Let pq ∈ Si. The coefficient of the
triangle pqri⊕1 is 1 for the equality for pq and 0 for all other equalities. Thus all
equalities are linearly independent. Hence the dimension of the surface polytope
is at most

(
n
3

)− n.
We now look at the special case of k contours each containing exactly 3

points. For k = 2 and k = 3 the lemma can be easily checked by enumerating
all surfaces. Let k ≥ 4 and assume that we have proven the statement for all
l ≤ k− 1. It is known that the dimension of the polytope is

(
n
3

)− n, if and only
if all valid equalities are linearly dependent to the known equalities.

We can use the fact that apqri⊕1 is 1 for one equality and 0 for all other
equalities to define a normal form of equalities. An equality is in normal form,
if apqri⊕1 = 0 for all segments pq. Every equality that is linearly independent
to the equalities in our description, has an equivalent equality in normal form.
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There exists a valid equality linearly independent to the known equalities if and
only if there exists a equality in normal form different from 0 = 0.

Assume there is a valid inequality
∑
t∈T atxt = a0 in normal form and apqr 	=

0 for three points p, q, r. Let i be any contour with i 	= cp, i 	= cq and i 	= cr.
We look at all surfaces closing polygon i and choosing no other triangle adjacent
to any of the three points. The equality is valid for all those surfaces, which
is equivalent to

∑
t∈T\(Tp∪Tq∪Tr) atxt = a0 − apqr. This inequality must be a

valid inequality for k − 1 contours, thus we conclude that at = 0 for all t ∈
T \ (Tp ∪ Tq ∪ Tr). This contradicts the assumption that apqr 	= 0.

Let’s turn to the general case. In the facet proof, we will show that there are(
n
3

)−n affinely independent points that are active for a specific facet, e.g. for the
facet xp−pp+ ≥ 0. This proof is by induction and uses as basis the case above.
Observing that a facet is not active for all surfaces (in the example, notice that
there is a surface that uses the triangle p−pp+), we conclude that there are at
least

(
n
3

) − n + 1 affinely independent surfaces. This proves that the dimension
is
(
n
3

)− n. ��
We resign to proof the following lemma.

Lemma 4. The dimension of the p-path configuration polytope is
(
n−1

2

)− 2.

We are now turning to our main theorem.

Theorem 1. Let p ∈ V be fixed so that the size of the contour of p is at least
4. Let

∑
q,r∈V p aqrxqr ≤ a0 be a facet of the p-path configuration polytope. If

(C1) ap−p+ = a0 and (C2) there is a p−p+-path P with P ∩V cp = {p−, p+} and∑
e∈P ae = a0 then

∑
pqr∈Tp

aqrxpqr ≤ a0 defines a facet for the general surface
polytope.

Proof. Let k be the number of contours. For every k we make an inductive proof
over the total number of points in the contours to show that the inequalities
that have the properties of the lemma are active for at least

(
n
3

) − n affinely
independent surfaces. For n = 3k there is nothing to show (since there is no
contour with size at least 4). Thus let n > 3k.

We define the p-reduced surface polytope as the surface polytope where the
path p−pp+ is replaced by the edge p−p+. If n − 1 > 3k, there is at least
one inequality of the p-reduced surface polytope that has the properties of the
lemma. Since this inequality is not active for all surfaces, we can conclude that
the dimension of the p-reduced surface polytope is

(
n−1

3

)− n+ 1. If n− 1 = 3k,
we have already shown that the dimension of the p-reduced surface polytope is(
n−1

3

)− n+ 1.
There are

(
n−1

3

)−n+2 affinely independent surfaces which have the triangle
pp−p+, since fixing the triangle p−pp+ is equivalent to replacing the path p−pp+

by the edge p−p+ and thus we have the same number of affinely independent
surfaces as in the p-reduced surface polytope. From condition (C1) we conclude
that all of them satisfy the facet with equality. Furthermore there are

(
n−1

2

)− 3
affinely independent p-path configurations different from the path (p−, p+) in
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Gp which satisfy the projected facet with equality. These path can be extended
to surfaces which do not use the edge p−p+. These surfaces also satisfy the facet
with equality. We resign to give the rather simple proof that all those surfaces
are affinely independent. Thus we have

(
n−1

3

)− n+ 2 +
(
n−1

2

)− 3 =
(
n
3

)− n− 1
affinely independent surfaces. Let F be the set of these surfaces.

We need one further surface to finish the proof. All surfaces in F satisfy the
equality

xpp−p+ =
∑

r∈V p\{p−,p+}
xp−p+r . (6)

Due to (C2), there is a path P with P ∩ V cp = {p−, p+} and
∑
e∈P ae = a0. A

surface that does not satisfy this equality can be obtained by extending the path
P so that the non-segment edge p−p+ is realized. The resulting surface is active
for the facet. Since it does not satisfy the Equality (6) it is affinely independent
from the surfaces F . ��

We resign to proof the following lemma which summarizes our polyhedral
investigations on the p-path configuration polytope.

Lemma 5. The following valid inequalities for the p-path configuration polytope
are facet defining.

1. xqr ≥ 0 for all qr ∈ Ep.
2. xqr ≤

∑
s∈V p,s �=r xqs for all q, r ∈ V p, q 	= r, p−, p+.

3.
∑
q∈V ′,r∈V p\V ′ xqr ≥ 1 for all {p−} ⊆ V ′ ⊆ V p\{p+} with 2 ≤ |S| ≤ |V p|−2.

Now we can formulate the following lemma.

Lemma 6. Let p ∈ V so that the size of the contour of p is at least 4. The
following inequalities are facet defining for the general surface polytope.

1. xpqr ≥ 0 for all q, r ∈ V , p, q, r pairwise disjoint.
2. xpqr ≤

∑
s∈V \{p,q,r} xpqs for all q, r ∈ V p, q 	= r.

3.
∑
q∈V ′,r∈V p\V ′ xpqr ≥ 1 for all {p−} ⊆ V ′ ⊆ V p \ {p+} with 2 ≤ |S| ≤

|V p| − 2.

Proof. We start with the first statement. If qr 	= p−p+, xqr ≥ 0 is facet defining
for the p-path configuration polytope. Furthermore ap−p+ = 0 = a0 and ap−r +
arp+ = 0 = a0 for any point r 	= q. If qr = p−p+, the inequality xpr ≥ 0 is facet
defining for the q-path configuration polytope and the conditions (C1) and (C2)
hold.

For the other two items notice that the corresponding path inequality is facet
defining for the p-path configuration polytope of Gp and that the condition (C1)
holds. It is easy to find a path P so that (C2) holds. ��
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6 Polyhedral Investigations for Normal Surfaces

The polyhedral investigations for normal surfaces follow almost the same path
as for general surfaces. There is one additional complication. We were not able
to show that all (p−, p+)-paths are extensible to normal surfaces. If the degree
of a node q in E′ is 4, the adjacent edges of q in the surface we described needn’t
form only a path, but can have additional cycles. If every node has degree at
most 2, we can show that the constructed surface is normal.

From the following set of path we can proof that we can extend them to
normal surfaces.

Definition 1. A p-ordered path is a path P in Gp between p− and p+ with the
following properties.

– For any point q in P different from p− and p+, at least one of its adjacent
points in P lies in the same contour as q.

– For every contour i let s be the first point of P in contour i and t be the last
point. The subpath of P consisting of all nodes in contour i is a subpath of
one of the two s, t paths in the contour i.

We were able to show that the dimension of the p-ordered path polytope is(
n−1

2

)− 2, where n− 1 is the number of nodes of Gp. Thus we can exactly argue
as in the case of general surfaces and obtain the following theorem.

Theorem 2. Let p be fixed so that the size of the contour of p is at least 4. Let∑
q,r∈V p aqrxqr ≤ a0 be a facet of the p-ordered path polytope. Let furthermore∑
pqr∈Tp

aqrxpqr ≤ a0 be a valid inequality for the surface polytope. If (C1)
ap−p+ = a0 and (C2’) there is a p-ordered path P with P ∩ V cp = {p−, p+}
and

∑
e∈P ae = a0, then

∑
pqr∈Tp

aqrxpqr defines a facet for the normal surface
polytope.

Note that in the theorem there is the additional precondition that the facet
of the p-ordered path polytope is valid for the normal surface problem.

Lemma 7. Let p ∈ V and P be a set of edges forming an p-ordered path in Gp.
There is a normal surface with Tp = {pqr | qr ∈ P}.
Proof. Assume first that every edge e in P that lies completely in one contour
is a segment edge. We conclude that for every node of the path, at least one
adjacent edge is a segment edge.

We show that the surface we constructed in Lemma 2 is a normal surface.
Let q be any point. Assume first that q lies on the path P . If q− and q+ are
on the path P , the triangles qq−p and qq+p are the triangles that are adjacent
to q. Assume now that exactly one of q− and q+ are on the path, say q−. Let
r be the other adjacent edge of q on the path. The path contains the triangles
qq−p and qrp that are adjacent to q. The cycle containing q contains the path
rqq+ and thus the triangles that close the cycle form a path between q+ and r.
Thus all triangles adjacent to q form a path between q− and q+. If q is not on
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P , the cycle containing q contains the path q−qq+. Thus closing this cycle will
guarantee that the triangles adjacent to q form a path between q− and q+.

Assume now that there is a non-segment edge of P that lies in one contour,
say i. Let q0 be the first node of P on contour i and q1, . . . ql be the remaining
points of the contour going along the segment edges, so that the indices of the
nodes in contour i in P are increasing. Let qaqb, b > a be a non-segment edge
of P in this contour. We can close the cycle qa, qa+1, . . . , qb and handle qaqb as
a segment edge. This is possible since no point between qa and qb is on the path
P . ��

We now summarize our investigations on the p-ordered path polytope.

Lemma 8. The following inequalities define facets for the p-ordered path poly-
tope.

1. xqr ≥ 0, for all qr ∈ Ep with qr 	= p−p−− and qr 	= p+p++. If q and r lie in
the same contour different from cp, we assume furthermore that the size of
the contour is at least 4.

2. xqr ≤
∑
s∈V p,s �=r xqs for all q, r ∈ V p with q, r 	= p−, p+ and cq = cr 	= cp.

3.
∑
q∈V ′,r∈V p\V ′ xqr ≥ 1 for all {p−} ⊆ V ′ ⊆ V p \{p+} with |V ′∩V i| 	= 1 and

|(V p\V ′)∩V i| 	= 1 for all i 	= cp. The nodes of the path (p−, p−−, . . . , p++, p+)
have an initial part of nodes in V ′ followed by a path of nodes that are not
in V ′.

4.
∑
r∈V p\{q} xqr ≤

∑
r∈V ′,s∈V p\V ′ xrs for all {q} ⊆ V ′ ⊆ V p \ {p−, p+} if

either
(a) cq 	= cp, |V ′ ∩ V i| 	= 1, |(V p \ V ′)∩ V i| 	= 1 for all i, |V ′ ∩ V cq | ≥ 3, and
|V cq | ≥ 4, or

(b) cq = cp, |V ′ ∩ V i| 	= 1, |(V p \ V ′) ∩ V i| 	= 1 for all i, V ′ ∩ V cp = {q}.
We finally state the following lemma.

Lemma 9. Let p ∈ V be a point so that the size of the contour of p be at least
4. The following inequalities define facets for the normal surface polytope.

1. xpqr ≥ 0, for all p, q, r ∈ V , p, q, r pairwise disjoint. If q and r lie in the
same contour, we assume furthermore that the size of the contour is at least
4. If p, q, r lie in the same contour we assume that at most one of the three
edges pq, qr, rp is a segment edge.

2. xpqr ≤
∑
s∈V p,s �=r xpqs for all p, q, r ∈ V p with cq = cr 	= cp.

3.
∑
q∈V ′,r∈V p\V ′ xpqr ≥ 1 for all {p−} ⊆ V ′ ⊆ V p\{p+} with |V ′∩V i| 	= 1 and

|(V p\V ′)∩V i| 	= 1 for all i 	= cp. The nodes of the path (p−, p−−, . . . , p++, p+)
have an initial part of nodes in V ′ followed by a path of nodes that are not
in V ′.

4.
∑
r∈V p\{q} xpqr ≤

∑
r∈V ′,s∈V p\V ′ xprs for all {q} ⊆ V ′ ⊆ V p \ {p−, p+} if

either
(a) cp 	= cq, |V ′ ∩ V i| 	= 1, |(V p \ V ′) ∩ V i| 	= 1 for all i. |V cq ∩ V ′| ≥ 3 and
|V cq | ≥ 4, or

(b) cp = cq, |V ′ ∩V i| 	= 1, |(V p \V ′)∩V i| 	= 1 for all i and V ′ ∩V cp = {q}.
Note that we now have to show the existence of a p-ordered path P which

satisfies condition (C2’).
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7 NP-Completeness

We will now show the NP-completeness of the minimal general and normal sur-
face problem for general cost functions. We do not analyze the Euclidean case,
where any point of a contour has a coordinate in the Euclidean Space and the
cost of a triangle is defined as its surface area.

Theorem 3. Given a set of contours, a function c that maps triples of points
of the contours to integers, and a constant k, the question whether there exists
a general surface of cost at most k is NP-complete. The same holds for normal
surfaces.

Proof. It is easy to see that the problem is in NP.
For the completeness, we show a reduction from maximal 3-dimensional

matching. The maximal 3-dimensional matching problem is defined as follows.
Given three disjoint sets X, Y , and Z and a subset D ⊆ X × Y × Z, find a
matching of maximal cardinality. A matching is a subset M ⊆ D so that no
elements in M agree in any coordinate. The maximal 3-dimensional matching
problem is NP-complete (see [9]).

The reduction will be so that for any matching M there will be a normal
surface of cost |D| − |M | and no (general) surface of smaller cost.

For every v ∈ X ∪Y ∪Z, we introduce a contour v1, v2, v3. For every element
d ∈ D, we introduce a contour d1, d2, d3. The cost function c is defined as
follows. For all d = (x, y, z) ∈ D (where x ∈ X, y ∈ Y , and z ∈ Z), we define
c(d1d2d3) = 1, c(d1d2x1) = 0, c(d1x1x2) = 0, c(d2d3y1) = 0, c(d2y1y2) = 0,
c(d3d1z1) = 0, c(d3z1z2) = 0, c(d1z1x2) = 0, c(z1z3x2) = 0, c(z3x2x3) = 0,
c(d2x1y2) = 0, c(x1x3y2) = 0, c(x3y2y3) = 0, c(d3y1z2) = 0, c(y1y3z2) = 0,
c(y3z2z3) = 0, and c(x3y3z3) = 0. We call these triangles the triangles associated
with d. For all v ∈ X∪Y ∪Z, we define c(v1v2v3) = 0. For the remaining triangles
t, we define c(t) = ∞. (It is easy to avoid ∞, by defining c(t) = |D| + 1.) See
Fig. 4 for an example.

Let M ⊆ D be a matching. We can construct a surface of cost |D| − |M | as
follows. For all d ∈M , choose the triangles associated with d which have cost 0.
For all d /∈M , choose the triangle d1d2d3. For all v ∈ X ∪ Y ∪ Z which have no
adjacent triangle in M , choose the triangle v1, v2, v3. This constructs a normal
surface of cost |D| − |M |.

Assume now there is a general surface F of cost less than |D|−|M |, where M
is a maximal matching. Let M ′ = {d ∈ D | d1d2d3 /∈ F}. Obviously |M ′| > |M |
and thus M ′ is not a matching. Let d and d′ be two elements in M ′, which share
a common node, say x. Without loss of generality, let x ∈ X. There must be a
triangle in F adjacent to the edge d1d2. The only such triangle with finite cost
different from d1d2d3 is d1d2x1 and hence it must be in F . Hence there is an
other triangle adjacent to d1x1 in F . The only such triangle with finite cost is
d1x1x2 and thus it must be in F . In the same way, we argue that the triangle
d′
1x1x2 must be in F . Thus F contains at least two triangles adjacent to the

segment edge x1x2. This contradicts the property 1 of general surfaces. ��
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Fig. 4. The figure shows a tiny example: X = {x}, Y = {y}, Z = {z} and D =
{(x, y, z)}. The segment-edges are shown as bold lines. The faces of the graph (including
the outer face) correspond to the triangles with finite cost. The triangle d1d2d3 has
cost 1, the remaining triangles have cost 0. There are exactly two surfaces consisting
only of triangles of finite cost. We can either close all four contours, or we chose all
other faces of the planar graph (including the outer face)

8 Branch-and-Cut Algorithm

The input size of our problem instances, i.e. the total number of points in the
two slices, was up to 267 points in our experiments. This would lead to over
3, 000, 000 triangles. Thus we cannot afford to compute the minimal area surface
with respect to all triangles. Therefore we restrict the possible triangles to the
Delaunay triangles. Only considering Delaunay Triangles is wide-spread for
surface reconstruction problems.

Assuming that the contours in one slice are non-intersecting, Cheng and Dey
[4] show how to modify the input so that there is a surface consisting of Delaunay
triangles. They showed that it is sufficient that all segments are edges of the 2D
Delaunay Triangulation of the individual slices. If a segment is not a Delaunay
edge, they propose to add an additional point in the middle of the segment and
recompute the Delaunay triangulation. This process is iterated until all segments
are Delaunay edges. We also use this approach in our experiments.

We now turn to the separation algorithms. Both classes of inequalities can
be separated by computing a number of minimal cuts.

Fix a p ∈ V and look at the inequalities
∑
q∈V ′,r∈V p\V ′ xpqr ≥ 1 for all

{p−} ⊆ V ′ ⊆ V p \ {p+}. The most violated inequality is achieved for the set
V ′, {p−} ⊆ V ′ ⊆ V p \ {p+} that minimizes

∑
q∈V ′,r∈V p\V ′ x∗

pqr where x∗ is the
actual LP solution. Thus we have to solve a minimal (p−, p+)-cut problem in Gp

with edge weights x∗. To find the most violated inequality, we have to iterate
over all p ∈ V . Thus the total running time is O(n4).

For the inequalities (5) we fix p and q. Than we can find the most violated
inequality by finding the subset V ′, {q} ⊆ V ′ ⊆ V p \ {p−, p+} that minimizes
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∑
r∈V ′,s∈V p\V ′ x∗

prs. This set can be found by computing a minimal (q, p+)-cut
in Gp and by setting the edge capacity of an edge rs to x∗

prs if rs 	= p−p+ and
to infinity for the edge p−p+. The total running time is O(n5).

9 Experiments

We implemented a branch-and-cut algorithm for both ILP-formulations. We used
the branch-and-cut system SCIL [12] which is based on ABACUS [1] and LEDA
[11]. The LP solver can be chosen among CPLEX [5], XPRESS [15] and SOPLEX
[13]. All our experiments were performed with CPLEX. SCIL provides an easy
handling interface to implement branch-and-cut algorithms and LEDA provides
the functionality to implement the separation algorithms. Furthermore we use
CGAL [3] to compute the Delaunay triangulations.

As input for our experiments, we use a dataset given by Barequest [2]. It
contains several sets of polygonal slices which originally came from CT-scans of
human organs.

In all our experiments the general surface with minimal area was a normal
surface.

Our experiments show that too many polygons were closed in the optimal
surface. The reason is that the slices of the input are rather far away from
each other compared to the size of the polygons. To reduce the number of closed
polygons, we compute the area of the triangles according to slices whose distance
is decreased by a constant factor. This results in surfaces that were very close
to the original surfaces. All correspondence and branching problems were solved
correctly.

The running time for our algorithm was very reasonable. For example the
reconstruction of the 50 slices of pelvis data-set takes about 9 minutes if we
compute the minimal area general surface and about 3.5 minutes if we restrict the
surface to be normal. The running time to compute all Delaunay triangulations
was about 25 seconds.

More experimental results can be found in [6].

10 Conclusion

We approached a problem arising from practical application with integer pro-
gramming techniques. We studied the corresponding polyhedra and experi-
mented with the resulting branch-and-cut algorithm. The results we obtained
are promising.

It would be interesting to find further facets and corresponding separation
algorithms for the polytopes. These could either be further lifted inequalities
from the p-path configuration or the p-ordered path polytope, or inequalities
that can not be obtained by lifting.

For the surface reconstruction problem for general point sets, there are al-
gorithms that provably find an surface that is within a certain distance and
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homeomorphic to the original surface, if the point set satisfies some conditions.
It would be interesting to obtain a similar result for our algorithm.

The next step seems to attack the surface reconstruction problem from points
in general position with integer programming methods. We formulated this prob-
lem as ILP, but we were not able to solve practical instances with our formula-
tion.
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Abstract Radio frequency bandwidth has become a very scarce re-
source. This holds true in particular for the popular mobile communica-
tion system GSM. Carefully planning the use of the available frequencies
is thus of great importance to GSM network operators. Heuristic op-
timization methods for this task are known, which produce frequency
plans causing only moderate amounts of disturbing interference in many
typical situations. In order to thoroughly assess the quality of the plans,
however, lower bounds on the unavoidable interference are in demand.
The results obtained so far using linear programming and graph theo-
retic arguments do not suffice. By far the best lower bounds are currently
obtained from semidefinite programming. The link between semidefinite
programming and the bound on unavoidable interference in frequency
planning is the semidefinite relaxation of the graph minimum k-partition
problem.
Here, we take first steps to explain the surprising strength of the semidef-
inite relaxation. This bases on a study of the solution set of the semidef-
inite relaxation in relation to the circumscribed k-partition polytope.
Our focus is on the huge class of hypermetric inequalities, which are
valid and in many cases facet-defining for the k-partition polytope. We
show that a “slightly shifted version” of the hypermetric inequalities is
implicit to the semidefinite relaxation. In particular, no feasible point
for the semidefinite relaxation violates any of the facet-defining triangle
inequalities for the k-partition polytope by more than

√
2− 1 or any of

the (exponentially many) facet-defining clique constraints by 1
2 or more.

1 Introduction

Frequency planning is the key for GSM network operators to fully exploit the ra-
dio spectrum available to them. This spectrum is slotted into channels of 200 kHz
bandwidth, characterized by their central frequency. Frequency planning has a
significant impact on the quantity as well as on the quality of the radio com-
munication services. Roughly speaking, radio communication requires a radio
signal of sufficient strength which is not suffering too severely from interference
by other signals. In a cellular system like GSM, these two properties, strong
signals and little interference, are in conflict.
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1.1 Frequency Planning

The task of finding a “good” frequency plan can be described as follows:

Given are the transmitters, the set of generally available frequencies to-
gether with the local unavailabilities, and three upper-diagonal square
matrices. The first matrix specifies for every pair of transmitters how
far apart their frequencies have to be at least. These are called separa-
tion constraints. The second matrix specifies for every transmitter pair
how much co-channel interference is incurred in case they use the same
frequency (where permissible), and the third matrix specifies how much
adjacent-channel interference is incurred in case two transmitters use
neighboring frequencies (where permissible). One frequency has to be as-
signed to every transmitter such that the following holds. All separation
requirements are met, and all assigned frequencies are locally available.
The optimization goal is to find a frequency assignment resulting in the
least possible interference.

A precise mathematical model of our GSM frequency planning problem is
given in [2,12], for example. This model is widely accepted in practice, compare
with [7], but there are alternative models as well.

Finding a feasible assignment is NP-hard in general. This is easily derived by
exploiting the connection to list coloring [13] or to T-coloring of graphs [20]. Nei-
ther can an approximation algorithms with reasonable performance exist unless
P = NP, see [12].

Numerous heuristic and a few exact methods for solving the frequency assign-
ment problem are known, see [2,25] for surveys. Although we are nowadays in the
situation that a number of heuristic methods performs well in practice, there is
an uncomfortable lack of quality guarantees on the per-instance-level—not just
in theory. Substantial efforts have been made to remedy this shortcoming over
the last decade, see [1,22,23,25,31] but the results are not satisfactory. In partic-
ular, no exact method is presently known that is capable of solving large realistic
planning problems in practice.

1.2 Quality Guarantees

A novel approach was recently proposed to derive a lower bound on the un-
avoidable co-channel interference: The frequency planning problem is simplified
to a minimum graph k-partition problem, where the edge-weights represent co-
channel interference or separation constraints and k is the number of overall
available frequencies. A lower bound for the optimal k-partition partition (and,
thus, for the unavoidable co-channel interference) is computed from a semidefi-
nite relaxation of the resulting minimum graph k-partition problem.

Table 1 lists computational results for five realistic planning problems, which
are publicly available over the Internet [14]. The first column gives the instance’s
name. The next five columns describe several characteristics of the instance,
mostly in terms of underlying graph G = (V,E). This graph contains one vertex
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Table 1. Realistic frequency planning problems with quality guarantees

instance characteristics best assignment lower gap
|V (G)| ρ(G) ∆(G) ω(G) freqs. (k) co-ch. ad.-ch. bound [%]

K 267 0.56 238 69 50 0.37 0.00 0.1836 102
B[4] 2775 0.13 1133 120 75 17.29 0.44 4.0342 339
B[10] 4145 0.13 1704 174 75 142.09 4.11 54.0989 170
Sie2 977 0.49 877 182 4 + 72 12.57 2.18 6.9463 112
Sie4 2785 0.11 752 100 39 71.09 9.87 27.6320 193

for each transmitter, and two vertices are joined by an edge whenever at least
one of the corresponding three matrix entries is non-zero. We list the number
|V (G)| of vertices in G, the edge density ρ(G) of the graph, the maximum degree
∆(G) of a vertex, the clique number ω(G), and the number of globally available
frequencies. (In the case of instance Sie2, the available spectrum consists of two
contiguous bands of size 4 and 72. In all other cases there is just one band.)
Columns 7 and 8 show the amount of co- and adjacent-channel interference
incurred by the best presently known frequency assignment for each instance,
see [12] for details. The last but one column contains the lower bound on the
unavoidable co-channel interference. Finally, the last column gives the relative
quality of the best known solution with respect to the bound on the unavoidable
(co-channel) interference.

The lower bound figures are computed using the semidefinite programming
solvers of Burer, Monteiro, and Zhang [4] and Helmberg [21]. Both are dual
solvers, that is, their results are dual approximations of the optimal value without
quality guarantee. The corresponding semidefinite programs involve a |V | × |V |
square matrix variable and

(|V |+1
2

)
many linear constraints. Looking again at

Tab. 1 reveals that these semidefinite programs are (very) large.
From the applications points of view, gaps of a few hundred percent are by far

not satisfying. Nevertheless, for large realistic planning problems these are the
first significant lower bounds to the best of our knowledge. We want to indicate
why the (approximate) solution of the semidefinite relaxation yields stronger
bounds than previous approaches.

1.3 Sketch of Results

In the remainder of this paper, we give first reasons for the surprisingly strong
bounds on the unavoidable interference obtained from semidefinite program-
ming. To this end, we study the relation between a class of polytopes associated
to the minimum graph k-partition problem (via an integer linear programming
formulation) and their circumscribing semidefinite relaxations. This is done in
terms of the hypermetric inequalities, which form a huge class of valid and in
many cases facet-defining inequalities for the polytopes. We show in Prop. 3
that a “slightly shifted version” of the hypermetric inequalities is implicit in the
semidefinite relaxation. Propositions 5, 6, 7, and 8 state to which extent the
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“shift” may by reduced under specific conditions. We also show, see Prop. 9,
that neither the semidefinite relaxation nor the linear relaxation, which is ob-
tained from the standard integer linear programming formulation of minimum
k-partition by dropping the integrality conditions, is generally stronger than
the other. This is particularly noteworthy since the semidefinite relaxation con-
tains only polynomially many linear constraints (in the size of the graph and k),
whereas the linear relaxation is of exponential size.

1.4 Preliminaries

The definitions and notations used here are mostly taken from [32] for graph
theory, from [30] for (integer) linear programming, and from [21] for semidefinite
programming. A thorough exposition of the notions used is contained in [12].

2 The Minimum k-Partition Problem

The minimum graph k-partition problem or Minimum k-Partition problem
we want to solve is formally defined as follows.

Definition 1. An instance of the Minimum k-Partition problem consists of
an undirected graph G = (V,E), a weighting w : E → Q of the edges, and a
positive integer k. The objective is to find a partition of V into at most k disjoint
sets V1, . . . , Vp such that the value

∑p
l=1

∑
vw∈E(G[Vl]) w(vw) is minimized.

The Minimum k-Partition problem is studied in [5,6]. The complement-
ing Maximum k-Cut problem is investigated in [8,9,15,17,24]. Recall that both
problems have quite different characteristics in terms of their approximability.
Whereas the Maximum k-Cut can be solved (1− k−1)–approximately in poly-
nomial time, the Minimum k-Partition problem is not O(|E|)–approximable
in polynomial time unless P= NP. Results on the approximation of the Maxi-
mum k-Cut problem are obtained in [15,24]. These results are, however, of no
use for the bounding of unavoidable interference in GSM frequency planning.
The optimal cut value is underestimated so that the value of the Minimum k-
Partition is overestimated. No lower bound is supplied that way. Due to the
opposite sign restriction, the results from [17] do not apply either.

The class of polytopes associated with the Minimum k-Partition is defined
through the convex hull of the feasible solutions to the integer linear program-
ming formulation (1)–(4) of the problem. This formulation is only valid for com-
plete graphs Kn with n ≥ k ≥ 2. (The graph G = (V,E) with edge weights
w is completed to K|V |, and the edge weighting is extended to all new edges
by assigning a weight of zero.) We assume for notational convenience that the
vertex set of Kn is {1, . . . , n} and that the edge set is

{
ij | 1 ≤ i < j ≤ n

}
.

One binary variable is used for every edge of the complete graph. The intended
meaning is that zij = 1 if and only if the vertices i and j are in the same partite
set of the partition.
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min
∑

i,j∈V
wij zij (1)

zih + zhj − zij ≤ 1 ∀h, i, j ∈ V (2)
∑

i,j∈Q
zij ≥ 1 ∀Q ⊆ V with |Q| = k + 1 (3)

zij ∈ {0, 1} (4)

The triangle inequalities (2) require the setting of the variables to be con-
sistent, that is, transitive. The clique constraints (3) impose that at least two
from a set of k + 1 vertices have to be in the same partite set. Together with
the constraints (2) this implies that there are at most k partite sets. In total,
there are 3

(|V |
3

)
many triangle and

( |V |
k+1

)
many clique inequalities. The number

of clique inequalities grows roughly as fast as |V |k as long as 2k ≤ |V |. We come
back to this point at the end of this section.

The well-known integer linear programming formulation of Maximum k-
Cut is obtained by complementing the variables.

For the sake of simplicity, we assume k ≥ 3 in the following. Clearly, if
k = 1, then there is only one “partition;” in the case of k = 2, the Minimum
2-Partition problem is equivalent to the well-known Maximum Cut problem,
see [11,28] for surveys.

For all 3 ≤ k ≤ n, we define the polytope

P≤k(Kn) = conv
{
z ∈ {0, 1}E(Kn) | zhi + zij − zhj ≤ 1 ∀h, i, j ∈ V ;

∑

i,j∈Q
zij ≥ 1 ∀Q ⊆ V, |Q| = k + 1

}
.

P≤k(Kn) is the set of convex combinations of all feasible solutions to the inte-
ger linear program (1)–(4). The resulting class of polytopes is studied in [6,8,9,12]
and the special case k = n is also investigated in [29]. Here, we merely highlight
a few points.

The polytopes are full-dimensional in the space spanned by the edge vari-
ables, and none contains the origin. All valid inequalities for P≤k(Kn) that are
violated by the origin have large support. To be more precise, given some in-
equality aT z ≥ a0, the support graph of aT z ≥ a0 is the subgraph of Kn induced
by all edges ij with aij �= 0. The following holds.

Proposition 1 ([12]). Let aT z ≤ a0 be a valid inequality for P≤k(Kn) and H
its support graph. If H is k-partite, then a0 ≤ 0, and if a0 > 0, then |{ij ∈ E |
aij �= 0

}| ≥ (
k+1
2

)
.

The hypermetric inequalities form a large and important class of valid and
in many cases facet-defining inequalities for P≤k(Kn) [6]. They sometimes do
separate the origin from P≤k(Kn), and they generalize a number of previ-
ously known inequalities, such as the triangle inequalities [19], the 2-partition
inequalities [6,19], the (general) clique inequalities [5], and the claw inequali-
ties [29]. The right-hand sides of the hypermetric inequalities involve the function
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fhm (η, k) = max
{∑

1≤i<j≤k xi xj |
∑k
i=1 xi = η, xi ∈ ZZ+

}
, which depends on

two integral parameters η and k, η ≥ 0, k ≥ 1. For given η and k, the value
fhm (η, k) is the maximum number of edges in a k-partite graph with η many
vertices. For our purposes, the following equivalent definition is more convenient:

fhm (η, k) =
(
η mod k

2

)⌈η

k

⌉2
+
(
k − η mod k

2

)⌊η

k

⌋2

+ (η mod k)(k − η mod k)
⌈η

k

⌉ ⌊η

k

⌋
.

The hypermetric inequalities for P≤k(Kn) are defined as follows.

Definition 2. Given k ≥ 3 and a complete graph Kn and vertex weights bv ∈ ZZ
with η =

∑
v∈V (Kn) bv ≥ 0. The associated hypermetric inequality is

∑

vw∈E(Kn)

bvbw zvw ≥
∑

vw∈E(Kn)

bvbw − fhm (η, k) . (5)

The hypermetric inequalities are shown to be valid for P≤k(Kn) in [6,10].
Let us consider the simple case in which all vertex weights are equal to one.
Then (5) bounds the number of edges that run within partite sets from below.
The corresponding inequality for the Maximum k-Cut polytopes bounds the
number of edges in the k-cut from above.

Before concluding this section, let us return to the integer linear program
(1)–(4). A linear programming relaxation is obtained by replacing the feasible
variable values {0, 1} by their convex hull [0, 1]. We call the resulting polytope
PLP≤k (Kn). Recall that all facets separating the origin from the polytope have a
support of at least

(
k+1
2

)
. The smallest such examples are the exponentially many

clique inequalities (3). Among others, these inequalities with large support make
linear programming relaxation of (1)–(4) hard to deal with. Not surprisingly, no
major successes in solving Minimum k-Partition instances with a few hundred
vertices and k � 2 using the classical branch-and-cut approach are reported in
literature.

3 A Semidefinite Relaxation of Min k-Partition

Semidefinite programming is the task of minimizing (or maximizing) a linear
objective function over the convex cone of positive semidefinite matrices subject
to linear constraints. Here, a square matrix X with real-valued entries is positive
semidefinite (X 	 0) if it is symmetric and its eigenvalues are non-negative.
We assume that the reader is familiar with semidefinite programming, see, for
example, the introductions/surveys given in [3,21,33].

An alternative formulation of the Minimum k-Partition problem can be
seen as a semidefinite program with “integrality” constraints, compare with
[15,24]. The next lemma is the basis for this formulation.

Lemma 1 ([12,15,24]). For all integers n and k satisfying 2 ≤ k ≤ n+ 1 the
following holds:
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1. k unit vectors ū1, . . . , ūk ∈ IRn exist such that 〈ūi, ūj〉 = −1
k−1 for all i �= j;

2. any given k unit vectors u1, . . . , uk ∈ IRn satisfy
∑
i<j〈ui, uj〉 ≥ −k2 and if

〈ui, uj〉 ≤ δ for all i �= j, then δ ≥ −1
k−1 .

According to the lemma, we may fix a set U = {u1, . . . , uk} ⊆ IRn of unit
vectors with 〈ui, uj〉 = −1

k−1 for i �= j (and 〈ui, ui〉 = 1 for i = 1, . . . , k). These k
vectors are used as labels (or representations) for the k partite sets. The Mini-
mum k-Partition problem is then the task of finding an assignment φ : V �→ U

that minimizes the expression
∑
i,j∈V (Kn) cij

(k−1) 〈φ(i),φ(j)〉+1
k . The quotient in

the summands evaluates to either 1 or 0, depending on whether the same vector
or distinct vectors are assigned to the respective two vertices.

We assemble the scalar products 〈φ(i), φ(j)〉 into a square matrix X, being
indexed row- and column-wise by V . The matrix X has the following properties:
all entries on the principal diagonal are ones, all off-diagonal elements are either
−1
k−1 or 1, and X is positive semidefinite. Conversely, every matrix X satisfying
the above properties defines a k-partition of V in the same way as φ does [12].
Hence,

min
∑
ij∈E(Kn)cij

(k − 1)Xij + 1
k

(6)

s. t.
Xii = 1 ∀ i ∈ V (7)

Xij ∈
{ −1
k − 1

, 1
}

∀ i, j ∈ V (8)

X 	 0 (9)

is an alternative formulation of the Minimum k-Partition problem.
Replacing the constraints (8) by −1

k−1 ≤ Xij ≤ 1 yields a semidefinite pro-
gram. Notice that Xij ≤ 1 can be dropped as constraint since it is enforced
implicitly by X being positive semidefinite and Xii = 1. The semidefinite pro-
gramming relaxation obtained from (6)–(9) is ε-approximately solvable in poly-
nomial time [18].

This type of relaxation of a combinatorial optimization problem was first
introduced to compute the Shannon capacity of a graph [27] and later formed
the basis for the famous 0.878-approximation algorithm for the Maximum Cut
problem [16]. The approximation algorithm was generalized to the Maximum
k-Cut problem with positive edge-weights in [15] and [24] independently. Notice
that the semidefinite relaxation of Maximum k-Cut differs from that of (6)–
(9) only in the objective function. Due the previously cited inapproximability
of Minimum k-Partition, however, a comparable approximation result as that
for Maximum k-Cut is not to be expected for Minimum k-Partition.

As stated before, we want to investigate the strength of the semidefinite relax-
ation. In order to do so, we relate the solution set of the semidefinite relaxation
to the polytope P≤k(Kn). This is done by considering a projection of an affine
image of the solution set into IR(n

2) in such a way that the objective function
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values are preserved. The image of the projection is called Θk,n and contains
P≤k(Kn).

Let Ψk,n denote the set of feasible solutions of the semidefinite relaxation
of (6)–(9), that is, Ψk,n =

{
X ∈ IRn×n | X 	 0, Xii = 1, Xij ≥ −1

k−1 , i, j ∈
{1, . . . , n}}. In the case of k = 2, Ψk,n is the elliptope En =

{
X ∈ IRn×n |

X 	 0, Xii = 1, i ∈ {1, . . . , n}}. For k > 2, Ψk,n is obtained by intersecting the
elliptope En with the half-spaces defined by Xij ≥ −1

k−1 for all i, j ∈ {1, . . . , n}.
The elliptope is studied extensively in the literature, see [11] for a survey. It will
later be exploited that the elliptope can also be characterized as

En =
{
X ∈ Sn | Xii = 1 for i = 1, . . . , n;

2
∑

1≤i<j≤n
bibjXij ≥ −

n∑

i=1

b2i for all b ∈ ZZn} .
(10)

Next, we define an affine mapping that projects Ψk,n into IR(n
2). Let Tk : IR→

IR be the affine transformation x �→ k−1
k x+ 1

k , mapping 1 onto 1 and −1
k−1 onto

0. The affine transformation Tk is extended to the set Sn of n × n symmetric
real-valued matrices (which is isomorphic to IR(n+1

2 )) by letting Tk : Sn → Sn,
S �→ k−1

k S + 1
k E(n, n). Here, E(n, n) is the n× n matrix with all entries being

equal to one. Let ζk,n : Sn → IR(n
2), X �→ ζk,n(X) = z with zij =

(
Tk(X)

)
ij

for
i < j, and consider

Θk,n = ζk,n(Ψk,n) =
{
ζk,n(X) | X ∈ Ψk,n

}
.

The restriction of ζk,n onto Ψk,n is one-to-one, and ζk,n|Ψk,n
: Ψk,n → Θk,n is an

affine bijection. Moreover, for any given X ∈ Ψk,n and any given w ∈ IR(n
2) the

identity 1
2 〈W,Tk(X)〉 = 〈w, ζk,n(X)〉 holds. Here, W is the symmetric matrix

obtained from w by letting Wii = 0 and Wij = wij for all 1 ≤ i < j ≤ n.
〈·, ·〉 denotes the ordinary scalar products on the vector spaces Sn and IR(n+1

2 ),
respectively.

A direct consequence of our definitions is that the optimization problems

min
1
2
〈W,Tk(X)〉 s. t. X ∈ Ψk,n and min〈w, z〉 s. t. z ∈ Θk,n (11)

are equivalent.
The affine image Θk,n of the truncated elliptope Ψk,n contains the polytope

P≤k(Kn) and is itself contained in the hypercube [0, 1](
n
2), see [12]. A related

connection between the Maximum Cut polytope and the elliptope is studied
in [26]. We call Θk,n a semidefinite relaxation of P≤k(Kn). Θk,n and P≤k(Kn)
contain the same integral points.

Proposition 2. Given integers k, n with 2 ≤ k < n, then Θk,n and P≤k(Kn)
contain the same integral points.

Proof. Let z̄ be an integral (binary) vector in Θk,n. Let X̄ denote the pre-image
of z̄ under the mapping ζk,n. All entries of the positive semidefinite matrix X̄
are either −1

k−1 or +1.
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No triangle constraint (2) is violated, because such a violation would imply
that X̄ has one of the matrices




1 −1

k−1 1
−1
k−1 1 1
1 1 1



 ,




1 1 −1

k−1
1 1 1

−1
k−1 1 1



 ,




1 1 1
1 1 −1

k−1
1 −1
k−1 1





as a principal sub-matrix. In all cases, the determinant is −( k
k−1

)2
< 0. Hence,

none of these matrices may appear as a principal sub-matrix of X̄.
According to Lemma 1, no subset Q of size larger than k can induce a sub-

matrix X̄QQ with all its off-diagonal elements equal to −1
k−1 . Thus, at least one off-

diagonal element in X̄QQ equals 1 for each set Q of size k+1, and, consequently,
no clique constraint (3) is violated by z̄. 
�

4 The Semidefinite Relaxation Θk,n and P≤k(Kn)

In this section, we investigate the relation between the semidefinite relaxation
Θk,n and the polytope P≤k(Kn) in more detail. The hypermetric inequalities (5)
play the central role. Our first result shows that a “slightly shifted version” of
the hypermetric inequality is valid for Θk,n. We also show, that neither PLP≤k (Kn)
nor Θk,n is generally contained in the other.

Proposition 3. Given an integer k ≥ 3 and an integral weight bi for every
vertex i ∈ V (Kn). The following inequality is valid for Θk,n:

∑

ij∈E(Kn)

bi bj zij ≥ 1
2k









∑

i∈V (Kn)

bi





2

− k
∑

i∈V (Kn)

b2i




 . (12)

Proof. The function ζk,n maps any matrix X ∈ Ψk,n to a vector z ∈ Θk,n such
that Xij = 1

k−1

(
k zij − 1) holds for every 1 ≤ i < j ≤ n. Plugging this into (10)

yields

2
∑

1≤i<j≤n
bibj

k zij − 1
k − 1

=
2k
k − 1

∑

1≤i<j≤n
bibjzij − 2

k − 1

∑

1≤i<j≤n
bibj ≥ −

n∑

i=1

b2i .

This is equivalent to (12). 
�
The difference between the right-hand side of hypermetric inequalities (5)

and the right-hand side of (12) is bounded by a term depending on the relation
between k and the sum of the vertex weights bi.

Proposition 4. Given an integer k ≥ 3 and an integral weight bi for every
vertex i ∈ V (Kn). Then the difference between the right-hand side of the hyper-
metric inequalities (5) for the polytope P≤k(Kn) and the right-hand side of the
hypermetric inequalities (12) for Θk,n is
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






∑

i∈V (Kn)

bi



 mod k




k − (

∑
i∈V (Kn) bi) mod k

2k
.

The upper bounded k
8 for this expression is attained if (

∑
i∈V (Kn) bi) mod k = k

2 .

Proof. Let p =
⌊(∑

i∈V (Kn) bi
)
/k
⌋

and r =
(∑

i∈V (Kn) bi
)

mod k, then simply
plugging these parameters into the right-hand side of (5) yields

fhm




∑

i∈V (Kn)

bi, k



 +








∑

i∈V (Kn)

bi



 mod k




k − (

∑
i∈V (Kn) bi) mod k

2k

= fhm (pk + r, k) + r
k − r
2k

.

We expand this expression:

fhm (pk + r, k) + r
k − r
2k

=
(

−k p
2

2
+
k2 p2

2
− r

2
− p r + k p r +

r2

2

)

+
(
r

2
− r2

2 k

)

=
1
2k

(−k2 p2 + k3 p2 − k r − 2 k p r + 2k2 p r + k r2 + k r − r2)

=
1
2k

(
k3 p2 + 2k2 p r + k r2 − k2 p2 − 2 k p r − r2)

=

(
k − 1

)(
p k + r

)2

2k
. (13)

The right-hand side of (12) is

1
2k









∑

i∈V (Kn)

bi





2

− k
∑

i∈V (Kn)

b2i






=
1
2k




2k

∑

ij∈E(Kn)

bibj − k



∑

i∈V (Kn)

bi





2

+




∑

i∈V (Kn)

bi





2





=
∑

ij∈E(Kn)

bibj −
(
k − 1

)(∑
i∈V (Kn) bi

)2

2k

(13)
=

∑

ij∈E(Kn)

bibj − fhm



∑

i∈V (Kn)

bi, k





−







∑

i∈V (Kn)

bi



 mod k




k − (

∑
i∈V (Kn) bi) mod k

2k
.
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The first part of the claim follows from this. As far as the second part is con-
cerned, we observe that r k−r

2k is a quadratic polynomial in r. Its maximum of k
8

is attained for r = k
2 . This completes the proof. 
�

In addition to the binary restrictions on the variables, the integer linear
programming formulation (1)–(4) linked to P≤k(Kn) contains only constraints on
triangles and on cliques of size k+1. Both classes of constraints are facet-defining
hypermetric inequalities for P≤k(Kn) [5]. For these two types of inequalities, the
following holds with respect to Θk,n. Notice that (14) improves on the general
hypermetric inequality (12) for Θk,n.

Proposition 5. Given the complete graph Kn and an integer k with 4 ≤ k ≤ n,
then for every z ∈ Θk,n

zij + zjl − zil ≤ 1 +

√
2(k − 2)(k − 1)− (k − 2)

k

[
<
√

2
]

(14)

holds for every triangle and
∑

ij∈E(Q)

zij ≥ 1− k − 1
2k

[
>

1
2

]
(15)

holds for every clique Q of size k + 1 in Kn. Both bounds are tight.

All triangle inequalities (2) and all clique constraints (3) are “more than half
satisfied” by every point in Θk,n in the sense that the violation is bounded by 1

2
rather than by the worst possible 1.

In both cases, tightness follows from more general statements in Props. 6
and 8. These results, together with that from Prop. 7, are proven by means of
semidefinite programming duality in Sec. 5.

Proposition 6. Given the complete graph Kn and an integer k with 3 ≤ k < n.
Let Q be a clique in Kn of size larger than k. Then

∑

ij∈E(Q)

zij ≥ |Q|2k
(|Q| − k) (16)

is valid for Θk,n, and there is a point z̄ ∈ Θk,n satisfying (16) at equality.

Under certain conditions on the relation among k, |S|, and |T |, a “shifted
2-partition inequality” is tight for Θk,n.

Proposition 7. Given the complete graph Kn, n ≥ 4, and an integer k with
4 ≤ k ≤ n. Let S and T be non-empty, disjoint subsets of V (Kn) with |S| ≤ |T |.
Then

z(E(S)) + z(E(T ))− z([S, T ]) ≥ 1
2k

((|T | − |S|)2 − k(|T |+ |S|)
)

(17)

is valid for Θk,n. Furthermore, there is a point z̄ ∈ Θk,n satisfying (17) at equality
if one of the following conditions holds:
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1. |S| = 1 and |T | ≥ k − 1;
2. |S| ≥ 2, |S| + |T | ≤ k and either |T | ≤ |S|2, or |T | > |S|2 together with

k ≤ |T |2−|S|2
|T |−|S|2 .

The treatment of the case |S| = 1 in Prop. 7 is not entirely satisfying, because
the most prominent representative of the 2-partition inequalities, namely, the
triangle inequalities, is not covered. The case of |S| = 1 and 2 ≤ |T | ≤ k − 2 is
therefore considered separately.

Proposition 8. Given the complete graph Kn and an integer k with 4 ≤ k ≤ n.
Let S and T be disjoint subsets of V (Kn) with 1 = |S| < |T | ≤ k − 2. Then

z(E(S)) + z(E(T ))− z([S, T ])

≥− 1−
√
t(k − t)(k − 1)− (k − t)

k

[
> −√t

] (18)

is valid for Θk,n, and a point z̄ ∈ Θk,n fulfills (18) at equality.

Finally, we show that Θk,n and the polytope PLP≤k (Kn) are incomparable
in general. Recall that PLP≤k (Kn) is associated to the linear program, which
is obtained from (1)–(4) by replacing [0, 1] for {0, 1} in (4). It follows from
Prop. 5 that Θk,n contains points which are not contained in PLP≤k (Kn), that is,
Θk,n �⊂ PLP≤k (Kn). In general, the reverse inclusion does not hold either.

In order to see this, we fix integers k and n such that 4 ≤ k <
√
n. Let

z̃ ∈ IR(n
2) be the vector with all coordinates equal to 1

k+1 . Then z̃ ∈ PLP≤k (Kn)
because 0 < z̃ij < 1 for all ij and z̃ satisfies all triangle inequalities (2) as well
as all clique inequalities (3). The vector z̃ is, however, not contained in Θk,n,
because the valid inequality (12) with bi = 1 for every vertex i is violated by z̃:

∑

ij∈E(Kn)

z̃ij =
(
n

2

)
1

k + 1
=
n (n− 1)
2 (k + 1)

�≥ n (n− k)
2k

=
1
2k

(n2 − kn) .

This follows from k (n−1) < (k+1)(n−k) ⇐⇒ 0 < n−k2 and our assumption√
n > k. In summary, the following holds.

Proposition 9. Given two integers k and n with 4 ≤ k <
√
n, then neither

Θk,n is contained in PLP≤k (Kn) nor is the converse true.

5 Proving Tightness Results Using Duality Theory

Two types of matrices are of importance in our proofs of Prop. 6, 7, and 8. Let
E(m,n) ∈ IRm×n be the matrix with all entries equal to 1. Let Dα,β(n) denote
the symmetric square matrix of order n ≥ 1 with all entries on the principal
diagonal equal to α and all other entries equal to β. Some basic properties of
Dα,β(n) are easily observed.



The Semidefinite Relaxation of the k-Partition Polytope Is Strong 285

Proposition 10. For n ≥ 1, the determinant of Dα,β(n) is given by

det(Dα,β(n)) =
(
α− β)n−1 (

α+ (n− 1)β
)
.

For β �∈ { −α
n−1 , α} the matrix Dα,β(n) is regular and its inverse is

Dα,β(n)
−1

=
1

(
α− β) (α+ (n− 1)β

) Dα+(n−2)β,−β(n) .

Dα,β(n) is positive semidefinite if and only if α ≥ β ≥ −α
n−1 ; it is positive definite

if and only if strict inequality holds in both cases. (In case n = 1, Dα,β(n) =
[
α
]

and β = 0 is assumed. The condition “β ≥ −α
n−1” becomes void.)

We need to know the conditions on α, β, γ, δ, ε, and s, t under which the
matrix

A =
[
Dα,β(s) γE(s, t)
γE(t, s) Dδ,ε(t)

]

is positive semidefinite. These conditions can be derived by means of the Schur
Complement Theorem. (This theorem states that the composite matrix with
matrices X and Z as diagonal blocks and Y and Y T as off-diagonal blocks is
positive semidefinite if and only if Z 	 Y TX−1Y when X is a positive definite
(n×n)–matrix, Z is a symmetric (m×m)–matrix, and Y is a (m×n)–matrix.)

Proposition 11. Given integers s, t ≥ 1, the matrix

A =
[
Dα,β(s) γE(s, t)
γE(t, s) Dδ,ε(t)

]

is positive semidefinite if and only if Dα,β(s), Dδ,ε(t) are both positive semidef-
inite and

(
α+ (s− 1)β

)(
δ + (t− 1)ε

) ≥ stγ2 holds.

Our tightness proofs are based on a pair of dual semidefinite programs. We
denote with Eij(n) ∈ Sn the symmetric (n×n)–matrix with entries 1 at positions
(i, j) and (j, i), and zeros elsewhere. We simply write Eij if the dimension is clear
from the context.

Remark 1. For every matrix C ∈ Sn, the semidefinite programs

min
∑

1≤i,j≤n
CijXij s. t.

〈Eii, Xii〉 = 1, 〈Eij , Xij〉 ≥ −1
k − 1

, ∀ i, j ∈ {1, . . . , n}, i < j

X ∈ S+
n

(19)

and

max
n∑

i=1

yii −
∑

1≤i<j≤n

yij
k − 1

s. t.

C −
∑

1≤i≤j≤n
yij E

ij ∈ S+
n , yii ∈ IR, yij ∈ IR+

(20)

are dual to each other. They are both strictly feasible.
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The dual variable associated to the primal constraint 〈Eii, X〉 = 1 is yii and
that associated to the primal constraint 〈Eij , X〉 ≥ −1

k−1 is yij .

Proof. Duality is easily checked. We merely prove the strict feasibility here.
The identity matrix In is positive definite and strictly meets all inequality

constraints of (19). Hence, In is in the relative interior of the solution space, and
the first program is strictly feasible.

The vector y ∈ IR(n
2) with yii = −∑n

j=1|Cij | − n for all i and yij = 1 for
all i < j is a feasible dual solution. All sign restrictions on y are strictly met,
and the matrix C −∑

1≤i≤j≤n yij E
ij is positive definite, because it is strictly

diagonally dominant. Therefore, the program (20) is strictly feasible, too. 
�
The Prop. 6, 7, and 8 can all be proven by exhibiting primal and dual feasible

solutions of matching objective function values for an appropriate semidefinite
program of the form given in Remark 1.

We give a complete proof only for Prop. 8, because in this case more than
just a tightness result for (12) for a special case is needed. The right-hand side
of (18) is strictly larger that of (12), and a new validity proof is required. In
the other two cases, we merely give the matrix C for the objective function as
well as suitable primal and dual feasible solutions. In fact, since the objective
function values of the primal solutions attain the bound from (12), (new) dual
solutions are strictly speaking not necessary.

Proof (of Prop. 8). We have to prove that (18) is valid and tight for Θk,n. This
is done by considering the optimization problem (19) with the left-hand side
of (18) as objective function and by showing that the right-hand side of (18) is
the optimal solution value.

Let b̃ be the edge weights obtained by setting b̃ij = bibj with bi = 1 if i ∈ T ,
bi = −1 if i ∈ S, and bi = 0 otherwise. Moreover, let B̃ denote the symmetric
matrix with b̃ on its off-diagonal positions and zeros on the principal diagonal.
Recall from (11) that solving min

∑
ij∈E(Kn) bibj zij s. t. z ∈ Θk,n is equivalent

to solving min 1
2 〈B̃, Tk(X)〉 s. t. X ∈ Ψk,n. It suffices to consider the subproblem

on S ∪ T , because every pair of dual solutions for the reduced problem can be
extended to the full problem without changing the objective function value.

We give solutions X and y to the dual programs (19) and (20), respectively,
with matching objective function values for the primal cost matrix B̃S∪T,S∪T =
C1,t. We then compute k−1

2k 〈C1,t, X〉 + 1
2k 〈C1,t, E(1 + t, 1 + t)〉 and show that

this is the desired value.
Let us first consider the maximization problem (20). We fix a =

√
k−1
t(k−t) . A

short computation reveals that 0 < a ≤ 1 provided 1 ≤ t ≤ k− 2. Let y11 = − 1
a ,

yii = −a for i = 2, . . . , 1 + t, y1j = yj1 = 0 for all j = 2, . . . 1 + t, and yij = 1− a
for all i, j ∈ {2, . . . , 1+ t}, i < j. Then, the vector y is a feasible solution because
yij ≥ 0 for all i < j and

C1,t −
∑

1≤i<j≤n
yijE

ij =
[

1/a −E(1, t)
−E(t, 1) Da,a(t)

]

	 0 .
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The latter is a direct consequence of Prop. 11.
The objective function evaluates to

n∑

i=1

yii − 1
k − 1

∑

i �=j
yij

= 1

(

−
√

k − 1
t(k − t)

)−1

+ t

(

−
√

k − 1
t(k − t)

)

− t(t− 1)
k − 1

(

1−
√

k − 1
t(k − t)

)

= −
√
t(k − t)
k − 1

− t(k − 1)− t(t− 1)
k − 1

√
k − 1
t(k − t)

︸ ︷︷ ︸

=
√

t(k−t)
k−1

− t(t− 1)
k − 1

= − 2

√
t(k − t)
k − 1

−
(
t

2

)
2

k − 1
.

Next, we argue that the matrix

X =




1

√
k−t
t(k−1) E(1, t)

√
k−t
t(k−1) E(t, 1) D1,−1/(k−1)(t)





is a primal feasible solution. Given that 1 < t ≤ k − 2, all off-diagonal entries
are at least as large as −1

k−1 . By Prop. 11, X is positive semidefinite. We check
the only condition that is not trivially fulfilled, namely,

1
(

1 + (t− 1)
−1
k − 1

)

=
k − t
k − 1

= 1 t

(√
k − t
t(k − 1)

)2

.

The corresponding objective function value is

〈C1,t, X〉 = −2t

√
k − t
t(k − 1)

−
(
t

2

)
2

k − 1
= −2

√
t(k − t)
k − 1

−
(
t

2

)
2

k − 1
.

For the dual transformed objective function value we obtain

k − 1
2k

(

−2

√
t(k − t)
k − 1

−
(
t

2

)
2

k − 1

)

+
t(t− 1)− 2t

2k

= − k − 1
k

√
t(k − t)
k − 1

−
(
t

2

)
1
k
− t

k
+
(
t

2

)
1
k

= − 1−
√
t(k − t)(k − 1)− (k − t)

k
.

This proves the claims concerning the validity and tightness of (18).
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Finally, we show that −√t bounds the above term from below. An application

of l’Hôspital’s rule yields that the expression −1−
√
t(k−t)(k−1)−(k−t)

k converges
to −√t as k goes to infinity. It remains to check that the value of the expression
is bounded from below by −√t:

−√t < −1−
√
t(k − t)(k − 1)− (k − t)

k

⇐⇒ k
√
t− t >

√
t(k − t)(k − 1)

k>t>1⇐⇒ tk2 − 2tk
√
t+ t2 > t(k − t)(k − 1) [= tk2 − t(t+ 1)k + t2]

t>0⇐⇒ − 2k
√
t > −t(t+ 1)k

k>0⇐⇒ √
t <

t+ 1
2

.

The last inequality holds for all t ≥ 2. This completes the proof. 
�
Finally, we give hints for proving Prop. 6 and Prop. 7 analogously to the

previous proof.

Proof (of Prop. 6, Sketch). Use C = D0,1(q) as objective and X = D1, −1
q−1 (q)

as primal solution. The resulting optimal value is q
2k (q − k). This value is also

attained for the dual solution y with yii = 1 for all i and yij = 0 for all i �= j. 
�

Proof (of Prop. 7, Sketch). Use the objective Cs,t =
[
D0,1(s) −E(s, t)
−E(t, s) D0,1(t)

]

. In

case of s = 1, use X =
[

1 1
tE(1, t)

1
tE(t, 1) D1,−1/t(t)

]

as primal solution, and X =
[
D1,α(s) γE(s, t)
γE(t, s) D1,β(t)

]

in case of s ≥ 2, k ≥ s+ t and either t ≤ s2, or t > s together

with k ≤ t2−s2
t−s2 . The resulting optimal value is (t−s)2−k(t+s)

2k . This value is also
attained for the dual solution y with yii = 1 for all i and yij = 0 for all i �= j. 
�

6 Conclusion

The semidefinite relaxation from Sect. 3 of the combinatorial Minimum k-
Partition problem has been known for several years. The fact that such a
semidefinite program is (ε-approximately) solvable in polynomial time is known
even longer. But just within the last one or two years SDP solvers have ma-
tured to the point, where the semidefinite programs associated to graphs of sizes
in the order of a few hundred vertices are computationally tractable in prac-
tice. Recall, however, that the semidefinite relaxation of Minimum k-Partition
cannot serve as the basis for a constant-factor approximation for Minimum k-
Partition unless P = NP.

Our motivation has been to derive lower bounds on the unavoidable interfer-
ence in GSM frequency planning. In that sense, Minimum k-Partition is al-
ready a relaxations of our original problem. Nevertheless, the numerical bounds
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shown in Tab. 1 are surprisingly strong. Clearly, similar investigations should be
performed for Minimum k-Partition directly.

We attribute the strength of the numerical bounds to a large extent to the
“shifted hypermetric inequalities” (12), which are implicit in the semidefinite
relaxation. Hence, with respect to the integer linear programming formulation
(1)–(4) of the Minimum k-Partition problem, all triangle constraints (2) are
violated by at most

√
2 − 1 and all clique constraints (3) by less than 1

2 . This
may serve as a preliminary explanation, but the relation between the Minimum
k-Partition and its semidefinite relaxation is certainly not yet settled.

Moreover, the substantial progress in the development of SDP solvers and our
promising computational results call for fathoming the following two questions:
Which semidefinite-programming-based k-partitioning heuristics perform well
in practice? (Simply applying randomized rounding may not be sufficient.) How
successful is a branch-and-cut approach to the Minimum k-Partition problem
based on semidefinite programming?
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Abstract. A cardinality constrained knapsack problem is a continuous
knapsack problem in which no more than a specified number of non-
negative variables are allowed to be positive. This structure occurs, for
example, in areas such as finance, location, and scheduling. Traditionally,
cardinality constraints are modeled by introducing auxiliary 0-1 variables
and additional constraints that relate the continuous and the 0-1 vari-
ables. We use an alternative approach, in which we keep in the model
only the continuous variables, and we enforce the cardinality constraint
through a specialized branching scheme and the use of strong inequalities
valid for the convex hull of the feasible set in the space of the continu-
ous variables. To derive the valid inequalities, we extend the concepts of
cover and cover inequality, commonly used in 0-1 programming, to this
class of problems, and we show how cover inequalities can be lifted to
derive facet-defining inequalities. We present three families of non-trivial
facet-defining inequalities that are lifted cover inequalities. Finally, we
report computational results that demonstrate the effectiveness of lifted
cover inequalities and the superiority of the approach of not introducing
auxiliary 0-1 variables over the traditional MIP approach for this class
of problems.

1 Introduction

Let n and K be two positive integers, and N = {1, . . . , n}. For each j ∈ N , let
uj be a positive number. The cardinality constrained knapsack problem (CCKP)
is

max
∑
j∈N cjxj∑

j∈N ajxj ≤ b, (1)
at most K variables can be positive, (2)

xj ≤ uj , j ∈ N, (3)
xj ≥ 0, j ∈ N . (4)

� This research was partially supported by NSF grants DMI-0100020 and DMI-
0121495. An expanded version of this report can be found in [15].
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We denote by S the set of feasible solutions of CCKP, i.e. S = {x ∈ IRn : x
satisfies (1)-(4)}, PS =conv(S), and LPS is the set of feasible solutions of the
LP relaxation, i.e. LPS = {x ∈ IRn : x satisfies (1), (3), and (4)}. We assume
that: a1 ≥ · · · ≥ an ≥ 0 and b > 0; aj is scaled such that uj = 1 and aj ≤ b

∀j ∈ N ; and
∑K
j=1 aj > b and 2 ≤ K ≤ n− 1 (otherwise the problem is trivial).

Theorem 1. CCKP is NP-hard. ��
Constraint (2) is present in a large number of applications, such as portfolio

optimization [6,27], p-median [10], synthesis of process networks [5,28], etc. It is
usually modeled by introducing 0-1 variables yj , j ∈ N , and the constraints

xj ≤ ujyj , j ∈ N, (5)
∑
j∈N yj ≤ K, (6)

see [8,22].
Rather than introducing auxiliary 0-1 variables and the inequalities (5) and

(6) to model (2), we keep only the continuous variables, and we enforce (6) algo-
rithmically. This is done in the branch-and-cut algorithm by using a specialized
branching scheme and by using strong inequalities that are valid for PS (which
is defined in the space of the continuous variables). The idea of dispensing with
auxiliary 0-1 variables to model certain combinatorial constraints on continuous
variables and enforcing the combinatorial constraints directly in the branch-and-
bound algorithm through a specialized branching scheme was pioneered by Beale
and Tomlin [3,4] in the context of special ordered sets (SOS) of types I and II.

For several NP-hard combinatorial optimization problems, branch-and-cut
has proven to be more effective than a branch-and-bound algorithm that does
not account for the polyhedral structure of the convex hull of the set of feasible
solutions of the problem, see [7,16,17,19,21,24,26,31,34]. In this paper we study
the facetial structure of PS, with the purpose of using strong inequalities valid
for PS as cuts in a branch-and-cut scheme without auxiliary 0-1 variables for
the cardinality constrained optimization problem (CCOP):

max
∑
j∈N cjxj∑

j∈N aijxj ≤ bi, i ∈M, (7)
x satisfies (2)-(4),

where M = {1, . . . ,m} and m is a positive integer.
Some potential benefits of this approach are [12]:

– Faster LP relaxations. Adding the auxiliary 0-1 variables and the new con-
straints substantially increases the size of the model. Also, the inclusion of
variable upper bound constraints, such as (5), may turn the LP relaxation
into a highly degenerate problem.

– Less enumeration. It is easy to show that a relaxation of the 0-1 mixed
integer problem may have fractional basic solutions that satisfy (2). In this
case, additional branching may be required, even though the solution satisfies
the cardinality constraint.
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This approach has been studied by de Farias [9], and recently it has been used
by Bienstock in the context of portfolio optimization [6], and by de Farias, John-
son, and Nemhauser in the context of complementarity problems [13], and the
generalized assignment problem [11,14]. It has also been explored in the context
of logical programming, see for example [12,20].

In Sect. 2 we present polyhedral results. These results are used in Sect. 3,
where we give a branch-and-cut algorithm to solve the model with continuous
variables only, and we compare its performance to solving a MIP formulation
with CPLEX. We conclude with some directions for further research.

2 Polyhedral Results

First we present some families of facet-defining inequalities for PS that are easily
implied by the problem, and which we call trivial, and a necessary and sufficient
condition for them to completely characterize PS.

Proposition 1. PS is full-dimensional. The vertices of PS have at most one
fractional component. If x is a vertex of PS that has a fractional component,
then x must satisfy (1) at equality. ��

Proposition 2. Inequality (1) is facet-defining iff
∑K−1
j=1 aj+an ≥ b. Inequality

(3) is facet-defining iff aj < b, j ∈ N . Inequality (4) is facet-defining ∀j ∈ N . ��

Example 1. Let n = 4, K = 2, and (1) be

6x1 + 4x2 + 3x3 + x4 ≤ 6 . (8)

Then, (3) for j ∈ {1, 2, 3}, (4) ∀j ∈ N , and (8) are facet-defining. Note that (8)
is stronger than x1 ≤ 1, which, therefore, is not facet-defining. ��

We now give a necessary and sufficient condition for PS = LPS.

Proposition 3. PS = LPS iff
∑n
j=n−K+1 aj ≥ b. ��

When PS �= LPS, all vertices of LPS that do not satisfy (2) can be cut off by
a single inequality. This inequality is presented in the next proposition.

Proposition 4. The inequality
∑

j∈N
xj ≤ K (9)

is facet-defining iff a1 +
∑n
j=n−K+2 aj ≤ b and

∑n−1
j=n−K aj ≤ b. ��

Example 2. Let n = 5, K = 2, and (1) be

4x1 + 3x2 + 2x3 + x4 + x5 ≤ 6 . (10)

Then,
∑5
j=1 xj ≤ 2 is facet-defining. On the other hand, (9) does not define a

facet for PS in Example 1. ��
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Proposition 5. Inequality (9) cuts off all vertices of LPS that do not satisfy
(2). ��

We now give a necessary and sufficient condition for the system defined by
(1), (3), (4), and (9) to define PS.

Proposition 6. PS = LPS ∩ {x : x satisfies (9)} iff a1 +
∑
j∈T−{t} aj ≤ b

∀T ⊆ N − {1} such that |T | = K,
∑
j∈T aj < b, and at = min{aj : j ∈ T}. ��

Now we study facet-defining inequalities for PS that are derived by applying
the sequential lifting procedure [25,33] to a family of inequalities that define
facets for lower dimensional projections of PS. We call these inequalities cover
inequalities. They are defined by sets of indices that we call covers. Our definition
of a cover is based on the similar concept used in 0-1 programming [1,18,32]. A
major difference is that in our case the cover inequalities are valid for LPS,
whereas in 0-1 programming they are not valid for the feasible set of the LP
relaxation. However, by lifting our cover inequalities, we obtain facet-defining
inequalities for PS that are not valid for LPS, and therefore can be used as cuts
in a branch-and-cut scheme to solve CCOP. We present three families of facet-
defining inequalities for PS obtained by lifting cover inequalities in a specific
order. In the remainder of this section we denote PS(N0, N1) = PS ∩ {x ∈ 
n :
xj = 0 ∀j ∈ N0 and xj = 1 ∀j ∈ N1}, where N0 and N1 are two disjoint subsets
of N , and similarly for LPS(N0, N1). Given a polyhedron P , we denote by V (P )
the set of all vertices of P .

Definition 1. Let C, N0, and N1 be three disjoint subsets of N with N =
C ∪N0 ∪N1 and |C| = K − |N1|. If

∑
j∈C aj > b−∑j∈N1

aj, we say that C is
a cover for PS(N0, N1), and that

∑

j∈C
ajxj ≤ b−

∑

j∈N1

aj (11)

is a cover inequality for PS(N0, N1).

It is easy to show that

Proposition 7. Inequality (11) is valid and facet-defining for PS(N0, N1). ��
The lifting procedure is based on a theorem of Wolsey [33], see [9] for a proof.

Now we lift (11) with respect to a variable xl, l ∈ N0, to give a facet-defining
inequality for PS(N0 − {l}, N1) that is not valid for LPS(N0 − {l}, N1).

Proposition 8. Let C, N0, and N1 be three disjoint subsets of N with N =
C∪N0∪N1 and |C| = K−|N1|. Suppose N0 �= ∅ and C is a cover for PS(N0, N1).
Let i ∈ C and l ∈ N0 be such that ai = min{aj : j ∈ C} and

∑
j∈C−{i} aj +al <

b−∑j∈N1
aj. Then,

∑

j∈C
ajxj +



b−
∑

j∈N1

aj −
∑

j∈C−{i}
aj



xl ≤ b−
∑

j∈N1

aj (12)

defines a facet of PS(N0 − {l}, N1). ��
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Example 1 (Continued). The set {1} is a cover for PS({2, 3}, {4}), and the cover
inequality is

6x1 ≤ 5 . (13)

Lifting (13) with respect to x2, we obtain 6x1 + 5x2 ≤ 5, which defines a facet
of PS({3}, {4}). Lifting now with respect to x4, the lifting coefficient is

α4 = max
{

6x1 + 5x2 − 5
1− x4

: x ∈ V (PS({3}, ∅)) and x4 < 1
}

.

If x̂ ∈ V (PS({3}, ∅)) is such that x̂4 < 1 and

α4 =
6x̂1 + 5x̂2 − 5

1− x̂4
,

then clearly x̂1 > 0. Because of Proposition 1, x̂1 = 1 if x̂4 is fractional. However,
x̂1 = 1⇒ x̂4 = 0. Therefore, x̂4 = 0. So,

α4 = 6x̂1 + 5x̂2 − 5 .

Solving the (trivial) continuous knapsack problem that results from the lifting
problem when the value of x̂4 is fixed, we obtain, x̂1 = 1

3 and x̂2 = 1. Therefore,
α4 = 2, and 6x1 + 5x2 + 2x4 ≤ 7 defines a facet of PS({3}, ∅). The lifting
coefficient of x3 is

α3 = min
{

7− 6x1 − 5x2 − 2x4

x3
: x ∈ V (PS) and x3 > 0

}

.

If x̃ ∈ V (PS) is such that x̃3 > 0 and

α3 =
7− 6x̃1 − 5x̃2 − 2x̃4

x̃3
,

then, since K = 2, at most one of x̃1, x̃2, and x̃4 can be positive. If x̃3 = 1, either
x̃4 = 1 and α3 = 5, or, by solving the (trivial) continuous knapsack problem that
results from the lifting problem when x̃3 = 1 and x̃4 = 0, x̃2 = 3

4 , and α3 = 3.25.
If x̃3 is fractional, Proposition 1 implies that x̃2 = 1, and α3 = 3. Therefore,
α3 = 3, and

6x1 + 5x2 + 3x3 + 2x4 ≤ 7

defines a facet of PS. ��
From Proposition 8 it follows that

Theorem 2. The inequality

n∑

j=1

max





aj , b−

K−1∑

j=1

aj





xj ≤ b (14)

defines a facet of PS. ��
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Example 2 (Continued). Inequality (10) is not facet-defining, and it can be re-
placed with

4x1 + 3x2 + 2x3 + 2x4 + 2x5 ≤ 6 .

��
We proved in Proposition 4 that (9) is facet-defining only if a1 +

∑n
j=n−K+2 aj

≤ b. We next present a family of facet-defining inequalities that are stronger than
(9) when a1 +

∑n
j=n−K+2 aj > b.

Theorem 3. Suppose that a1 +
∑n
j=n−K+2 aj > b,

∑n
j=n−K+2 aj < b, and

∑n−1
j=n−K aj ≤ b. Then,

a1x1 +
n−K−1∑

j=2

max

{

aj , b−
n∑

i=n−K+2

ai

}

xj +

(

b−
n∑

i=n−K+2

ai

)
n∑

j=n−K
xj

≤ K


b−
n∑

j=n−K+2

aj



 (15)

defines a facet of PS. ��
Note that when a1 +

∑n
j=n−K+2 aj > b, (15) is stronger than (9).

Example 3. Let n = 4, K = 2, and (1) be

6x1 + 3x2 + 2x3 + x4 ≤ 6 .

Then,
6x1 + 5x2 + 5x3 + 5x4 ≤ 10 (16)

defines a facet of PS. Inequality (16) is stronger than
∑4
j=1 xj ≤ 2. ��

Next, we present a family of valid inequalities that under certain conditions
is facet-defining for PS. The family of inequalities is particularly useful when the
constraint matrix is not dense, a situation that is common in applications.

Proposition 9. Let C, N0, and N1 be three disjoint subsets of N with N =
C ∪N0 ∪N1 and |C| = K−|N1|. Assume that C is a cover for PS(N0, N1), and
ap = min{aj : j ∈ C}. Suppose that

∑
j∈C−{p} aj < b −∑j∈N1

aj, and al = 0
for some l ∈ N0. Then,

∑

j∈C
ajxj +∆

∑

j∈N0

xj +
∑

j∈N1

αjxj ≤ b+
∑

j∈N1

(αj − aj) (17)

is valid for PS, where ∆ = b−∑j∈C−{p} aj −
∑
j∈N1

aj, and

αj =
{
∆+ aj if ap > ∆+ aj
max{ap, aj} otherwise.

��



A Polyhedral Study of the Cardinality Constrained Knapsack Problem 297

Theorem 4. If aj ≤ ∆ ∀j ∈ N0, (17) is facet-defining for PS. ��

Example 4. Let n = 5, K = 3, and (2) be given by

5x1 + 5x2 + 3x3 + 0x4 + 0x5 ≤ 9 .

Then,
5x1 + 5x2 + 4x3 + 4x4 + 4x5 ≤ 13

is facet-defining for PS, where C = {1, 2}, N0 = {3, 4}, and N1 = {5}. ��

3 Solving CCOP by Branch-and-Cut

We tested the performance on difficult instances of CCOP of the

– MIP formulation, in which one introduces in the model auxiliary 0-1 vari-
ables, and models Constraint (2) with Constraints (5) and (6)

– continuous formulation, in which one keeps in the model only the continuous
variables, and enforces Constraint (2) algorithmically through a branch-and-
bound algorithm by using a specialized branching scheme

– continuous formulation through a branch-and-cut algorithm by using a spe-
cialized branching scheme and the lifted cover inequalities introduced in Sect.
2 as cuts.

The number of knapsack constraints, m, and the number of variables, n, in
the instances of CCOP tested are given in the first column of Table 1. We tested
3 different instances for each pair m × n. The values of K for the instances
varied from 150 to 3, 000, and the densities of the constraint matrix from 13%
to 50%. These values were chosen by selecting the hardest ones determined by
performing preliminary computational tests. The instances with the same m and
n had the same cardinality and density.

The instances were randomly generated as follows. The profit coefficients
cj , j ∈ N , were integers uniformly generated between 10 and 25. The nonzero
knapsack coefficients, aij , i ∈ M, j ∈ N , were integers uniformly generated be-
tween 5 and 20. The m × density indices of the nonzero knapsack coefficients
were uniformly generated between 1 and n. The right-hand-sides of the knapsack
constraints were given by bi = max{�.3∑j∈N aij�, greatest coefficient of the ith

knapsack+1}, i ∈M .
The continuous formulation was tested using MINTO 3.0 [23,29] with CPLEX

6.6 as LP solver. Our motivation for using MINTO was the flexibility that it offers
to code alternative branching schemes, feasibility tests, and separation routines.
Initially we implemented the MIP formulation with MINTO. However, MINTO
proved to be too slow when compared to CPLEX 6.6 in solving the MIPs. Also,
CPLEX 6.6 has Gomory cuts, which we thought could be helpful in reducing
the effort required to complete the enumeration [2]. Note that by using CPLEX
to solve the MIPs and MINTO to solve the continuous formulation, the results
are biased in favor of the MIP formulation, since CPLEX is much faster than
MINTO.
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We adopted the specialized branching scheme proposed by Bienstock in [6],
which we briefly describe. Suppose that more than K variables are positive in a
solution x̃ of the LP relaxation of CCOP, and that x̃l is one of them. Then, we
may divide the solution space by requiring in one branch, which we call down,
that xl = 0, and in the other branch, which we call up, that

∑

j∈N−{l}
xj ≤ K − 1 . (18)

Let Sdown = S ∩ {x ∈ 
n : xl = 0} and Sup = S ∩ {x ∈ 
n : x satisfies (18)}.
Clearly S = Sdown ∪ Sup, although it may happen that x̃ ∈ Sup.

In general, suppose that at the current node of the enumeration tree the
variables xj , j ∈ F , are free, i.e. have not been branched on, and that t vari-
ables have been branched up. We branch at the current node on variable xp by
imposing in the down branch that xp = 0, and in the up branch that

∑

j∈F−{p}
xj ≤ K − t− 1 .

Even though the current LP relaxation solution may reoccur in the up branch,
this branching scheme ends within a finite number of nodes, since we can fathom
any node that corresponds to K up branches.

Since each knapsack constraint of CCOP has a large number of 0 coefficients
in the data we used to test CCOP, the conditions of Proposition 4 are satisfied
in general, and (9) is facet-defining for the convex hull of the feasible sets of the
instances tested. Because of this, we included (9) in the initial formulation (LP
relaxation) of the instances of CCOP we tested, which considerably tightened
the model.

Initially, we wanted to use (14) of Theorem 2 in a preprocessing phase to
tighten any inequality in the initial formulation for which aij < b −∑K−1

l=1 ail
for some i ∈ M, j ∈ N . However, we did not detect this condition in any of
the instances we tested. Note that the specific way we defined bi, i ∈ M , in the
instances was such that the knapsack inequalities were already tight, in the sense
that aij ≥ b−

∑K−1
l=1 ail ∀i ∈M, j ∈ N . On the other hand, (14) might be useful

in real world instances where some defined models are not tight.
We also wanted initially to use (15) to define the up branches every time it was

stronger than (9), as would happen if the conditions of Theorem 3 were present
in at least one of the knapsack constraints. However, because of the number of
0 coefficients in the data we tested, in general ai1 +

∑n
j=n−K+2 aij ≤ bi, i ∈M .

We used (17) as a cut. Unlike (14) and (15), (17) proved to be very useful in
the instances we tested, and therefore we used it in our branch-and-cut algorithm.

Given a point x̃ that belongs to the LP relaxation of CCOP and that does not
satisfy (2), to find a violated inequality (17) we have to select disjoint subsets
C,N1 ⊂ N , such that C �= ∅, |C| + |N1| = K,

∑
j∈C aij +

∑
j∈N1

aij > bi,∑
j∈C−{p} aij +

∑
j∈N1

aij < bi, with aip = min{aij : j ∈ C}, aij = 0 for some
j ∈ N − (C ∪N1) with x̃ij > 0, and
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∑

j∈C
aij x̃j +∆

∑

j∈N0

x̃j +
∑

j∈N1

αj x̃j > bi +
∑

j∈N1

(αj − aij), (19)

where N0 = N − (C ∪ N1). It appears then the separation problem for (17) is
difficult. Thus we used a heuristic, which we now describe, to solve the separation
problem.

Let i ∈ M be such that
∑
j∈N aij x̃i = bi. Because the terms corresponding

to j ∈ C in (17) are aijxj , we require that aij > 0 and x̃j > 0 ∀j ∈ C. Because
j ∈ N1 contributes αjxj to the left-hand-side and αj to the right-hand-side of
(17), we require that x̃j = 1 ∀j ∈ N1. Since C cannot be empty, we first select
its elements. We include in C as many j ∈ N with aij > 0 and x̃j ∈ (0, 1) as
possible, u p to K elements. If |C| = K, we include in N0 every j ∈ N − C (in
this case N1 = ∅). If |C| < K, we include in N1 all j ∈ N − C with x̃j = 1, in
nonincreasing order of aij until |C|+ |N1| = K or there are no more components
of x̃ with x̃j = 1. If |C|+ |N1| < K or if there is no j ∈ N−(C∪N1) with aij = 0
and x̃j > 0, we fail to generate a cut for x̃ out of row i. If |C| + |N1| = K and
∃j ∈ N−(C∪N1) with aij = 0 and x̃j > 0, we make N0 = N−(C∪N1). Finally,
if (19) holds, we succeed in generating a cut for x̃ out of row i. Otherwise, we
fail.

The following example comes from our preliminary computational experi-
ence.

Example 5. Let m = 2, n = 100, and K = 20. The solution of the LP relaxation
is x̃ given by x̃1 = x̃11 = x̃17 = x̃22 = x̃43 = x̃45 = x̃56 = x̃57 = x̃60 =
x̃61 = x̃62 = x̃64 = x̃68 = x̃70 = x̃79 = x̃80 = x̃86 = x̃95 = 1, x̃19 = 0.434659,
x̃75 = 0.909091, x̃78 = 0.65625, and x̃j = 0 otherwise. (Note that 3 variables are
fractional even though m = 2. This is because (9) was included in the original
formulation.) Let N ′

0 = {j ∈ N : x̃j = 0}. Below we give the terms of one of the
knapsack constraints for which x̃j > 0 and aij > 0:

14x1 + 30x11 + 32x19 + 20x22 + 12x45 + 14x56 + 12x61 + 24x70 + 32x75

+24x79 ≤ 193 .

The 18 components of x̃ equal to 1 are all included in N1, i.e. N1 = {1, 11, 17,
22, 43, 45, 56, 57, 60, 61, 62, 64, 68, 70, 79, 80, 86, 95}. We choose the cover
C = {19, 75} and we let N0 = {78} ∪N ′

0, ∆ = 11. Therefore the inequality (17)
is

32x19 + 32x75 + 11x78 + 11
∑

j∈N ′
0

xj + 25x1 + 32x11 + 11x17 + 31x22 + 11x43

+ 23x45 + 25x56 + 11x57 + 11x60 + 23x61 + 11x62 + 11x64 + 11x68 + 32x70+
32x79 + 11x80 + 11x86 + 11x95 ≤ 376. (20)

Since this inequality is violated by x̃, it is included in the formulation at the
root node. Because we fail to generate a cut for x̃ out of the other knapsack
inequality, this is the only cut included at this time, and we re-solve the LP
relaxation with (20) included in the formulation. ��
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We search for a cut (19) for x̃ from every knapsack inequality (7) and we
include in the formulation in the current node as many cuts as we find. In case
we find cuts, we re-solve the LP relaxation with the cuts added. Otherwise, we
branch. We search for cuts in every node of the enumeration tree.

We used a Sun Ultra 2 with two UltraSPARC 300 MHz CPUs and 256 MB
memory to perform the computational tests. The results are summarized in
Table 1, which gives for each pair m × n the average number of nodes, CPU
seconds, and number of cuts for the MIP and continuous formulations. The sec-
ond column gives the average number of nodes over the 3 instances generated by
CPLEX to solve the MIP formulation to proven optimality. The next column,
Cont. B&B, gives the average number of nodes generated by MINTO to solve
the continuous formulation exactly with Bienstock’s branching scheme without
the use of cuts, i.e. through a pure branch-and-bound approach. The following
column, Cont. B&C, gives the number of nodes generated by MINTO to solve
the continuous formulation exactly with Bienstock’s branching scheme and (17)
as cuts, i.e. through a branch-and-cut approach. The column “% Red.” gives the
percentage reduction in number of nodes by using the continuous formulation
and a branch-and-cut algorithm with (17) as cuts over the MIP formulation.
Note that overall, the percentage reduction in number of nodes by using branch-
and-cut over branch-and-bound for the continuous formulation was 70%. Thus
the use of a branch-and-cut approach to solve the continuous formulation can
be considerably more effective than pure branch-and-bound. The great overall
reduction of 97% in the average number of nodes by using the continuous formu-
lation with a branch-and-cut approach over the MIP approach indicates that by
adding auxiliary 0-1 variables and enforcing (2) through their integrality does
not take as much advantage of the combinatorial structure of the problem as
in the continuous approach, where we fathom a node when (2) is satisfied, and
where we branch by using Bienstock’s scheme. As mentioned earlier, (9) is usu-
ally facet-defining, and thus using it to define the up branches may considerably
help to reduce the upper bound on the up branches.

The four columns under “Time” in Table 1 have similar meanings to the four
columns under “Nodes”. The overall time reduction by using (17) as cuts in a
branch-and-cut scheme to solve the continuous formulation over pure branch-
and-bound was 62%. Because CPLEX is much faster than MINTO, the overall
time reduction of 78% of branch-and-cut on the continuous formulation over the
MIP formulation is very significant. We believe that such a great time reduction
is not just the result of the reduction in the number of nodes, but also due
to the fact that the size of the MIP formulation is 2 times greater than the
continuous formulation, which becomes significant in the larger instances. Also,
the degeneracy introduced by the variable upper bound constraints (5) may be
harmful.

The only cuts generated by CPLEX with default options were the Gomory
cuts. The column “Cuts Gom.” at the end of Table 1 gives the average number
of Gomory cuts generated by CPLEX. As we mentioned in Sect. 3, initially we
tested the MIP approach with MINTO. MINTO generated a very large number
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Table 1. Average number of nodes, time, and number of cuts for the MIP and the
continuous formulations

Nodes Time Cuts
m× n Cont. % Cont. % Gom. (17)

MIP B&B B&C Red. MIP B&B B&C Red.
20× 500 36,364 681 531 98 527 17 94 82 12 10
20× 1, 000 109,587 1,360 315 99 2,141 792 208 90 75 23
20× 1, 500 33,761 1,423 229 99 1,746 203 109 93 67 18
20× 2, 000 12,738 2,753 729 94 802 839 318 60 153 72
20× 2, 500 46,873 3,479 1,157 97 9,959 1,558 770 92 148 69
30× 3, 000 196,010 3,927 1,092 99 36,288 3,570 720 98 205 162
30× 3, 500 20,746 161 3 99 14,507 44 12 99 54 6
50× 4, 000 18,529 289 112 99 14,798 57 49 99 97 11
50× 4, 500 26,811 4,230 1,358 94 35,601 19,758 9,505 73 79 91
50× 5, 000 39,776 5,553 1,749 95 53,388 23,570 11,320 78 161 211
50× 5, 500 43,829 6,763 2,129 95 65,423 27,140 12,639 80 134 287
50× 6, 000 49,574 7,981 2,727 94 72,751 28,923 13,547 81 231 320
50× 6, 500 54,251 8,975 3,152 94 85,721 34,188 15,754 81 166 289
50× 7, 000 17,524 163 158 99 24,439 577 715 97 61 15
70× 7, 500 45,279 8,572 1,359 96 96,714 98,576 32,711 66 244 412
70× 8, 000 32,497 9,085 2,168 93 89,238 106,684 31,730 64 315 601
TOTAL 784,149 65,395 18,968 97 604,043 346,496 130,201 78 2,202 2,597

of lifted flow cover inequalities (LFCIs), typically tens of thousands, even for the
smallest instances. The reason is because the violation tolerance for LFCIs in
MINTO is much smaller than in CPLEX. To verify the effectiveness of LFCIs in
CPLEX we increased their violation tolerance. Our preliminary tests indicated
that even though LFCIs help reduce the integrality gap faster, they are not
effective in closing the gap, and we then kept CPLEX’s default. The average
number of inequalities (17) generated by MINTO is given in the last column of
Table 1.

Given the encouraging computational results, it is important to study the
following questions on branch-and-cut for CCOP:

– how can lifted cover inequalities be separated efficiently?
– how can cover inequalities be lifted efficiently in any order, either exactly or

approximately, to obtain strong cuts valid for PS?
– in which order should cover inequalities be lifted?
– are there branching strategies more effective than Bienstock’s [6]? (See [12]

for an alternative branching strategy.)

Note that it is not possible to complement a variable xj with aj < 0, as is
usually done for the 0-1 knapsack problem, and keep the cardinality constraint
(2) intact. This means that the assumptions that b > 0 and aij ≥ 0 ∀j ∈ N
of Sect. 1 imply in loss of generality. Thus, it is important to investigate the
cardinality knapsack polytope when aj < 0 for some of the knapsack coefficients.
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Besides cardinality, there exists a small number of other combinatorial con-
straints, such as semi-continuous and SOS [12], that are pervasive in practical
applications. We suggest investigating their polyhedral structure in the space
of the continuous variables, and comparing the performance of branch-and-cut
without auxiliary 0-1 variables for these problems against the usual MIP ap-
proach.

Recently, there has been much interest in unifying the tools of integer pro-
gramming (IP) and constraint programming (CP) [30]. Traditionally in IP, com-
binatorial constraints on continuous variables, such as semi-continuous, cardi-
nality or SOS are modeled as mixed-integer programs (MIPs) by introducing
auxiliary 0-1 variables and additional constraints. Because the number of vari-
ables and constraints becomes larger and the combinatorial structure is not
used to advantage, these MIP models may not be solved satisfactorily, except
for small instances. Traditionally, CP approaches to such problems keep and use
the combinatorial structure, but do not use linear programming (LP) bounds.
The advantage of our approach is exploiting both the combinatorial structure
and LP bounds simultaneously.
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Abstract. We consider a batch processing system {pi : i = 1, 2, · · · , n}
where pi is the processing time of job i, and up to B jobs can be processed
together such that the handling time of a batch is the longest processing
time among jobs in the batch. The number of job types m is not fixed
and all the jobs are released at the same time. Jobs are executed non-
preemptively. Our objective is to assign jobs to batches and sequence the
batches so as to minimize the total completion time. The best previously
known result is a 2−approximation algorithm due to D. S. Hochbaum
and D. Landy [6]. In this paper, we establish the first polynomial time
approximation scheme (PTAS) for the problem.

1 Introduction

The non-preemptive batch processing system arises as a model of jobs processing
for the burn-in stage of manufacturing integrated circuits [2,3]. At that stage,
circuits are loaded into ovens and exposed to high temperature in order to test
the quality of chips and to weed out the chips that might endure an early fail-
ure under normal operation conditions. Usually, each chip has a pre-specified
minimum burn-in time, dependent on its type or customer’s requirement. Since
a chip might stay in the oven for a longer time, different types of chips can be
assigned into one batch and the batch will stay in the oven for the longest time of
the burn-in times of the chips. Once a batch is being processed, no preemption is
permitted. The scheduling problem is to assign chips into batches and sequence
the batches. We are interested in minimizing the total completion time.

There are two major classes of the batch processing problems: the unbounded
case where there is no limit on the number of jobs that can be assigned to a batch
and the bounded case. For the unbounded case with one release date, P. Brucker
et al. [2] designed a polynomial time algorithm via a dynamic programming ap-
proach and they also made a thorough discussion of the scheduling problem on
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the batch machine with various constraints and objective functions. And for the
unbounded weighted case with different release dates, X. Deng and Y. Zhang [4]
proved that it is NP-hard to find the optimal schedule and they also presented
polynomial time algorithms for some special cases. A PTAS was obtained re-
cently by X. Deng, et al., [5] for unbounded case with different release dates.
There has not been much work done for the bounded case, however. For a fixed
number m of job types and one release date, D.S. Hochbaum and D. Landy [6]
presented an optimal algorithm MTB with a running time of O(m23m) and for
variable m they gave a highly non-trivial 2−approximation algorithm when all
the jobs arrive at the same time.

The above 2-approximation algorithm is based on several important proper-
ties of a specially structured optimal schedule.

A major break-through in methodology of designing PTAS for scheduling
problems came very recently in the seminal work of Foto Afrati et al. [1]. They
made a novel combination of time stretching, geometric rounding and dynamic
programming approaches, to obtain a general framework for obtaining PTAS for
several classical scheduling problems. Our work is motivated by their success.
In Sect. 2, we introduce notations and simplify the bounded batch processing
problem by applying the geometric rounding technique as well as the structural
properties of the work of D.S. Hochbaum and D. Landy [6].

Our main contribution is an optimal solution for jobs with processing time
in geometric series: (1 + ε)i, where ε is a given positive number and i is an
integer. The solution takes a quite non-trivial dynamic programming approach.
Even though one may argue that the approach of Foto Afrati et al. may render
the task of PTAS design simple for scheduling problems and we are inspired by
their work, our solution is not a consequence of theirs. Our result builds upon
a concise mathematical structural lemma of D.S. Hochbaum and D. Landy [6].
It requires further development of structural analysis of the optimal solution
and a sophisticated dynamic programming. In Sect. 3 we state several structural
properties of the optimal schedule for this class of jobs. These properties form
the basis of our algorithm that is presented in Sect. 4. We end this paper with
remarks and discussion in Sect. 5.

2 Preliminaries

We consider one non-preemptive batch processing machine and m job types
numbered 1, . . . ,m, each type t ∈ {1, . . . ,m} has nt jobs and a processing time,
i.e., the minimum burn-in time, pt, where p1 < p2 < ... < pm. The batch machine

can handle up to B < n =
m∑

t=1
nt jobs simultaneously and we call such a machine

a bounded batch processing machine. For a batch of jobs, its handling time is
defined to be the longest processing time among the jobs in the batch. Jobs
processed in the same batch have the same start time and the same handling
time(i.e., the start time and the handling time of the batch). For each job Jt,k of
type t, its completion time, denoted by Ct,k, is the sum of the start time and the
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handling time of the batch that includes it, where the subscript t (1 ≤ t ≤ m)
is the index of the job type and k is the index of the job in type t under an
arbitrary index method and 1 ≤ k ≤ nt. Therefore, all the jobs in the same
batch have the same completion time. Our target is to schedule all jobs so that

the total completion time
m∑

t=1

nt∑

k=1
Ct,k is minimized.

We need several important structural properties due to Chandru V. et al., [3],
D.S. Hochbaum and D. Landy [6], as well as some lemmas given by Foto Afrati
et al., [1]. We present them in subsequent subsections.

2.1 Geometric Rounding

To establish a PTAS, for any given positive number ε, we need to find a 1 + ε–
optimal solution by our algorithm. Our framework is that for a given ε, we
first apply geometric rounding to reduce the problem to a well–structured set of
processing times, with a loss of no more than 1+ε. Then we design a polynomial
time algorithm for the rounded problem. The following crucial lemma is due to
Foto Afrati et al. [1]

Lemma 1. [1] With 1 + ε loss, we can assume that all processing times are
integer powers of 1 + ε.

For simplicity, we still use previous symbols for the problem produced by
rounding the processing times, i.e., m for the number of job types, nt and pt for
the number and the processing time of jobs in type t, respectively, t ∈ {1, . . . ,m},
and p1 < p2 < ... < pm. Notice that the processing times now are integer powers
of 1 + ε, and we call the new problem the rounded problem. When there is no
ambiguity, we always refer to the rounded problem in the following discussion.

2.2 Reduction to Leftover Batches

Given two types s and t, we say that type s is smaller than type t if s < t
(i.e., ps < pt). For a batch Bi, we define its handling time p(Bi) as the longest
processing time among jobs in Bi. Using notations given by Chandru V. et al.
[3], a batch is called full if it contains B jobs, and homogeneous if it contains jobs
of a single type, where B is the maximum batch size that the batch machine
can handle. D.S. Hochbaum and D. Landy [6] extended those terminologies as
follows: a batch is called t−pure if it is homogeneous with jobs of type t. A batch
which is not full is called a partial batch. If pt = p(Bi) is the longest processing
time in a batch Bi, then t is called the dominant type of Bi and alternatively t
dominates batch Bi.

The following three lemmas are due to Chandru V. et al. [3].

Lemma 2. [3] Consider k batches {B1, ..., Bk} of jobs. Let p(Bi) and |Bi| be
the handling time and the number of jobs in batch Bi, respectively. Then the
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sequence S = {B1, ..., Bk} of batches in the increasing order of the indices is
optimal if

p(B1)
|B1| ≤

p(B2)
|B2| ≤ ... ≤

p(Bk)
|Bk| . (1)

Following definitions of Chandru V. et al. [3], we say that a sequence of
batches satisfying (1) is in batch weighted shortest handling time (BWSHT)
order.

Lemma 3. [3] There exists an optimal solution containing [nt/B] homogeneous
and full batches of type t, where [r] denotes the lower integer part of a real number
r. Furthermore, these batches will be sequenced consecutively.

By Lemma 3, we can possibly first assign some jobs into homogeneous full
batches for each type t ∈ {1, . . . ,m}. Then there are still nt−B[nt/B] remaining
jobs for each type t ∈ {1, . . . ,m}, we call these jobs leftover jobs, and the batches
containing those jobs leftover batches. We have the following lemma for leftover
jobs and leftover batches.

Lemma 4. [3] There exists an optimal solution in which the jobs in each leftover
batch are consecutive with respect to their processing times, that is, for any three
leftover jobs with processing times pi ≤ pj ≤ pk, if a batch contains the jobs with
processing times pi and pk, it must also contains the job with processing time pj.

2.3 Reduction to Leftmost Batches

The following three lemmas are given by D.S. Hochbaum and D. Landy [6].

Lemma 5. [6] In every optimal schedule that satisfies the properties of Lem-
mas 2 – 4, each job type t ∈ {1, . . . ,m} dominates at most one leftover batch.

Lemma 6. [6] In any optimal schedule, if there are two leftover jobs i and j
with processing times pi < pj such that the batch containing job j precedes the
batch containing job i, then job j must be in a full batch.

Define a basic schedule as one that satisfies the properties described in Lem-
mas 2 – 6. To reduce the number of possible schedulings of the leftover jobs,
D.S. Hochbaum and D. Landy [6] introduced the concept of leftmost batching as
follows.

They first defined a batching as a list of leftover batches and a batching is
called basic when it satisfies the properties described in Lemmas 4 and 5, namely:

• jobs are consecutive with respect to processing time in each batch, and
• each job type dominates at most one leftover batch.

Definition 1. [6] Given two sets of job types, F, P ⊆ {1, . . . ,m}, with F ∩P =
∅, we say that a basic batching A agrees with the pair (F, P ) if for each job type
t ∈ {1, . . . ,m},
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• t ∈ F if and only if t dominates a full batch in A;
• t ∈ P if and only if t dominates a partial batch in A;
• t �∈ F ∪ P otherwise.

For a given pair (F, P ), there may be more than one basic batchings that agree
with it, or there may be no basic batching that agrees with it, in which case the
pair (F, P ) is called infeasible. If there is at least one basic batching that agrees
with a pair (F, P ), we define a new batching, denoted by L(F, P ), which is called
the leftmost batching with respect to (F, P ) as the unique basic batching that
agrees with (F, P ) and in which all jobs are pushed to the “left” as much as
possible. This means that if the batches are arranged from left to right in order
of increasing handling times (i.e., processing times of dominating types), then it
is impossible to move a job from its current batch into a batch to the left and
the resulting batching still agrees with (F, P ).

The following essential lemma is due to D.S. Hochbaum and D. Landy [6].

Lemma 7. [6] There exists an optimal schedule S for the burn-in problem such
that S is basic and the leftover batches of S form a leftmost batching.

3 More Structural Properties

Given a batch Bi dominated by type i and a batch Bj dominated by type j, if

i < j and
p(Bj)
|Bj | <

p(Bi)
|Bi| , then we call Bi an out–of–order small batch of Bj ,

and correspondingly Bj is called an out–of–order large batch of Bi. According
to Lemmas 6 and 2, in an optimal schedule, we must have |Bj | = B and Bj
must be ahead of Bi if Bi is an out–of–order small batch of Bj . Since all the
processing times are integer powers of 1 + ε, we have the following lemma.

Lemma 8. In an optimal schedule, if Bj is an out–of–order large batch of Bi,
then we have

j − i ≤ [log1+εB
]
.

Proof. Suppose p(Bi) = (1 + ε)x and p(Bj) = (1 + ε)y, where i and j are the
types dominating batches Bi and Bj and 1 ≤ i < j ≤ m, x and y are integers and
x < y. Recall that different types have different processing times, i.e., different
powers of 1 + ε and that the job types are indexed in the order of increasing
processing times, we have that the processing time of each job type between i
and j must be a number of the power of 1 + ε between (1 + ε)x and (1 + ε)y,
i.e., j − i ≤ y − x. Recall that we consider leftover batches only and that each
type dominates at most one leftover batch. According to the previous discussion,
since Bj is an out–of–order large batch of Bi, we must have

1 ≤ |Bi| < B, |Bj | = B and
p(Bi)
|Bi| >

p(Bj)
|Bj |

implying
(1 + ε)x

1
≥ p(Bi)
|Bi| >

p(Bj)
|Bj | =

(1 + ε)y

B
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and subsequently y − x < log1+ε B =⇒ y − x ≤ [log1+εB
]

by the integrality of
x and y. Finally, we have

j − i ≤ y − x ≤ [log1+εB
]
.

The proof is complete. 
�
For any given type t, let

ts = t− [log1+εB
]
, tl = t+

[
log1+εB

]
.

For a given type t and a batch Bt dominated by t, we denote by OSt a set of
some out–of–order small batches with respect to Bt, and call it an out–of–order
small batch set of Bt. Similarly, we denote by OLt a set of some out–of–order
large batches of Bt and call it an out–of–order large batch set of Bt. When there
is no ambiguity, we call OSt an out–of–order small batch set without specifying
the possessor Bt, and similarly call OLt an out–of–order large batch set. Notice
that for any given batch Bt, the number of OS′

ts and the number of OL′
ts can

be exponentially large in general. However, the following analysis shows that
Lemma 8 allows us to focus on a polynomial number of them.

According to Lemma 8, all batches in OSt must be dominated by types
between ts and t− 1.

Given a type t and a batch Bt dominated by t, let (F, P )SLBt
denote any

possible (F, P )-pair of job types between ts and t− 1, and L(F, P )SLBt
denote

the leftmost batching of jobs in
t−1⋃

x=ts
LJ(x)\Bt with respect to (F, P )SLBt , where

LJ(x) is the leftover–job set of type x.
Given a type t and a batch Bt dominated by t, let (F, P,Bt)s be any possible

batching of the following types:

type 1s. L(F, P )SLBt for some (F, P )SLBt–pairs,

type 2s. the leftmost batching of jobs in
t−1⋃

x=ts
LJ(x) \ Bt and j largest smaller

jobs (jobs smaller than type ts, refer to Lemma 4) with respect to some
(F, P )SLBt–pairs(in this case, all the batches are still dominated by types
between ts and t− 1), where j is any possible number between 1 and B− 1.

Note that for a given batch Bt, the numbers of (F, P,Bt)s
′
s of type 1s and

type 2s are O(B(log1+ε 3)) and O(B(1+log1+ε 3)), respectively, due to the fact that
the number of possible (F, P )SLBt–pairs is O(B(log1+ε 3)) (there are at most
log1+εB different types between type t−1 and ts, and each type t can belong to
one the three categories, i.e., t dominates a full batch; t dominates a partial batch;
t does not dominate any batch. Therefore there are totally 3(log1+ε B) = B(log1+ε 3)

possible ways for deciding the (F, P )SLBt–pairs).
For each (F, P,Bt)s described above, let

OS(F, P,Bt)s = {out-of-order small batches of Bt in (F, P,Bt)s}.
The following lemma ensures the reduction of the number of OS′

ts to polynomi-
ally small.
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Lemma 9. In an optimal schedule as described in Lemma 7, for each batch Bt,
its out–of–order small batch set OSt must be the same as one OS(F, P,Bt)s for
some (F, P,Bt)s and the number of OS′

ts is no more than O(B(1+log1+ε 3)).

Proof. Otherwise, in the optimal schedule, the batches dominated by types be-
tween ts and t− 1 is not a locally leftmost batching. Suppose the corresponding
(F, P )−pair of these batches is (F, P )s and the (F, P )−pair of the all the batches
in the schedule is (F, P )a. Then, we can move some jobs to the left and the re-
sulting local batching still agrees with (F, P )s, and subsequently the resulting
whole batching still agrees with (F, P )a, i.e., the handling time of each batch
does not change. However, since some jobs are pushed to the left which means
their completion times become smaller, the completion time of the new schedule
is smaller than the original optimal schedule, which leads to contradiction (the
reason we consider type2s is that a batch dominated by a type between ts and
t− 1 may also include jobs of types smaller than ts). We can learn the number
of OS′

ts from the above discussion.

Now we discuss the case for OLt. Given a type t and a batch Bt dominated
by t, according to Lemma 8, all batches in OLt must be dominated by types
between t+ 1 and tl.

Let (F, P )LLBt be any possible (F, P )–pair of types between t + 1 and tl

and L(F, P )LLBt
the leftmost batching of jobs in

tl⋃

x=t
LJ(x) \Bt with respect to

(F, P )LLBt (notice that type t does not dominate any batch in L(F, P )LLBt).
Given a type t and a batch Bt dominated by type t, let (F, P,Bt)LL be any

possible batching of the following types:

type 1l. L(F, P )LLBt for some (F, P )LLBt–pairs, and we denote (F, P,Bt)LL of
this type as T1(F, P,Bt)LL;

type 2l. the leftmost batching of jobs in
tl⋃

x=t
LJ(x) \ Bt \ LJt with respect to

some (F, P )LLBt–pairs, where LJt is the set of j consecutively largest jobs of
types between t+1 and tl(in this case, some largest types between t+1 and tl
may not dominate any batch, refer to Lemma 4) and j is any possible number
between 1 and B− 1. We denote (F, P,Bt)LL of this type as T2(F, P,Bt)LL.

Notice that, for a given type t and a given batch Bt, the number of possible
(T1(F, P,Bt)LL)′s is O(B(log1+ε 3)) and the number of possible (T2(F, P,Bt)LL)′s
is O(B(1+log1+ε 3)) as the number of (F, P )LLBt

–pairs is O(B(log1+ε 3))(the reason
is like that in the previous discussion).

For a given T1(F, P,Bt)LL (resp. a T2(F, P,Bt)LL), let T1(F, P,Bt)L (resp.
T2(F, P,Bt)L) denote the batching which contains all the batches in
T1(F, P,Bt)LL (resp. T2(F, P,Bt)LL) and all the full homogeneous batches of
types between t+ 1 and tl.

Given a T1(F, P,Bt)L and T2(F, P,Bt)L, set

OBT1(F, P,Bt)L = {out-of-order large batches of Bt in T1(F, P,Bt)L},
OBT2(F, P,Bt)L = {out-of-order large batches of Bt in T2(F, P,Bt)L}.
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The following lemma restricts the number of OL′
ts to polynomially small.

Lemma 10. In an optimal schedule as described in Lemma 7, for each batch
Bt, its out–of–order large batch set OLt can only be the same as either one
OBT1(F, P,Bt)L (now we say that OLt is of type 1) or one OBT2(F, P,Bt)L
(now we say OLt is of type 2) and consequently the number of OL′

ts is no more
than O(B(1+log1+ε 3)).

Proof. The proof is similar to that of Lemma 9 (the reason we consider type 2l
is that some largest jobs of type between t + 1 and tl may be processed in a
batch which is dominated by a type larger than tl).

Let OLt denote the remaining batching of T1(F, P,Bt)L by omitting batches
in OLt if OLt = OBT1(F, P,Bt)L, and the remaining batching of T2(F, P,Bt)L
if OLt = OBT2(F, P,Bt)L.

4 The Dynamic Programming Solution

The state variables in our dynamic programming solution is indexed in the form
of (t, Bt, OSt, OLt), which means the “present” type is t, the “present” batch in
the scheduling is a leftover batch Bt dominated by type t, the “present” out–of–
order small batch set of Bt is OSt and the “present” out–of–order large batch
set of Bt is OLt. Our dynamic programming entry O(t, Bt, OSt, OLt) denotes

both the optimal schedule and its value of all jobs in
m⋃

x=t
J(x) ∪Bt ∪OSt \OLt

with the assumption that batch Bt and batches in OSt keep unchanged, where
J(x) is the job set of type x.

What we should point out here is that in O(t, Bt, OSt, OLt), the full homoge-
neous batches of type t are always scheduled first. Let O(t, Bt, OSt, OLt)′ denote
the schedule and its value obtained from O(t, Bt, OSt, OLt) by omitting the full
homogeneous batches of type t.

When computing O(t, Bt, OSt, OLt), the most important thing is to enumer-
ate all the possible next “present” batches. Notice that according to Lemma 8,
all the batches in OSt can’t be scheduled later than batches dominated by types
larger than tl, and that tl + 1 is the smallest type by which a batch is domi-
nated can’t be scheduled earlier than Bt. Hence, we enumerate all possible next
“present” batches from batches dominated by type tl + 1 on.

Given (t, Bt, OSt, OLt), next “present” batch Bt′ and next “present” type t′

can only be as follows:

• if OLt is of type 1, then Bt′ includes j consecutive leftover jobs of types
larger than tl for some 1 ≤ j ≤ B, and t′ is the largest type in Bt′ ;
• if OLt is of type 2, then Bt′ includes all the jobs in LJt and j consecutive

larger jobs(smallest jobs larger than type tl, refer to Lemma 4) for some
1 ≤ j ≤ B − |LJt|, and t′ is the largest type in Bt′ .
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Given t, Bt, OSt, OLt, t′ and Bt′ , next “present” out–of–order small batch set
OSt′ of Bt′ is a subset of out–of–order small batches of Bt′ in OLt, and the
next “present” out–of–order large batch set OLt′ of Bt′ is a possible subset of
out–of–order large batches of Bt′ that can be similarly defined as the definition
of OLt of Bt by substituting t′ for t and Bt′ for Bt.

Let M(Bt, Bt′) denote the batching that contains the batches in OSt∪OLt∪
OLt′ \ OSt′(notice that M(Bt, Bt′) maybe include full homogeneous batches).
It is easy to see that in an optimal schedule all the batches in M(Bt, Bt′) must
be scheduled between Bt and Bt′ once t′ and Bt′ are given. Therefore, the cost
caused by the batches in M(Bt, Bt′) is only dependent on the local schedule,
i.e., sequence of these batches (because the delay caused by these batches to the
later batches is equal to the sum of the handling times of all these batches).
Let CM(Bt, Bt′) denote the optimal local schedule and its value of batches in
M(Bt, Bt′).

For each type t, let ft = [nt/B] denote the number of full homogeneous
batches of type t, where nt = |J(t)| denotes the number of jobs of type t.

Now, we are ready to present our dynamic programming equations.

4.1 Dynamic Programming Equations

Base case. For each t between m− [log1+εB
]

and m, for each possible leftover
batch Bt that is dominated by t, for all possible out–of–order small batch
set OSt and out–of–order large batch set OLt of Bt as described in Lemma
9 and Lemma 10 (in this case, OLt can be only of type 1),

O(t, Bt, OSt, OLt)′ = pt · (|Bt|+ |OLt ∪OSt|) + opt(OLt ∪OSt),
where |OLt ∪OSt| is the number of jobs in OLt ∪OSt and opt(OLt ∪OSt)
denotes both the optimal sequence and its value of batches in OLt ∪ OSt
(notice that we can compute it with a time of no more than (log1+εB)2),
and

O(t, Bt, OSt, OLt) = O(t, Bt, OSt, OLt)′ + pt ·
(ft(ft + 1)

2
B

+ ft · (|Bt|+ |OLt ∪OSt|)
)
.

Recursion. For each t between 1 and m − [log1+εB
] − 1, for each possible

leftover batch Bt that is dominated by type t, for all possible out–of–order
small batch set OSt and out–of–order large batch set OLt of Bt as described
in Lemma 9 and Lemma 10, let

Y =

(
m⋃

x=t+1

J(x)

)

∪ LJ(t) ∪OSt \OLt,

then

O(t, Bt, OSt, OLt)′

= min
(t′,Bt′ ,OSt′ ,OLt′ )

{pt|Y |+ CM(Bt, Bt′) +O(t′, Bt′ , OSt′ , OLt′)′},
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where the minimum is taken over all possible (t′, Bt′ , OSt′ , OLt′) as described
before, and

O(t, Bt, OSt, OLt) = O(t, Bt, OSt, OLt)′ + pt ·
(
ft(ft + 1)

2
B + ft · |Y |

)

.

Conclusion.
min

(t,Bt,OSt,OLt)
{O(t, Bt, OSt, OLt)},

where the minimum is take over all possible dynamic programming states
(t, Bt, OSt, OLt).

4.2 The Theorem

After the above analysis, we finally obtain the following results.
Theorem 1. Within a time of no more than O(m ·B(7+log1+ε 27) · (log1+εB)2),
our algorithm gives a solution to the rounded problem.

Proof. It is easy to verify that our algorithm produces a schedule no worse than
the optimal schedule described in Lemma 7. Suppose S is an optimal schedule
described in Lemma 7. Suppose the first leftover batch of S is dominated by type
t0 and we denote this batch as Bt0 , the first leftover batch dominated by a type
larger than t0−1+log1+εB is dominated by type t1 and we denote this batch as
Bt1 and the first leftover batch dominated by a type larger than t1−1+log1+εB
is dominated by type t2 and we denote this batch as Bt2 and so on. Suppose the
last batch we get in this way is dominated by type tr and we denote this batch
by Btr (Since full homogeneous batches can be processed easily, we don’t discuss
them). For short, we denote by Aij as the sequence of leftover batches between
Bti and Btj , by A00 the sequence before Bt0 and by Arr the sequence after Btr .
It is easy to find the corresponding OSti (batches in Ai(i+1) dominated by types
smaller than ti) and OLti (batches in A(i−1)i dominated by types larger than
ti). Then the optimal schedule can be viewed as the concatenation of all the
described Aij ′s and Bti

′s, which can not be better than the schedule given by
our algorithm which is the best among all this kind of concatenations.

Regarding the computing complexity, we need consider at most
O(m · B(4+log1+ε 9)) states where there are at most m types, for each type t,
there are at most B2 batches Bt which may include 1 to B − 1 type–t jobs and
some other consecutively smaller jobs and for the fixed Bt, there are at most
B(1+log1+ε 3) OS′

ts and B(1+log1+ε 3) OL′
ts according to Lemma 9 and Lemma 10.

For each state, there are at most O(B(3+log1+ε 3) · (log1+εB)2) cases, where there
are at most B2 next “present” batches Bt′ , and there are at most O(B(1+log1+ε 3))
out–of–order large batch set’s OLt′ , and the computation of CM(Bt, Bt′) spends
a time of no more than (log1+εB)2. 
�
Corollary 1. We give a PTAS for the original burn-in problem of minimizing
total completion time of bounded batch scheduling with all jobs released at the
same time.

Proof. We can complete the proof immediately by Lemma 1 and Theorem 1. 
�
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5 Remarks and Discussion

In this work, we obtain the first PTAS for the batch processing problem when the
batch size B is finite, number of job types is variable and all jobs arrive at time
zero. The techniques we apply to achieve this include geometric rounding [1] and
several structural properties of an optimal solution described in [3,6] and Sect. 3,
as well as a quite complicated dynamic programming solution.
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Abstract. We present an asymptotic PTAS for Two-Dimensional Bin
Packing, which requires packing (or cutting) a given set of rectangles
from the minimum number of square bins, with the further restriction
that cutting the rectangles from the bins can be done in two stages,
as is frequently the case in real-world applications. To the best of our
knowledge, this is the first approximation scheme for a nontrivial two-
dimensional (and real-world) generalization of classical one-dimensional
Bin Packing in which rectangles have to be packed in (finite) squares. A
simplification of our method yields an asymptotic PTAS for the two-stage
packing of rectangles in a bin of unit width and infinite height. More-
over, we point out that our method may lead to a better approximation
guarantee for Two-Dimensional Bin Packing without stage restrictions,
provided some structural property holds.

1 Introduction

The classical one-dimensional Bin Packing (BP) is one of the most widely studied
problems in Combinatorial Optimization. In particular, a huge amount of work
has been done to analyze the worst-case performance of heuristic algorithms [4].
The approximability status of BP, namely the existence of Asymptotic (Fully)
Polynomial Time Approximation Schemes (A(F)PTASs), was essentially set-
tled in the early 80s by the work of Fernandez de la Vega and Lueker [8] and
Karmarkar and Karp [10]. In contrast, many open questions exist about the ap-
proximability of important two- (and more-)dimensional generalizations of BP,
many of which arise from real-world applications.

In this paper, we will consider two-dimensional geometric generalizations of
BP, in which rectangles (called also items in the following) of specified size have
to be packed in other (larger) rectangles (called bins). The most studied version of
the problem is the one in which a specified edge for each item has to be packed
parallel to a specified edge of a bin. Such a requirement is called orthogonal
packing without rotation. Different results were obtained for the two cases in
which, respectively, there is a unique bin (called also strip) where one edge
is infinitely long, called Two-Dimensional Strip Packing (2SP), and there are
“enough” many identical bins of finite width and height, called Two-Dimensional
(Finite) Bin Packing (2BP). For 2SP, a long series of results, starting with the

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 315–328, 2002.
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work of Baker, Coffman and Rivest [1] and Coffman, Garey, and Johnson [5]
and ending with the elegant AFPTAS proposed by Kenyon and Rémila [11],
settled the approximability of the problem. On the other hand, for 2BP the
best known asymptotic approximation guarantee is 2 + ε (for any ε > 0) that
can be achieved by applying the method of [11], packing all the items in an
infinite strip and then cutting this strip into slices so as to get bins of the
required size, packing the items that are split between two bins in additional
bins. Apparently, there is no way to extend the method of [11] to 2BP so as
to get an approximation guarantee strictly better than 2. On the other hand,
to the best of our knowledge, there is no result that rules out the existence of
an APTAS for 2BP. For the special case in which squares have to be packed,
Seiden and van Stee [13] presented an approximation algorithm with asymptotic
guarantee 14/9 + ε (for any ε > 0). It has to be remarked that, in the case of
squares, it is trivial to round-up the sizes of the items so as to get a constant
number of distinct sizes without significantly increasing the optimal value. On
the other hand, the same is apparently impossible for general rectangles.

The above situation for the case of orthogonal packing without rotation is
common to all the two-dimensional variants of bin packing that we are aware of:
when the items have to be packed in finite bins, there is a huge gap between the
approximation guarantee that can be achieved by known methods and the one
that is excluded by negative results. The only problem that one may consider
as an exception is the classical BP itself, that coincides with the one-stage, two-
dimensional orthogonal bin packing without rotation. In this paper, we make one
step further, deriving an APTAS for the two-stage, two-dimensional orthogonal
bin packing without rotation, also called Two-Dimensional Shelf Bin Packing
(2SBP), which arises in real-world applications. Roughly speaking, the problem
calls for packing the items in the bins in rows so as to form a sequence of shelves
(or levels), see Fig. 1. To the best of our knowledge, this is the first approximation
scheme for a nontrivial two-dimensional (and real-world) generalization of BP
in which rectangles have to be packed in other finite rectangles. As a byprod-
uct, we also obtain an APTAS for the two-stage, two-dimensional orthogonal
strip packing without rotation, also called Two-Dimensional Shelf Strip Packing
(2SSP). (Actually, as one may expect, the derivation of such a result for this
latter problem is substantially simpler than for 2SBP.)

Our approximation scheme is subdivided into several steps: although basi-
cally all the techniques used in each single step are analogous to those in other
approximation schemes (not necessarily for BP), their combination into the over-
all picture is certainly far from trivial. In particular, many known techniques are
applied with an unusual purpose. For instance, we apply the geometric grouping
technique of [10] in order to round the heights of “small” (thin) items, whereas
grouping was used so far only to round the size of “large” items. For “large”
items, we first round the heights and then the widths, achieving a constant num-
ber of “large” rectangle sizes. This typically does not work for other geometric
problems. Moreover, we combine enumeration of the “large” item packings with
the solution of Integer Linear Programs (ILPs) in order to pack optimally the
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Fig. 1. Examples of two-staged patterns: non-exact (a) and exact (b) cases

“small” items, whereas for the other schemes that we know the solution of an
LP is typically sufficient for this purpose. Finally, the structure of the ILPs in
our method appears to be more complex than the one of the ILPs used in other
approximation schemes.

The degree of sophistication of our method, which may be unavoidable, per-
haps reflects the difficulty in designing approximation schemes (if any exist) for
the more complex 2BP or, anyway, for k-stage versions of the problem with
k ≥ 3.

Finally, it has to be remarked that our algorithm has an astronomical run-
ning time for any reasonable value of the required accuracy. Such a situation is
common to all the other (A)PTASs that we are aware of, although ours is much
worse than most others since we must perform several times some complete enu-
meration combined with the solution of an ILP with a huge (constant) number
of variables. On the other hand, from a practical viewpoint, the structure of
an APTAS may inspire the design of (parts of) heuristic algorithms that are
effective in practice. Moreover, the existence itself of an APTAS is often a good
theoretical indicator that practical instances of the problem will not be “too
hard” to solve.

Two-Stage Packing

The two-stage name is originated from cutting applications in which the items
have to be cut from the bins. Formally, by following the definition introduced
by Gilmore and Gomory [9], two-stage cutting/packing requires that the final
pattern is such that each item can be obtained from the associated bin by at
most two stages of cutting. Namely, after a first stage in which the bins are
cut into shelves, the second stage produces slices which contain a single item. If
an additional stage is allowed in order to separate an item from a waste area,
as in Fig. 1 (a), the problem is called two-stage with trimming (also known as
non-exact case); otherwise, the problem is called two-stage without trimming
(exact case), as in Fig. 1 (b). The case with trimming is the one considered in
this paper, being more frequently found in practical applications. Gilmore and
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Gomory [9] also introduced the case in which the items have to be obtained
by at most three stages of cutting (three-stage cutting). The difference between
two-stage with trimming and three-stage is that slices may contain more than
one item in the three-stage case.

Staged cutting problems have practical relevance in all the cases where the
raw material to be cut has a low cost with respect to the industrial costs involved
by the cutting process, such as, e.g., in many wood, paper or glass cutting appli-
cations. Real-world applications involving two-stage cutting problems in the steel
industry can be found in de Carvalho and Rodrigues [6,7], while an industrial
three-stage cutting problem was recently considered by Vanderbeck [14].

Note that two-stage packing with trimming is equivalent to packing the items
in the bins in shelves, where a shelf is a row of items having their bases on a line
which is either the base of the bin or the line drawn at the top of the tallest item
packed in the shelf preceding the current one in the bin (see again Fig. 1 (a)).
The fact that many classical heuristics for 2SP [5,2] and 2BP [3] pack the items
in this way gives additional relevance to two-stage cutting (with trimming).

Preliminaries and Outline

In all the problems that we consider we are given a set N = {1, . . . , n} of items,
the j-th having width wj and height hj ; we also say that item j has size (wj , hj).
A shelf is a set S ⊆ N whose width, defined by

∑
j∈S wj , does not exceed 1. The

height of the shelf is defined by maxj∈S hj .
In 2SSP the items have to be packed in shelves within a strip of width 1 and

infinite height, so as to minimize the overall height of the shelves. In 2SBP the
items have to be packed in shelves and the resulting shelves in identical bins of
width and height 1 (i.e. the overall height of the shelves in each bin must not
exceed 1) so as to minimize the number of nonempty bins. Clearly, both 2SSP
and 2SBP are generalizations of BP, which arises when hj = 1 for all j ∈ N .

Consider a minimization problem P, letting IP denote the set of all its in-
stances. Given an instance I ∈ IP, let optP(I) denote the value of the optimal
solution for I. If no confusion arises, we will write I for IP and opt(I) for optP(I).
For a given constant ρ ≥ 1, an asymptotic ρ-approximation algorithm is an al-
gorithm that produces a solution of value at most ρ · opt(I) + δ for every I ∈ I,
where δ is a constant independent of I. An APTAS is an algorithm that receives
on input also a required accuracy ε > 0, runs in time polynomial in the size of
the instance, and produces a solution of value at most (1 + ε) · opt(I) + δ for
every I ∈ I, where δ is a constant independent of I. (Actually we may replace
the constant δ by o(opt(I)) above, but this simpler definitions are sufficient for
our purposes.)

The main result of this paper is an APTAS for 2SBP, which is presented in
Sect. 2 and whose approximation guarantee is shown in Sect. 3. A simplification
of this algorithm leads to an APTAS for 2SSP, mentioned in Sect. 4. Finally,
in that section we also discuss the possibility for our algorithm to be a (γ + ε)-
approximation algorithm for the famous 2BP for any ε > 0 and for some γ < 2,
that would improve on the current best approximation achievable, equal to 2+ε.
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Algorithm APTAS2SBP:

Let ε be the required accuracy and define ε := ε/574.
(a) Decomposition:

(a.1) Guess the parameter f (1 ≤ f ≤ t :=
⌈
1/ε2

⌉
) and for i ∈ IN round-up all

heights in (εf+it, εf+it−1) to εf+it−1.
(a.2) Form the shelves in the final solution by considering separately each set Ai,

i ∈ IN, containing the items with heights in [εf+it−1, εf+(i−1)t], (i.e. pack the
items belonging to different sets in different shelves).

(b) Item Subdivision, Vertical Melting and Grouping:
For each set of items Ai, i ∈ IN, distinguish between wide items (having width ≥ ε)
and thin items (having width < ε), and:

(b.1) Allow thin items to be cut vertically in the packing.
(b.2) Round the heights of the wide items by linear grouping.
(b.3) Round the widths of the wide items with the same height after Step (b.2) by

linear grouping.
(b.4) Round the heights of the thin items by geometric grouping.

(c) Definition of Low Shelves:
Solve the 2SSP instance defined by the items in each set Ai, i ∈ IN \ {0}, by
enumeration of the shelves with wide items combined with ILP (1)–(4), determining
the packing in (low) shelves for the items in each set.

(d) Horizontal Melting and Definition of Bins:
(d.1) Allow the low shelves found in Step (c) to be cut horizontally in the packing.
(d.2) Solve the 2SBP instance defined by the items in A0 and by the shelves found

in Step (c) by enumeration of the shelves with wide items in A0 combined with
ILP (5)–(9), determining the packing in the bins for the items in A0 and the
low shelves found in Step (c).

(e) Horizontal Solidification:
Pack the low shelves that are cut horizontally in the solution in separate bins by
next fit.

(f) Vertical Solidification:
Pack the thin items that are cut horizontally in the solution in separate bins by
next fit decreasing height.

Fig. 2. General structure of the algorithm

2 Description of the Algorithm

The general structure of our APTAS for 2SBP is shown in Fig. 2, where IN de-
notes the set of integer nonnegative numbers (including 0). Below, we describe
in detail each step, showing that the running time is polynomial for every fixed
value of the required accuracy ε. In the next section, we will prove the approx-
imation guarantee of the method. Generally, since we modify the widths and
heights of the items several times, when describing a step we will denote by wj
and hj , respectively, the width and height of each item j before performing the
step.

Decomposition. In Step (a.1), we suppose that the guess of f is correct, i.e.
the one that leads to the best final solution. This can be achieved by trying all
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possible O(1/ε2) values of f . For each item j ∈ N such that hj ∈ (εf+it, εf+it−1)
for some i ∈ IN we redefine hj := εf+it−1.

In Step (a.2), let Ai := {j ∈ N : hj ∈ [εf+it−1, εf+(i−1)t]} for i ∈ IN, noting
that A0 = {j ∈ N : hj ∈ [εf−1, 1]}. Of course, we can avoid considering all sets
Ai such that Ai = ∅. Accordingly, there are O(n) nonempty sets Ai that can be
defined in O(n) time.

Grouping. In Step (b), let Ai (i ∈ IN) be the instance considered and define
the set of wide and thin items in Ai, respectively, by Ci := {j ∈ Ai : wj ≥ ε}
and Bi := {j ∈ Ai : wj < ε}.

In Steps (b.2) and (b.3), linear grouping is the classical grouping proposed
in [8]. Namely, in Step (b.2), let h1 ≥ h2 ≥ . . . ≥ h�i be the heights of the items
in Ci after sorting. If �i < 2/εt+1, we leave these heights unchanged, defining
for convenience gi := �i. Otherwise, letting ki :=

⌊
�iε

t+1
⌋
, we form gi := ��i/ki�

groups of ki consecutive items, starting from the ki tallest ones, and letting the
last group contain �i − (gi − 1)ki items. We redefine the heights of the items in
each group as the height of the first (tallest) item in the group. After this step,
it is easy to check that the number gi of different heights in Ci is upper bounded
by 3/εt+1 + 1 = O(1/εt+1) (details are left to the full paper).

In Step (b.3), if �i < (gi + 1)/εt+1, we leave the widths of all items in Ci
unchanged. Otherwise, we consider separately the sets of items in Ci with the
same height hj after Step (b.2), for j = 1, . . . , gi, each denoted by Dij . For each
set Dij , let w1 ≥ w2 ≥ . . . ≥ wmij be the widths of the items after sorting. We
form dij := �mij/pi� groups of pi :=

⌊
�iε

t+1/gi
⌋

consecutive items starting from
the pi widest ones and letting the last group contain mij − (dij − 1)pi items
(possibly forming only one group). We redefine the width of the items in each
group as the width of the first (widest) item in the group. After this step, it is
easy to verify that the number of different widths in Ci is upper bounded by
gi(gi + 2)/εt+1 + gi = O(1/ε3(t+1)) (again, details are in the full paper).

According to the above discussion, for each i, the number si of distinct item
sizes in each set Ci after Steps (b.2) and (b.3) is bounded by a constant, namely
si ≤ gi · (gi(gi + 2)/εt+1 + gi) = O(1/ε4(t+1)).

In Step (b.4) we group the heights of the thin items (whose widths are un-
changed afterwards) according to the geometric scheme of [10]. To this aim, let
Bi be the set of thin items considered, h1 ≥ h2 ≥ . . . ≥ hsi be the heights of
the items in Bi after sorting, and Wi :=

∑
j∈Ti

wj be the overall width of these
items. We form groups with consecutive items, starting from the first (tallest)
one, so that the overall width of the items in each group adds up to exactly εtWi,
with the possible exception of the last group, for which the overall width of the
items is Wi−�1/εt	 εtWi (if this value is not 0). Note that such a subdivision is
always possible since we allow thin items to be cut vertically, and therefore we
may insert only a vertical fraction of an item in a group. As for linear group-
ing, we redefine the heights of the items in each group as the height of the first
(tallest) item in the group. The overall number of heights for the items in Bi
after this step is �1/εt� = O(1/εt), i.e. it is bounded by a constant. We can
represent each group by a single equivalent item that may be cut vertically.
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Enumeration Plus ILP. In Steps (c) and (d) we separately pack the items in
each set A� (� ∈ IN) by complete enumeration of the possible ways of packing the
wide items in shelves, and, for each possibility, solution of an ILP with a constant
number of variables to pack the thin items. (The final solution for each set is
the one associated with the ILP with the best value among all the possibilities.)
In particular, in Step (c) we consider each set A�, � ∈ IN \ {0}, and solve the
associated 2SSP instance, optimally packing the items in so-called low shelves so
as to minimize the overall height of the shelves. In Step (d), we consider set A0
along with the shelves produced in Step (c) and optimally solve the associated
2SBP instance, i.e. we pack the items in A0 in shelves and the shelves in bins,
together with the low shelves (that may be cut horizontally) so as to minimize
the number of bins used.

For Step (c), consider a generic set A� (� ∈ IN \ {0}). Since the number s�
of different sizes for the wide items in C� is bounded by a constant, and each of
the associated widths is at least ε, i.e. at most �1/ε	 such items fit in a shelf, the
number of different ways of packing the items in C� in shelves is polynomially
bounded. More precisely, each shelf can be represented by a vector with s� non-
negative integer components, where the j-th component represents the number of
items of size j in the shelf, each component being at most �1/ε	. So the number of
shelf types is O(�1/ε	s�), and each solution is defined by the number nr of shelves
of each type r used. Noting that nr ≤ n for each r, the number of possibilities to

be considered in a complete enumeration is O(|C�|�1/ε�s� ) = O(n(1/ε)1/ε4(t+1)

),
i.e. polynomial in n. Consider a possible way of packing the wide items in shelves.
Since we are considering all the possibilities, we can assume that, in the optimal
solution of 2SSP for A�, the wide items are partitioned into shelves exactly in
this way. Clearly, the number of different sizes of the resulting shelves is bounded
by a constant. Specifically, let p be the number of these sizes and, for each size
(wi, hi) (i = 1, . . . , p), let np be the number of shelves with this size. In particu-
lar, recall that if a shelf contains the items in set S ⊆ Ck, its width is defined by∑
j∈S wj and its height by maxj∈S hj . Moreover, let q be the number of groups

of thin items, letting (wj , hj) (j = 1, . . . , q) denote the size of the equivalent
item. For convenience, we assume h1 > h2 > . . . > hq (strict inequality). This is
allowed since we can replace possible groups with the same height by a unique
group of items (hence not all wj are necessarily equal).

We construct an ILP in which the variables represent the possible shelves
that can be obtained by combining a shelf with wide items with some thin
items. First of all, we consider shelves with thin items only, the tallest of which
has height hj , called shelves of type j. Such a shelf has height hj and can contain
thin items (of height hj or smaller) for a total width of up to 1. Moreover, we
consider shelves of type (i, j), obtained by combining a shelf with wide items
of size (wi, hi) with some thin items, the tallest of which has height hj . The
height of a shelf of type (i, j) is given by hij := max{hi, hj}. We also define
wij := 1−wi to be the horizontal space for thin items (of height hij or smaller)
in the shelf. As a special case, we let a shelf with wide items only be a shelf of
type (i, q + 1), letting hi,q+1 := hi.
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In the ILP, we have variables xij and yj to denote, respectively, the number
of shelves of type (i, j) and j in the optimal solution. The corresponding ILP
reads as follows:

minimize
p∑

i=1

q+1∑

j=1

hijxij +
q∑

j=1

hjyj (1)

subject to
q+1∑

j=1

xij = ni, i = 1, . . . , p, (2)

p∑

i=1

j∑

k=1

wikxik +
j∑

k=1

1 · yk ≥
j∑

k=1

wk, j = 1, . . . , q, (3)

xij , yj ≥ 0 integer, i = 2, . . . , p; j = 1, . . . , q + 1. (4)

Objective function (1) requires the minimization of the overall height of the
shelves. Constraints (2) ensure that all the shelves of wide items formed in the
enumeration step are packed. Finally, constraints (3) guarantee that there is
enough space for the thin items in the shelves, noting that these items can be
cut vertically and that thin items of height hj can be packed either in a shelf of
type k or in a shelf of type (i, k) with k ≤ j. Since the number of variables is
constant, this ILP can be solved in polynomial time by the algorithm of [12]. In
particular, the number of variables is O(pq) = O((1/ε)t+1/ε4(t+1)

).
Step (d) is analogous to Step (c) in many respects. Shelves of type j or (i, j)

are defined exactly in the same way. Note that each self of type j or (i, j) has
height at least εf−1, i.e. at most �1/εf−1	 such shelves can be packed in a bin.
Along with the fact that the number of shelf types is constant, and that the low
shelves produced in Step (c) can be cut horizontally in this step, this yields a
constant number of bin types, say d, where, for s = 1, . . . , d, we let uijs and vjs
be, respectively, the number of shelves of type (i, j) and type j packed in bin of
type s. Moreover, we let rs be the residual vertical space for the low shelves in
bin of type s, i.e. rs := 1−∑q

j=1 hjvjs−
∑p
i=1
∑q+1
j=1 hijuijs. In order to pack all

low shelves, we must simply be sure that the overall residual vertical space in the
bins is not smaller than the overall height of the low shelves, say H. Therefore,
letting zs denote the number of bins of type s used, the optimal bin packing
solution can be found by solving the following ILP:

minimize
d∑

s=1

zs (5)

subject to
d∑

s=1




q+1∑

j=1

uijs



 zs = ni, i = 0, . . . , p, (6)

d∑

s=1

(
p∑

i=1

j∑

k=1

wikuijs +
j∑

k=1

1 · vks
)

zs ≥
j∑

k=1

wk, j = 1, . . . , q, (7)
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d∑

s=1

rszs ≥ H, (8)

zs ≥ 0 integer, s = 1, . . . , d. (9)

The overall number of variables is d = O((pq + p)1/ε
f−1

) = O((1/ε1/ε
4(t+1)

(1 +
1/εt))1/ε

t−1
).

Solidification. Clearly, given a solution to ILP (5)-(9), we can pack all the low
shelves in the bins since they can be cut horizontally. In particular, we can find
a packing in which at most one shelf per bin is cut. These shelves, whose height
does not exceed εf , are packed in Step (e) in additional bins by next fit [4], i.e.
they are considered in an arbitrary order and packed in the current bin as long
as they fit. When the current shelf does not fit, the current bin is closed and a
new bin is considered, ending the procedure when all shelves have been packed.
The corresponding running time is O(n).

Finally, in Step (f), we consider thin items in each set Ai (i ∈ IN) that are cut
vertically in the solution. Note that there is at most one such item for each shelf
in the solution. We consider these items in decreasing order of height and pack
them in new shelves by a next fit policy, closing the current shelf and starting a
new one when the current item does not fit in the shelf. The shelves formed in
this way (for all sets Ai) are packed in new bins by next fit. The corresponding
algorithm is known as next fit decreasing height [5] and runs in O(n log n) time.

Overall, the running time of APTAS2SBP is polynomial for fixed ε, the bot-
tleneck of the algorithm being by far Steps (c) and (d). For future reference, we
state this result formally.

Lemma 1. APTAS2SBP runs in polynomial time for every fixed ε.

3 Proof of Approximation Guarantee

In order to prove that our algorithm is an APTAS we analyze each step in
Fig. 2. Note that Steps (b.1) and (d.1) correspond to a relaxation of the problem,
therefore the optimal solution value cannot increase after performing these steps.
Moreover, Step (d.2) finds an optimal solution for the problem, after rounding
and melting, hence it cannot be responsible for an increase in the optimal solution
value. On the other hand, Steps (a.1), (a.2), (b.2), (b.3) and (b.4) define a new
instance for which the solution value is worse than before. Moreover, Step (c)
defines the shelves for the items in

⋃
i∈IN\{0}Ai so as to guarantee that the overall

height of the shelves is minimized – note that this is not necessarily optimal
for 2SBP. Finally, Steps (e) and (f) perform an adjustment of the (infeasible)
solution, increasing the number of bins.

Generally, in this section, for a generic step we will denote by z the value
of the optimal solution before performing the step and by z′ the value of the
optimal solution afterwards. The approximation guarantee follows from a series
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of simple lemmas, each showing that z′ ≤ (1 + γε) + δ for (small) constants
γ and δ for some step in the algorithm. We will repeatedly use the following
well-known fact for BP (stated here in terms of 2SBP):

Fact 1 Given a set of shelves whose overall height is H (and each having height
at most 1), these shelves are packed in at most 2H + 1 bins by next fit.

We analyze the steps that possibly increase the optimal solution value in
order of appearance in the algorithm. In the analysis, we will often implicitly
assume ε ≤ 1/2, which is certainly true for any reasonable value of the required
accuracy ε.

Lemma 2. There exists a value f ∈ {1, . . . , t} such that, for Step (a.1), z′ ≤
(1 + 2ε)z + 1.

Proof. Consider an optimal solution for the 2SBP instance before rounding-up
heights and let H denote the overall height of the shelves in the solution. Clearly
z ≥ H. We say that a shelf is rounded-up if its height increases after Step (a.1).
Note that the this may happen only if the height of the tallest item(s) in the
shelf is rounded-up, and therefore the sets of rounded-up shelves in the solution
are disjoint for distinct values of f . Hence, by an obvious average argument,
there exists a value of f such that the overall height of the rounded-up shelves is
not larger than 1/t ·H. The increase in the height of these shelves after rounding
is by a factor of at most 1/ε. Accordingly, a feasible solution after round-up
is obtained by removing from their bins the shelves whose height is increased
and packing them in at most 2(1/ε)(1/t)H + 1 additional bins by next fit, since
their overall height is at most (1/ε)(1/t)H. Noting that (1/ε)(1/t) ≤ ε by the
definition of t completes the proof.

Lemma 3. For Step (a.2), z′ ≤ (1 + 4ε)z + 1.

Proof. Recall that Step (a.2) corresponds to imposing that the items in each set
Ai be packed in distinct shelves. Consider an optimal solution for the instance
before decomposing, letting H denote the overall height of the corresponding
shelves and noting that z ≥ H. Consider a shelf containing item set S ⊆ N
and let P := {i ∈ IN : S ∩ Ai �= ∅}. If |P | = 1, this shelf is feasible also after
decomposing. Otherwise, letting hj be the height of the shelf and k the minimum
index in P , we may leave the items in S∩Ak in the shelf, as well as define |P |−1
new shelves, one for each set S ∩ Ai, i ∈ P \ {k}. Since the height of each item
in Ak+i+1 is not larger than ε1+it times the height of each item in Ak (i ∈ IN),
the overall height of these new shelves does not exceed

∑

i∈IN:k+i+1∈P
ε1+ithj ≤

∑

i∈IN

ε1+ithj = ε
∑

i∈IN

(εt)ihj =
ε

1− εthj ≤ 2εhj .

Therefore, the overall height of the new shelves after performing the above for
all shelves in the original solution does not exceed 2εH, i.e. the new shelves can
be packed in at most 4εH + 1 additional bins by next fit.
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Lemma 4. For Step (b.2), z′ ≤ (1 + 2ε)z + 1.

Proof. Consider an optimal solution for the instance before grouping heights,
and let hi1 ≥ hi2 . . . ≥ hisi

be the heights of the shelves with items in Ai in
this solution, i.e. the overall height of the shelves in the solution is given by
H :=

∑
i∈INHi where Hi :=

∑si

j=1 h
i
j . Clearly, z ≥ H. We will use �i and ki as

defined in the previous section for Step (b.2). Note that Hi ≥ �iε
f+it since at

most 1/ε wide items can be in a shelf, and the height of each item is at least
εf+it−1.

Let h
i

1 ≥ h
i

2 . . . ≥ h
i

si
be the heights of the shelves with items in Ai after

Step (b.2). We have h
i

j+ki
≤ hij for j = 1, . . . , si − ki. This means that the

vertical space for shelf of height hij in the original solution can be used for

the shelf of height h
i

j+ki
after grouping. The height of the remaining shelves is

∑ki

j=1 h
i

j ≤ kiε
f+(i−1)t ≤ εHi by the definition of ki. The overall height of the

remaining shelves (considering all sets Ai) is therefore at most
∑
i∈IN εHi = εH,

and they can be packed by next fit in at most 2εH + 1 additional bins.

Lemma 5. For Step (b.3), z′ ≤ (1 + 2ε)z + 1.

Proof. Consider an optimal solution for the instance before grouping widths.
Letting Hi denote the overall height of the shelves with items in Ai, we have
Hi ≥ �iε

f+it as already observed in the proof of Lemma 4. Moreover, let H :=∑
i∈INHi and note z ≥ H. Let �i, gi,mij , pi be defined as in the previous section

for Step (b.3), and consider the items in each set Dij , assuming they are sorted
according to nondecreasing values of the widths before grouping and letting wj
denote the width of item j after grouping. If mij > pi, we have wk+pi ≤ wk
for k = 1, . . . ,mij − pi. Hence, the horizontal space for item k in the original
solution can be used for item k+ pi after grouping. The remaining items in Dij

are 1, . . . , pi. Analogously, if mij ≤ pi, we have items 1, . . . ,mij remaining. The
height of the remaining items in Ai is therefore at most gipiεf+(i−1)t ≤ εHi by
the definition of pi. Hence, the overall height of the remaining items (considering
all sets Ai) is at most

∑
i∈IN εHi = εH, and these items can be packed by next

fit in no more than 2εH+1 bins (in the worst case, each item goes in a separate
shelf).

Lemma 6. For Step (b.4), z′ ≤ (1 + 2ε)z + 3.

Proof. Consider an optimal solution for the instance before grouping heights
of the thin items. Letting Wi denote the overall width of the thin items in Ai
and Hi the overall height of shelves with items in Ai, we have Hi ≥ Wiε

f+it−1

(each shelf can contain thin items for a total width of at most 1). As usual, let
H :=

∑
i∈INHi and note z ≥ H. Considering groups 1, . . . , qi formed in Step

(b.4), the space for the items in group j in the original solution can be used for
the items in group j+1 after grouping (j = 1, . . . , qi−1). As to the items in group
1, their overall width is εtWi. Recalling that thin items can be cut vertically,
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these items fit in �εtWi� ≤ εtWi+1 shelves of height at most εf+(i−1)t (actually,
if i = 0 this height is at most 1). The overall height of these shelves (considering
all sets Ai) is at most

∑

i∈IN

(εtWi + 1)εf+(i−1)t =
∑

i∈IN

Wiε
f+it +

∑

i∈IN

εf+(i−1)t ≤

εH + 1 + εf
∑

i∈IN

(εt)i ≤ εH + 2,

(see also the proof of Lemma 3), where on the left of the first “≤” we wrote εf−t

instead of 1 for convenience. Hence, these shelves can be packed in no more than
2εH + 3 bins by next fit.

Lemma 7. If the low shelves can be cut horizontally (Step (d.1)) then it is
optimal to define these shelves so that their overall height is minimized (Step(c)).

Proof. Obvious.

Lemma 8. For Step (e), z′ ≤ (1 + 2ε)z + 1.

Proof. Let B be the number of bins in the solution after Step (d). Clearly, one
can assume that at most B low shelves are cut horizontally in this solution.
Their overall height is at most εfB since the height of each low shelf is at most
εf . Hence, these shelves are packed in at most 2εfB+ 1 ≤ 2εB+ 1 bins by next
fit.

Lemma 9. For Step (f), z′ ≤ (1 + 4ε)z + 3.

Proof. The main argument in the proof is from [5]. Let Hi be the height of the
shelves with items in Ai in the solution, letting hi1 ≤ . . . ≤ hisi

be the height
of these shelves in nonincreasing order. As usual, let H :=

∑
i∈INHi and note

z ≥ H. For each shelf �, at most one thin item j of width wj ≤ ε and height
hj ≤ hi� is vertically cut. If we pack these items in new shelves in decreasing
order of height by next fit, at least �1/ε	 of them will fit in each shelf. Hence,
letting h

i

p denote the height of the p-th new shelf constructed this way, we have

h
i

p ≤ hip�1/ε�+1 (i.e. in the worst case the first new shelf has height hi1, the second
height hi�1/ε�+1, . . . ). We have that

hip�1/ε�+1 ≤
ε

1− ε
p�1/ε�∑

�=(p−1)�1/ε�+1

hi�,

since hip�1/ε�+1 is smaller than all the �1/ε	 values hi� for � = (p − 1) �1/ε	 +
1, . . . , p �1/ε	 and 1/ �1/ε	 ≤ ε/(1− ε). Accordingly, the total height of the new
shelves is at most

hi1 +
∑

p≥0:p�1/ε�+1≤si

hip�1/ε�+1 ≤ εf+(i−1)t +
ε

1− εHi .
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This implies that the overall height of the new shelves (considering all sets Hi)
is at most ∑

i∈IN

εf+(i−1)t +
ε

1− εHi =
ε

1− εH + 2 ≤ 2εH + 2,

(see also the proof of Lemma 6), and these shelves are packed in at most 4εH+3
bins by next fit.

According to Lemmas 2-9, the final solution produced by APTAS2SBP for an
instance I has value at most

(1 + 2ε)5(1 + 4ε)2opt(I) + 11 ≤ (1 + 574ε)opt(I) + 11 = (1 + ε)opt(I) + 11,

by the definition of ε (the inequality is tight for ε = 1/2). Hence, the following
theorem follows from Lemmas 1-9.

Theorem 1. APTAS2SBP is an APTAS for 2SBP.

4 Further Implications: Better Approximation for 2BP?

The first thing to observe is that our algorithm can easily be modified to get
an APTAS for 2SSP, the case in which the items must be packed in shelves
within a unique bin of infinite height. In this case, it is sufficient to scale all
item heights so that they are all ≤ εt, i.e. A0 = ∅ for every possible f , skipping
steps (d) and (e). The overall height of the shelves produced, i.e. the value of
the solution found, will be near-optimal for at least one value of f . We call the
resulting algorithm APTAS2SSP. The proof of the following theorem is analogous
to (actually slightly simpler than) the proof of Theorem 1.

Theorem 2. APTAS2SSP is an APTAS for 2SSP.

Of course, algorithm APTAS2SBP is also an approximation algorithm for the
classical 2BP without level (i.e. two-stage) restrictions. Since the asymptotic
2.125-approximation algorithm for 2BP described in [3] actually constructs a
solution which is feasible for 2SBP, we have that the asymptotic approximation
guarantee of our algorithm is not worse than 2.125 + ε for any ε > 0. Actually,
we suspect that the situation may be much better, i.e. our method may improve
on the asymptotic 2+ε approximation guarantee of [11] which is the best known
so far. Clearly, letting γ be the smallest constant for which there exists another
constant δ such that

opt2SBP(I) ≤ γ opt2BP(I) + δ, for all I ∈ I2BP,

the following is implied by Theorem 1

Corollary 1. Algorithm APTAS2SBP is a polynomial-time asymptotic (γ + ε)-
approximation algorithm for 2BP for any ε > 0.
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If the correct value of γ is < 2, we would get a better approximation for 2BP.
On the other hand, proving γ < 2 (if true) may be quite difficult. All we know
so far is 1.6910 . . . ≤ γ ≤ 2.125, where the upper bound of course is from [3].
Considering the counterpart of γ for the strip case, i.e. the smallest constant α
for which there exists another constant β such that

opt2SSP(I) ≤ α opt2SP(I) + β, for all I ∈ I2SP,

we can show that α is arbitrarily close to 1.6910 . . . This part is deferred to the
full paper.
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Abstract. We study resource constrained scheduling problems where
the objective is to compute feasible preemptive schedules minimizing
the makespan and using no more resources than what are available. We
present approximation schemes along with some inapproximibility re-
sults showing how the approximability of the problem changes in terms
of the number of resources. The results are based on linear programming
formulations (though with exponentially many variables) and some inter-
esting connections between resource constrained scheduling and (multi-
dimensional, multiple-choice, and cardinality constrained) variants of the
classical knapsack problem. In order to prove the results we generalize a
method by Grigoriadis et al. for the max-min resource sharing problem
to the case with weak approximate block solvers (i.e. with only constant,
logarithmic, or even worse approximation ratios). Finally we present ap-
plications of the above results in fractional graph coloring and multipro-
cessor task scheduling.

1 Introduction

In this paper we consider the general preemptive resource constrained scheduling
problem denoted by P |res..., pmtn|Cmax: There are given n tasks T = {T1, . . . ,
Tn}, m identical machines and s resources such that each task Tj ∈ T , is pro-
cessed by one machine requiring pj units of time and rij units of resource i,
i = 1, . . . , s, from which only ci units are available at each time. One may as-
sume w.l.o.g. that rij ∈ [0, 1] and ci ≥ 1. The objective is to compute a preemp-
tive schedule of the tasks minimizing the maximum completion time Cmax. The
three dots in the notation indicate that there are no restrictions on the number
of resources s, the largest possible capacity o and resource requirement r values,
respectively. If any of these is limited, the corresponding fixed limit replaces the
corresponding dot in the notation (e.g. if s ≤ 1, then P |res1.., pmtn|Cmax is used,
or if rij ≤ r, then P |res ..r, pmtn|Cmax). We will study different variants of the
� Supported in part by EU Thematic Network APPOL I + II, Approximation and

Online Algorithms, IST-1999-14084 and IST-2001-30012 and by the EU Research
Training Network ARACNE, Approximation and Randomized Algorithms in Com-
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problem and their applications in multiprocessor task scheduling and fractional
graph coloring.

1.1 Related Results

Resource constrained scheduling is one of the classical scheduling problems.
Garey and Graham [12] proposed approximation algorithms for the non-preemp-
tive variant P |res...|Cmax with approximation ratios s+ 1 (when the number of
machines is unbounded, m ≥ n) and min(m+1

2 , s + 2 − 2s+1
m ) (when m ≥ 2).

Further results are known for some special cases: Garey et al. [13] proved that
when m ≥ n and each task Tj has unit-execution time, i.e. pj = 1, the problem
(denoted by P |res..., pj = 1|Cmax) can be solved by First Fit and First Fit De-
creasing heuristics providing asymptotic approximation ratio s+ 7

10 and a ratio
between s + ((s − 1)/s(s + 1)) and s + 1

3 , respectively. De la Vega and Lueker
[6] gave a linear-time algorithm with asymptotic approximation ratio s + ε for
each fixed ε > 0. Further results and improvements for non-preemptive variant
are given in [5,38,39].

For the preemptive variant substantially less results are known: Blazewicz
et al. [2] proved that when m is fixed, the problem Pm|pmtn, res...|Cmax (with
identical machines) and even the variant Rm|pmtn, res...|Cmax (with unrelated
machines) can be solved in polynomial time. Krause et al. [25] studied P |pmtn,
res1..|Cmax, i.e. where there is only one resource (s = 1) and proved that both
First Fit and First Fit Decreasing heuristics can guarantee 3− 3/n asymptotic
approximation ratio.

A related problem is multiprocessor task scheduling, where a set T of n
tasks has to be executed by m processors such that each processor can execute
at most one task at a time and each task must be processed by several pro-
cessors in parallel. In the parallel (non-malleable) model P |sizej |Cmax, there is
a value sizej ∈ M = {1, . . . ,m} given for each task Tj indicating that Tj can
be processed on any subset of processors of cardinality sizej [1,7,8,18,23]. In
the malleable variant P |fctn|Cmax, each task can be executed on an arbitrary
subset of processors, and the execution time pj(�) depends on the number � of
processors assigned to it [27,31,40]. Regarding the complexity, it is known [7,8]
that the preemptive variant P |sizej , pmtn|Cmax is NP-hard. In [20], focusing on
computing optimal solutions, we presented an algorithm for solving the prob-
lem P |sizej , pmtn|Cmax and showed that this algorithm runs in O(n) + poly(m)
time, where poly(.) is a univariate polynomial. Furthermore, we extended this
algorithm also to malleable tasks with running time polynomial in m and n.
These results are based on methods by Grötschel et al. [17] and use the ellipsoid
method.

Another related problem is fractional graph coloring, see e.g. [10,16,28,30,32,35,36].
Grötschel et al. [16] proved that the weighted fractional coloring problem is NP-
hard for general graphs, but can be solved in polynomial time for perfect graphs.
They have proved the following interesting result: For any graph class G, if the
problem of computing α(G,w) (the weight of the largest weighted independent
set in G) for graphs G ∈ G is NP-hard, then the problem of determining the
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weighted fractional chromatic number χf (G,w) is also NP-hard. This gives a
negative result of the weighted fractional coloring problem even for planar cubic
graphs. Furthermore, if the weighted independent set problem for graphs in G
is polynomial-time solvable, then the weighted fractional coloring problem for G
can also be solved in polynomial time. The first inapproximability result for the
unweighted version of the problem (i.e. where wv = 1 for each vertex v ∈ V ) was
obtained by Lund and Yannakakis [28] who proved that there exists a δ > 0 such
that there is no polynomial-time approximation algorithm for the problem with
approximation ratio nδ, unless P=NP. Feige and Kilian [10] showed that the
fractional chromatic number χf (G) cannot be approximated within Ω(|V |1−ε)
for any ε > 0, unless ZPP=NP. Recently, the authors [19] proved that fractional
coloring is NP-hard even for graphs with χf (G) = 3 and constant degree 4.
Similarly, as it was shown by Gerke and McDiarmid [14], the problem remains
NP-hard even for triangle-free graphs. Regarding the approximability of the frac-
tional chromatic number, Matsui [30] gave a polynomial-time 2-approximation
algorithm for unit disk graphs.

1.2 New Results
The results presented in this paper are based on linear programming formula-
tions. They are typically of the following form:

min
∑
h∈H xh

s.t.
∑
h∈H:s∈h xh ≥ ws, ∀s ∈ S,

xh ≥ 0, ∀h ∈ H,
(1)

where S is a finite set (usually the set of all tasks), and H ⊆ 2S is a set consisting
of subsets of S satisfying some combinatorial property (usually each contains
tasks that can be scheduled together at the same time). These linear programs
will have – in general – exponentially many variables, but special underlying
structures allowing efficient approximations. A linear program of form (1) can be
solved (approximately) by using binary search on its optimum and computing
at each stage an approximate solution of a special max-min resource sharing
problem of the following type:

λ∗ = max λ
s.t. fi(x1, . . . , xN ) ≥ λ, i = 1, . . . ,M,

(x1, . . . , xN ) ∈ P,
(2)

where fi : P → IR+, i = 1, . . . ,M , are – in general – nonnegative concave
functions defined on a nonempty convex set P ⊆ IRN . Furthermore, approxi-
mate solutions for Problem (2) can be computed by an iterative procedure that
requires in each iteration for a given M -vector (p1, . . . , pM ) the approximate
maximization of

∑M
i=1 pifi(x) over all x = (x1, . . . , xN ) ∈ P . Interestingly, these

subproblems for different variants of resource constrained scheduling turn out to
be knapsack type problems (multiple-choice, multi-dimensional, and cardinality
constrained knapsack) with efficient approximation algorithms. For fractional
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graph coloring the subproblem is the well-known maximum weighted indepen-
dent set problem.

In Sect. 2 we describe the methodology used for solving the max-min resource
sharing problem approximately. Let f(x) = (f1(x), . . . , fM (x)) and Λ(p) =
maxx∈P pT f(x). Based on the paper of Grigoriadis et al. [15], we derive the fol-
lowing result extending some of the previous works on computing approximate
solutions for fractional covering problems [15,33,41]: If there exists a polynomial-
time approximation algorithm with approximation ratio c for the subproblem,
i.e. for finding a vector x̂(p) ∈ P such that pT f(x̂) ≥ 1

cΛ(p)), then there is also
a polynomial time approximation algorithm for the max-min resource sharing
problem that computes a feasible solution with objective function value 1−ε

c λ∗.
Interestingly, the number of iterations (hence also the number of calls to the
solver for the subproblem) is bounded by O(M(lnM + ln cε−3 + ε−2)), indepen-
dently of the width [33] of P and the number of variables. If – in particular
– there is a (fully) polynomial time approximation scheme ((F)PTAS) for the
subproblem, one also gets a (F)PTAS for the original problem and the number
of iterations is at most O(M(lnM + ε−2)) [15]. This fact can be particularly
useful for models with exponentially many variables.

In Sect. 3 we describe a linear programming approach for the preemptive
resource constrained scheduling problem, where there are no assumptions on s
or m ≥ n, they are arbitrary numbers and parts of the input. We show by using
the linear programming formulation that there is an approximation algorithm for
our scheduling problem with approximation ratio O(s

1
cmin ), where the minimum

resource capacity cmin = mini ci ≥ 1. Furthermore, we argue that if for each
resource i, capacity ci ≥ 12

ε2 log(2s), then there is a polynomial time (1 + ε)
approximation algorithm.

Then with the aim of obtaining stronger approximation results we study re-
stricted variants, where s is fixed. In particular, we show that for any constant
s ≥ 2, there exists a PTAS computing an ε-approximate preemptive schedule
satisfying the s resource constraints. In fact this is the best one can expect re-
garding approximation, since as we show it, this variant even with s = 2 cannot
have a FPTAS unless P=NP. However, if we assume that s = 1 (i.e. the num-
ber of resources is pushed to its lower extreme), the problem posses a FPTAS.
Next, we apply our approach to the case where there are only a limited num-
ber of processors. We give a FPTAS for the variant of the problem with one
resource improving the previously known best (3− 1

n )-approximation algorithm
by Krause et al. [25]. The method can be used to obtain a PTAS for a more
general variant with fixed number of resources, where the input also contains
release and delivery times for each task. In Sect. 5 we study the preemptive mul-
tiprocessor task scheduling problem P |sizej , pmtn|Cmax and its generalization
P |fctnj , pmtn|Cmax to malleable tasks. We show the existence of FPTASs for
both problems.

Finally, we apply our linear programming based approach – that was initially
introduced for preemptive resource constrained scheduling – to the problem of
computing the fractional weighted chromatic number. We prove an approxima-
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tion analogue of the above mentioned classical result of Grötschel, Lovász and
Schrijver [16] on the equivalence between polynomial-time (exact) computations
of α(G,w) and χf (G,w): If for a graph class G there exists a polynomial-time 1

c -
approximation algorithm for computing α(G,w), then there is also a polynomial-
time c(1 + ε)-approximation algorithm for computing χf (G,w) for graphs in G.
By applying this general result for intersection graphs of disks in the plane, we
also obtain a PTAS for the fractional coloring problem providing a substantial
improvement on Matsui’s result [30].

2 Approximate Max-Min Resource Sharing

In this section we will follow the presentation of [15] and use the notation in-
troduced there. Let f : B → IRM+ be a vector with M non-negative, contin-
uous, concave functions fm, block B a non-empty, convex, compact set and
eT = (1, . . . , 1) ∈ IRM+ . Consider the optimization problem

(P ) λ∗ = max { λ : f(x) ≥ λe, x ∈ B },

and assume without loss of generality that λ∗ > 0. Let λ(f) = min1≤m≤M fm for
any given function f . Here we are interested in computing a (c, ε)-approximate
solution for (P ), i.e. for an approximation guarantee c = c(M) > 1 and an
additional error tolerance ε ∈ (0, 1) we want to solve the following problem:

(Pc,ε) compute x ∈ B such that f(x) ≥ [ 1c (1− ε)λ∗]e .

In order to solve this resource sharing problem we study the subproblem

Λ(p) = max { pT f(x) : x ∈ B }

for p ∈ P = {p ∈ IRM :
∑M
i=1 pi = 1, pi ≥ 0}. Here we use an approximate

block solver (ABS) that solves the following subproblem:

ABS(p, c) compute x̂ = x(p) ∈ B such that pT f(x̂) ≥ 1
cΛ(p) .

By duality we have λ∗ = maxx∈B minp∈P pT f(x) = minp∈P maxx∈B pT f(x).
This implies that λ∗ = min{Λ(p) : p ∈ P}. Based on this equality, one can
naturally define the problem of finding a (c, ε)-approximate dual solution:

(Dc,ε) compute p ∈ P such that Λ(p) ≤ c(1 + ε)λ∗ .

Then the following result holds:

Theorem 1. If there exists a polynomial time block solver ABS(p, c) for some
c ≥ 1 and any p ∈ P , then there is an approximation algorithm for the resource
sharing problem that computes a solution whose objective function value is at
least 1

c (1− ε)λ∗.

The running time of the approximation algorithm depends only on c, M and 1
ε .

In particular, if there is a (F)PTAS for the block problem computing an x̂ ∈ B
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such that pT f(x̂) ≥ (1− ε)Λ(p) for any constant ε > 0, then there is a (F)PTAS
for the resource sharing problem [15].

The algorithm uses the logarithmic potential function

Φt(θ, f) = ln θ +
t

M

M∑

m=1

ln(fm − θ),

where θ ∈ IR, f = (f1, . . . , fM ) are variables associated with the coupling con-
straints fm ≥ λ, 1 ≤ m ≤ M and t > 0 is a tolerance (that depends on ε). For
θ ∈ (0, λ(f)), the function Φt is well defined. The maximizer θ(f) of function
Φt(θ, f) is given by the first order optimality condition

tθ

M

M∑

m=1

1
fm − θ = 1 . (3)

This has a unique root since g(θ) = tθ
M

∑M
m=1

1
fm−θ is a strictly increasing func-

tion of θ. The logarithmic dual vector p = p(f) for a fixed f is defined by

pm(f) =
t

M

θ(f)
fm − θ(f)

. (4)

By (3), we have p(f) ∈ P . We will also use the following properties [15]:

Proposition 1.

(a) p(f)T f = (1 + t)θ(f).
(b) λ(f)

1+t ≤ θ(f) ≤ λ(f)
1+t/M .

Now define parameter v = v(x, x̂) by

v(x, x̂) =
pT f̂ − pT f
pT f̂ + pT f

, (5)

where p ∈ P , f = f(x), f̂ = f(x̂) and x̂ ∈ B is an approximate block solution
produced by ABS(p, c). The following lemma provides a generalization of a useful
result in [15]:

Lemma 1. Suppose ε ∈ (0, 1) and t = ε/5. For a given x ∈ B, let p ∈ P
computed from (4) and x̂ computed by ABS(p, c). If v(x, x̂) ≤ t, then the pair
(x, p) solves (Pc,ε) and (Dc,ε), respectively.

Proof. First rewrite condition v ≤ t by using (5): pT f̂(1− t) ≤ pT f(1+ t). Then
use that pT f̂ ≥ 1

cΛ(p), pT f = (1 + t)θ and θ(f) < λ(f) by Proposition 1. This
gives

Λ(p) ≤ cpT f̂ ≤ c (1 + t)
(1− t)p

T f = c
(1 + t)2

(1− t) θ(f) < c
(1 + t)2

(1− t) λ(f) ≤ c(1 + ε)λ(f).

Using λ∗ ≤ Λ(p) ≤ c(1+ε)λ(f), one has λ(f) ≥ 1
c

1
1+ελ

∗ > 1
c (1−ε)λ∗ for any ε >

0, which gives (Pc,ε). Using λ(f) ≤ λ∗, one gets Λ(p) ≤ c(1+ ε)λ(f) ≤ c(1+ ε)λ∗

which is (Dc,ε). ��
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The main algorithm works as follows:

Algorithm Improve(f,B, ε, x)
(1) set t := ε/5; v := t+ 1;
(2) while v > t do

(2.1) compute θ(f) and p ∈ P ;
(2.2) set x̂ := ABS(p, c);
(2.3) compute v(x, x̂);
(2.4) if v > t then set x = (1− τ)x+ τ x̂, where τ ∈ (0, 1) is an appropriate

step length
end

(3) return(x, p).

The step length can be defined by τ = tθv
2M(pT f̂+pT f)

. Notice that θ < pT f̂ + pT f

(by Proposition 1), and therefore τ ∈ (0, 1). Furthermore, v > t > 0 implies that
τ > 0. For the initial solution, let x0 = 1

M

∑M
m=1 x̂

(m), where x̂(m) is the solution
given by ABS(em, c) obtained for unit vector em with all zero coordinates except
for its m-th component which is 1. The next lemma provides a bound on f(x0).

Lemma 2. For each p ∈ P , λ∗ ≤ Λ(p) ≤ cMpT f(x0). Furthermore, fm(x0) ≥
1
M

1
cλ

∗ for each m = 1, . . . ,M .

Proof. The first inequality follows from duality. For the second inequality,

Λ(p) = max{pT f(x) : x ∈ B} = max{∑M
m=1 pmfm(x) : x ∈ B}

≤ ∑M
m=1 pm max{fm(x) : x ∈ B},

where max{fm(x) : x ∈ B} = Λ(em). Since x̂(m) is the solution computed by
ABS(em, c), fm(x̂(m)) ≥ 1

cΛ(em) implying that Λ(em) ≤ cfm(x(m)). Therefore,
Λ(p) ≤ c∑M

m=1 pmfm(x̂(m)). Using the concavity of fm we get

fm(x̂(m)) ≤
M∑

�=1

fm(x̂(�)) ≤ Mfm

(

1/M
M∑

�=1

x̂(�)

)

= Mfm(x0) .

Combining the two inequalities, we obtain

Λ(p) ≤ c

M∑

m=1

pmfm(x̂(m)) ≤ cM

M∑

m=1

pmfm(x0) = cMpT f(x0) .

Finally, fm(x0) ≥ 1
M fm(x̂(m)) ≥ 1

M
1
cΛ(em) ≥ 1

M
1
cλ

∗. ��
Let φt(f) = Φt(θ(f), f), which is called the reduced potential function. The

following two lemmas proved in [15] are used here to bound the number of
iterations.

Lemma 3. For any two consecutive iterates x and x′ of Algorithm Improve, it
holds that φt(f ′)− φt(f) ≥ tv2/4M .
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Lemma 4. For any two points x′ ∈ B and x ∈ B with λ(f) > 0, φt(f ′) −
φt(f) ≤ (1 + t) ln Λ(p)

pT f
, where p is the vector defined by (4).

Theorem 2. Algorithm Improve solves (Pc,ε) and (Dc,ε) in O(M lnM
ε + M

ε2 +
M ln c
ε3 ) iterations.

Proof. Let N0 be the number of iterations to reach an iterate x1 with corre-
sponding error v ≤ 1/2 starting from our initial solution x0. For all iterations
with v ≥ 1/2, each iteration increases the potential by at least tv2/4M ≥ t/16M
(see Lemma 3). By Lemma 4, the total increase is bounded by φt(f1)−φt(f0) ≤
(1 + t) ln Λ(p0)

p0T f0 . Since t = ε/5 and Λ(p0) ≤ cMp0T f0 (by Lemma 2), we obtain
that

N0 ≤ (1 + ε/5)16M ln(cM)
ε/5

= O

(
M ln(cM)

ε

)

.

Now suppose that the error v� ≤ 1/2� for iterate x� ∈ B, and let N� be the

number of iterations to halve this error. We get φt(f �+1) − φt(f �) ≥ N�tv
2
�+1

4M =
N�tv

2
�

16M . On the other hand, the definition of v� implies p�T f̂ �(1− v�) = p�T f �(1 +
v�). Using ABS(p�, c), we get a solution x̂� with p�T f̂ � ≥ 1

cΛ(p�). Combining the
two inequalities,

Λ(p�)
p�T f �

≤ c(1 + v�)
(1− v�) ≤ c(1 + 4v�).

The last inequality holds since v� ≤ 1/2. Since d ≥ 0, Lemma 4 implies that

φt(f �+1)− φt(f �) ≤ (1 + t)(ln c+ ln(1 + 4v�)) ≤ (1 + t)(ln c+ 4v�).

This gives now an upper bound

N� ≤ 16M(1 + t)(ln c+ 4v�)
tv2
�

= O

(
M(ln c+ v�)

εv2
�

)

.

One gets the total number of iterations by summingN� over all �=0,1,. . .,	ln(1
t )
.

Therefore, the total number of iterations is bounded by

N0 +O



M ln c
ε

�ln( 1
t )�∑

�=1

22� +
M

ε

�ln( 1
t )�∑

�=1

2�



 ≤ O

(
M ln(cM)

ε
+
M ln c
ε3

+
M

ε2

)

.

��
The total number of iterations can be improved by the scaling method used

in [33,15]. The idea is to reduce the parameter t step by step to the desired
accuracy. In the s-th scaling phase we set εs = εs−1/2 and ts = εs/5 and use
the current approximate point xs−1 as its initial solution. For phase s = 0,
use the initial point x0 ∈ B. For this point we have pT f(x0) ≥ 1

cMΛ(p). We
set ε0 = (1 − 1/M). Using Lemma 1, fm(x0) ≥ 1

M
1
cλ

∗. This implies fm(x0) ≥
1
cM λ∗ = 1

c (1− 1 + 1
M )λ∗ = 1

c (1− ε0)λ∗, for each m = 1, . . . ,M .
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Theorem 3. For any accuracy ε > 0, the error scaling implementation com-
putes solutions x and p of (Pc,ε) and (Dc,ε), respectively, in

N = O(M lnM +M ln c/ε3 +M/ε2)

iterations.

Proof. To reach the first ε0 ∈ (1/2, 1) in the primal and dual problem we need
O(M(ln c+lnM)) iterations (by Theorem 2). Let Ns be the number of iterations
in phase s to reach εs for s ≥ 1. By Lemma 3, each iteration of phase s increases
the potential function by at least t3s/4M = θ(ε3s/M). Lemma 4 implies that for
x = xs and x′ = xs+1,

φts(f
s+1)− φts(fs) ≤ (1 + ts) ln

Λ(ps)
psT fs

.

Note that xs is a εs−1 = 2εs solution of (Pc,εs−1), and therefore f(xs) ≥ (1 −
2εs) 1

cλ
∗e. Furthermore, since Λ(ps) ≤ c(1 + 2εs)λ∗, Λ(ps) ≤ c2 1+2εs

1−2εs
λ(fs) ≤

c2 1+2εs
1−2εs

psT fs, implying that Λ(ps)
psT fs ≤ c2(1 + 8εs). Then one can bound Ns by

O(M(ln c + εs)/ε3s), and as before, the overall number of iterations is bounded
by

N0 +
∑

s≥1

Ns ≤ O

(

M lnM +
M ln c
ε3

+
M

ε2

)

.

��
Remark: The root θ(f) can often be computed only approximately, but an accu-
racy of O(ε2/M) for θ(f) is sufficient such that the iteration bounds remain valid.
With this required accuracy, the number of evaluations of the sum

∑M
m=1

1
fm−θ

is bounded by O(ln(M/ε)). This gives O(M(lnM/ε)) arithmetic operations to
determine θ(f) approximately. The overhead can be further improved by using
the Newton’s method to O(M(ln ln(M/ε))) [15].

3 General Linear Programming Approach

In this section we study the preemptive resource constrained scheduling problem.
First we consider the case with unlimited number of machines m ≥ n. In fact, if
m ≤ n, the machines can be handled as the (s+ 1)st resource with requirement
rs+1,j = 1 and capacity cs+1 = m. For our scheduling problem, a configuration is
a compatible (or feasible) subset of tasks that can be scheduled simultaneously.
Let F be the set of all configurations, and for every f ∈ F , let xf denote the
length (in time) of configuration f in the schedule. Clearly, f ∈ F iff

∑
j∈f rij ≤

ci, for i = 1, . . . , s.
By using these variables, the problem of finding a preemptive schedule of the

tasks with smallest makespan value (subject to the resource constraints) can be
formulated as the following linear program [20]:

min
∑
f∈F xf

s.t.
∑
f∈F :j∈f xf ≥ pj , j = 1, . . . , n,

xf ≥ 0, ∀f ∈ F .

(6)
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One can solve (6) by using binary search on the optimum value and testing
at each stage the feasibility of the following linear system for a given r ∈
[pmax, npmax]:

∑

f∈F :j∈f
xf ≥ pj , j = 1, . . . , n, (xf )f∈F ∈ P,

where
P = { (xf )f∈F :

∑

f∈F
xf = r, xf ≥ 0, f ∈ F } .

This can be done approximately (hence leading to an approximate decision pro-
cedure) by computing an approximate solution for the following max-min re-
source sharing problem:

λ∗ = max





λ :

∑

f∈F :j∈f

1
pj
· xf ≥ λ, j = 1, . . . , n, (xf )f∈F ∈ P





. (7)

The latter problem can also be viewed as a fractional covering problem with
one block P , and n coupling constraints. Let the coupling (covering) constraints
be represented by Ax ≥ λ. By using the approach presented in Sect. 2, prob-
lem (7) can be solved approximately in O(n(δ−2 + δ−3 ln c + lnn)) iterations
(coordination steps), each requiring for a given n-vector y = (y1, . . . , yn) a 1

c -
approximate solution of the problem,

Λ(y) = max{ yTAx : x ∈ P } . (8)

Since P in (8) is just a simplex, the optimum of this linear program is also
attained at a vertex x̃ of P corresponding to a (single) configuration f̃ . A similar
argument was used for the bin packing problem by Plotkin et al. [33]. At this
vertex x̃f̃ = r and x̃f = 0 for f �= f̃ . Therefore, it suffices to find a subset f̃
of tasks that can be executed in parallel and has the largest associated profit
value cf̃ in the profit vector cT = yTA. But for given multipliers y1, . . . , yn, this
problem can also be formulated as follows,

max






∑

j∈f

yj
pj

: f ∈ F




,

or equivalently as a general s-dimensional Knapsack Problem (sD-KP) or Pack-
ing Integer Program (PIP),

max
∑n
j=1

yj

pj
xj

s.t.
∑n
j=1 rijxj ≤ ci, i = 1, . . . , s,

xj ∈ {0, 1}, j = 1, . . . , n .

(9)

Let K(n, s, c) denote the time required (in the worst case) to compute a 1
c -

approximate solution for (9). At each iteration, in addition to solving (9) (ap-
proximately), we also need to compute the new y vector based on Ax for the
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current x. Though the dimension of x is exponential, the computation requires
only updating the previous Ax value, since the current x is (1− τ)x+ τ x̂ (for an
appropriate step length τ ∈ (0, 1]), where x̂ is the vertex of P corresponding to
the solution of (9) at the current iteration. Thus the number of non-zero com-
ponents of x can increase by at most one at each iteration, and each update of
Ax takes O(n) operations.

Initially, x0 has at most n non-zero components obtained from solving n sub-
problems (one for each n-dimensional unit vector as y) requiring O(nK(n, s, c))
time, and computing the initial y0 in O(n2) time. Approximating the root and
determining the next price vector p can be done in O(n ln ln n

δ ) = O(n2) time (for
e.g. δ ≥ 1/n). Later each update of Axk can be done in O(n) time. For any fixed
r, the algorithm requires O(n(δ−2 + δ−3 ln c + lnn)(K(n, s, c) + n ln ln(nδ−1))
time.

By binary search on r one can obtain a solution (xf )f∈F with
∑
f∈F xf =

(1 + ε/4)r∗ and
∑
f∈F :j∈f xf ≥ 1

c (1− δ)pj , where r∗ is the length of an optimal
schedule. Now one can define x̃f = xfc(1 + 4δ) and obtain

∑
f∈F :j∈f x̃f ≥

(1− δ)(1 + 4δ)pj = (1 + 3δ − 4δ2)pj ≥ pj for δ ≤ 3/4. In this case the length of
the generated schedule is at most cr∗(1+4δ)(1+ ε/4) = cr∗(1+4δ+ ε/4+ δε) ≤
cr∗(1 + ε) by choosing ε ≤ 1 and δ ≤ 3ε/20. Since the optimum of (6) lies
within interval [pmax, npmax], the overall complexity of the algorithm can be
bounded by O(n ln n

ε (ε
−2 + ε−3 ln c+ lnn)(K(n, s, c) + n ln ln(nε−1))) time. For

K(n, s, c) ≥ O(n ln ln n
ε ) we obtain O(n ln(nε−1)(ε−2 + ε−3 ln c+ lnn)K(n, s, c))

time.
The number of iterations can be improved by computing an approximate non-

preemptive schedule with a greedy algorithm. The main idea is to use a modified
list scheduling algorithm. The classical list scheduling algorithm is defined as
follows. First consider the tasks in any fixed order L = (Ti1 , . . . , Tin). At any time
if there are positive quantities available from all resources, the algorithm scans L
from the beginning and selects the first task Tk (if there is any) which may validly
be executed and which has not been already (or is not currently) executed. If a
task is finished, it will be removed from the list. Garey and Graham [12] showed
that this list scheduling algorithm for non-preemptive tasks gives a (s + 1)-
approximation ratio (comparing the length of the produced schedule and the
optimum non-preemptive schedule). To compare with the optimal preemptive
makespan C∗

max, we allow to overpack the resources with one task at each time.
Let Cmax(H) be the length of this (infeasible) pseudo-schedule and consider a
task Tk that is finished at time Cmax(H). Then for each time t ∈ [0, Cmax(H)−pk)
at least one resource is completely used by the tasks. Let l(i) be the total length
of intervals where resource i is overpacked. Clearly, we have l(i) ≤ C∗

max and
pk ≤ pmax ≤ C∗

max. The length of the pseudo schedule is at most
∑s
i=1 l(i)+pk ≤

(s+ 1)C∗
max. By replacing the overpacked tasks to the end we obtain a feasible

schedule of length C
(MLS)
max ≤ (2s+ 1)C∗

max. This implies that C∗
max ≤ C

(MLS)
max ≤

(2s+ 1)C∗
max, i.e. 1/(2s+ 1)C(MLS)

max ≤ C∗
max ≤ C(MLS)

max . Hence the binary search
for the optimum of (6) requires only O(ln s

ε ) steps (instead of O(ln n
ε )) improving

the previous running time to
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O
(
n
(
K(n, s, c) + n ln ln

n

ε

)
min(ln(sε−1), ln(nε−1))(ε−2 + ε−3 ln c+ lnn)

)
.

If the block problem posses an approximation scheme, then the factor ε−3 ln c
can be removed. As main result we obtain:

Theorem 4. Let I be a set of instances of the preemptive resource constrained
scheduling problem. If there is a polynomial time approximation algorithm for
the corresponding s - dimensional knapsack instance with ratio c, then for any
ε > 0 there is a polynomial time algorithm for preemptive resource constrained
scheduling restricted to I with approximation ratio c(1 + ε).

The number of configurations in the final solution can be reduced from
O(n(ε−2 + ε−3 ln c+ lnn)) to O(n) within O(n(ε−2 + ε−3 ln c+ lnn)M(n)) time
where M(n) is the time to invert a (n × n) matrix. The maximum number of
tasks per configuration is bounded by t = min(n,minsi=1

ci

minjrij
)). Therefore,

the number of preemptions can be bounded by O(nt).

4 Approximability as a Function
of the Number of Resources

As we have seen in the previous section, the s-dimensional Knapsack Problem is
a key subproblem in our approach whose solution (for various inputs) is required
repeatedly. It is well known that the approximability of this problem varies with
the dimension s. Therefore in this section we will specialize the above general
result by making different assumptions on s and using different approximation
algorithms for the sD-KP. In particular, we will obtain a sequence of approxi-
mation results for our scheduling problem where the approximation will improve
(constant, PTAS, then FPTAS) as move from arbitrary to fixed number of re-
sources and eventually to the case with a single resource. To contrast these
approximation algorithms, we will also present some inapproximability results
for the first two variants.

4.1 Arbitrary Number of Resources

In this section we consider the case when s is arbitrary, i.e. it is part of the input.
First we give the presentation of our approximation algorithms, then we briefly
discuss some simple inapproximability results.

Approximation Algorithms. It is known [34,37] that for general s, sD-KP
or equivalently PIP has a Ω(1/s1/cmin) approximation algorithm when all rij ∈
[0, 1], cmin = mini ci ≥ 1 and yj

pj
≥ 0. This implies the following result:

Theorem 5. For any number s of resources, there is a polynomial-time approx-
imation algorithm with performance ratio O(s

1
cmin ) for the preemptive resource

constrained scheduling problem.

This result can be further improved by using the algorithm by Srinivasan [37].
Furthermore, Srivastav and Stangier [38,39] showed that if cmin ≥ 16

ε2 log(2s)
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and OPT ≥ 12/ε2 (where OPT is the optimum value of the linear relaxation of
(9)), an ε-approximate solution for sD-KP can be computed in polynomial-time.
The running time of the algorithm is bounded by O(Kr(n, s, 1) + sn2 ln(sn)),
where Kr(n, s, 1) is the time required to solve (exactly) the linear programming
relaxation of (9). Combining these with our approach presented in the previous
section and extending the algorithm to arbitrary OPT , we obtain the following.

Theorem 6. For any number s of resources, if ci ≥ 12
ε2 log(2s) and rij ∈ [0, 1],

for each i and j, there is a polynomial time approximation algorithm that com-
putes a (1 + ε)-approximate solution for the preemptive resource constrained
scheduling problem.

The last two results can also be generalized to P |res..., pmtn|Cmax with limited
number of machines, i.e. when m ≤ n. Note that Theorems 5 and 6 hold only
under some special conditions on resource capacities and requirements. Therefore
it is natural to ask whether they can be eliminated at least when s is fixed.
After presenting some inapproximability results, we will show in Sect. 4.2 that
if s is fixed, though the problem remains NP-hard, approximating its optimum
becomes much easier. In particular we prove that for any fixed s the general
problem has a PTAS.

Inapproximability. For any graph G = (V,E) one can construct a resource
constrained scheduling problem with n = |V | tasks and s = |E| resources, where
vertices correspond to tasks and edges to resources in the following way: The
resource capacities are all 1, i.e. ce = 1 for each e ∈ E, while resource requirement
rev = 1, if v ∈ e, and 0 otherwise. Independent sets of vertices correspond to sets
of tasks that can be executed together at the same time, therefore the (fractional)
coloring problem for graphs can be viewed as a special case of (preemptive)
resource constrained scheduling. Hence the inapproximability results in [28,10]
imply the following:

Theorem 7. For any δ > 0, the preemptive resource constrained scheduling
problem with n tasks and s resources has no polynomial-time approximation al-
gorithm with approximation ratio n1−δ, neither for some δ > 0, unless P = NP ;
nor for any δ > 0, unless ZPP = NP .

Note that this negative result holds even for the restricted case when each
processing time is of unit length, and all capacities and resource requirements
are either 0 or 1. This shows that for arbitrary s the problem is not only hard,
but even approximating its optimum is difficult. Using that s ≤ n2 in the special
case above we get:

Corollary 1. The preemptive resource constrained scheduling problem with n
tasks and s resources has no polynomial-time approximation algorithm with ap-
proximation ratio s1/2−δ, neither for some δ > 0, unless P = NP ; nor for any
δ > 0, unless ZPP = NP .
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4.2 Fixed Number of Resources – PTAS

In this section we study how the approximability of the problem changes under
a restricting assumption on the number of resources. We consider here the case,
when s ≥ 1 is a fixed constant larger than one. As we argue below this restriction
allows us to prove substantially better approximation result than the one above.
Namely, we will show that under the discussed assumption, the problem posses
a PTAS, and then we will also prove that - in fact - this is the best one can
expect (unless P=NP).

Approximation Algorithms. It is known [29,11] that for any fixed s, sD-
KP has a PTAS. Let K(n, s, δ) denote the time required (in the worst case)
to compute a δ-approximate solution for the sD-KP. Using that s is constant,
the running time of our scheduling algorithm is bounded by O((K(n, s, c) +
n ln ln(nε−1))n ln(ε−1)(ε−2 + lnn)). The currently known best bound [3] for
K(n, s,Θ(ε)) is O(n	 s

ε 
−s) = nO( s
ε ). By using this bound and the above ar-

gument, we obtain the following result.

Theorem 8. For any fixed number s of resources, there is a PTAS for the pre-
emptive resource constrained scheduling problem with running time nO( s

ε ).

Notice that for fixed s, there is also a O(n) time (s + 1)-approximation
algorithm for the sD-KP [3], which implies the following:

Corollary 2.There is a (s+1)(1+ε)-approximation algorithm for the preemptive
resource constrained scheduling problem with running time O((n2 ln ln(nε−1))
ln(ε−1)(ε−2 + lnn)).

Inapproximability. The running time of the previously described algorithm
depends exponentially on the accuracy, and as the next result shows this depen-
dence cannot be improved to polynomial, unless P=NP.

Theorem 9. For any s ≥ 2, there is no FPTAS for the preemptive resource
constrained scheduling problem with s resources, unless P = NP .

Proof. We use a reduction from the NP-complete problem Partition: Given a set
A and a size s(a) ∈ IN for each a ∈ A, where n = |A| is assumed to be even,
decide whether there is a subset I of A such that |I| = n/2 and

∑
a∈I s(a) =

1
2

∑
a∈A s(a).

Let smax = maxa∈A s(a). Now construct n tasks and two resources with
capacities 1

2

∑
a∈A s(a) and 1

2

∑
a∈A(smax−s(a)), where each task a ∈ A requires

(s(a), smax−s(a)) of the two resources and has processing time pa = 1. If there is
a solution I of the partition problem, then |I| = n/2,

∑
a∈I s(a) = 1

2

∑
a∈A s(a)

and
∑
a∈I(smax − s(a)) = 1

2

∑
a∈A(smax − s(a)). This means that set I can be

executed in parallel on both resources. Furthermore, the set A\I is also a solution
for the partition problem and can be executed also parallel on both resources.
Therefore, one can schedule all tasks in two phases in a non-preemptive way:
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in one phase all tasks in I (of length 1), and in the other phase all tasks in
A \ I (also of length 1). This gives a schedule with makespan Cmax = 2 and the
minimum makespan is C∗

max = 2 (by using an argument based on the required
minimum area for all tasks). If there is no solution of the partition problem,
then we can still split the set in three parts I1, . . . , I3 according to resource
1 such that

∑
a∈Ij

s(a) ≤ 1
2

∑
a∈A s(a). Now only one of these parts can have

∑
a∈Ij

(smax − s(a)) > 1
2

∑
a∈A(smax − s(a)). By splitting this set (according to

resource 2) in three parts, we obtain a feasible non-preemptive schedule of length
Cmax ≤ 5. This implies that C∗

max ≤ 5.
Assume now that there is a FPTAS for the preemptive 2-resource constrained

scheduling problem and then show that this leads to a contradiction. The FPTAS
gives for each ε > 0 a poly(n, 1/ε) time algorithm to obtain a schedule with length
≤ C∗

max(1+ε) ≤ C∗
max+5ε. If we choose ε = 1/5n then we obtain in poly(n) time

a preemptive schedule with length ≤ C∗
max + 1/n. The length of the preemptive

schedule (given by the FPTAS with ε = 1/5n) is larger than 2 + 1/n if and
only if the partition problem has no solution. If the length of the schedule is
larger than 2 + 1/n, then C∗

max > 2 implying that we have a no-instance of
the partition problem. Consider the other direction: For each time step t there
are at least n/2 + 1 tasks which are not executed at step t; otherwise we had
a solution of the partition problem. To see this consider a set I of n/2 tasks
executed at one time step. This implies that

∑
a∈I s(a) ≤ 1/2

∑
a∈A s(a) and∑

a∈I(smax − s(a)) ≤ 1
2

∑
a∈A(smax − s(a)). Both of these inequalities can be

transformed into:
(n/2)smax −

∑
a∈I s(a) ≤

∑
a∈I(smax − s(a))

≤ 1
2

∑
a∈A(smax − s(a)) = (n/2)smax −

∑
a∈I s(a) .

Then,
∑
a∈I s(a) = 1

2

∑
a∈A s(a) and

∑
a∈I(smax−s(a)) = 1

2

∑
a∈A(smax−s(a)).

Therefore, I is a solution of the partition problem.
Let ne(i) be the total length in interval [0, 2] where task Ti is not executed.

Using the property above,
∑n
j=1 ne(i) ≥ 2(n/2+1) = n+2. This implies that at

least one task Tk has ne(k) ≥ 1 + 2/n. Therefore, this task is executed at most
1−2/n in interval [0, 2] and the schedule length is at least 2+2/n. This argument
implies that we can test (using the FPTAS) the existence of a solution for the
partition problem in polynomial time, which is impossible, unless P=NP. ��

In the proof above we have used an idea of Korte and Schrader [24]. They
proved that there is no FPTAS for the sD-KP with s = 2, unless P = NP . Since
it was essential in the proof of Theorem 9 that s is (at least) two, it is natural
to ask again, what happens when s = 1. In this case - as it will be demonstrated
in the next section - there is a FPTAS for the problem, and hence the negative
result of Theorem 9 does not hold any longer.

4.3 Single Resource – FPTAS

Clearly, the general approach presented in Sect. 4.2 can also be used for the
special case when there is only one resource. Note that the number of itera-
tions in computing an approximate solution for (6) is independent of s, so it
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remains O(n(δ−2 + lnn)), as above. The only difference is that the subprob-
lem one has to solve (approximately) at each iteration becomes the classical
(1-dimensional) Knapsack Problem (instead of the s-dimensional variant). This
can be solved approximately with any Θ(δ) accuracy in O(nmin(lnn, ln(1/δ))+
1/δ2 min(n, 1/δ ln(1/δ))) = O(nδ−2) time [22]. In addition, we have to count the
overhead of O(n ln ln(nε−1)) operations in each iteration (i.e. the computation of
the root and the new price vector). Hence the previous bound can be substituted
for K(n, s,Θ(δ)) in the analysis above in Sect. 4.2, and therefore for any fixed r
the procedure requires O(n2 max(δ−2, ln ln(nδ−1))(δ−2 + lnn)) time (including
also the overheads arising from computing the initial solution).

Similarly to the discussion in Sect. 4.2, one can use binary search on r to
find a good approximation for the optimum of (6). The initial interval for r can
be determined by a strip packing algorithm (called longest task first) [4,40] that
computes a non-preemptive schedule of length at most three times the length of
the an optimal preemptive schedule. These all imply the following:

Theorem 10. If there is only one resource, the resource constrained scheduling
problem has a FPTAS which runs in O(n2 ln(ε−1) max(ε−2, ln ln(nε−1))(ε−2 +
lnn)) time.

So far we have assumed that m is sufficiently large (e.g. m ≥ n), or other-
wise processors can be treated as an extra resource. But having seen above the
the dividing line (regarding approximability) between instances with 1 and 2
resources, one may naturally ask how easy or difficult it is to compute approxi-
mate solutions for the problem when there is one resource and a limited number
of machines. Krause, Shen and Schwetman [25] gave a polynomial-time (3− 1

n )-
approximation algorithm for the problem. This can be substantially improved
by following our approach and extending Theorem 10 to this variant. First for-
mulate it as a restricted preemptive 2-resource constrained scheduling problem,
where the m identical machines correspond to the 2nd resource with r2j = 1 for
each task j and capacity c2 = m. It is easy to check, that the subproblem in
this case is the cardinality constrained (

∑n
j=1 xj ≤ m) knapsack problem, which

has a FPTAS with running time O(nm2ε−1) [3]. In addition, the initial interval
for the binary search on r can be bounded as for s = 2 resources. Hence the
following holds:

Theorem 11. There is a FPTAS for P |res1.., pmtn|Cmax with running time
O(n2 ln(ε−1) max(m2ε−1, ln ln(nε−1)(ε−2 + lnn))).

This result can also be extended to the variant P |res s.., rj , pmtn|Lmax, where
the input contains release rj and delivery qj dates for each task Tj , and the
objective is to find a schedule minimizing the maximum delivery completion
time Lmax = maxj Cj + qj .

Theorem 12. There is a FPTAS for P |res 1.., rj , pmtn|Lmax that runs in time
poly(n, 1/ε).
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5 Multiprocessor Task Scheduling

In this section we address preemptive multiprocessor task scheduling problems,
where a set T = {T1, . . . , Tn} of n tasks has to be executed by m processors such
that each processor can execute at most one task at a time and a task must be
processed simultaneously by several processors.

Since we consider here the preemptive model, each task can be interrupted
any time at no cost and restarted later possibly on a different set of processors.
We will focus on those preemptive schedules where migration is allowed, that
is where each task may be assigned to different processor sets during different
execution phases [1,7,8]. The malleable variant of multiprocessor task scheduling,
P |fctnj , pmtn|Cmax can be formulated as the following linear program [20], where
Mj denotes the set of different cardinalities that processor sets executing task
Tj can have.

min
∑
f∈F xf

s.t.
∑
�∈Mj

1
pj(�)

∑
f∈F :|f−1(j)|=� xf ≥ 1, j = 1, . . . , n,

xf ≥ 0, ∀f ∈ F .

(10)

Here the goal is to find for a given r a vector x ∈ P = {(xf ) :
∑
f∈F xf =

r, xf ≥ 0, f ∈ F} that satisfies all the other constraints in (10). This corresponds
to a vector x ∈ P such that Ax ≥ 1 − δ. Again, we get a subroutine to find a
vertex x̃ in P such that cT x̃ ≥ cTx for all x ∈ P , where c = yTA. For each
task Tj we have now different values in Mj and hence in the corresponding
Knapsack Problem the profit yj/pj(�) depends on the cardinality � ∈Mj , while
the capacity of the knapsack remains m, as before. The subroutine corresponds
now to a generalized Knapsack Problem with different choices for tasks (items).
The problem we have to solve (approximately) for a given n-vector (y1, . . . , yn)
can be formulated as follows:

max
∑n
j=1

∑
�∈Mj

yj

pj(�)
· xj�

s.t.
∑n
j=1

∑
�∈Mj

� · xj� ≤ m,
∑
�∈Mj

xj� ≤ 1, j = 1, . . . , n,
xj� ∈ {0, 1}, � ∈Mj , j = 1, . . . , n .

(11)

In fact, this is the Multiple-choice Knapsack Problem.
Lawler [26] showed for this problem that an ε-approximate solution can be

computed in O(
∑
j |Mj | ln |Mj | +

∑
j |Mj |n/ε) = O(nm lnm + n2m/ε) time.

In order to obtain a lower bound, one can compute dj = min1≤�≤m pj(�) and
dmax = maxj dj . Then dmax ≤ OPT ≤ ndmax. In this case, the overhead
O(n ln ln(n/ε)) = O(n ln lnn + n ln ln(1/ε)) = O(n2 + nε−1) is less than the
running time required by the knapsack subroutine. Hence by using an argument
similar to the one in the previous section, one can obtain the following result.

Theorem 13. There exists a FPTAS for P |fctnj , pmtn|Cmax whose running
time is bounded by O(n(ε−2 + lnn) ln(nε−1)(nm lnm +n2mε−1)).
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Other variants of P |fctnj , pmtn|Cmax concern preemptive scheduling on par-
allel processors, where the underlying interconnection network is not completely
disregarded (note that in the original formulation, we assumed nothing about the
network architecture). Based on the above results the following can be shown:

Theorem 14. If the processors are arranged in a line or hypercube network,
P |fctnj , pmtn|Cmax has a FPTAS that runs in O(n(ε−2+lnn) ln(nε−1)(nm lnm+
n2mε−1)) time.

6 Weighted Fractional Coloring

Let G = (V,E) be a graph with a positive weight wv for each vertex v ∈ V .
Let I be the set of all independent sets of G. The weighted fractional coloring
problem consists of assigning a non-negative real value xI to each independent
set I of G such that each vertex v ∈ V is completely covered by independent
sets containing v (i.e. the sum of their values is at least wv) and the total value∑
I xI is minimized. This problem can also be formulated as a linear program of

form (6). Similarly to Sect. 3, this linear program can be solved approximately
by using binary search on the optimum value r∗ and computing at each stage
for the current r an approximate solution for a fractional covering problem of
form (7). Let wmax = maxv∈V wv be the maximum weight of a vertex. By binary
search, one can obtain a solution (xI)I∈I with

∑
I∈I xI = (1 + ε/4)r∗ and∑

I∈I:v∈I xI ≥ 1/c(1 − δ)wv. Now one can define x̃I = xIc(1 + 4δ) and obtain∑
I∈I:v∈I x̃I ≥ (1−δ)(1+4δ)wv = (1+3δ−4δ2)pj ≥ pj for δ ≤ 3/4. In this case,

the length of the generated fractional coloring is at most cr∗(1 + 4δ)(1 + ε/4) =
cr∗(1 + 4δ + ε/4 + δε) ≤ cr∗(1 + ε) by choosing ε ≤ 1 and δ ≤ 3ε/20. Since
the optimum lies within the interval [wmax, nwmax], the overall complexity of
the algorithm can be bounded by O((n lnn+n ln c/ε3 +n/ε2)(WIS(G,n, c, d)+
n ln ln(n/ε)) ln(nε−1)), where WIS(n, c, d) is the time required to compute an
approximate weighted independent set for a weighted graph (G,w). The above
arguments imply the following result.

Theorem 15. Let G be a graph class. If there is a polynomial time algorithm for
the weighted independent set problem restricted to graphs G ∈ G with approxima-
tion ratio 1/c for c ≥ 1, then for any ε > 0 there is a polynomial time algorithm
for the fractional weighted coloring problem restricted to G with approximation
ratio c(1 + ε).

Corollary 3. Let G be a graph class. If there is a (F)PTAS for the computation
of the weighted independent set in a graph G ∈ G and weights w, then we obtain
a (F)PTAS for the fractional weighted coloring problem for graphs G ∈ G.

Using a recent result [9] for computing the maximum weighted independent
set in intersection graphs of disks in the plane, we obtain the following:

Corollary 4. There is a PTAS for the computation of the fractional weighted
chromatic number for intersection graphs of disks in the plane.
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Since this graph class contains planar graphs and unit disk graphs, Corol-
lary 3 implies the following result which also provides a substantial improve-
ment on Matsui’s polynomial-time 2-approximation algorithm [30] for unit disk
graphs:

Corollary 5. There is a PTAS for the computation of the fractional weighted
chromatic number for planar and unit disk graphs.

7 Conclusion
In this paper we have studied preemptive variants of resource constrained
scheduling and the closely related fractional coloring problem. The approach
we presented is based on linear programming formulations with exponentially
many variables but with special structures allowing efficient approximations.
The linear programs are solved (approximately) in an iterative way as cover-
ing problems, where at each iteration subproblems of the same type have to
be solved. Interestingly, for resource constrained scheduling these subproblems
turned out to be knapsack type problems (multiple-choice, multi-dimensional,
and cardinality constrained knapsack) with efficient approximation algorithms.
For fractional coloring, it is the well known maximum weighted independent set
problem.

For some of the subproblems we have encountered, there are only relatively
weak polynomial-time approximation results (i.e. with constant, logarithmic, or
with even worse approximation ratios). To handle these cases too, we have ex-
tended some of the methods in [15,33,41] to the case where the subproblem can
be solved only approximatively. The underlying algorithm is independent from
the width [33] and the number of variables. We note that by using other tech-
niques [21] (via the ellipsoid method and approximate separation) with higher
running time the approximation ratio c(1 + ε) in Theorems 4 and 15 can be
improved to ratio c.

We mention in closing, that by using the same approach, similar approx-
imation results can be expected for various other preemptive scheduling and
fractional graph problems, e.g. for fractional path coloring, call scheduling, band-
width allocation, scheduling multiprocessor tasks on dedicated processors, as well
as open, flow and job shop scheduling.
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Abstract. We consider the following integer feasibility problem: “Given
positive integer numbers a0, a1, . . . , an, with gcd(a1, . . . , an) = 1 and
a = (a1, . . . , an), does there exist a nonnegative integer vector x sat-
isfying ax = a0?” Some instances of this type have been found to be
extremely hard to solve by standard methods such as branch-and-bound,
even if the number of variables is as small as ten. We observe that not
only the sizes of the numbers a0, a1, . . . , an, but also their structure, have
a large impact on the difficulty of the instances. Moreover, we demon-
strate that the characteristics that make the instances so difficult to solve
by branch-and-bound make the solution of a certain reformulation of the
problem almost trivial. We accompany our results by a small computa-
tional study.

1 Introduction

1.1 Problem Statement and Summary of Results

In the past decade there has been a substantial progress in computational inte-
ger programming. Many large and complex instances can now be solved. There
are, however, still many small instances that seem extremely hard to tackle by
standard methods such as branch-and-bound or branch-and-cut, and it is still
quite unclear what makes these instances so hard. Examples are the so-called
market share problems [6,1], some feasibility problems reported on by Aardal
et al. [2], and certain portfolio planning problems [16]. All of these are gener-
alizations of the following simple problem. Let a0, a1, . . . , an be positive integer
numbers with gcd(a1, . . . , an) = 1 and ai ≤ a0, 1 ≤ i ≤ n, and let

P = {x ∈ IRn : ax = a0,x ≥ 0} . (1)

The problem is:
Is X = P ∩ ZZn �= ∅ ? (2)

If the components of x may take any integer value, then the problem is easy.
There exists a vector x ∈ ZZn satisfying ax = a0 if and only if a0 is an inte-
ger multiple of gcd(a1, . . . , an). The nonnegativity requirement on x makes the
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problem NP-complete. In this study we focus on infeasible instances to rule out
that a search algorithm terminates fast because we found a feasible solution by
luck.

In our study we demonstrate that if it is possible to decompose the a-
coefficients as ai = piM + ri with pi,M ∈ ZZ>0, ri ∈ ZZ, and with M large
compared to pi and |ri|, then the maximum size of the right-hand side coefficient
a0 for which ax = a0 has no nonnegative integer solution becomes large. This is
proved in Theorem 1 in Sect. 3.1. An infeasible instance with a large value of a0
is particularly difficult for branch-and-bound applied to formulation P . More-
over, we show that if the a-coefficients can be decomposed as described above,
then the reformulation obtained by using the projection suggested by Aardal,
Hurkens, and Lenstra [2] is computationally very easy to solve by a search al-
gorithm similar to the algorithm suggested by H.W. Lenstra, Jr. [14], since the
projected polytope will be thin in the direction of the last coordinate. This is
demonstrated in Sect. 3.2. The projection, based on lattice basis reduction, is
briefly described in Sect. 2.

To illustrate our observations we report on a modest computational study
on infeasible instances from the literature, and infeasible instances that we gen-
erated ourselves. About half of the instances have a-coefficients that decompose
as described in Sect. 3, and the rest of the instances have random a-coefficients
of the same size as the first group of instances. The smallest of the instances has
five variables, and the largest has ten. The computational results, presented in
Sect. 4, clearly confirm our theoretical observations.

1.2 Integer Programming and Branching on Hyperplanes

The polytope P as defined by (1) has dimension n − 1, i.e., it is not full-
dimensional. In the full-dimensional case the following is known. Let S be a
full-dimensional polytope in IRn given by integer input. The width of S along
the nonzero vector d is defined as W (S,d) = max{dTx : x ∈ S} −min{dTx :
x ∈ S}. Notice that this is different from the definition of the geometric width
of a polytope. Consider the problem: “Does the polytope S contain a vector
x ∈ ZZn?” Khinchine [12] proved that if S does not contain a lattice point,
then there exists a nonzero integer vector d such that W (S,d) is bounded from
above by a constant depending only on the dimension. H. W. Lenstra, Jr., [14]
developed an algorithm that runs in polynomial time for fixed dimension n, and
that either finds an integer vector in S, or a lattice hyperplane H such that at
most c(n) lattice hyperplanes parallel to H intersect S, where c(n) is a constant
depending only on the dimension n. This is the same as to say that an integer
nonzero direction is found such that the width of S in that direction is bounded
by a constant depending only on n. The intersection of each lattice hyperplane
with S gives rise to a problem of dimension at most n − 1, and each of these
lower-dimensional problems is solved recursively to determine whether or not S
contains an integer vector. One can illustrate the algorithm by a search tree hav-
ing at most n levels. The number of nodes created at each level is bounded from
above by a constant depending only on the dimension at that level. A search
node is pruned if, in the given direction, no lattice hyperplane is intersecting the
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polytope defined by the search node. We are not aware of any implementation
of Lenstra’s algorithm. Cook et al. [5] implemented the integer programming
algorithm by Lovász and Scarf [15], which is similar in structure to Lenstra’s
algorithm, and they observed that, for their instances, the number of search
nodes created by the Lovász-Scarf algorithm was much less than the number of
nodes of a branch-and-bound tree. To compute a good search direction in each
node was, however, more time consuming than computing an LP-relaxation.
This raises the question of understanding if there are situations in which good
search directions can be determined fast.

Here we will consider a full-dimensional projection of P as suggested by
Aardal, Hurkens, and Lenstra [2]. An important conclusion of our study is that
for the most difficult infeasible instances, i.e., the instances that have decompos-
able a-coefficients as outlined in the previous subsection and described in more
detail in Sect. 3, this projection itself yields an integer direction in which the
projected polytope is provably thin. This direction is the last coordinate direc-
tion. So, if we apply a tree search algorithm as that of Lenstra to the projected
polytope, but branch only in coordinate directions in the order of decreasing
variable indices, then we observe that the instances become very easy. If the
a-coefficients do not possess the decomposition property, then the instances are
relatively easy to solve using branch-and-bound on formulation P .

1.3 Notation
We conclude this section by introducing some definitions and notation. |x| de-
notes the Euclidean length in IRn of the vector x. The identity matrix is denoted
by I, and the matrix consisting of zeros only is denoted by 0. If we want to
make the dimension of a matrix clear, then it is indicated as a superscript, for
example, I(n) is the n × n identity matrix, and 0(p×q) is the p × q matrix con-
sisting of zeros. The matrix A is said to be in Hermite normal form if it has the
form [C,0], where C is a lower triangular, nonnegative matrix in which each
diagonal element is the unique maximum row entry. The Hermite normal form
of the matrix A is denoted by HNF (A). A set of the form L = L(b1, . . . , bl) =
{∑l

i=1 λibi, λi ∈ ZZ, 1 ≤ i ≤ l}, where b1, . . . , bl are linear independent vectors
in IRn, l ≤ n, is called a lattice. The set of vectors {b1, . . . , bl} is called a lattice
basis. Notice that a lattice may have several different bases. The determinant
of the lattice L, d(L), is defined as d(L) =

√
BTB, where B is a basis for L.

If the lattice L is full-dimensional we have d(L) = |detB|. The rank of the lat-
tice L, rkL, is the dimension of the Euclidean vector space spanned by L. The
integer width of a polytope S in the non-zero integer direction d is defined as
WI(S,d) = �max{dTx : x ∈ S}� − 	min{dTx : x ∈ S}
. The number of lattice
hyperplanes in the direction d that intersect S is equal to WI(S,d) + 1, so if
WI(S,d) = −1, then S does not contain an integer vector.

2 The Reformulation and the Search Algorithm

The starting point of the reformulation of (2) suggested by Aardal, Hurkens,
and Lenstra [2] is the integer relaxation XIR = {x ∈ ZZn : ax = a0} of X. The
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relaxationXIR can be rewritten asXIR = {x ∈ ZZn : x = xf+B0y, y ∈ ZZn−1},
where xf is an integer vector satisfying axf = a0, and where B0 is a basis for the
lattice L0 = {x ∈ ZZn : ax = 0}. That is, any integer vector x, not necessarily
nonnegative, satisfying ax = a0 can be written as a sum of an integer vector
xf satisfying ax = a0 and an integer linear combination of vectors x0 satisfying
ax0 = 0. Since gcd(a1, . . . , an) = 1 and a0 is integer, we know that a vector
xf exists, and determining xf can be done in polynomial time. Aardal et al.
determine xf and B0 as follows. Consider the lattice

{

z ∈ ZZn+2 : z = B

(
x
y

)

, x ∈ ZZn, y ∈ ZZ
}

, (3)

where

B =




I(n) 0(n×1)

0(1×n) N1
N2a −N2a0



 . (4)

Aardal et al. showed that if N1 and N2 are chosen appropriately, then the
basis B′ obtained by applying Lovász’ basis reduction algorithm [13] to B (4)
is of the following form:

B′ =




B

(n×(n−1))
0 xf u

0(1×(n−1)) N1 v

0(1×(n−1)) 0 N2



 , (5)

where B0 is a basis for the lattice L0, and where xf is an integer vector satisfying
axf = a0. Let

Q = {y ∈ IRn−1 : B0y ≥ −xf} . (6)

Problem (2) can now be restated as:

Is Q ∩ ZZn−1 �= ∅ ? (7)

The polytope Q is a full-dimensional formulation, and as mentioned in the
previous section we can apply Lenstra’s [14] algorithm, or any other integer
programming algorithm, to Q. Here we will consider a tree search algorithm
inspired by Lenstra’s algorithm, but using only unit directions in the search.

At the root node of the search tree, choose an index i : 1 ≤ i ≤ n − 1.
Determine the integer width in the direction ei, i.e., determine u = �max{eTi y :
y ∈ Q}�, and l = 	min{eTi y : y ∈ Q}
. If l ≤ u, then create a search node
for each value k = l, . . . , u, and if l > u, then stop. Suppose that l ≤ u. Choose
a new index i′, 1 ≤ i′ ≤ n − 1, i′ �= i, and any of the nodes just created,
say the node corresponding with value k = k′. Fix yi = k′, and determine
u = �max{ei′y : y ∈ Q, yi = k′}�, and l = 	min{ei′y : y ∈ Q, yi = k′}
.
Repeat the procedure described above until all nodes have been investigated.
For an example of a search tree, see Fig. 1. Notice that the search tree created in
this way is similar to the search tree of Lenstra’s algorithm in that the number
of levels of the tree is no more than the number of variables in the problem
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y7 = 0y7 = −1

y6 = 63
y6 = 64 y6 = 65

y5 = 222

l = −1, u = 0

l > ul = 63, u = 65

l > u l > u

l > u

l = u =
222

Fig. 1. The search tree for instance prob2 (cf. Sect. 4)

instance, and that the number of nodes created at a certain level corresponds to
the width of the polytope in the chosen search direction.

Here we will investigate a class of instances that are exceptionally hard to
solve by branch-and-bound when using the original formulation in x-variables,
but that become easy to solve when applying the branching scheme described
above to the reformulated problem in y-variables (6) because the width in the
unit direction en−1 is small. Below we give an example of such an instance.

Example 1. Let

P = {x ∈ IR3 : 12223x1 + 12224x2 + 36672x3 = 149389505,x ≥ 0} .
A vector xf and a basis B0 for this instance is:

xf =




−1

1221
3667



 B0 =




0 12224
−3 −1222

1 −3667



 .

The polytope Q is:

Q = {y ∈ IR2 : 12224y2,≥ 1, −3y1 − 1222y2 ≥ −1221, y1 − 3667y2 ≥ −3667} .
Moreover, we have WI(Q,e1) = 4074 and WI(Q,e2) = −1, so if consider the
search direction e2 first, we can immediately conclude that Q ∩ ZZ2 = ∅.

If we solve the formulation in x-variables by branch-and-bound with objective
function 0 using the default settings of CPLEX 6.5, it takes 1,262,532 search
nodes to verify infeasibility. ��

An instance such as the one given in Example 1 may seem quite artificial,
but many of the instances reported on in [6,1,2,16] show a similar behavior, and
some of these instances stem from applications. To try to explain this behavior
therefore seems relevant also from the practical viewpoint.
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3 The Class of Instances

3.1 The Coefficient a0

The linear relaxation of Problem (2) is an n-simplex {x ∈ IRn≥0 : ax = a0}. An
instance of problem (2) is particularly hard to solve by branch-and-bound if it is
infeasible and if the intersection points of the n-simplex with the coordinate axes
have large values. Branch-and-bound will then be forced to enumerate many of
the possible combinations of x1, . . . , xn with 0 ≤ xi ≤ a0/ai. Since the instance is
infeasible we cannot “get lucky” in our search, which may happen if the instance
is feasible, and if we by chance have chosen an objective function that takes us
to a feasible solution quickly. Example 1 of the previous section illustrates such a
hard infeasible instance. Similar, but larger, instances are virtually impossible to
solve using a state-of-the-art branch-and-bound algorithm such as implemented
in CPLEX.

To create infeasible instances with maximum values of a0/ai we choose a0 as
the largest number such that ax = a0 has no nonnegative integer solution. This
number is called the Frobenius number for a1, . . . , an, denoted by F (a1, . . . , an).
Computing the Frobenius number for given natural numbers a1, . . . , an with
gcd(a1, . . . , an) = 1 is NP-hard. In Appendix 1 we discuss the algorithm that
we used in our computational study. For n = 2 it is known that F (a1, a2) =
a1a2 − a1 − a2. (In “Mathematics from the Educational Times, with Additional
Papers and Solutions”, Sylvester published the problem of proving that if a1
and a2 are relatively prime integers, then there are exactly 1/2(a1 − 1)(a2 − 1)
nonnegative integers α less than a1a2−a1−a2 for which a1x1+a2x2 = α does not
have a nonnegative integer solution. The solution to this problem was provided
by Curran Sharp in volume 41 (1884) of the journal. The precise reference is
[21]. See also Schrijver [18] p. 376.) For n = 3 the Frobenius number can be
computed in polynomial time, see Selmer and Beyer [20], Rödseth [17], and
Greenberg [9]. Kannan [11] developed a polynomial time algorithm for computing
the Frobenius number for every fixed n. His algorithm is based on the relation
between the Frobenius number and the covering radius of a certain polytope.
Some upper bounds on the Frobenius number are also known. If a1 < a2 < · · · <
an, Brauer [3] showed that F (a1, . . . , an) ≤ a1an−a1−an. Other upper bounds
were provided by Erdős and Graham [8] and Selmer [19].

Below we determine a lower and an upper bound on F (a1, . . . , an) that are of
the same order. In particular, we observe that if ai is written as ai = piM + ri,
with pi,M ∈ ZZ>0, ri ∈ ZZ, and with M large compared to pi and |ri|, then
the lower bound on F (a1, . . . , an) becomes large. This implies that instances
in which the a-coefficients decompose like this have relatively large Frobenius
numbers.

Theorem 1.Let ai = piM+ri, for i = 1, . . . , n, let (rj/pj)=maxi=1,...,n{ri/pi},
and let (rk/pk) = mini=1,...,n{ri/pi}. Assume that:

1. a1 < a2 < · · · < an,
2. pi,M ∈ ZZ>0, ri ∈ ZZ for all i = 1, . . . n,
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3.
∑n
i=1 |ri| < 2M ,

4. M > 2− (rj/pj),
5. M > (rj/pj)− 2(rk/pk) .

Then, we obtain f(p, r,M) ≤ F (a1, . . . , an) ≤ g(p, r,M), where

f(p, r,M) =
(M2pjpk +M(pjrk + pkrj) + rjrk)(1− 2

M+(rj/pj)
)

pkrj − pjrk − 1,

and

g(p, r,M) = M2p1pn +M(p1rn + pnr1 − p1 − pn) + r1rn − r1 − rn .
Proof. The upper bound g(p, r,M) is derived from the result by Brauer [3] that
F (a1, . . . , an) ≤ a1an − a1 − an.

In our proof of the lower bound we introduce the following notation:

B = {x ∈ IRn : ax = 0},
∆n = {x ∈ IRn : ax = n, x ≥ 0},
C = {x ∈ IRn : px = 0, rx = 0} .

The lattice L0 is as defined in Sect. 2.

B

0

C

b

Lattice L0 is contained in parallel hyperplanes generated by C

C + b C + 2bC − b

Fig. 2. B, C, and L0

The idea behind the proof is as follows. We define a homomorphism from
∆n to IR/ZZ such that x ∈ ZZn ∩ ∆n maps to 0, if such a vector x exists. An
integer number n for which 0 is not contained in the image of ∆n under this
map then provides a lower bound on the Frobenius number. We define such a
homomorphism by first defining a projection πb along the vector b of ∆1 onto
B, where b is in the same plane as ∆1. Then we consider a homomorphism
f : B → IR/ZZ. We show that the kernel of f is L0 + C. Due to the First
Isomorphism Theorem (see e.g. Hungerford[10], p. 44) we know that B divided
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out by (ker f), i.e., B/(L0 + C), is isomorphic to IR/ZZ. The image of πb(∆1)
under the isomorphism B/(L0+C)→ IR/ZZ is an interval [l, u] in IR/ZZ. Finally
we determine an integer number n such that [nl, nu] does not contain an integer
point. The integer n then yields a lower bound on the Frobenius number under
the conditions given in the theorem.

We first define a linear mapping π : IRn → B given by πb(x) = x − (ax)b,
where b satisfies pb = 0 and rb = 1, and hence ab = 1. When M → ∞, then
πb(∆1)→ −b. Notice that −b �∈ C as rb = 1.

Next we define the homomorphism f : B → IR/ZZ given by x �→ (px
mod 1).
Claim: The kernel of f is L0 + C.

First we show that (L0 +C) ⊆ (ker f). If x ∈ L0 then x ∈ ZZ, which
implies px ∈ ZZ, and hence (px mod 1) = 0. If x ∈ C, then px = 0.

Next, show that (ker f) ⊆ (L0 + C). Notice that each element in B
can be written as c+y1 +y2 with c ∈ C, y1 ∈ L0, and y2 �∈ C such that
the absolute value of each element of y2 is in the interval (−1/2, 1/2)
and such that y2 �∈ C. Since f(c + y1 + y2) = f(c) + f(y1) + f(y2) = 0
and since f(c) = f(y1) = 0, as c ∈ C and y1 ∈ L0, we obtain f(y2) = 0,
and hence (py2 mod 1) = 0. If py2 = 0, then, since y2 ∈ B, ry2 = 0,
but this contradicts y2 �∈ C. So, 0 = ay2 = Mpy2 + ry2, and since py2
is integral we have that ry2 is an integer multiple of M . Now, observe
that since the absolute value of each element of y2 is less than 1/2, then,
due to Assumption 3 of the theorem, ry2 < 1/2

∑n
i=1 |ri| < M , and

therefore y2 = 0 is the only possible solution. This concludes the proof
of our claim.

Due to the First Isomorphism Theorem the homomorphism f induces an
isomorphism f ′ : B/(L0 + C) → IR/ZZ. Below we determine the image of ∆1
under the composition of the mappings π : IRn → B and B → B/(L0 + C) →
IR/ZZ. This composition of mappings is a homomorfism.

We use vi to denote vertex i of ∆1. Vertex vi, is the vector (0, . . . , 0, 1/ai,
0, . . . , 0)T = (0, . . . , 0, 1/(piM + ri), 0, . . . , 0), where 1/ai = 1/(piM + ri) is the
ith component of vi. Applying the linear mapping π to vi yields πb(vi) = vi−b.
Next, by the isomorphism x �→ (px mod 1), πb(vi) becomes

pi
Mpi + ri

=
1

M + ri/pi
.

Let di denote 1/(M + ri/pi), and recall that (rj/pj) = maxi=1,...,n{ri/pi}, and
(rk/pk) = mini=1,...,n{ri/pi}. Then, the image of ∆1 is an interval [dj , dk] of
length

L =
pkrj − pjrk

M2pjpk +M(pjrk + pkrj) + rjrk
.

Now we will demonstrate that there exists an integer n ≥ � 1−2dj

L � such
that the interval [ndj , ndk] does not contain an integer point. This implies that
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� 1−2dj

L � is a lower bound on the Frobenius number. Notice that 1− 2dj > 0 due
to Assumption 4.

Let k = � 1−2dj

L �. The interval [I1, I2] = [kdj , kdk] has length less than or
equal to 1 − 2dj . Let � = �kdj�. Notice that � ≤ I1. Now define k′ = �/dj . The
number k′ ≤ k yields an interval [I ′

1, I
′
2] = [k′dj , k′dk], such that I ′

1 is integral.
The interval [I ′

2, I
′
2 +2dj) does not contain an integer since the length of [I ′

1, I
′
2]

is less than or equal to the length of the interval [I1, I2], and since I ′
1 is integral.

Now define k∗ = �k′� + 1. We claim that the interval [I∗
1 , I

∗
2 ] = [k∗dj , k∗dk]

does not contain an integer point. To prove the claim, first assume that k′ is
integer. Then k∗dj = I ′

1 + dj and k∗dk < I ′
1 + 1 due to Assumption 5 that

implies that dk < 2dj . Next, assume that k′ is fractional. In this case we obtain
I ′
1 < k∗dj < I ′

1 + dj , and, due to the same reasoning as for k′ integer, we
obtain k∗dk < I ′

1 + 1. This finishes the proof of our claim. We finally notice
that k∗ ≥ � 1−2dj

L �, so we can conclude that � 1−2dj

L � yields a lower bound on the
Frobenius number. We obtain

⌊
1− 2dj
L

⌋

≥ 1− 2dj
L

− 1 =

(M2pjpk +M(pjrk + pkrj) + rjrk)(1− 2
M+(rj/pj)

)

pkrj − pjrk − 1 .

��

Example 2. The a-coefficients in Example 1 decompose as follows. Let M =
12223.

a1 = M + 0,
a2 = M + 1,
a3 = 3M + 3 .

Theorem 1 yields a lower bound on the Frobenius number equal to 149381362.
The Frobenius number for this instance is 149389505. ��
For all our instances that decompose with short vectors p and r relative to M ,
the Frobenius number is large, see the computational study in Sect. 4. We have
computed the lower bound on the Frobenius number for these instances and in
all cases it was close to the actual value. It would be interesting to investigate
whether it is possible to use similar techniques to tighten the upper bound on
the Frobenius number for instances of this sort.

In the following subsection we demonstrate that instances with a-coefficients
that decompose with large M and relatively short p and r are trivial to solve
using the reformulation outlined in Sect. 2. These are the instances that are ex-
tremely hard to solve by branch-and-bound due to the large Frobenius numbers.

3.2 The Coefficients a1, . . . , an

For the further analysis of our class of instances we wish to express the deter-
minant of the lattice L0 = {x ∈ ZZn : ax = 0} in terms of the input a. We
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will begin by stating a theorem that is more general than what we actually need
here. The following notation is used. Let A be an integer m × n matrix with
m ≤ n. Moreover, let

L0 = {x ∈ ZZn : Ax = 0},
LA = {y ∈ ZZm : Ax = y, x ∈ ZZn},
LAT = {z ∈ ZZz : ATx = z, x ∈ ZZm},
L0T = {x ∈ ZZm : ATx = 0} .

Remark 1. Suppose that A has full row rank. Then rk L0 = m− n, and L0T =
{0}, which implies that d(L0T ) = 1.

Remark 2. Suppose that HNF (A) = (I,0). Then LA = ZZm, and d(LA) = 1 .

Theorem 2.

d(L0) =
d(LAT )
d(LA)

· d(L0T ) . (8)

Proof. The proof will be presented in the complete version of the paper. ��

Corollary 1. If A has full row rank, then

d(L0) =
d(LAT )
d(LA)

. (9)

Proof. See Remark 1 regarding d(L0T ). ��

Corollary 2. If m = 1, that is, A = a, and if gcd(a1, . . . , an) = 1, then

d(L0) = d(LAT ) = |a| . (10)

Proof. We have d(L0T ) = 1, see Remark 1. We also have HNF (a) = (1, 0, . . . , 0),
since gcd(a1, . . . , an) = 1, which implies that LA = ZZ and, hence, d(LA) = 1,
see Remark 2. The vector a forms a basis for LAT , so d(LAT ) =

√
aTa = |a|. ��

Remark 3. Notice that d(L0) can also be computed as d(L0) =
√

BT
0 B0.

Write ai = piM + ri with pi,M ∈ ZZ>0 and ri ∈ ZZ. Recall that C denotes
the orthogonal complement of the hyperplane spanned by p and r, cf. the proof
of Theorem 1.

Proposition 1. The lattice L0 contains the lattice C ∩ ZZn. The rank of the
lattice C ∩ ZZn is equal to n− 2.

Observe that the lattice C ∩ZZn is generated by elements independent of M ,
and if p and r are short, then C ∩ ZZn will consist of relatively short vectors.
The determinant of L0 is equal to the length of the vector a, Corollary 3, and
this value does depend on the value of M . Since L0 contains C ∩ZZn, and since
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the rank of L0 is just one higher than the rank of C ∩ZZn, the size of d(L0) has
to be realized mainly by one generating vector.

Suppose p and r are short relative to M . Lovász’ [13] basis reduction algo-
rithm yields a basis in which the basis vectors are ordered according to increasing
length, up to a certain factor. In a basis B0 for L0, such as we generate it, the
first n− 2 vectors form a basis for the lattice C ∩ ZZn. These vectors are short,
while the last, (n−1)st, vector is long since it has to contribute to a large extent
to d(L0).

Example 3. Recall the decomposition of the a-coefficients from Examples 1 and
2. Let M = 12223.

a1 = M + 0,
a2 = M + 1,
a3 = 3M + 3,

so p = (1, 1, 3)T and r = (0, 1, 3)T . The first column of B0 is short. This vector,
(0,−3, 1)T , is orthogonal to a, p, and r. The second, and last, column of B0,
(12224,−1222,−3667)T , is long. ��

The question is now what the implications are for the polytopes P as defined
by (1) and Q as defined by (6). For P it means that one step in the direction of
the last basis vector bn−1 is long, so the width of P is small in direction bn−1. For
the reformulation Q it means that the width of Q in the direction en−1 is small.
In Example 1 we observed that WI(Q,e2) = −1, which immediately gave us a
certificate for infeasibility. The argument regarding the length of the columns of
B0 presented above also holds in the more general case that the a-coefficients
decompose as follows:

ai = piM + riN, for i = 1, . . . , n,

where pi,M,N ∈ ZZ≥0, ri ∈ ZZ, and where M and N are assumed to be large
compared to pi and |ri|.

4 Computational Results

To illustrate our results we have solved various instances of type (2). The in-
stances are given in Table 1. In the first column the instance name is given.
Next, in column “a”, the ai-coefficients are given, and in the last column the
Frobenius number can be found. For all the instances we computed the Frobe-
nius number using the algorithm described in Appendix 1. The instances can
be divided into two groups. The first group contains instances cuww1-cuww5
and prob1-prob10, and the second group consists of instances prob11-prob20.
Instances cuww1-cuww5 were generated by Cornuéjols, Urbaniak, Weismantel,
and Wolsey [7], and the remaining instances were generated for this study. For
each of the instances cuww1-cuww5 there is a decomposition ai = piM + ri with
short vectors p and r. In Table 2 we give values of M that yield short vectors
p and r for these instances. Instances prob1-prob10 were generated such that
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Table 1. The instances

Instance a Frobenius
number

cuww1 12223 12224 36674 61119 85569 89643481
cuww2 12228 36679 36682 48908 61139 73365 89716838
cuww3 12137 24269 36405 36407 48545 60683 58925134
cuww4 13211 13212 39638 52844 66060 79268 92482 104723595
cuww5 13429 26850 26855 40280 40281 53711 53714 67141 45094583
prob1 25067 49300 49717 62124 87608 88025 113673 119169 33367335
prob2 11948 23330 30635 44197 92754 123389 136951 140745 14215206
prob3 39559 61679 79625 99658 133404 137071 159757 173977 58424799
prob4 48709 55893 62177 65919 86271 87692 102881 109765 60575665
prob5 28637 48198 80330 91980 102221 135518 165564 176049 62442884
prob6 20601 40429 40429 45415 53725 61919 64470 69340 78539 95043 22382774
prob7 18902 26720 34538 34868 49201 49531 65167 66800 84069 137179 27267751
prob8 17035 45529 48317 48506 86120 100178 112464 115819 125128 129688 21733990
prob9 3719 20289 29067 60517 64354 65633 76969 102024 106036 119930 13385099
prob10 45276 70778 86911 92634 97839 125941 134269 141033 147279 153525 106925261

prob11 11615 27638 32124 48384 53542 56230 73104 73884 112951 130204 577134
prob12 14770 32480 75923 86053 85747 91772 101240 115403 137390 147371 944183
prob13 15167 28569 36170 55419 70945 74926 95821 109046 121581 137695 765260
prob14 1828 14253 46209 52042 55987 72649 119704 129334 135589 138360 680230
prob15 13128 37469 39391 41928 53433 59283 81669 95339 110593 131989 663281
prob16 35113 36869 46647 53560 81518 85287 102780 115459 146791 147097 1109710
prob17 14054 22184 29952 64696 92752 97364 118723 119355 122370 140050 752109
prob18 20303 26239 33733 47223 55486 93776 119372 136158 136989 148851 783879
prob19 20212 30662 31420 49259 49701 62688 74254 77244 139477 142101 677347
prob20 32663 41286 44549 45674 95772 111887 117611 117763 141840 149740 1037608

Table 2. A value of M for instances cuww1–5 yielding short p and r

cuww1 cuww2 cuww3 cuww4 cuww5

M 12223 12228 12137 13211 13429

the a-coefficients have a decomposition ai = piM + riN with short p and r.
We randomly generate M from the uniform distribution U [10000, 20000], N
from U [1000, 2000], pi from U [1, 10], and ri from U [−10, 10]. In contrast, the
second group of instances prob11-prob20 were randomly generated such that
the a-coefficients are of the same size as in prob1-prob10, but they do not nec-
essarily decompose with short vectors p and r. We chose the same size of the
a-coefficients since this yields values of d(L0) of approximately the same size as
for the instances prob1-prob10. For instances prob11-prob20 coefficient ai is
randomly generated from U [10000, 150000].

The computational results of verifying infeasibility for the instances is re-
ported on in Table 3. For each of the instances we computed d(L0), the length of
each of the basis vectors of the basis B0, and the number of lattice hyperplanes
intersecting Q in the coordinate directions e1 and en−1. We then applied the
integer branching algorithm described in Sect. 2 to Q. The number of nodes that
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were generated, and the computing time in seconds are given in the columns “#
Search tree nodes” and “Time”. Finally, we attempted to solve the instances,
using the original formulation P , by standard linear programming based branch-
and-bound using CPLEX version 6.5.3 . The number of nodes needed by branch-
and-bound, and the computing time in seconds are reported on in the columns
“# B&B nodes” and “B&B time”. For the branch-and-bound algorithm we set
the node limit to 50 million nodes. If an instance was not solved within this
node limit, this is indicated by “> 50 × 106” in the column “# B&B nodes”.
The time t needed to evaluate the 50 million nodes is then indicated as “> t” in
the column “B&B time”. All the computations were carried out on a Sun Ultra
60 Model 2360 workstation with two UltraSPARC-II 359 MHz processors (our
implementation is sequential) and 512 MB of memory.

We make the following observations. First, the Frobenius number of the in-
stances cuww1-cuww5 and prob1-prob10 is about two orders of magnitude larger
than the Frobenius number of instances prob11-prob20 (see Table 1). Infeasi-
ble instances are typically harder to solve than feasible ones, and the larger the
intersection points a0/ai between the n-simplex P and the coordinate axes, the
harder the instance becomes for branch-and-bound. So, as a class, the first group
of instances is harder for branch-and-bound, even if we would use a smaller
value of the right hand side coefficient than the Frobenius number, since the
large Frobenius number indicates that there are other large integer values α for
which ax = α has no nonnegative integer solution. In Table 3 we can see that
instances cuww1-cuww5 and prob1-prob10 are considerably harder to solve by
branch-and-bound than instances prob11-prob20. The presolver of CPLEX was
able to verify infeasibility for instances cuww2 and prob10, but none of the other
instances in the first group was solved within the node limit of 50 million nodes.
All of the instances prob11-prob20 were solved by branch-and-bound within
half a million search nodes and one minute of computing time.

We also observe that the shape of the polytope Q is very much influenced by
the decomposition of the a-coefficients. If the coefficients decompose with short
vectors p and r relative to M , then the width of the corresponding polytope
Q in the unit direction en−1 is very small. This made the instances trivial for
our tree search algorithm applied to Q. All instances were solved using less than
twenty search nodes and a fraction of a second computing time. For instances
prob11-prob20 where the a-coefficients are generated randomly from a certain
interval we observe that the width of Q is of the same size in all unit directions,
and in general greater than two. Our tree search algorithm applied to Q there-
fore needed more nodes and longer computing times than for the first group
of instances. Still, none of the instances prob11-prob20 needed more than 126
nodes and about a tenth of a second computing time.
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Appendix 1: Computing the Frobenius Number

Since the main aim of this paper is not to compute the Frobenius number – we
use the Frobenius number to create infeasible instances – our approach is quite
simple and based on the following theorem by Brauer and Shockley [4].

Theorem 3. [4] Let a1, . . . , an be positive integer numbers with gcd(a1, . . . ,
an) = 1. Given i ∈ {1, . . . , n}, let tl be the smallest positive integer congru-
ent to l mod ai that can be expressed as a nonnegative integer combination of
aj , 1 ≤ j ≤ n, j �= i. Then

F (a1, . . . , an) = max
l∈{1,2,...,ai−1}

tl − ai . (11)

One can compute the Frobenius number using a sequence of integer optimiza-
tion problems as follows. To compute as few optimization problems as possible
we assume that ai in Theorem 3 is the smallest of the a-coefficients. Here we
assume that a1 is the smallest a-coefficient. The value tl for l = 1, . . . , a1 − 1
can be computed as:

tl = min{
n∑

i=2

aixi :
n∑

i=2

aixi = l + a1x1, x ∈ ZZn≥0} . (12)

Since the instances of type (12) that we tackled are hard to solve by branch-
and-bound we again applied the reformulation described in Sect. 2 to each sub-
problem and solved the reformulated subproblems by branch-and-bound. No-
tice that the reformulation only has to be determined for l = 1. The basis for
L = {x ∈ ZZn : −a1x1 +

∑n
i=2 aixi = 0} is independent of l, and if we have

computed xf for l = 1, then lxf can be used in the subsequent computations of
subproblems l = 2, . . . , a1− 1. Cornuéjols et al. [7] used a formulation similar to
(12) for computing the Frobenius number, but instead of using the reformulation
described in Sect. 2 combined with branch-and-bound, they used test sets after
having decomposed the a-coefficients.

In Table 4 we give the computational results for the Frobenius number com-
putations. In the two first columns the instance name and number of variables
are given. Then, the computing time and the total number of branch-and-bound
nodes needed for all a1− 1 subproblems are given. Since a1 can vary quite a lot,
we report on the average number of branch-and-bound nodes per subproblem in
the last column.
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Table 4. Results for the Frobenius number computations

Instance # Vars Time Total # Ave. # nodes
B&B nodes per subprob.

cuww1 5 50.0 11652 1.0
cuww2 6 62.3 25739 2.1
cuww3 6 64.6 39208 3.2
cuww4 7 76.3 28980 2.2
cuww5 8 130.2 210987 15.7
prob1 8 891.3 3782264 150.9
prob2 8 90.2 53910 4.5
prob3 8 396.2 571199 14.4
prob4 8 371.1 204191 4.2
prob5 8 257.6 349320 12.2
prob6 10 9057.3 39164012 1901.1
prob7 10 200.7 93987 5.0
prob8 10 304.8 577948 33.9
prob9 10 162.6 91223 24.5
prob10 10 586.8 445777 9.8

prob11 10 241.3 577134 49.7
prob12 10 515.8 1518531 102.8
prob13 10 391.8 998415 65.8
prob14 10 476.7 1551241 848.6
prob15 10 418.0 1178543 89.8
prob16 10 821.7 2063690 58.8
prob17 10 385.4 1027115 73.1
prob18 10 567.3 1494456 73.6
prob19 10 499.0 1289971 63.8
prob20 10 799.2 2070667 63.4
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Abstract. We obtain a number of results regarding the distribution of
values of a quadratic function f on the set of n×n permutation matrices
(identified with the symmetric group Sn) around its optimum (minimum
or maximum). We estimate the fraction of permutations σ such that f(σ)
lies within a given neighborhood of the optimal value of f and relate the
optimal value with the average value of f over a neighborhood of the
optimal permutation. We describe a natural class of functions (which
includes, for example, the objective function in the Traveling Salesman
Problem) with a relative abundance of near-optimal permutations. Also,
we identify a large class of functions f with the property that permu-
tations close to the optimal permutation in the Hamming metric of Sn

tend to produce near optimal values of f , and show that for general f
just the opposite behavior may take place.

1 Introduction

The Quadratic Assignment Problem (QAP for short) is an optimization problem
on the symmetric group Sn of n! permutations of an n-element set. The QAP is
one of the hardest problems of combinatorial optimization, whose special cases
include the Traveling Salesman Problem (TSP) among other interesting prob-
lems.

Recently the QAP has been of interest to many people. An excellent survey
is found in [5]. Despite this work, it is still extremely difficult to solve QAP’s of
size n = 20 to optimality, and the solution to a QAP of size n = 30 is considered
noteworthy, see, for example, [1] and [4]. Moreover, it appears that essentially
no positive approximability results for the general QAP are known, although
some special cases have been established, see [2], and it is known that it is NP-
complete to get an approximation with even exponential fall-off for MIN QAP
with positive coefficients [3].

The goal of this paper is to study the distribution of values of the objective
function of the QAP. We hope that our results would allow one on one hand
to understand the behavior of various heuristics, and, on the other hand, to
� This research was partially supported by NSF Grant DMS 9734138.
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estimate the optimum using some simple algorithms based on random or partial
enumeration with guaranteed complexity bounds. In particular, we estimate how
well the sample optimum from a random sample of a given size approximates
the global optimum. This gives an approximation guarantee with respect to the
average.

1.1 The Quadratic Assignment Problem

Let Matn be the vector space of all real n×n matrices A = (aij), 1 ≤ i, j ≤ n and
let Sn be the group of all permutations σ of the set {1, . . . , n}. There is an action
of Sn on the space Matn by simultaneous permutations of rows and columns:
we let σ(A) = B, where A = (aij) and B = (bij), provided bσ(i)σ(j) = aij for all
i, j = 1, . . . , n. One can check that (στ)A = σ(τA) for any two permutations σ
and τ . There is a standard scalar product on Matn :

〈A,B〉 =
n∑

i,j=1

aijbij , where A = (aij) and B = (bij) .

Let us fix two matrices A = (aij) and B = (bij) and let us consider a real-
valued function f : Sn −→ IR defined by

f(σ) = 〈B, σ(A)〉 =
n∑

i,j=1

bσ(i)σ(j)aij =
n∑

i,j=1

bijaσ−1(i)σ−1(j) . (1)

The problem of finding a permutation σ where the maximum or minimum
value of f is attained is known as the Quadratic Assignment Problem. It is one of
the hardest problems of Combinatorial Optimization. From now on we assume
that n ≥ 4.

Our approach produces essentially identical results for a more general prob-
lem. Suppose we are given a 4-dimensional array (tensor) C =

{
cijkl : 1 ≤

i, j, k, l ≤ n
}

of n4 real numbers and the function f is defined by

f(σ) =
n∑

i,j=1

cijσ(i)σ(j) . (2)

If cijkl = aijbkl for some matrices A = (aij) and B = (bkl), we get the
special case (1) we started with. The convenience of working with the generalized
problem is that the set of objective functions (2) is a vector space.

We remark in Sect. 2.1 that the Traveling Salesman Problem (TSP) can be
considered as a special case of the QAP.

1.2 Definitions

For two permutations τ, σ ∈ Sn, let the distance dist(σ, τ) be the standard
Hamming distance, that is the number of indices 1 ≤ i ≤ n where σ and τ
disagree:



The Distribution of Values in the Quadratic Assignment Problem 369

dist(τ, σ) = |i : σ(i) �= τ(i)| .
One can observe that the distance is invariant under the left and right actions

of Sn :
dist(σσ1, σσ2) = dist(σ1, σ2) = dist(σ1σ, σ2σ)

for all σ1, σ2, σ ∈ Sn. For a permutation τ and an integer k ≥ 0, we consider the
“k-th ring” around τ :

U(τ, k) =
{
σ ∈ Sn : dist(σ, τ) = n− k} .

Hence for any permutation τ the group Sn splits into the disjoint union
of n rings U(τ, k) for k = 0, 1, . . . , n − 2, n. The ring U(τ, k) consists of the
permutations that agree with τ on precisely k symbols.

Let f : Sn −→ IR be a function of type (1) or (2). Let

f =
1
n!

∑

σ∈Sn

f(σ)

be the average value of f on the symmetric group and let

f0 = f − f
be the “shifted” function. Hence the average value of f0 is 0. Let τ be a per-
mutation where the maximum value of f0 is attained, so f0(τ) ≥ f0(σ) for all
σ ∈ Sn and f0(τ) > 0 unless f0 ≡ 0 (the problem with minimum instead of
maximum is completely similar). We maintain the definitions of f , f0 and τ in
future sections.

We remark that it is easy to compute the average value f , see Lemma 10.

We are interested in the following questions:

• Given a constant 0 < γ < 1, how many permutations σ ∈ Sn satisfy f0(σ) ≥
γf0(τ)? In particular, how well does the sample optimum of a set of randomly
chosen permutations approximates the true optimum?
• How does the average value of f0 over the k-th ring U(τ, k) compare with the
optimal value f0(τ)? In particular, is a random permutation from the vicinity
of the optimal permutation better than a random permutation from the whole
group Sn?

We define the function ν(m) for m ≥ 2:

ν(m) =
dm−2

dm
where dm =

m∑

j=0

(−1)j
1
j!

.

For m = 0 we let ν(m) = 0. From the definition 0 ≤ ν(m) ≤ 2, and ν(m)
approaches 1 rapidly as m increases.

The following functions p and t on the symmetric group Sn play a special
role in our approach. For a permutation σ ∈ Sn, let

p(σ) =
∣
∣i : σ(i) = i

∣
∣
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be the number of fixed points of σ and let

t(σ) =
∣
∣i < j : σ(i) = j and σ(j) = i

∣
∣

be the number of 2-cycles in σ.
One can show that p(σ), p2(σ) and t(σ) are functions of type (2) for some

particular tensors
{
cijkl
}
. We denote by ε the identity permutation in Sn and by

|X| the cardinality of a set X.

2 Results

Our results are divided into four cases, which arise from considering the repre-
sentations of Matn under the action of Sn (see Sect. 3.1). We begin with the
most special case, which we call the “bullseye,” and which already includes the
symmetric TSP. We then consider two different generalizations of the bullseye –
the “pure” QAP and the symmetric QAP. Finally, we briefly mention the general
case, which is technically more complicated than the symmetric case, but has
essentially similar bounds.

The proofs are discussed in Sect. 3.

2.1 Bullseye Distribution

Suppose that the matrix A = (aij) in (1) is symmetric and has constant row
and column sums and a constant diagonal. For example,

A =











0 1 0 . . . 0 1
1 0 1 . . . 0 0
0 1 0 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 1
1 0 0 . . . 1 0











, aij =
{1 if |i− j| = 1 mod n

0 otherwise

satisfies these properties and the corresponding optimization problem is the Sym-
metric Traveling Salesman Problem.

Similarly, for the generalized problem (2) we assume that for any k and l the
matrix A = (aij), where aij = cijkl, is symmetric with constant row and column
sums and has a constant diagonal.

It turns out that the optimum has a characteristic “bullseye” feature with
respect to the averages over the rings U(τ, k).

Theorem 1 (Bullseye Distribution). Let

α(n, k) =
k2 − 3k + ν(n− k)

n2 − 3n
,

where k = 0, 1, . . . , n− 2, n and ν is as defined in Sect. 1.2.
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Then we have
1

|U(τ, k)|
∑

σ∈U(τ,k)

f0(σ) = α(n, k)f0(τ)

for k = 0, 1, . . . , n− 2, n.

We observe that as the ring U(τ, k) contracts to the optimal permutation τ
(hence k increases), the average value of f on the ring steadily improves (as long
as k ≥ 3). It is easy to construct examples where some values of f in a very

Small average Medium average Maximum value Large average

from the maximum point

Distribution of values of the objective function with respect to the Hamming distance

Fig. 1. Bullseye distribution

small neighborhood of the optimum are particularly bad, but as follows from
Theorem 1, such values are relatively rare. In our opinion, this suggests that
this special case may be more amenable to various heuristics (see, for example,
[5]) than the general symmetric case. Incidentally, one can observe the same type
of the “bullseye” behavior for the Linear Assignment Problem and some other
polynomially solvable problems, such as the weighted Matching Problem.

Estimating the size of the ring U(τ, k), we get the following result.

Corollary 2. Let us choose an integer 3 ≤ k ≤ n− 3 and a number 0 < γ < 1
and let

β(n, k) =
k2 − 3k
n2 − 3n

.

The probability that a random permutation σ ∈ Sn satisfies the inequality

f0(σ) ≥ γβ(n, k)f0(τ)

is at least
(1− γ)β(n, k)

3k!
.
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2.2 Pure Distribution

We can consider a slightly more general problem where we relax the condition
that A is symmetric, but keep the constant row and sum columns. For example,
the matrix

A =









0 1 0 . . . . . . 0
0 0 1 0 . . . 0
. . . . . . . . . . . . . . . . . .
0 0 . . . . . . 0 1
1 0 . . . . . . . . . 0








, aij =

{1 if j = i+ 1 mod n
0 otherwise

satisfies these properties and the corresponding optimization problem is the
Asymmetric Traveling Salesman Problem.

Similarly, for generalized problems (2) we assume that for any k and l the
matrix A = (aij), where aij = cijkl has constant row and column sums and has a
constant diagonal.

We call this case pure, because the objective function f lacks the component
attributed to the Linear Assignment Problem. Generally, an arbitrary objective
function f in the Quadratic Assignment Problem can be represented as a sum
f = f1 + f2, where f1 is the objective function in a Linear Assignment Problem
and f2 is the objective function in some pure case.

The behavior of averages of f0 over the rings U(τ, k) is described by the
following result.

Theorem 3. Let us define three functions of n and k:

α1(n, k) = 1− ν(n− k)
α2e(n, k) =

k2 − 3k − n− 3ν(n− k) + ν(n− k)n+ 4
n2 − 4n+ 4

and

α2o(n, k) =
k2 − 3k − n− 2ν(n− k) + ν(n− k)n+ 3

n2 − 4n+ 3
,

where k = 0, 1, . . . , n− 2, n and ν is the function of Sect. 1.2.
If n is even, then for some non-negative γ1 and γ2 such that γ1 + γ2 = 1 we

have
1

|U(τ, k)|
∑

σ∈U(τ,k)

f0(σ) =
(
γ1α1(n, k) + γ2α2e(n, k)

)
f0(τ)

for k = 0, 1, . . . , n− 2, n.
If n is odd, then for some non-negative γ1 and γ2 such that γ1 + γ2 = 1 we

have
1

|U(τ, k)|
∑

σ∈U(τ,k)

f0(σ) =
(
γ1α1(n, k) + γ2α2o(n, k)

)
f0(τ)

for k = 0, 1, . . . , n− 2, n.

We observe that there are two extreme cases. If γ1 = 0 and γ2 = 1 then f
exhibits a bullseye type distribution of Sect. 2.1. If γ1 = 1 and γ2 = 0 then f
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exhibits a “damped oscillator” type of distribution: the average value of f0 over
U(τ, k) changes its sign with the parity of k and approaches 0 fast as k grows. In
short, if f has a damped oscillator distribution, there is no particular advantage
in choosing a permutation in the vicinity of the optimal permutation τ . For a

to the Hamming distance from the maximum point

Distribution of values of the objective function with respect 

Maximum 
value 

Large average Medium average Small average 

Fig. 2. Damped oscillator distribution

typical function f one can expect both γ1 and γ2 positive, so f would show
a “weak” bullseye distribution: the average value of f0 over U(τ, k) improves
moderately as k gets smaller, but not as dramatically as in the bullseye case of
Theorem 1.

Still, it turns out that we can sufficiently many reasonably good permutations
to get a version of Corollary 2 with only slightly worse constants.

Corollary 4. Let us choose an integer 3 ≤ k ≤ n− 5 and a number 0 < γ < 1
and let

β(n, k) =
k2 − 3k + 1
n2 − 3n+ 1

.

The probability that a random permutation σ ∈ Sn satisfies the inequality

f0(σ) ≥ γβ(n, k)f0(τ)

is at least
(1− γ)β(n, k)

10k!
.
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2.3 Symmetric Distribution

We now consider what happens when we relax the condition of constant row
and column sums. We will focus on the case of a symmetric matrix A, but the
situation for general A is similar. Overall, the distribution of values of f turns
out to be much more complicated than in the bullseye special case.

Theorem 5 (Symmetric Distribution). Let us define three functions of n
and k:

α1(n, k) =
2nk − 2n− k2 − 3k − ν(n− k) + 6

n2 − 5n+ 6

α2e(n, k) =
−nk + n+ k2 + k + ν(n− k)− 4

2n− 4
and

α2o(n, k) =
−n2k + nk2 + n2 + nk + nν(n− k)− 4n− 3k + 3

2n2 − 7n+ 3
,

where k = 0, 1, . . . , n− 2, n and ν is the function of Sect. 1.2.
If n is even, then for some non-negative γ1 and γ2 such that γ1 + γ2 = 1 we

have
1

|U(τ, k)|
∑

σ∈U(τ,k)

f0(σ) =
(
γ1α1(n, k) + γ2α2e(n, k)

)
f0(τ)

for k = 0, 1, . . . , n− 2, n.
If n is odd, then for some non-negative γ1 and γ2 such that γ1 + γ2 = 1 we

have
1

|U(τ, k)|
∑

σ∈U(τ,k)

f0(σ) =
(
γ1α1(n, k) + γ2α2o(n, k)

)
f0(τ)

for k = 0, 1, . . . , n− 2, n.

For any choice of γ1, γ2 ≥ 0 such that γ1 + γ2 = 1 there is a function f of
type (2) for which the averages of f0 over U(τ, k) are given by the formulas of
Theorem 5. Moreover, at least in the case where n is even, one can choose f to
be a function of type (1). We plan to include these proofs in [9].

Remark 6 (Spike Distribution). In Theorem 5, we see that there are two extreme
cases. If γ1 = 1 and γ2 = 0 then f has a bullseye type distribution described in
Sect. 2.1. If γ1 = 0 and γ2 = 1 then f has what we call a “spike” distribution. In
this case, for 2 ≤ k ≤ n−3 the average value of f0 over U(τ, k) is negative. Thus
an average permutation σ ∈ U(τ, n − 3) presents us with a worse choice than
the average permutation in Sn. However, the average value of f0 over U(τ, 0) is
about one half of the maximum value f0(τ). Thus there are plenty of reasonably
good permutations very far from τ and we can easily get such a permutation by
random sampling.

The distribution of a typical function f around its optimal permutation in
the symmetric QAP is a certain mixture of the bullseye and spike distributions.
This interference of the bullseye and spike distributions (which, in some sense,
are “pulling in the opposite directions”) provides, in our opinion, a plausible
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Maximum value Small average Large average

from the maximum point

Distribution of values of the objective function with respect to the Hamming distance

Fig. 3. Spike distribution

explanation of the computational hardness of the general symmetric QAP even
in comparison with other NP-hard problems such as TSP.

We obtain the following estimate for the number of near-optimal permuta-
tions.

Corollary 7. Let us choose an integer 3 ≤ k ≤ n− 3 and a number 0 < γ < 1
and let

β(n, k) =
3k − 5

n2 − kn+ k + 2n− 5
.

The probability that a random permutation σ ∈ Sn satisfies the inequality

f0(σ) ≥ γβ(n, k)f0(τ)

is at least
(1− γ)β(n, k)

5k!2k
.

One can notice that the obtained bound is essentially weaker than the bound
of Corollary 2.

2.4 Notes on General Distribution and Algorithms

If we consider the general (possibly asymmetric) case, the distribution is more
complicated. An arbitrary general distribution can be expressed as a convex
combination of 4 extreme distributions if n is even, and 5 if n is odd. Using this,
we can derive a bound not much worse than that of Corollary 7.

Corollary 8. Let us choose an integer 3 ≤ k ≤ n− 5 and a number 0 < γ < 1
and let

β(n, k) =
k − 2

n2 − nk + k − 2
.
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The probability that a random permutation σ ∈ Sn satisfies

f0(σ) ≥ γβ(k, n)f0(τ)

is at least
(1− γ)β(k, n)

5k!
.

We do not get any new type of a distribution, but we can find a sharper spike than
in the symmetric case. It is possible to construct a function f of type (2) where

Maximum value Below average value 

from the maximum point

with respect to the Hamming distance 

Distribution of values of the objective function

Fig. 4. Sharp spike distribution

the maximum value of 1 is attained at the identity and at every permutations
without fixed points. The value of f is negative on any permutation with at least
1 and at most n− 2 fixed points.

By choosing the appropriate k in Corollaries 4 and 8, we get the following
algorithmic interpretation of our results.

Corollary 9. 1. Let us fix any α > 1. Then there exists a δ = δ(α) > 0
such that for all sufficiently large n ≥ N(α) the probability that a random
permutation σ in Sn satisfies the inequality

f0(σ) ≥ α

n2 f0(τ)

is at least δn−2. In particular, one can choose δ = exp
{−cα lnα

}
for some

absolute constant c > 0. If, in problem (1), matrix A has constant row and
column sums, then one can choose δ = exp

{−c√α lnα
}
.
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2. Let us fix any ε > 0. Then there exists a δ = δ(ε) < 1 such that for all
sufficiently large n ≥ N(ε) the probability that a random permutation σ in
Sn satisfies the inequality

f0(σ) ≥ n−1−εf0(τ)

is at least exp{−nδ}. In particular, one can choose any δ > 1− ε.
If, in problem (1), matrix A has constant row and column sums, this bound
improves to

f0(σ) ≥ n−εf0(τ)

for any δ > 1− ε/2.
We conclude that for any fixed α > 1 there is a randomized algorithm of

O(n2) complexity which produces a permutation σ satisfying part 1 of Corol-
lary 9. This simple randomized algorithm produces a better bound in a more
general situation than some known deterministic algorithms based on semidefi-
nite relaxations of the QAP (cf. [10] and references therein).

If we are willing to settle for an algorithm of mildly exponential complexity
(that is, exp{nβ} for some β < 1), we can achieve the bound of Corollary 9,
part 2.

3 Methods

First, we comment that it is easy to compute the average value f of a function
f defined by (1) or (2).

Lemma 10. Let f : Sn −→ IR be a function defined by (1) for some n × n
matrices A = (aij) and B = (bij). Let us define

α1 =
∑

1≤i �=j≤n
aij , α2 =

n∑

i=1

aii and

β1 =
∑

1≤i �=j≤n
bij , β2 =

n∑

i=1

bii .

Then
f =

α1β1

n(n− 1)
+
α2β2

n
.

Similarly, if f is defined by (2) for some tensor C =
{
cijkl
}
, 1 ≤ i, j, k, l ≤ n

then
f =

1
n(n− 1)

∑

1≤i �=j≤n

∑

1≤k �=l≤n
cijkl +

1
n

∑

1≤i,l≤n
ciill .

The proof is found in [8].

Remark 11. Suppose that f(σ) = 〈B, σ(A)〉 for some matrices A and B and all
σ ∈ Sn is the objective function in the QAP (1) and suppose that the maximum
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value of f is attained at a permutation τ . Let A1 = τ(A) and let f1(σ) =
〈B, σ(A1)〉. Then f1(σ) = f(στ), hence the maximum value of f1 is attained
at the identity permutation ε and the distribution of values of f and f1 is the
same. We observe that if A is symmetric then A1 is also symmetric, and if A has
constant row and column sums and a constant diagonal then so does A1. Hence,
as far as the distribution of values of f is concerned, without loss of generality we
may assume that the maximum of f is attained at the identity permutation ε.

Next, we introduce our main tool.

Definition 12. Let f : Sn −→ IR be a function. Let us define function g :
Sn −→ IR by

g(σ) =
1
n!

∑

ω∈Sn

f(ω−1σω) . (3)

We call g the central projection of f .

It turns out that the central projection captures some important information
regarding the distribution of values of a function.

Lemma 13. Let f : Sn −→ IR be a function and let g be the central projection
of f . Then

– The averages of f and g over the k-th ring U(ε, k) around the identity per-
mutation coincide:

1
|U(ε, k)|

∑

σ∈U(ε,k)

f(σ) =
1

|U(ε, k)|
∑

σ∈U(ε,k)

g(σ) ;

– The average values of f and g on the symmetric group coincide: f = g;
– Suppose that f(ε) ≥ f(σ) for all σ ∈ Sn. Then g(ε) ≥ g(σ) for all σ ∈ Sn.

We study the distribution of values in the central projection and, using
Lemma 13, deduce various facts about the distribution of values of objective
functions of types (1) and (2).

3.1 Action of the Symmetric Group in the Space of Matrices

The crucial observation for our approach is that the vector space of all central
projections g of functions f defined by (1) or (2) is 4-, 3-, or 2- dimensional
depending on whether we consider the general case, the symmetric case, or the
bullseye case of Sect. 2. If we require, additionally, that f = 0 then the dimensions
drop by 1 to 3, 2 and 1, respectively. This fact is explained by the representation
theory of the symmetric group (see, for example, [6]).

In particular, Matn decomposes as the sum of four isotypical components of
the irreducible representations of the symmetric group in the space of matrices.
We write Matn = Ln+Ln−1,1+Ln−2,2+Ln−2,1,1 where each of the four subspaces
is invariant under conjugation by Sn. We describe these subspace, recalling that
n ≥ 4.
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Subspace Ln: Let L1
n be the space of constant matrices A:

aij = α for some α and all 1 ≤ i, j ≤ n .

Let L2
n be the subspace of scalar matrices A:

aij =
{
α if i = j
0 if i �= j

for some α .

Finally, Let Ln = L1
n +L2

n. One can observe that dimLn = 2 and that Ln is
the subspace of all matrices that remain fixed under the action of Sn.

Subspace Ln−1,1: Let L1
n−1,1 be the subspace of matrices with identical rows

and such that the sum of entries in each row is 0. Similarly, let L2
n−1,1 be the

subspace of matrices with identical columns and such that the sum of entries in
each column is 0. Finally, let L3

n−1,1 be the subspace of diagonal matrices whose
diagonal entries sum to zero. Let Ln−1,1 = L1

n−1,1 + L2
n−1,1 + L3

n−1,1. One can
check that the dimension of each of L1

n−1,1, L
2
n−1,1 and L3

n−1,1 is n− 1 and that
dimLn−1,1 = 3n− 3. Moreover, the subspaces L1

n−1,1, L
2
n−1,1 and L3

n−1,1 do not
contain non-trivial invariant subspaces. The action of Sn in Ln−1,1, although
non-trivial, is not very complicated. One can show that if A ∈ Ln−1,1 +Ln, then
the problem (1) of optimizing f(σ) reduces to the Linear Assignment Problem.

Subspace Ln−2,2: Let us define Ln−2,2 as the subspace of all symmetric ma-
trices A with row and column sums equal to 0 and zero diagonal. One can check
that Ln−2,2 is an invariant subspace and that dimLn−2,2 = (n2 − 3n)/2. Also,
Ln−2,2 contains no non-trivial invariant subspaces.

Subspace Ln−2,1,1: Let us define Ln−2,1,1 as the subset of all skew symmetric
matrices A with row and column sums equal to 0. One can check that Ln−2,1,1
is an invariant subspace and that dimLn−2,1,1 = (n2 − 3n)/2 + 1. Similarly,
Ln−2,1,1 contains no non-trivial invariant subspaces.

The following proposition from representation theory describes the central
projection g obtained from the quadratic function (1). We recall the definitions
of the central projection (Definition 12) and the functions p(σ) and t(σ) from
Sect. 1.2.

Proposition 14. For n× n matrices A and B, where n ≥ 4, let f : Sn −→ IR
be the function defined by (1) and let g : Sn −→ IR be the central projection of f .

1. If A ∈ Ln then g is a scalar multiple of the constant function

χn(σ) = 1 for all σ ∈ Sn ;

2. If A ∈ Ln−1,1 then g is a scalar multiple of the function

χn−1,1(σ) = p(σ)− 1 for all σ ∈ Sn ;
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3. If A ∈ Ln−2,2 then g is a scalar multiple of the function

χn−2,2(σ) = t(σ) +
1
2
p2(σ)− 3

2
p(σ) for all σ ∈ Sn ;

4. If A ∈ Ln−2,1,1 then g is a scalar multiple of the function

χn−2,1,1(σ) =
1
2
p2(σ)− 3

2
p(σ)− t(σ) + 1 for all σ ∈ Sn .

Proposition 14 follows from the representation theory of the symmetric group
(see, for example, Part 1 of [6]). The functions χn, χn−1,1, χn−2,2 and χn−2,1,1
are the characters of corresponding irreducible representations of Sn for n ≥ 4
(see Lecture 4 of [6]). The irreducible characters are linearly independent, and,
moreover orthonormal.

3.2 Proof Techniques

Theorem 1: Consider the situation of Theorem 1. The conditions on A are
exactly that A ∈ Ln + Ln−2,2. Without loss of generality, we may assume that
the maximum of f0(σ) is attained at the identity permutation ε. Excluding the
non-interesting case of f0 ≡ 0, by scaling f , if necessary, we can assume that
f0(ε) = 1. Let g be the central projection of f0. Then we have g = 0 and
1 = g(ε) ≥ g(σ) for all σ ∈ Sn. Moreover, since A ∈ Ln+Ln−2,2, by Parts 1 and
3 of Proposition 14, g must be a linear combination of the constant function χn
and χn−2,2. Since g = 0, g should be proportional to χn−2,2 and since g(ε) = 1,
we have

g(σ) =
2

n2 − 3n
χn−2,2 =

2t(σ) + p2(σ)− 3p(σ)
n2 − 3n

.

On a given ring U(ε, k), the value of p(σ) is constant. A technical calculation
gives us the sum of t over the permutations in U(ε, k).
Lemma 15. We have

1
|U(ε, k)|

∑

σ∈U(ε,k)

t(σ) =
1
2
ν(k),

where ν(k) is the function of 1.2 and ε is the identity permutation.
The proof is a combinatorial exercise, and will be included in [9].

Theorem 3: Now consider the situation of Theorem 3, where A has constant
row and column sums, but may not be symmetric. We have A ∈ Ln + Ln−2,2 +
Ln−2,1,1. Using the normalizations we applied to the bullseye case, we get the
central projection g of f0 to be a linear combination of χn−2,2 and χn−2,1,1.
The condition that g is maximized at the identity can be interpreted as a finite
set of linear inequalities g(ε) ≥ g(σ) for ε �= σ ∈ Sn. These define a cone in
IR2. After eliminating redundant inequalities, we find the cone is generated by
two functions of (p, t) with one depending on the parity of n. With the added
restriction that g(ε) = 1, we find that g is a convex combination of two extreme
functions.

Summing these two extreme functions over the ring U(ε, k) gives Theorem 3.
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Theorem 5: If we take A to be symmetric, as in Theorem 5 but don’t require it
to have constant row and column sums, then we have A ∈ Ln+Ln−1,1 +Ln−2,2.
Proceeding as in the pure case, we can express the central projection g of f0 as
a convex combination of two extreme functions, and sum over the ring U(ε, k).

For general A, we can extend our methods to the three-dimensional linear
space spanned by χn−1,1, χn−2,2 and χn−2,1,1. In this case we will arrive at four
or five extreme distributions depending on the parity of n. Further details will
be included in [9].

Notes and Lemmas: To get the frequency estimate of Corollary 2, we need
to estimate the number of permutations with a given number fixed points and
2-cycles. We recall the conjugacy class structure of the symmetric group.

Let us fix a permutation ρ ∈ Sn. As ω ranges over the symmetric group Sn,
the permutation ω−1ρω ranges over the conjugacy class X(ρ) of ρ, that is the set
of permutations that have the same cycle structure as ρ. The central projection
(3) is exactly the function g whose value at each permutation σ is the average
of f on the equivalence class of that permutation.

To get estimates on f from our estimates on g, we will rely on a Markov type
lemma, which asserts, roughly, that a function with a sufficiently large average
takes sufficiently large values sufficiently often.

Lemma 16. Let X be a finite set and let f : X −→ IR be a function. Suppose
that f(x) ≤ 1 for all x ∈ X and that

1
|X|

∑

x∈X
f(x) ≥ β for some β > 0 .

Then for any 0 < γ < 1 we have
∣
∣
{
x ∈ X : f(x) ≥ βγ}∣∣ ≥ β(1− γ)|X| .

Proof. We have

β ≤ 1
|X|

∑

x∈X
f(x) =

1
|X|

∑

x:f(x)<βγ

f(x) +
1
|X|

∑

x:f(x)≥βγ
f(x)

≤ βγ +

∣
∣
{
x : f(x) ≥ βγ}∣∣

|X| .

Hence ∣
∣{x : f(x) ≥ βγ}∣∣ ≥ β(1− γ)|X| .

We use generating series to calculate the number of permutations with given
cycle structures. Let us fix some positive integers ci : i = 1, . . . ,m and let an be
the number of permutations in Sn that have no cycles of length ci for 1 ≤ i ≤ m.
The exponential generating function for an is given by

∞∑

n=0

an
n!
xn =

1
1− x exp

{
−

m∑

i=1

xci

ci

}
,
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where we agree that a0 = 1, see, for example, pp. 170–173 of [7]. It follows that
the number of permutations σ ∈ Sn without fixed points is asymptotically e−1n! .
More precisely, it is equal to dnn! , where dn is as defined in Sect. 1.2. Similarly,
the number of permutations without fixed points and 2-cycles is asymptotically
e−3/2n! . We will use that the first number exceeds n!/3 and the second number
exceeds n!/5 for n ≥ 5.

Corollary 2: We can now prove Corollary 2. We again scale f0 so that its
maximum is 1.

Let us estimate the cardinality |U(τ, n − k)| = |U(ε, n − k)|. Since σ ∈
U(ε, n−k) if and only if σ has k fixed points, to choose a σ ∈ U(ε, n−k) one has
to choose k points in

(
n
k

)
ways and then choose a permutation of the remaining

n− k points without fixed points. Estimating the number of permutations with
no fixed points, we get

|U(τ, n− k)| ≥
(
n

k

)

(n− k)!/3 =
n!
3k!

.

Applying Lemma 16 with β = β(n, k) and X = U(τ, n− k), from Theorem 1
we conclude that

P
{
σ ∈ Sn : f0(σ) ≥ γβ(n, k)

}
≥ (1− γ)β(n, k)|U(τ, n− k)|

n!
≥ (1− γ)β(n, k)

3k!
.

Corollaries 4, 7 and 8: To prove Corollaries 4, 7 and 8, we look at the
extreme distributions found in the corresponding theorems. For the pure case,
both extreme distributions (the bullseye and the damped oscillator) have enough
good values near the optimum to produce the estimate of Corollary 4. Then it
is not hard to show that the estimates also hold on convex combinations of the
two extreme distributions.

The strategy of picking permutations close to the optimum fails in the general
symmetric case of Theorem 5, because there are relatively few good permutations
close to the optimum in the spike distribution. However, in the case of the spike
distribution there are many permutations with no fixed points that yield good
objective values. It is possible to show that for any convex combination of the
spike and bullseye distributions from the symmetric case that either the strategy
of picking points close to the optimum or the strategy of picking points far from
the optimum yields enough permutations to give the bound of Corollary 7. Note
that this bound is weaker than the bound of Corollary 4. Similarly, the bound of
Corollary 8 is obtained by showing that a suitable strategy works for any convex
combination of the four or five extreme distributions of the general case.

These computations are technical, and will be included in [9].
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4 Concluding Remarks and Open Questions

The estimates of Theorems 1 and 5 on the number of near-optimal permutations
can be used to bound the optimal value by a sample optimum in branch-and-
bound algorithms. Those estimates are (nearly) best possible for the generalized
problem (2). However, it is not clear whether they can be improved in the case
of standard QAP (1), or how to improve them in interesting special cases. In
particular, we ask the following

• Question: Let f : Sn −→ IR be the objective function in the Traveling Salesman
Problem (cf. Sect. 2.1), let f be the average value of f and let f0 = f − f . Let τ
be an optimal permutation, so that f0(τ) ≥ f0(σ) for all σ ∈ Sn. Is it true that
for any fixed γ > 0 there is a number δ = δ(γ) > 0 such that the probability
that a random permutation σ ∈ Sn satisfies the inequality f0(σ) ≥ γ

n
f0(τ) is at

least n−δ for all sufficiently large n?

Another question is whether approximations can be obtained deterministi-
cally. The random sampling algorithm in the “bullseye” case can be relatively
easily derandomized. Whether the same is true for the sampling algorithms in
the non-bullseye cases is not clear at the moment.

Our methods can be applied to study the distribution of values in the As-
signment Problems of higher order and their special cases, such as the Weighted
Hypergraph Matching Problem.
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Abstract. The linear programming duality is well understood and the
reduced cost of a column is frequently used in various algorithms. On
the other hand, for integer programs it is not clear how to define a
dual function even though the subadditive dual theory was developed
a long time ago. In this work we propose a family of computationally
tractable subadditive dual functions for integer programs. We develop a
solution methodology that computes an optimal primal solution and an
optimal subadditive dual function. We report computational results for
set partitioning instances. To the best of our knowledge these are the
first computational experiments on computing the optimal subadditive
dual function.

1 Introduction

The LP duality was established a long time ago. With each primal problem there
is an associated dual problem with the same optimal objective value. Many algo-
rithms compute both a primal and a dual solution, e.g. simplex and primal-dual
algorithms. Given a dual vector we define the reduced cost of a column, which es-
timates how much would the addition of the column change the objective value,
and the sensitivity analysis can be carried out using the dual information. Large-
scale LPs can be efficiently solved with SPRINT, see e.g. Anbil et al. (1992).
The idea of SPRINT is to solve many small LP subproblems and gradually add
columns to the subproblem based on the reduced cost values. Columns with small
reduced cost are more likely to improve the incumbent solution and therefore
they are appended to the subproblem.

This paper addresses the questions of a dual function, reduced cost, and sen-
sitivity analysis for IPs. The original motivation for this study was in designing
an algorithm for large-scale IPs that mimics SPRINT. Such an approach solves
at each iteration an IP consisting of a small subset of columns. Columns are then
appended to the current IP and the problem is reoptimized. The key question
related to the success of this approach is what columns to append, i.e. what
is the equivalent notion to the LP reduced cost. Dual vectors are also used in
the Benders decomposition algorithms, see e.g. Nemhauser and Wolsey (1988).
Currently these approaches can be applied only to mixed integer linear programs
since they require a dual vector. But if applied to IPs, they raise the question
of a dual function for IPs. In LP it is known that all the alternative optimal
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solutions can be found among the columns with zero reduced cost. It would be
very useful if we can produce alternative IP solutions, e.g. among several optimal
solutions we can select the most robust one. Again, as shown in this work, an
available dual function for IPs makes such a task much easier.

For integer programs the subadditive duality developed first by Johnson (1973)
gives us a partial answer to these questions.

Definition 1. A function F : IRm → IR is subadditive on Z ⊆ IRm if F (x+y) ≤
F (x) + F (y) for all x ∈ Z, y ∈ Z such that x+ y ∈ Z.

If Z is not specified, we assume Z = IRm. Johnson showed that for a feasible IP

min cx

Ax = b

x ∈ ZZn+
=

max F (b)
F (ai) ≤ ci i = 1, . . . , n
F subadditive ,

(1)

where A = (a1, . . . , an) ∈ ZZm×n, b ∈ ZZm, c ∈ ZZn. We refer to the second
problem as the subadditive dual problem. At least theoretically the answer to
all of the raised questions are in the optimal subadditive function (OSF) F .
In other words, the analog to the optimal dual vector in LP is the OSF. The
reduced cost of a column i can be defined as ci − F (ai) and most of the other
properties from LP carry over to IP, e.g. complementary slackness, F (b) provides
a lower bound on the optimal IP value, and the alternative optimal solutions
can be found only among the columns i with ci = F (ai). However there are
still two fundamental issues that need to be addressed; how to encode F and
how to compute F . Theory tells us that an OSF can always be obtained as
a composition of C-G inequalities, see e.g. Nemhauser and Wolsey (1988), but
such a function would be hard to encode and hard to evaluate. Very little is
known about how to compute an OSF. Llewellyn and Ryan (1993) show how
an OSF can be constructed from Gomory cuts. Our work originates from the
work done by Burdet and Johnson (1977), where an algorithm for solving an IP
based on subadditivity is presented. Both of these two works do not present any
computational experiments.

We give a new family of subadditive functions that is easy to encode and
often easy to evaluate. We present an algorithm that computes an OSF. As
part of the algorithm we give several new theorems that further shed light on
OSFs. The contribution of this research goes beyond a novel methodology for
computing an OSF. There are many implications of having an OSF: the reduced
cost can be defined, the sensitivity analysis can be performed, we can obtain
alternative optimal solutions, and new approaches for large-scale IPs can be
developed (‘integer’ SPRINT, Benders decomposition for IPs).

In Sect. 2 we present a new subadditive function that is computationally
tractable. We give several interesting properties of this function. In addition we
generalize the concept of reduced cost fixing. Sect. 3 first outlines the algorithm
that computes an optimal primal solution and an OSF. We show how to obtain
an OSF given an OSF of the preprocessed problem and we show how to obtain
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an initial subadditive function from the LP formulation with clique inequalities.
In this section we also present the entire algorithm that computes an optimal
primal solution and an OSF. In the last section we report the computational
experiments. We conclude the introduction with a brief description of the Burdet-
Johnson algorithm.

The Burdet-Johnson Algorithm

Burdet and Johnson show that there is a subadditive function π : IRn → IR such
that π(ei) ≤ ci for every column i, and the optimal value zIP to the IP equals to
minx feasible to IP

∑
i∈N πixi. Here ei is the ith unit vector and N = {1, 2, . . . , n}

are the column indices. Note that such a function does not serve our purpose
since it is defined on the set of all the columns and not rows. Based on π we do
not see an appropriate way to define the reduced cost. However we do use such
a π to obtain a good starting point for our desired F .

Their subadditive function is based on the concept of generator subsets.
Given a subinclusive set E ∈ ZZn+, i.e. if y ∈ E then for every 0 ≤ x ≤ y
it follows that x ∈ E, and a vector δ ∈ IRn they define a function π(x) =
maxy∈E∩S

¯
(x) cy + δ(x− y), where S

¯
(x) = {y ∈ ZZn+ : y ≤ x}. A candidate set H

is defined as H = {x ∈ ZZn+ : x /∈ E,S
¯
(x) \ {x} ⊆ E}. They showed that if

π(x1 + x2) ≤ cx1 + cx2 (2)

for all x1 ∈ E, x2 ∈ E and x1 + x2 ∈ H, then π is subadditive.
Their algorithm starts with E = ∅ and δ equal to the optimal dual vector

of the LP relaxation. In every iteration first E is expanded, which is called
the enumeration step, and then δ is adjusted. The enumeration step selects an
element from H and appends it to E. This operation is followed by an update
of H and δ has to be adjusted to satisfy (2), i.e. subadditivity. Given fixed E
and H, the maximum dual objective value is obtained by solving the LP

max π0 (3a)
π0 − δ(x− y) ≤ cy for all y ∈ E, x feasible to IP, and y ≤ x (3b)

δx ≤ cx x ∈ H (3c)
δ, π0 unrestricted . (3d)

Burdet and Johnson show that (3b) give the dual objective value and that (3c)
are equivalent to (2). In other words, we maximize the dual objective value
by (3b) while maintaining subadditivity with (3c). The enumeration step and
the adjustment of δ are then iterated until an optimal solution is found. The
algorithm is given in Algorithm 1, where we denote by wD the best lower bound
on zIP.

We tried to implement this algorithm but we were not able to solve even
very small problems. We took this framework and we substantially enhanced
the algorithm. We present the enhanced algorithm in Sect. 3.3.
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1: E = ∅, H = {ei : i ∈ N}, δ = optimal dual vector of the LP relaxation,
wD = −∞.

2: loop
3: x̄ = argmin{ cxδx : x ∈ H, δx > 0}
4: E = E∪{x̄}, H = H∪{x̄+ei : i ∈ N, y ∈ E for every y ≤ x̄+ei, y ∈ ZZn+}
5: Update δ by solving (3). Let π∗

0 be the optimal value.
6: wD = max{wD, π∗

0}
7: If wD = min{cx : x ∈ H,Ax = b}, then we have solved the IP and exit.
8: end loop

Algorithm 1. The Burdet-Johnson algorithm

2 The Generator Subadditive Functions

Here we present the approach only for the set partitioning problems min{cx :
Ax = 1, x binary}, where 1 is a vector with all components equal to 1. We denote
by zIP the optimal value. In addition, we assume that the problem is feasible.
The extension to general IPs, the theory for infeasible IPs, and additional results
are given in Klabjan (2001b) and Klabjan (2001a).

Given a vector α ∈ IRm, we define a generator subadditive function Fα :
IRm → IR as

Fα(d) = αd−max
∑

i∈E
(αai − ci)xi

AEx ≤ d
x binary ,

where E = {i ∈ N : αai > ci} is a generator set and AE is the submatrix of A
corresponding to the columns in E. The generator set E depends on α but for
simplicity of notation we do not show this dependence in our notation. Whenever
an ambiguity can occur, we write E(α). In addition, for simplicity of notation
we write H = N \ E.

It is easy to see that Fα is a subadditive function. It is also easy to see
that Fα(ai) ≤ αai ≤ ci for all i ∈ H by taking x = 0 in max{(αAE − cE)x :
AEx ≤ ai, x ∈ ZZ |E|

+ } and that Fα(ai) ≤ ci for all i ∈ E by considering x = ei

in max{(αAE − cE)x : AEx ≤ ai, x ∈ ZZ
|E|
+ }. Therefore Fα(ai) ≤ ci for all

i ∈ N . This shows that Fα is a feasible subadditive function and therefore Fα(1)
provides a lower bound on zIP. The vector α is a generalization of dual vectors
of the LP relaxation. Every dual feasible vector α to the LP relaxation has to
satisfy αai ≤ ci for all i ∈ N , however α in the definition of Fα can violate some
of these constraints. Indeed, if y∗ is an optimal solution to the dual of the LP
relaxation of the IP, then E = ∅ and Fy∗ gives the value of the LP relaxation.

The equivalence (1) states that among all the subadditive dual functions there
is one that attains the equality however it does not say anything for specially
structured subadditive functions like Fα.
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Theorem 1. There exists an α such that Fα is an OSF, i.e. Fα(1) = zIP.

Since potentially we want to use Fα to compute reduced costs ci − F (ai)
for many columns i, e.g. the idea of an integral SPRINT, it is desirable that
the cardinality of E is small. Our computational experiments show that this is
indeed the case in practice. Even problems with 100,000 columns have only up
to 300 columns in E.

Theorem 1 can be proved directly but here we give a constructive proof based
on valid inequalities.

Proposition 1. Let πjx ≤ πj0, j ∈ J be valid inequalities for {Ax ≤ 1, x ∈
ZZn+}. Let

z∗ = min cx

Ax = 1 (4)

πjx ≤ πj0 j ∈ J
x ≥ 0

and let (α, γ) be an optimal dual vector to this LP, where α corresponds to
constraints (4). Then Fα(1) ≥ z∗.

Proof. The dual of the LP stated in the proposition reads

max 1α−
∑

j∈J
πj0γj

aiα−
∑

j∈J
πji γj ≤ ci i ∈ N (5)

α unrestricted, γ ≥ 0 .

The optimal value of this LP is z∗ and let (α, γ) be an optimal vector. The
statement Fα(1) ≥ z∗ is equivalent to

max{(αAE − cE)x : AEx ≤ 1, x binary} ≤ 1α− z∗ . (6)

Let x be a binary vector such that AEx ≤ 1. We have

(αAE − cE)x ≤
∑

i∈E

∑

j∈J
xiπ

j
i γj (7)

=
∑

j∈J
γj
∑

i∈E
πji xi ≤

∑

j∈J
γjπ

j
0 = 1α− z∗ , (8)

where (7) follows from (5), and the inequality in (8) holds since πjx ≤ πj0, j ∈ J
are valid inequalities for {AEx ≤ 1, x binary} and γ ≥ 0. This shows (6) and it
proves the claim. 	


Theorem 1 now easily follows from Proposition 1 since the convex hull of
{Ax = 1, x ∈ ZZn+} can be obtained from valid inequalities to {Ax ≤ 1, x ∈
ZZn+}. Next we give two theorems that have a counterpart in LP and are used
in our algorithm.
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Theorem 2 (Complementary slackness). Let x∗ be an optimal primal so-
lution. If x∗

i = 1, then αai ≥ ci in a generator OSF Fα.

This theorem easily follows from the general complementary slackness condition
x∗
i (ci − F (ai)) = 0, where x∗ is an optimal solution and F an OSF.

Since Fα is always a valid subadditive function, Fα(1) is a lower bound on
zIP. In IP the reduced cost fixing based on an LP solution is a commonly used
technique for fixing the variables to 0. The next theorem establishes an equivalent
condition based on a subadditive dual function.

Theorem 3 (Extended reduced cost fixing). Let F be a feasible subadditive
dual function, i.e. F is subadditive and F (ai) ≤ ci for all i ∈ N , and let z̄IP be
an upper bound on zIP. If ck − F (ak) ≥ z̄IP − F (1) for a column k ∈ N , then
there is an optimal solution with xk = 0.

Proof. Let k be a variable index such that ck − F (ak) ≥ z̄IP − F (1). Consider
the IP min{cx : Ax = 1, xk = 1, x ∈ ZZn+}. We show that the optimal value of
this IP is greater or equal to z̄IP.

The subadditive dual problem of this IP reads

max G(1, 1)
G(ai, 0) ≤ ci i ∈ N − {k}
G(ak, 1) ≤ ck

G subadditive ,

(9)

where the extra coordinate in columns corresponds to the constraint xk = 1.
Consider the feasible subadditive function Ḡ(d, s) = F (d)+(ck−F (ak))s to (9).
The objective value of this function is Ḡ(1, 1) = F (1)+(ck−F (ak))1 ≥ z̄IP and
therefore the objective value of the subadditive dual problem (9) is at least z̄IP.
This in turn implies that the objective value of the IP with xk = 1 is at least
z̄IP, which concludes the proof. 	


If F is a subadditive valid function, then
∑
i∈N F (ai)xi ≥ F (1) is a valid

subadditive function, Nemhauser and Wolsey (1988). Therefore for F = Fα we
get that ∑

i∈E
cixi +

∑

i∈H
(αai)xi ≥ Fα(1) (10)

is a valid inequality. These inequalities are used in our computational experi-
ments.

2.1 Basic and Minimal Generator Subadditive Functions

Note that the generator subadditive functions form an infinite family of func-
tions since α is arbitrary. In linear programming extreme points suffice to solve
the dual problem and there are only a finite number of them. A similar result
holds for the generator subadditive functions. Namely, it suffices to consider
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only those generator subadditive functions, called basic generator subadditive
functions, with α an extreme point of a certain polyhedra. By using these func-
tions we can extend the traditional Benders decomposition algorithm for mixed
integer programs to integer programs. The details are given in Klabjan (2001b).
In addition, if (10) is a facet, then Fα is a basic generator subadditive function.

A valid inequality is minimal if is not dominated by any other valid in-
equality. A generator subadditive function is minimal if (10) is a minimal valid
inequality. Minimal generator subadditive functions have two interesting proper-
ties. Consider the set packing problem max{(αAE − cE)x : AEx ≤ 1, x binary}.
Fα is a minimal generator subadditive function if and only if this set pack-
ing problem has an optimal solution x∗ such that there is a binary vector
x′ with A(x′ + x∗) = 1. The following more interesting property is shown in
Klabjan (2001b). If Fα is minimal generator subadditive function, than for ev-
ery i ∈ E there is an optimal solution x∗ to the set packing problem with x∗

i = 1.
This statement shows that this set packing problem has a wide variety of optimal
solutions. Since a generator OSF is minimal, these properties can facilitate us in
designing algorithms for obtaining all optimal primal solutions.

3 Solution Methodology

We first briefly describe the main ideas of our algorithm that finds a primal
optimal solution and it simultaneously computes an OSF Fα.

We first preprocess the problem. We use all of the 9 preprocessing rules de-
scribed in Borndorfer (1998) except that we do not check for dominated columns.
In addition, we have detected 2 more preprocessing rules. In the next step we
solve the LP relaxation of the preprocessed problem and we add clique inequali-
ties, Nemhauser and Wolsey (1988). They are separated with a standard heuris-
tic. Next we form an initial E by considering the dual prices of the LP relaxation
with cliques.

Computational experiments have shown that finding in one ‘attempt’ an OSF
is not computationally tractable. Instead we gradually remove columns that do
not change the optimal value from the problem. This has an implication that the
resulting OSF is not necessarily subadditive in IRm but it is only subadditive on
a subset of still active columns. The algorithm proceeds in 3 stages. In stage 1 an
optimal primal solution and an optimal subadditive function is found. However
the subadditive function is only subadditive on a small subset of columns. In this
stage we use the Burdet-Johnson framework. In stage 2 we improve subadditivity
by obtaining a subadditive function that satisfies the complementary slackness
conditions. The resulting function is still not necessarily subadditive on all the
columns but it turns out that only few columns violate subadditivity. In stage 3
we do the last correction to make the function subadditive on IRm.

3.1 Preprocessing and the Generator Subadditive Functions

The problem is first preprocessed and then a generator OSF is found. Since we
want to obtain an OSF to the original problem, we have to show how to get
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such a function given an OSF to the preprocessed problem. In preprocessing
the preprocessing rules are iteratively applied. All of the 10 preprocessing rules
are applied in several passes until in the last pass we do not further reduce the
problem. To be able to construct an OSF of the original problem, we have to
show how each preprocessing rule affects the subadditive function. If we want
to easily construct the function, then we have to show how to obtain an OSF
Fᾱ from an OSF Fα of the preprocessed problem, after one step of a given
preprocessing rule. It is crucial here that the new function is again a generator
subadditive function since otherwise we loose the structure and it would be hard
to successfully unwind the preprocessing steps.

Fortunately for most of the preprocessing rules we can apply the following
proposition. For an i ∈ N let Ai = {j ∈M : aji = 1}, where M = {1, . . . ,m} is
the set of all the rows, and similarly for j ∈M let Aj = {i ∈ N : aji = 1}.
Proposition 2. Let Fα be an OSF for min{cx : Ax = 1, x binary} and let
r be a row of A. Let an+1 be a new column with the cost cn+1. Furthermore,
let r /∈ An+1, let

∑
i∈Ar xi + xn+1 ≤ 1 be a valid inequality for {(x, xn+1) :

Ax+an+1xn+1 ≤ 1, x binary, xn+1 binary}, and let us define Fα(an+1) = αan+1.
Then the LP

min 1y

aiy ≤ ci − Fα(ai) i ∈ N −Ar
(ai − 1)y ≤ ci − Fα(ai) i ∈ Ar and i = n+ 1

1y ≥ 0

has an optimal solution y∗ and Fα+y∗ is an OSF for min{cx+ cn+1xn+1 : Ax+
an+1xn+1 = 1, x binary, xn+1 binary}.

Let us show how to use the theorem for dominated rows. If r, n+ 1 are two
rows such that Ar ⊆ An+1, then we can fix to 0 all the variables in An+1 \ Ar
and we can remove row n+1 from the problem. Suppose now that Fᾱ is an OSF
for the problem without row n+ 1 and the columns in An+1 \ Ar. First we can
append back row n + 1 without the columns in An+1 \ Ar to the matrix and
define α = (ᾱ, 0) − (ᾱr/2)er + (ᾱr/2)en+1. It is easy to see that Fα is an OSF
for the new problem. Now we can handle the removed columns from An+1 \Ar
by Proposition 2 to get an OSF for the original problem.

3.2 Clique Inequalities and the Generator Subadditive Functions

Consider the LP relaxation together with some clique inequalities. The LP value
gives a lower bound on zIP. In our algorithm we use the following corollary to
Proposition 1.

Corollary 1. Let

zclq = min{cx : Ax = 1,
∑

i∈Cj

xi ≤ 1 j ∈ J, x ≥ 0} ,
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where Cj , j ∈ J , are cliques in the conflict graph. Let α be the optimal dual
vector corresponding to constraints Ax = 1. Then Fα has the value at least zclq,
i.e. Fα(1) ≥ zclq.
If we can solve a set partitioning problem to optimality by adding clique inequal-
ities, then by Corollary 1 the generator OSF is readily available.

In our implementation we first run a primal heuristic to obtain z̄IP, which
is the best known upper bound on zIP. Then we solve the LP relaxation with
cliques and we run the primal heuristic again but this time with the strengthen
formulation with cliques. At the end we apply reduced cost fixing.

3.3 Stage 1: Obtaining an Optimal Primal Solution
with the Use of Subadditive Functions

In this stage we find an optimal primal solution and an approximate subadditive
dual function by using the Burdet-Johnson framework. Since we are interested
in obtaining a subadditive function in IRm, we choose δ = αA, where α is an
unknown vector. This mapping also substantially simplifies (3b) since now they
read π0 − 1α+ α(Ay) ≤ cy for all y ∈ E.

We first enhance their algorithm with a concept that is the equivalent to prun-
ing in branch-and-bound algorithms. Instead of searching for a subadditive func-
tion in all IRn we require subadditivity only on {x : Ax = 1, cx < z̄IP, x binary}.
It means that we can remove from H all the elements that yield an objective
function value larger than z̄IP. Namely, if h ∈ H and

min{cx : Ax = 1, xi = 1 for all i with hi = 1, x ≥ 0} (11)

is greater or equal to z̄IP, then h can be removed from H. However computing
this LP for every element in H is too expensive and therefore we compute the
exact value only for the element that is selected to be added to E. Note that
the cardinality of H can double in each iteration. For the candidate element h,
if the objective value of (11) is greater or equal to z̄IP , then h is permanently
removed from consideration and the selection process is repeated.

The second major enhancement we employ is the selection of an element from
H that is added to E. In view of the above discussion, we would like to append
to E such an element that introduces the fewer number of new elements in H.
Note that the elements in H yield constraints (3c) and therefore it is desirable
to have only a small number of them. It can be seen that this is equivalent to
maximizing (11) and therefore selecting an element from H that has the highest
objective value of (11) is beneficial for both goals, i.e. pruning and having a
small H. We avoid computing (11) for every element in H by using pseudo costs,
Nemhauser and Wolsey (1988). On the other hand, when an element is moved
from H to E, the corresponding constraint (3c) is relaxed into a constraint (3b).
Therefore we would like to relax the most binding constraint, i.e. a constraint
with αAh = ch.

The overall selection can be summarized as follows. Among all the elements
h in H that satisfy αAh = ch, we select the element with the largest pseudo cost
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since such an element is most likely to be pruned and it keeps H small. Next
we solve (11) and if the element can be pruned, we permanently delete it and
we repeat the selection procedure. Otherwise the element is added to E. If the
solution to (11) is integral and better than the best known primal solution so
far, we update z̄IP.

At every iteration we apply the extended reduced cost fixing and we add to
the problem (11) the subadditivity cut resulting from the current subadditive
function.

Note that at the end we assert that there are no feasible solution, i.e. the cur-
rent solution is optimal. We are optimal when {x : Ax = 1, cx < z̄IP, x binary}
is empty, which implies that there is a subadditive function with infinity objec-
tive value. Therefore the stopping criteria is when the dual objective π0 becomes
greater or equal to z̄IP.

3.4 Stage 2: Improving the Feasibility
of the Subadditive Dual Function

The goal of this stage is to obtain a subadditive function that is subadditive
on the set {x : Ax = 1, cx ≤ zIP, x binary}. Such a function has to satisfy the
complementary slackness conditions.

This stage is very similar to stage 1. In stage 1 we record E and H every
time we obtain a better primal solution. The last recorded E and H are used as
a warm start for stage 2. The algorithm follows closely the algorithm in stage 1
with a few changes. The selection of an element from H that is added to E is
now more targeted toward improving the dual objective.

3.5 Stage 3: Computing a Generator Optimal Subadditive Function

In this stage we obtain a generator OSF. We take α from stage 2 as a starting
point. Fα is an OSF on all the columns that have not been pruned in stage 2.
This Fα is not necessarily an OSF since the columns i that have been pruned may
have αai > ci. In this case we would have to add i to E, which can potentially
decrease Fα(1). We call the columns that have been pruned in stage 2 and
have αai > ci infeasible columns. Typically we have several thousand infeasible
columns. Stage 3 makes these columns feasible by modifying E and α.

First we reduce the number of infeasible columns by slightly adjusting α. The
procedure is based on the following theorem.

Theorem 4. Let Fα be a generator OSF for the set partitioning problem with
the input data c and A, let cn+1, an+1 be a column with αan+1 > cn+1, and
assume that

min
∑

i∈N
(ci − Fα(ai))xi + (cn+1 − αan+1)xn+1

Ax+ an+1xn+1 = 1 (12)
x ≥ 0, xn+1 ≥ 0
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is greater or equal to 0. If γ is an optimal dual vector to this LP, then Fα+γ is a
generator OSF for the set partitioning problem with the input data (c, cn+1) and
(A, an+1).

Proof. First note that the objective value of (12) is 0 since the optimal IP
solution gives the objective value 0. Therefore γ1 = 0. For all i ∈ H ∪ {n + 1}
clearly (α+γ)ai ≤ ci since γ is dual feasible to (12). This implies that E(α+γ) ⊆
E.

It suffices to show that

max{((α+γ)AE−cE)x : AEx ≤ 1, x ∈ ZZ|E|
+ } ≤ (α+γ)1−Fα(1) = α1−Fα(1) .

(13)
Let x be a binary vector with AEx ≤ 1. For every i ∈ E let Fα(ai) = αai −
(αAE − cE)zi, where AEzi ≤ ai, zi ∈ ZZ |E|

+ . Then we have
∑

i∈E
(γai + αai − ci)xi≤

∑

i∈E
(αAE − cE)zixi = (αAE − cE)

∑

i∈E
zixi

≤max{(αAE − cE)x : AEx ≤ 1, x ∈ ZZ|E|
+ } = α1− Fα(1),

where the first inequality follows from dual feasibility of γ to (12) and the second
one from

AE(
∑

i∈E
zixi) =

∑

i∈E
(AEzi)xi ≤

∑

i∈E
aixi ≤ 1 .

The last equality holds by optimality of Fα. This shows (13) and therefore the
claim. 	


Note that if xn+1 = 0 in the above LP, then the objective value is 0 since all
of the coefficients are nonnegative and the optimal IP solution gives a solution
with 0 objective value. Therefore the condition in the theorem is likely to hold.
We apply this theorem iteratively for all the infeasible columns. If the condition
is not met, then we leave the column infeasible. This procedure reduces the
number of infeasible columns from several thousand to only a dozen.

Obtaining feasibility for remaining infeasible columns is the most computa-
tionally intensive part of the entire algorithm and we call the next algorithm
the enlarge generator algorithm. For each infeasible column i we proceed as fol-
lows. We add i to E to obtain a generator subadditive function that satisfies
the complementary slackness but it is not necessarily optimal since the addition
of a new column to E can reduce the value of max{∑i∈E(αai − ci)xi : AEx ≤
1, x binary}. Given E we maximize the dual value by solving the LP

max η (14a)

η + α(AEx− 1) ≤ cEx AEx ≤ 1, x binary (14b)
αai ≤ ci i ∈ H (14c)
αai ≥ ci x∗

i = 1 (14d)
(η, α) ∈ IR× IRm . (14e)
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Here we assume that x∗ is an optimal solution to the set partitioning problem,
which has already been obtained in phase 1. Constraints (14d) express the com-
plementary slackness conditions (see Theorem 2). Given a solution to this LP,
we choose a column from H with the largest dual value and we move it from H
to E. The process is repeated until the objective value π becomes z̄IP.

Next we describe how we solve (14). This LP has a large number of rows due
to the large number of feasible solutions to {AEx ≤ 1, x binary} and therefore
it is solved by row generation. Given an optimal solution (η∗, α∗) to (14) with
only a subset of rows (14b), we have to find the most violated row by solving
the set packing problem

z∗ = max{(α∗AE − cE)x : AEx ≤ 1, x binary} . (15)

If z∗ ≤ 1α∗− η∗, then (η∗, α∗) is an optimal solution to (14). Otherwise, we add
the constraint η+α(AEx∗−1) ≤ cEx∗ to (14), where x∗ is the optimal solution
to (15), and we repeat the procedure.

Since in general, (15) is NP-hard, solving this problem at every iteration
with a commercial branch-and-cut solver to optimality is too time consuming
and therefore we solve (15) approximately. It has been observed in the past that
if separation is solved approximately, then it is beneficial to add several rows at
the same time. Therefore we have developed a heuristic that generates several
‘good’ solutions. In the context of set covering, Balas and Carrera (1996) assign
to each column several greedy estimates and they generate several set covers by
randomly selecting an estimate type. We use their idea to generate the initial
set packing solutions. For simplicity of notation let d = α∗AE − cE , let ti be the
number of nonzero elements in column i, and let E = {i1, i2, . . . , i|E|}. For every
column i ∈ E we define the greedy estimates

g1
i = di g2

i =
di
ti

g3
i =

di
1 + log ti

g4
i =

di
1 + ti log ti

g5
i =

di
t2i

g6
i =
√
di
t2i

.

Several random set packing solutions are obtained by repeating 4 times the
following procedure. We first choose a random estimate type k, i.e. k is a random
number between 1 and 6. Next we greedily find a set packing x̄ based on the
greedy estimates gk. We find additional set packing solutions by either randomly
selecting an element to add to or to remove from the set packing x̄. To obtain
high cost set packing solutions, we want to remove elements with low cost and
add elements with high cost. Let X be the random variable that selects an
element from E. We define the probability distribution of X as

P [X = ij ] =

{
dij

w x̄ij = 0
M−dij

w x̄ij = 1 ,

where M = max{dij : x̄ij = 1} and w =
∑
ij :x̄ij

=0 dij +
∑
ij :x̄ij

=1(M − dij ).
Note that the probability distribution depends on x̄.
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Table 1. Computational Results for the Instances from Eso (1999)

size preprocessing time CPLEX
name rows cols rows cols time stage 1 stage 2 stage 3 | E | inf time

sp11 104 2775 63 519 47 438 240
sp2 173 3686 150 3528 59 39 0 0 223 0 5
sp3 111 1668 73 967 26 3 0 0 97 0 18

To generate alternative set packing solutions resulting from x̄, we iterate the
following K times, where K is a parameter. Generate a random number X. If
x̄X = 1, then we set x̄X = 0. If x̄X = 0 and x̄+ eX is a feasible solution to (15),
then we set x̄X = 1. Every time we find a different x̄, we add the corresponding
constraint (14b) to the current LP if it is violated.

If this row generation procedure does not find a single violated constraint,
then we solve (15) to optimality by a branch-and-cut algorithm.

To further reduce the computational time for solving (14) we use complemen-
tary slackness. For any vector x we use the notation supp(x) = {i : xi �= 0}. By
complementary slackness it follows that in a generator OSF Fα we have αai ≥ ci
for every column i ∈ supp(x∗), which is guaranteed by (14d). Therefore we can
assume that the columns in supp(x∗) are in E. If we include them explicitly in
E, then (15) becomes hard to solve, leading to high execution times. Instead
we consider some of them only implicitly in E. We denote by E′ ⊆ E the set
of columns that have to be included explicitly. In each iteration of the enlarge
generator algorithm in stage 3, let R = {i ∈ supp(x∗) : supp(ai)∩ supp(aj) =
∅ for every j ∈ E′}. We maintain the property that E = E′ ∪ R. By definition
of R, and since x∗ is a set packing vector with di ≥ 0 for every i ∈ supp(x∗), it
follows that z∗ from (15) is equal to

∑
i∈R di + max{dx : AE

′
x ≤ 1, x binary}.

Thus in separation it suffices to solve max{dx : AE
′
x ≤ 1, x binary}. Every time

we add a new column j /∈ supp(x∗) to E, we need to reduce R and expand E′.
This strategy reduced the computational time for solving (14) on average

by 50%. In early iterations, when E′ is small, the reduction is larger. As E′

grows, more columns have to be moved from R to E′ and the benefit gradually
disappears.

4 Computational Experiments

The computational experiments were carried out on the set partitioning in-
stances used by Hoffman and Padberg (1993) and Eso (1999). They were per-
formed on an IBM Thinkpad 570 with a 333 MHz Pentium processor and 196
MBytes of main memory. We used Visual Studio C++, version 6.0, and CPLEX,
CPLEX Optimization (1999), as a linear programming solver.

The computational results for the instances from Hoffman and Padberg (1993)
are presented in Table 2 and 3 instances from Eso (1999) are given in Table 1.
Instances with an integral solution to the LP relaxation are omitted since Fy∗
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Table 2. Computational Results for the Instances from Hoffman and Padberg (1993)

size preprocessing time CPLEX
name rows cols rows cols time stage 1 stage 2 stage 3 | E | inf time

aa01 823 8904 605 7531 32 3803 84 ? ? 95 723
aa03 825 8627 537 6695 30 25 7 164 142 0 88
aa04 426 7195 342 6123 17 ? ? ? ? ? 908
aa05 801 8308 521 6236 21 106 19 ? ? 1 97
aa06 646 7292 486 5858 23 52 23 ? ? 5 39
kl01 55 7479 47 5915 49 12 63 273 100 13 14
kl02 71 36699 69 16542 8 240 271 ? ? 60 118
nw03 59 43749 53 38958 6 29 0 0 19 0 48
nw04 36 87482 35 46189 16 5757 445 ? ? 998 378
nw06 50 6774 37 5964 45 10 0 0 58 0 8
nw11 39 8820 28 6436 28 4 0 0 3 0 6
nw13 51 16043 48 10900 4 9 0 0 4 0 18
nw18 124 10757 81 7861 90 100 0 0 292 0 13
nw20 22 685 22 536 0 0 0 0 13 0 0
nw21 25 577 25 421 0 0 0 0 4 0 0
nw22 23 619 23 521 0 0 0 0 7 0 0
nw23 19 711 15 416 0 4 0 0 52 0 2
nw24 19 1366 19 926 2 1 0 0 52 0 1
nw25 20 1217 20 844 0 0 0 0 9 0 0
nw26 23 771 21 468 1 0 0 0 7 0 1
nw27 22 1355 22 817 3 0 0 0 4 0 0
nw28 18 1210 18 582 3 0 0 0 10 0 0
nw29 18 2540 18 2034 6 3 5 14 50 4 1
nw30 26 2653 26 1877 22 1 0 0 27 0 1
nw31 26 2662 26 1728 14 1 0 0 13 0 1
nw32 19 294 17 250 0 2 0 0 28 0 1
nw33 23 3068 23 2308 26 2 2 3 16 1 1
nw34 20 899 20 718 2 0 0 0 3 0 1
nw35 23 1709 23 1191 7 0 0 0 3 0 1
nw36 20 1783 20 1244 15 5 0 14 67 12 0
nw37 19 770 19 639 0 0 0 0 3 0 0
nw38 23 1220 20 722 9 0 0 0 6 0 1
nw39 25 677 25 565 1 0 0 0 9 0 0
nw40 19 404 19 336 0 0 0 0 11 0 0
nw41 17 197 17 177 0 0 0 0 4 0 0
nw42 23 1079 20 791 4 1 0 0 30 0 0
nw43 18 1072 17 982 0 0 0 0 3 0 0
us02 100 13635 44 5197 289 247 0 0 287 0 17
us04 163 28016 95 4080 53 3 0 0 25 0 68

is a generator OSF for these instances, where y∗ is an optimal dual solution
to the LP relaxation. In the Padberg-Hoffman instances, due to the low physi-
cal memory on the notebook, we were not able to solve instances nw05, nw17,
us01, and nw16 is omitted since it is solved by preprocessing. Only 3 instances
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from Eso are solved by CPLEX and therefore all remaining sp instances are not
presented. The sp11 instance is infeasible and our algorithm finds an unbounded
LP (14). All the times are CPU times in seconds. The column ’inf’ shows the
number of infeasible columns before we apply the enlarge generator algorithm
and the last column gives the CPU time for solving the problem by the branch-
and-cut solver CPLEX. The ’?’ denotes that we have exceeded the time limit of
2 hours.

The problem aa04 is hard and we were not able to finish stage 1 in the
given time limit. For 5 other problems we were able to solve stages 1 and 2, but
the enlarge generator algorithm exceeded the time limit. Note that only for the
problems with positive number in the ’inf’ column we have to apply the enlarge
generator algorithm. It takes a substantially amount of time to apply the enlarge
generator algorithm (for example kl01). The problem aa05 is interesting since
we only have a single infeasible column and yet it takes more than 2 hours to
find the final generator OSF.

An important fact from these two tables is the observation that |E| is rela-
tively low for all of the instances. Even instances with more than 10,000 columns
have the cardinality of E less than 300.

The overall computational times, which are the sum of the preprocessing
times and the times for solving the 3 stages, are acceptable for a methodology
that reveals much more information about an IP instance than just an optimal
IP solution. It is unreasonable to expect that the computational times would be
lower than branch-and-cut computational times since the latter algorithm finds
only a primal optimal solution. Nevertheless, these computational results show
that it is doable to obtain an optimal subadditive dual function.

4.1 Obtaining All Optimal Solutions

Given an optimal generator OSF Fα, by complementary slackness, all optimal
solutions to the IP are found only among the columns i with αai ≥ ci. These
columns have zero reduced cost, which for a column i is defined as ci − Fα(ai).
Given all such columns, we found all optimal solutions to the set partitioning
problem by a naive methodology of enumerating all of them, i.e. solving several
IPs. For selected instances we present the computational results in Table 3.
From the second column we observe that we do not have many columns with
zero reduced cost and therefore enumerating all optimal solution is acceptable,
which is confirmed by the execution times given in the last column. The fourth
column shows the number of columns that are at 1 in all optimal solutions.
We observe that larger instances have alternative optimal solutions, which is
important for robustness. A decision maker can select the best optimal solution
based on alternative objective criteria.

4.2 Sensitivity Analysis

Given a generator OSF, we can perform sensitivity analysis. We have performed
two computational experiments.
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Table 3. All Optimal Solutions

no. 0 reduced no. cols at no. cols at no. optimal time in
name cost cols 1 in x∗ 1 in all solutions seconds

nw36 8 4 4 1 0
nw33 13 5 5 1 0
nw29 12 4 4 1 0
nw04 17 9 9 1 0
kl01 42 13 32 6 2
aa06 312 93 95 2 17
aa05 449 101 103 2 30
aa03 403 102 102 1 28
aa01 255 101 101 1 15

Table 4. Addition of Negative Reduced Cost Columns

[0, 25%] [25%, 50%]
name obj. improvement no. improvements obj. improvement no. improvements

nw18 4.70% 5.5% 15.0% 99%
nw06 5.10% 1.0% 3.50% 2.0%
nw24 11.5% 2.5% 13.1% 3.5%
us02 3.30% 1.5% 7.80% 1.5%
kl01 12.5% 3.0% 24.0% 0.5%

In the first one we have generated random columns with negative reduced
cost. The generated columns reflect the structure of the instances, e.g. the cost is
of the same order and the number of nonzeros per column is also of the same or-
der as those of the existing columns in the constraint matrix. On average, among
200,000 randomly generated columns only 10% had negative reduced cost and
therefore we know beforehand that the remaining columns do not decrease the
IP objective value. We added, one at the time, each generated column with neg-
ative reduced cost to the IP and solve it to find the new optimal value, which
is clearly at most zIP. The computational results are presented in Table 4. The
objective improvement shows the average ratio (zIP − znew)/zIP, where znew is
the IP objective value to the set partitioning problem after adding a column with
the negative reduced cost. The number of improvements represents the percent-
age of the negative reduced cost columns that actually improve the objective
value. Note that because of degeneracy after adding such a column we might
not decrease the objective value. The last two columns show the improvements
if the absolute value of the reduced cost is between 25% and 50% of zIP and the
remaining two columns if it is between 0 and 25%. With the exception of nw18,
the problems are degenerate since only approximately 2% of the columns with
negative reduced cost actually decrease the objective value. On the other hand,
the objective improvements are solid. With the exception of nw06, the objective
value improvements are larger when the reduced cost is smaller.
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Table 5. Changing Right Hand Sides

name Fα LP relaxation

nw18 2.7% 17.2%
nw13 0.7% 4.20%
nw24 5.8% 4.80%
us04 2.5% 4.80%

In the second experiment we have considered changing right hand sides. If
Fα is a generator OSF to the set partitioning problem, then for any row i the
value Fα(1 − ei) gives a lower bound on z̄i = min{cx : Ax = 1 − ei, x binary}.
This holds since Fα is a subadditive dual feasible function to this IP. We have
compared this bound with the lower bound obtained by the optimal dual vector
of the LP relaxation to the set partitioning problem. Table 5 shows the average
over all rows i of values (z̄i − lb)/z̄i, where lb denotes the corresponding lower
bound. Except for the nw24 instance, the bound obtained by the generator OSF
is substantially better. Note that Fα(1−ei) does not necessarily produce a better
lower bound, which is shown by instance nw24.
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Abstract. We study the problem of finding a most profitable subset of
n given tasks, each with a given start and finish time as well as profit and
resource requirement, that at no time exceeds the quantity B of available
resource. We show that this NP-hard Resource Allocation problem
can be (1/2−ε)-approximated in polynomial time, which improves upon
earlier approximation results for this problem, the best previously pub-
lished result being a 1/4-approximation. We also give a simpler and faster
1/3-approximation algorithm.

1 Introduction

We consider the following optimization problem. Suppose we have a limited
supply of one reusable resource and are given a set of n tasks each of which
occupies a fixed interval of time and requires a given amount of the resource.
Further, each task has an associated profit which we obtain if we schedule that
task. Our goal is to select a subset of the n tasks to schedule, so that the resource
available is sufficient at all times for all simultaneously scheduled tasks, and so
that the profit obtained is maximized. Let us call this problem the Resource
Allocation Problem or rap for short.
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This abstractly specified problem actually occurs in several concrete guises.
For instance, we may be given a set of network sessions, with fixed start and
finish times, that compete for a limited amount of bandwidth between two fixed
endpoints in the network. Leonardi et al. [6] observe that a research project
on scheduling requests for remote medical consulting on a satellite channel re-
quires solving a slight variant of this very problem. Hall and Magazine [5] were
interested in maximizing the value of a space mission by deciding what set of
projects to schedule during the mission, where an individual project typically
occupies only a part of the mission. Due to its various guises, rap is known by
several other names such as Bandwidth Allocation Problem, Resource
Constrained Scheduling and Call Admission Control.

To formulate the problem precisely, we are given an integer B (the total
available amount of the shared resource) and a collection of n tasks, with starting
times si, finishing times ti, resource requirements bi, where bi ≤ B, and profits
pi. All these numbers are nonnegative integers and si < ti for all i. We want to
identify a subset S ⊆ [n] of tasks to schedule which maximizes

∑
i∈S pi among

those S satisfying the following constraint:

∀t
∑

i: [si,ti)�t
bi ≤ B .

rap is a natural generalization of the (polynomial-time solvable) problem of
finding a maximum weight independent set in a weighted interval graph.

1.1 Prior Work

There has been a flurry of research activity focusing either on rap itself or
on problems with a similar flavor. All tend to be NP-hard; in rap, setting each
si = 0 and ti = 1 gives knapsack as a special case of rap. Accordingly, research
on rap strives to obtain polynomial-time approximation algorithms. Since it is
not known whether rap is MaxSNP-hard, the possibility of a polynomial-time
approximation scheme (PTAS) remains open.

Using LP rounding techniques, Phillips et al. [8] obtain a 1/6-approximation
algorithm1 for rap. Actually they solve a more general problem in which each
task occupies not a fixed interval of time but has a fixed length and a window
of time in which it is allowed to slide. Using the local ratio technique, Bar-Noy
et al. [2] obtain results which imply a 1/4-approximation algorithm for rap.
Bar-Noy [3] has since informed us that the techniques in [2] can in fact yield a
1/3-approximation algorithm. Using different ideas, Chen et al. [4] have recently
obtained a 1/3-approximation for rap in the special case where the profit of
each task i equals its “area” (ti − si)bi.

The Storage Allocation Problem is a related problem in which, in
addition, the resource must be allocated to the scheduled tasks in contiguous
1 Since rap is a maximization problem, approximation factors of algorithms for it will

be at most 1 – the larger the factor, the better.
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blocks, which must not change during the lifetime of the task. Both Bar-Noy et
al. [2] and Leonardi et al. [6] study this problem and the latter paper obtains
a 1/12-approximation algorithm, which is the current best. The former paper
obtains results for several related problems.

1.2 Our Results

We present three algorithms for restricted versions of rap. Suitably combining
these algorithms leads to approximation algorithms for the general case. The
best approximation ratio that we can obtain improves upon previous results
mentioned above.

Theorem 1.1. Consider rap with the restriction that every task satisfies bi >
δB, for a constant 0 < δ ≤ 1. There is an algorithm that solves the problem
exactly and runs in time O(n2/δ+O(1)).

Theorem 1.2. For every δ, 0 < δ ≤ 0.976, there is a randomized O(n2 log2 n)-
time algorithm for the special case of rap in which all bi ≤ δB, which achieves
a (1− 4ε)-approximation with high probability, where ε =

√
(8/3)δ ln(1/δ) 2.

Since limδ→0 δ ln(1/δ) = 0, we conclude that for any ε > 0 there is a δ > 0 such
that there is a randomized, polynomial-time, (1− 4ε)-approximation algorithm
if all bi ≤ δB.

Theorem 1.3. The restriction of rap to inputs having all bi ≤ B/2 has a
deterministic polynomial-time 1/2-approximation algorithm.

In what follows, we shall refer to our algorithms which prove the above the-
orems as the Large Tasks Algorithm, the Small Tasks Algorithm and the List
Algorithm, respectively.

To obtain results for unrestricted rap, we can “combine” the algorithms for
special cases in a certain manner. The combined algorithm’s running time will
be the sum of the running times of the constituents. Combining the Large Tasks
and Small Tasks algorithms gives the following result.

Theorem 1.4. Given any constant ε > 0, there is a randomized polynomial-
time algorithm that approximates rap within a factor of at least 1/2 − ε, with
high probability. The exponent in the running time is poly(1/ε).

(
More precisely,

the exponent is a constant times the smaller of the two positive δ’s that satisfy
ε =

√
δ log(1/δ).

)

One can trade approximation guarantee for running time, and simplicity,
by combining the List Algorithm with a well-known interval graph algorithm
(details in Sect. 4):

Theorem 1.5. There is a deterministic 1/3-approximation algorithm for rap
with running time O(n2 log2 n).

The technique of the proof of Theorem 1.5 is very simple and quite different
from that used by Bar-Noy [3] to obtain the same approximation ratio.
2 This statement is vacuous unless δ < 0.0044.
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1.3 Organization of the Rest of the Paper

The remainder of the paper proves the above theorems. In Sect. 2 we make some
basic definitions and explain how to combine algorithms. Section 3 describes the
Large Tasks Algorithm, the Small Tasks Algorithm and the recipe for combining
them to obtain Theorem 1.4. Finally, Sect. 4 describes the List Algorithm and
proves Theorem 1.5.

2 Preliminaries

Assumption 2.1 Throughout the paper we shall assume that the tasks are num-
bered 1 to n in order of increasing starting time, ties broken arbitrarily, i.e.,
i < j ⇒ si ≤ sj.

Definition 2.2. We say that task i is active at an instant t of time (where t
is any real number) if t ∈ [si, ti). Also, for each i, we define Si to be the set of
tasks in {1, 2, . . . , i} that are active at time si: Si = {j ≤ i : tj > si}. Note that
i ∈ Si.

Notice that a task is considered active at its start time si but not at its finish
time ti; this prevents task i from competing for resources with a task which ends
at time si.

We observe that rap can be easily expressed as an integer linear program as
follows:

Maximize
∑n
i=1 pixi (1)

s.t.
∑
j∈Si

bjxj ≤ B, 1 ≤ i < n , (2)
and xi ∈ {0, 1}, 1 ≤ i ≤ n . (3)

This integer program has a natural LP relaxation, obtained by replacing (3) by
the constraint

0 ≤ xi ≤ 1, 1 ≤ i ≤ n . (4)

We shall refer to the LP given by (1), (2) and (4) as lpmain.

Definition 2.3. A set U ⊆ {1, . . . , n} of tasks is called a packing if its charac-
teristic vector satisfies the constraints (2)–(3).

2.1 Solving the LP

We note that lpmain can be solved by a min-cost flow algorithm, based on
the following previously-known construction similar to the one described in [1].
Construct the network N , with vertex set V (N ) = {1, 2, . . . , n, n+1}. For every
1 ≤ i ≤ n, add an arc (i, i+ 1) of capacity B and cost 0. For every task i, define
ri = min{j : 1 ≤ j ≤ n and sj ≥ ti}, with the convention that the minimum
over an empty set is n+1. Then add an arc (ri, i) of capacity bi and cost −pi/bi.
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These are all the arcs of N . A valid flow in N with flow on the arc (ri, i) equal
to fi corresponds to a feasible solution to lpmain with xi = fi/bi and has cost∑n
i=1 pixi. Therefore a min-cost flow in N corresponds to an optimum solution

to lpmain.
The best known strongly polynomial-time min-cost flow algorithm, due to

Orlin [7], solves lpmain in O(n2 log2 n) time.

2.2 Combining Two Algorithms for Restricted RAP

Suppose algorithm AL works when each bi > τ and yields an exact (optimal) so-
lution, and algorithm AS works when each bi ≤ τ and yields an α-approximation
for some constant α ≤ 1. The dividing point τ may depend on B.

1. Divide the tasks in the input instance into small tasks (those with bi ≤ τ),
and large tasks (those with bi > τ).

2. Using AS , compute an α-approximation to the optimal packing that uses
small tasks alone.

3. Using AL, compute an optimal packing that uses large tasks alone.
4. Of the two packings obtained in Steps 2 and 3, choose the one with greater

profit.

Note that in any problem instance, if OPT denotes the profit of the optimal
packing and OPTL (respectively, OPTS) denotes the profit of the optimal packing
using only large (respectively, small) tasks, then

either OPTS ≥ 1
1 + α

· OPT or OPTL ≥ α

1 + α
· OPT .

Therefore the above combined algorithm achieves an approximation ratio of at
least α/(1 + α).

3 The Large and Small Tasks Algorithms

In this section, we prove Theorems 1.1 and 1.2. For the former, we give a dy-
namic programming algorithm that does not consider lpmain at all. For the
latter, we solve lpmain and use a randomized rounding scheme to obtain a good
approximation. We then derive Theorem 1.4 from these two results as indicated
above.

3.1 Dynamic Programming for the Large Tasks

We describe how to solve rap exactly, provided each bi > δB. We begin with
some definitions.

Let U be a packing. We shall denote the profit of U , i.e., the sum of profits
of all tasks in U , by p(U). If U �= ∅, we denote the highest numbered task in U
by top(U); this is a task in U which starts last.
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Definition 3.1. For a packing U �= ∅, we define its kernel ker(U) to be the set
of all tasks in U which are active at the time when top(U) starts: ker(U) = {i ∈
U : [si, ti) 	 stop(U)} = {i ∈ U : ti > stop(U)}. We also define ker(∅) = ∅.

Definition 3.2. A packing U is called a pile if ker(U) = U .

A pile is a clique in the underlying interval graph and it is a feasible solution
to the rap instance. Any kernel is a pile. Now define the real function f on piles
V as follows:

f(V ) = max {p(U) : U is a packing with ker(U) = V } .
Note that f(∅) = 0. Clearly, if we can compute f(V ) for all V , we are done. We
show below how to do this efficiently.

For any packing U �= ∅, let U ′ = U \ {top(U)}. For a pile V �= ∅, let T (V )
denote the following set of piles:

T (V ) =
{
W ⊇ V ′ : W is a pile and tj ≤ stop(V ) for all j ∈W \ V ′)

}
. (5)

Clearly T (V ) �= ∅, since V ′ ∈ T (V ). In words, T (V ) consists of all piles obtained
from V by removing its highest numbered (“rightmost”) task and adding in zero
or more tasks that end exactly when or before this removed task starts. We shall
need some facts about the functions defined so far:

Lemma 3.3. In any instance of rap, the following hold:
(i) For any packing U �= ∅, top(U) = top(ker(U)).
(ii) For any packing U �= ∅, ker(U ′) ⊇ (ker(U))′.
(iii) Let V �= ∅ be a pile and W ∈ T (V ). If W �= ∅ then top(W ) < top(V ).
(iv) Let V �= ∅ be a pile, W ∈ T (V ), and U be a packing with ker(U) = W .
Then U ∪ {top(V )} is a packing.
(v) Let V �= ∅ be a pile, W ∈ T (V ), and U be a packing with ker(U) = W . Then
ker(U ∪ {top(V )}) = V .
(vi) Let V �= ∅ be a pile and X be a packing with ker(X) = V . Then ker(X ′) ∈
T (V ).

Proof. The proofs are straightforward.
(i) This is trivial from the definitions.
(ii) When U is a singleton this is trivial, so we assume that U has at least two
elements; so U ′ �= ∅.

Let k = top(U) and k′ = top(U ′) < k. Let j ∈ (ker(U))′; by part (i), this
means j ∈ ker(U) \ {k}, i.e., j ∈ ker(U) ⊆ U and j < k; therefore j ∈ U ′ and in
particular j ≤ k′. By Assumption 2.1 we have sj ≤ sk′ and since j ∈ ker(U), we
have tj > sk ≥ sk′ ; thus j is active when k′ = top(U ′) starts and so j ∈ ker(U ′).
(iii) For any j ∈W , by (5), either j ∈ V ′ whence j < top(V ), or else j ∈W \V ′

and hence sj < tj ≤ stop(V ) whence j < top(V ). Thus, in particular, top(W ) <
top(V ).
(iv) First of all, note that if ker(U) = W = ∅, then U = ∅ and {top(V )}
is trivially a packing, since every singleton is. So we may assume W �= ∅ and
U �= ∅.
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Let k = top(V ) and � = top(U). By parts (i) and (iii), � = top(U) =
top(ker(U)) = top(W ) < top(V ) = k. Thus top(U ∪{k}) = max{�, k} = k. This
means that at any time τ < sk, the set U ∪ {k} of tasks satisfies the feasibility
constraint (2) at time τ (because U is given to be a packing). It remains to show
that the feasibility constraint is satisfied at time sk as well. To this end, we shall
show that the set of tasks in U ∪ {k} which are active at time sk is a subset of
V ; since V is a packing, this will complete the proof.

Let j ∈ U ∪ {k} be active at time sk. If j = k we immediately have j ∈ V .
Otherwise, since j is active at time sk, and k > � as shown above, tj > sk ≥ s�.
Also, j ≤ top(U) = �, so sj ≤ s�. Thus j is active at time s�, so j ∈ ker(U) = W .

Suppose j /∈ V . Then j /∈ V ′ and by (5) we see that tj ≤ sk, a contradiction.
Therefore j ∈ V and we are done.
(v) First, note that W = ∅ implies U = ∅ and, by (5), V ′ = ∅, which means V
is a singleton: V = {top(V )}. The statement is now trivial. So we may assume
W �= ∅ and U �= ∅.

Let k = top(V ). As shown above, top(U∪{k}) = k. Suppose j ∈ ker(U∪{k}).
Then j is active at time sk. In the proof of part (iv) we have already seen that
this implies j ∈ V . Thus ker(U ∪ {k}) ⊆ V .

Now suppose j ∈ V . Since V is a pile, j is active at time stop(V ) = sk. As
shown above, k = top(U∪{k}), so j is active at the start time of job top(U∪{k}).
We claim that j ∈ U ∪ {k}. Indeed, if j �= k, then j ∈ V \ {k} = V ′. Since
W ∈ T (V ), by definition of T (V ) (see (5)) we have W ⊇ V ′. Thus j ∈ V ′ ⊆
W ⊆ U , which proves the claim. This in turn shows that j ∈ ker(U ∪{k}). Thus
V ⊆ ker(U ∪ {k}).
(vi) Since V is nonempty, so is X. Let k = top(V ) = top(X). By part (ii),
ker(X ′) ⊇ (ker(X))′ = V ′. Let j ∈ ker(X ′) \ V ′. Looking at (5), in order to
prove that ker(X ′) ∈ T (V ), we must show that tj ≤ sk. Suppose not. Since
j ∈ ker(X ′) ⊆ X ′ ⊆ X, we have j ≤ k. This means j is active at time sk, since
we’ve assumed that tj > sk; therefore j ∈ ker(X) = V . But j /∈ V ′; so j = k.
However, j ∈ X ′ = X \ {k}, which is a contradiction. �


The key to the dynamic programming algorithm is the following lemma:

Lemma 3.4. Let V �= ∅ be a pile. Then

f(V ) = ptop(V ) + max
W∈T (V )

f(W ) . (6)

Proof. Let R denote the right-hand side of (6).
We first establish that f(V ) ≥ R. Let W ∈ T (V ) be a pile that maximizes

f(W ) among all such W , and let U be a packing with ker(U) = W that maxi-
mizes p(U) among all such U . If W = ∅ we have R = ptop(V ). Since V is a pile,
it is a packing with kernel V , so f(V ) ≥ p(V ) ≥ ptop(V ) = R.

So assume W �= ∅. Then U �= ∅. Now R = ptop(V ) + f(W ) = ptop(V ) + p(U).
By parts (i) and (iii) of Lemma 3.3, top(U) = top(ker(U)) = top(W ) < top(V ).
Therefore top(V ) /∈ U . By parts (iv) and (v) of Lemma 3.3, U ∪ {top(V )} is a
packing with kernel V . By definition of f this means

f(V ) ≥ p
(
U ∪ {top(V )}) = p(U) + ptop(V ) = R .
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Now we establish that f(V ) ≤ R. Let X be a packing with ker(X) = V that
maximizes p(X) among all such X; then f(V ) = p(X). Also, X is nonempty
since V is. By part (i) of Lemma 3.3, top(X) = top(V ) = k, say. Since k ∈ X,
p(X) = pk + p(X \ {k}) = pk + p(X ′) ≤ pk + f(ker(X ′)), where the inequality
follows from the definition of f . By part (vi) of Lemma 3.3, ker(X ′) ∈ T (V ).
Therefore

f(V ) = p(X) ≤ pk + f(ker(X ′)) ≤ pk + max
W∈T (V )

f(W ) = R ,

which completes the proof of the lemma. �


We now describe the dynamic programming algorithm.

Proof (of Theorem 1.1). Compute f(V ) for all piles V in increasing order of
top(V ), using formula (6). By part (iii) of Lemma 3.3, every pile W ∈ T (V ),
W �= ∅, satisfies top(W ) < top(V ) so that when computing f(V ) we will have
already computed f(W ) for every W involved in (6). Then compute the profit
of the optimal packing as the maximum of f(V ) over all piles V .

The above algorithm computes only the profit of an optimal packing, but it
is clear how to modify it to find an optimal packing as well.

The running time is clearly at most poly(n) times a quantity quadratic in the
number of piles. Since each task has bi > δB, the size of a pile is at most 1/δ and
so the number of distinct nonempty piles is at most

∑�1/δ�
k=1

(
n
k

) ≤ (1 + n)1/δ.
This gives a running time of O(n2/δ+O(1)), as claimed. �


3.2 Randomized Rounding for the Small Tasks

In this subsection we prove Theorem 1.2. Accordingly, we assume that the tasks
in the input instance satisfy bi ≤ δB and δ ≤ 0.976. We set

ε =

√
8
3
δ ln(1/δ) . (7)

We shall describe an algorithm, based on randomized rounding of an LP
solution, which returns a solution to rap whose expected performance ratio is
at least 1 − 2ε. Repeating this algorithm several times one can get a (1 − 4ε)-
approximation with high probability, thereby proving the theorem.

If 1 − 4ε ≤ 0, there is nothing to prove, so we may assume that ε < 1/4.
Since f(δ) =

√
(8/3)δ ln(1/δ) is increasing on (0, 1/e), decreasing on (1/e, 1],

f(0.976) > 1/4, f(0.0044) > 1/4, and δ ≤ 0.976, we infer that

δ < 0.0044 . (8)

We solve lpmain using the algorithm indicated in Sect. 2.1. Suppose this
gives us an optimal fractional solution (x1, x2, . . . , xn) with profit OPT∗. We
then choose independent random variables Yi ∈ {0, 1}, i = 1, 2, ..., n, with
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Pr[Yi = 1] = (1 − ε)xi. Now, if we define the (dependent) random variables
Z1, Z2, ..., Zn, in that order, as follows:

Zi =
{

1, if Yi = 1 and
∑
j∈Si\{i} bjZj ≤ B − bi ,

0, otherwise ,

then clearly {i : Zi = 1} is a packing, and its expected profit is
∑n
i=1 pi ·Pr[Zi =

1]. We shall now lower bound the probability that Zi = 1. For this purpose we
need a simple probabilistic fact and a tail estimate, collected together in the
following lemma.

Lemma 3.5. Let X1, X2, . . . , Xm be independent random variables and let 0 ≤
β1, β2, ..., βm ≤ 1 be reals, where for i ∈ {1, 2, . . . ,m}, Xi = βi with probability
pi, and Xi = 0 otherwise. Let X =

∑
iXi and µ = E[X]. Then

(i) σ(X) ≤ √µ.
(ii) For any λ with 0 < λ <

√
µ, Pr[X > µ+ λ

√
µ] < exp

(
− λ2

2

(
1− λ/√µ)

)
.

Proof. For part (i):

σ2(X) =
m∑

i=1

(
E[X2

i ]− (E[Xi])2
)

≤
m∑

i=1

E[X2
i ]

≤
m∑

i=1

E[Xi]

= µ ,

where the second inequality follows from βi ≤ 1.
To prove part (ii), put t = ln

(
1 + λ/

√
µ
) ≥ 0. Trivially, t ≥ λ/

√
µ −

λ2/(2µ) since 0 ≤ λ/
√
µ < 1. By Markov’s inequality, Pr

[
X > µ+ λ

√
µ
]

=
Pr
[
etX > etµ+tλ

√
µ
]
< E[etX ]/ exp(tµ+ tλ

√
µ). Now

E[etX ] = E

[
m∏

i=1

etXi

]

=
m∏

i=1

E
[
etXi

]

=
m∏

i=1

(
1− pi + pie

tβi
)

≤
m∏

i=1

exp
(
pi(etβi − 1)

)

= exp

(
m∑

i=1

pi
(
etβi − 1

)
)

.
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Further,

m∑

i=1

pi
(
etβi − 1

)
=

m∑

i=1

pi

(

tβi +
1
2!

(tβi)2 +
1
3!

(tβi)3 + · · ·
)

≤
m∑

i=1

piβi
(
et − 1

)

= µ
(
et − 1

)
,

where the inequality follows from the fact that each βi ≤ 1. This gives

Pr [X > µ+ λ
√
µ] < exp

(
µ(et − 1)− tµ− tλ√µ)

≤ exp
(
λ
√
µ− λ√µ+ λ2/2− λ2 + λ3/(2

√
µ)
)

= exp(−λ2/2 + λ3/(2
√
µ)) ,

where the last inequality follows from the lower bound on t. �


Lemma 3.6. Under conditions (7) and (8), Pr[Zi = 1] ≥ (1− 2ε)xi.

Proof. Conditions (7) and (8) imply ε > 57δ. This fact will be used twice below.
Fix an i. We shall estimate the probability πi = Pr[Zi = 0 | Yi = 1]. Notice

that Zj does not depend on Yi when j < i. Since Zj ≤ Yj for all j and bi ≤ δB,
we now have

πi = Pr
[ ∑

j∈Si\{i}
bjZj > B − bi

]

≤ Pr
[ ∑

j∈Si\{i}

bjYj
δB

>
1− δ
δ

]

. (9)

Now the random variables {bjYj/(δB)}j∈Si\{i}, and βj = bj/(δB), pj = (1−ε)xj
satisfy the conditions of Lemma 3.5. Let Y be the sum of the new random
variables and let µ = E[Y ]. We have

µ =
∑

j∈Si\{i}

bj
δB
· (1− ε)xj =

1− ε
δ

∑

j∈Si\{i}

bjxj
B

≤ 1− ε
δ

, (10)

by constraint (2) of lpmain. We now consider two cases.

Case 1: µ < (7/8)(1 − δ)/δ. Part (i) of Lemma 3.5 gives σ(Y ) ≤ √µ.
Using (9) and Chebyshev’s inequality we get

πi ≤ Pr
[

Y >
1− δ
δ

]

≤ Pr
[
∣
∣Y − µ∣∣ > 1

8
· 1− δ

δ
· σ(Y )√

µ

]

≤ 64δ2µ
(1− δ)2 .
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By our assumption about µ, this is less than 56δ/(1−δ) and now by (8),
πi < 57δ.

Case 2: µ ≥ (7/8)(1− δ)/δ. Set λ such that µ+λ
√
µ = (1− δ)/δ. Then

λ, considered as a function of µ, is decreasing. From this and (10) we
have

λ =
1−δ
δ − µ√
µ

≥
1−δ
δ − 1−ε

δ√
1−ε
δ

=
ε− δ

√
δ(1− ε) ≥

ε− δ√
δ
≥ 56

57
ε√
δ
.

Also, 1 − λ/√µ = 2 − (1 − δ)/δµ ≥ 6/7, by the assumption about µ,
and further, we trivially get λ <

√
µ. By (9) and part (ii) of Lemma 3.5,

applied to the variables {bjYj/(δB)}j∈Si\{i} and their sum Y , we obtain

πi ≤ Pr[Y > µ+ λ
√
µ]

< exp
(

− λ2

2
(1− λ/√µ)

)

< exp
(

− 1
2

(
56
57

)2
ε2

δ

6
7

)

< δ .

In either case, πi < 57δ. Hence,

Pr[Zi = 1] = (1−πi) ·Pr[Yi = 1] ≥ (1− 57δ)(1− ε)xi ≥ (1− ε)2xi ≥ (1− 2ε)xi ,

which completes the proof of the lemma. �


Proof (of Theorem 1.2). The randomized rounding procedure computes a pack-
ing; let the random variable P denote its profit. As noted in the comments
preceding Lemma 3.5, E[P ] =

∑n
i=1 pi · Pr[Zi = 1] which, by Lemma 3.6, is at

least (1 − 2ε)OPT∗ ≥ (1 − 2ε)OPT. However, P never exceeds OPT. Markov’s
inequality now implies Pr[P ≥ (1 − 4ε)OPT] ≥ 1/2. By repetition, we can now
suitably amplify the probability of obtaining at least 1 − 4ε of the profit. The
bound on the running time follows easily from Subsect. 2.1. �


3.3 Proof of Theorem 1.4

We have already described in Subsect. 2.2 how to combine the two algorithms
described above. In the terminology of that section, we would have α = 1 − 4ε
and τ = δB where ε and δ are related according to (7). As argued at the
end of that section, this would lead to an approximation ratio of α/(1 + α) =
(1− 4ε)/(2− 4ε) ≥ 1/2− 2ε for general rap.

Given an ε, in order to achieve this 1/2− 2ε approximation, we solve (7) for
δ (we use the smaller δ obtained) and use this δ in the Large and Small Tasks
Algorithms.
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4 The List Algorithm

In this section we give a fast and simple 1/2-approximation algorithm in the
case when each bi ≤ B/2; this will prove Theorem 1.3. It is inspired by a similar
“coloring” algorithm of Phillips et al [8]. Our algorithm has the advantage that
it does not have to round to a large common denominator; therefore it is faster
and obtains a 1/2-approximation, rather than a (1/2− ε)-approximation.

Our algorithm generates a list of packings with the property that the “av-
erage” of the packings in the list has large profit. To be precise, we first solve
lpmain and obtaining an optimal fractional solution (x1, x2, . . . , xn) whose profit
is
∑n
i=1 pixi. Our rounding algorithm will produce a list U1, U2, . . . , Um of sets

of tasks, together with non-negative real weights x(U1), . . . , x(Um) for these sets.
These sets and weights will satisfy the following properties:

1. Each set Uk is a packing.
2. 0 ≤ x(Uk) ≤ 1 for each set Uk.
3. For each i we have

∑
k:Uk�i x(Uk) = xi.

4.
∑m
k=1 x(Uk) ≤ 2.

Define the profit of a set to be the sum of the profits of the constituent
tasks. Our algorithm will select a maximum profit set from the list it con-
structs. Let P be the profit of the set picked by the algorithm. Then, assum-
ing that the above properties hold, 1

2

∑n
i=1 pixi = 1

2

∑n
i=1
∑
k:Uk�i pix(Uk) =

∑m
k=1

1
2x(Uk)

∑
i:i∈Uk

pi ≤
∑m
k=1

1
2x(Uk)·P ≤ P , where the first equality follows

from Property 3, the first inequality from Property 1 and the final inequality
from Property 4. Therefore we indeed have a 1/2-approximation algorithm.

We now describe the procedure for generating the sets Uk and weights x(Uk).
Initialize a list L of sets to an empty list. Then consider the tasks in the order
1, 2, . . . , n. For task i:

1. If xi = 0 proceed to the next task. (If there are no more
tasks, stop.)

2. Search L for a set not containing i to which i can be added
without violating Property 1.

3. If no such set exists, create a new set V = {i} with weight
x(V ) = xi and add V to L. Set xi = 0 and return to step 1.

4. Otherwise, suppose U ∈ L is such a set.
4a. If xi < x(U) then decrease x(U) to x(U) − xi, create a

new set V = U ∪ {i} with weight x(V ) = xi and add V
to L. Set xi = 0 and return to step 1.

4b. If xi ≥ x(U), add i to U and decrease xi to xi − x(U).
Return to step 1.

Lemma 4.1. After processing all the tasks as above, L will hold a list of tasks
satisfying all four properties.
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Proof. Let x̂i denote the original values of xi that were input to the above pro-
cedure. It is easy to verify that the procedure maintains the following invariant:

xi +
∑

j:Uj�i
x(Uj) = x̂i, 1 ≤ i ≤ n . (11)

Properties 1 and 2 are clearly satisfied. Property 3 follows from (11) and the
fact that after all tasks have been processed, each xi = 0.

It remains to prove that Property 4 holds; we shall show that it holds as an
invariant of the procedure. A new set may be added to the list L either from
step 3 or step 4a. In the latter case, the weight of a set is split amongst itself and
the newly created set, leaving the sum of all weights unaffected. In the former
case, the newly created set is a singleton consisting of task i, say. Consider the
list L immediately after this singleton is added. Note that every task j in a set
in L satisfies j ≤ i. For each set U ∈ L let b(U) be the sum of bj over all j ∈ U
such that task j is active at the time when task i starts (i.e., sj ≤ si < tj , since
j ≤ i). Then

∑

U∈L
b(U)x(U) =

∑

U∈L

∑

j∈U
sj≤si<tj

bjx(U) (12)

=
∑

j:j≤i,
sj≤si<tj

bj
∑

U∈L:U�j
x(U) (13)

=
∑

j:j≤i,
sj≤si<tj

bj x̂j (14)

≤ B . (15)

Equation (13) holds because we process tasks in the order 1, . . . , n, (14) holds
because of (11) and the fact that when task i is being processed we have xj = 0
for all j < i, and (15) holds because of constraint (2) of lpmain.

Let L′ be the sublist of L consisting of those sets which contain i. For U ∈ L′

we clearly have b(U) ≥ bi. For U ∈ L \ L′, since we’re in the case when step 3
is executed, it follows that task i did not fit into any set in L \ L′ and so
b(U) > B − bi. Therefore we get

B ≥
∑

U∈L′
bix(U) +

∑

U∈L\L′
(B − bi)x(U) = bix̂i + (B − bi)

∑

U∈L\L′
x(U)

where the equality follows from (11). Consider the last expression; if we have∑
U∈L\L′ x(U) > x̂i, then the expression is a decreasing function of bi. Since

bi ≤ B/2, we get

B ≥ B

2
x̂i +

B

2

∑

U∈L\L′
x(U) . (16)

If, on the other hand, we have
∑
U∈L\L′ x(U) ≤ x̂i ≤ 1, then (16) clearly holds.

Thus (16) always holds, and applying (11) to it gives B ≥ B
2

∑
U∈L x(U), whence

Property 4 follows. �
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Proof (of Theorem 1.5). We combine two rap algorithms as described in
Sect. 2.2, with α = 1/2 and τ = B/2 in the terminology of that section. For
one half we use the above List Algorithm.

For the other half, observe that if each task in a rap instance has bi > B/2,
then two tasks which are active together (at some instant of time) cannot both
be in a packing. Therefore, a packing in this case is simply an independent set
in the underlying interval graph of the rap instance; so the problem reduces
to (weighted) max-independent-set for interval graphs. This problem is well-
known to be solvable (exactly) in O(n log n) time (see, e.g., [2]).

The combination gives us an approximation guarantee of α/(1 + α) = 1/3.
Finally, consider the running time of the List Algorithm. Note that the size

m of list L is at most n, since each task creates at most one new set to be added
to L. This means that the List Algorithm does at most O(n2) work after solving
the LP. From Subsect. 2.1 we know that the LP can be solved in O(n2 log2 n)
time. This completes the proof. �


References

1. E. M. Arkin, E. B. Silverberg. Scheduling jobs with fixed start and end times.
Discrete Applied Mathematics, 18 (1987), 1–8.

2. A. Bar-Noy, R. Bar-Yehuda, A. Freund, J. Naor, B. Schieber. A unified approach to
approximating resource allocation and scheduling. In Proceedings of the 32nd An-
nual ACM Symposium on Theory of Computing (2000), 735–744.

3. A. Bar-Noy. Private communication (2001).
4. B. Chen, R. Hassin, M. Tzur. Allocation of bandwidth and storage. IIE Transac-

tions, 34 (2002), 501–507.
5. N. G. Hall, M. J. Magazine. Maximizing the value of a space mission. European

Journal of Operational Research, 78 (1994), 224–241.
6. S. Leonardi, A. Marchetti-Spaccamela, A. Vitaletti. Approximation algorithms

for bandwidth and storage allocation problems under real time constraints. In
Proceedings of the 20th Conference on Foundations of Software Technology and
Theoretical Computer Science (2000), 409–420.

7. J. B. Orlin. A faster strongly polynomial minimum cost flow algorithm. Operations
Research, 41 (1993), 338–350.

8. C. Phillips, R. N. Uma, J. Wein. Off-line admission control for general scheduling
problems. In Proceedings of the 11th Annual ACM-SIAM Symposium on Discrete
Algorithms (2000), 879–888.



Approximating the Advertisement Placement
Problem

Ari Freund and Joseph (Seffi) Naor

Department of Computer Science, Technion,
Haifa 32000, Israel�

{arief,naor}@cs.technion.ac.il

Abstract. The advertisement placement problem deals with space and
time sharing by advertisements on the Internet. Consider a WWW page
containing a rectangular display area (e.g., a banner) in which adver-
tisements may appear. The display area can be utilized efficiently by
allowing several small advertisements to appear simultaneously side by
side, as well as by cycling through a schedule of ads, displaying different
ads at different times. A customer wishing to purchase advertising space
specifies an ad size and a display count, which is the number of times
his advertisement should appear during each cycle. The scheduler may
accept or reject any given advertisement, but must be able to schedule
all accepted ones within the given time and space constraints, while hon-
oring the display count of each. The objective is to schedule a maximum-
profit subset of ads. We present a (3 + ε)-approximation algorithm for
the general problem, as well as (2+ ε)-approximation algorithms for two
special cases.

1 Introduction

The Advertisement Placement Problem. The last decade has witnessed
the advent of the World Wide Web and graphical browsers, and the consequent
explosion in the use of the Internet. From a network serving mainly academia,
the Internet has grown into a global communications network providing a diverse
range of services such as search engines, email, real-time video conferencing,
software archives, etc. Virtually all of these services are conveniently accessible
through the World Wide Web, and many of them are provided free of charge.

The evolution of the Internet has tracked a positive feedback loop, in which
easy accessibility and low (or no) cost create an ever-expanding user base, which,
in turn, attracts investors and developers, who bring about a further increase in
the quality, diversity, and accessibility of services. While many of the services
remain free of charge, investors still expect to make money. It has always been
assumed that this would be achieved, at least in part, through advertising on
the Web (as well as more sinister activities, such as collecting and selling in-
formation on users). Although the quick-profit promise of the Internet has yet
� Part of this work was done while the second author was at Bell Labs, Lucent Tech-

nologies, 700 Mountain Ave., Murray Hill, NJ 07974 and the first author was visiting
there.
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to be realized, the fact remains that nearly every commercially operated web
site providing some free service contains advertising, most often in the form of a
banner stretching across the top of the page. Such banners are often utilized to
better advantage by periodically changing their contents, and it is also common
practice to place several side-by-side advertisements in a single banner. Thus,
advertising on the web combines time and space sharing between advertisers.

In the advertisement placement problem we are given a schedule length of
L time slots and a collection of ads which we must schedule within this time
frame. (Presumably the schedule is cyclic, repeating every L time units.) The
advertisements must be placed in a rectangular display area whose contents can
change every time unit. The advertisements all share the same height, which is
the height of the display area, but may have different widths. Several ads may
be displayed simultaneously (side by side), as long as their combined width does
not exceed the width of the display area, which we normalize to 1 for simplicity.
In addition, each advertisement specifies a display count (in the range 1, . . . , L),
which is the number of time slots during which the ad must be displayed. The
actual time slots in which the advertisement will be displayed may be chosen
arbitrarily by the scheduler, and, in particular, need not be consecutive. There
are two problems to consider. In the resource minimization problem all ads
must be scheduled, and the objective is to minimize the width of the display
area required to make this possible. In the profit maximization problem each
advertisement has a non-negative profit associated with it, and the scheduler
may accept or reject any given ad. The objective is to schedule a maximum-
profit subset of ads within a display area of given width. Both problems are
NP-hard [1].

Although the prime motivation for these problem has to do with advertising,
we can also consider continuous time and arbitrary display durations (rather
than discrete time slots and integral display counts). This generalized setting
models any scheduling situation in which jobs require the use of a certain amount
of resource (or a certain number of machines) for varying amounts of time, all
jobs have a common release-date and a common due-date, and preemption and
migration are allowed at no cost. This model has been studied quite extensively
in the scheduling community [2], particularly, the profit maximization version,
in both the single machine and the multiple machine settings [3,4,5]. In the
models studied, a job was assumed to require the use of only one machine at
any given moment. Therefore, the results obtained for these models do not carry
over to our setting, where each job may require a different number of machines
(corresponding to different advertisement widths).

Previous Work. The advertisement placement problem was introduced and
studied by Adler et al. [1]. They considered both resource minimization and profit
maximization. Nearly all of their results pertain to the special case of divisible ad
widths, i.e., when the advertisement widths are h1, . . . , hn such that hi divides
hi+1 for all i, and in addition, for the profit maximization case, h1 = 1/k for
some positive integer k. For the resource minimization problem, they gave an
efficient algorithm that finds an optimal schedule in the case of divisible ad
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widths. This algorithm implies an efficient 2-approximation algorithm for general
ad widths (by rounding up the widths to the nearest (non-positive) power of 2).
For the profit maximization problem, Adler et al. only considered the special
case where the ad widths are divisible and the profit of each ad is proportional
to its “volume” (width times display count). They devised a 2-approximation
algorithm for this case. They also obtained several results for the on-line version
of the profit maximization problem. Their work was implemented, and a Java
demonstration is available at http://www.bell-labs.com/project/collager.

Independently of our work, Dawande et al. [6] also considered the adver-
tisement placement problem. They suggested a simple max{2 − 1/(L − lmin +
1), 2−2/(L+1)}-approximation algorithm for resource minimization (where lmin
is the minimum ad display count) and a min{10/3, 4L/(L + 1)}-approximation
algorithm for profit maximization. They also obtained better results for several
special cases.

Our Results. Our main result is a (3+ε)-approximation algorithm for the profit
maximization problem with arbitrary ad widths and profits. The complexity of
our algorithm is polynomial in the problem parameters and 1/ε. Our approach
is opposite to that of Adler et al. [1] in that whereas they consider ads for
assignment in non-increasing order of width, we consider them in non-decreasing
order. Although non-increasing order has a better chance of yielding optimal
solutions, (indeed, as pointed out by Adler et al., it results in an assignment of
all ads if such an assignment exists), the opposite order maintains a more even
distribution of ads in time slots, making for a better approximation guarantee.
This is also true for the resource minimization problem; our approach yields an
approximation factor of 2 without having to round the ad widths.

In addition to the general profit maximization problem, we also consider two
special cases, for which we show (2 + ε)-approximation algorithms. The special
cases are: (1) ad widths do not exceed one half of the display area width, and (2)
each advertisement must either occupy the entire display area, or else have width
at most one half of the display area width (i.e., no ad width is in the real interval
(0.5, 1)). Note that the second special case contains the case of divisible widths.
It also contains the first special case, but we consider them separately because
our solution for the first case is much simpler than for the second. In fact, the
(2+ε) approximation factor for the first case is achieved by a slight modification
of our algorithm for the general problem, and this modified algorithm is then
used as a stepping stone to obtain the (2 + ε) performance guarantee for the
second special case.

Finally, we demonstrate that the integrality gap of the straightforward linear
programming relaxation of the ad placement problem is 3. Actually, we show a
stronger result: we observe that the familiar knapsack problem can be obtained
from the ad placement problem by relaxing some, but not all, of the integrality
constraints, and show that this relaxation incurs a gap of 3.

Organization of This Paper. In Sect. 2 we define the profit maximization
problem precisely and introduce some notation and terminology. In Sect. 3 we
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present the main ideas of our approach and the 2-approximation algorithm for
the resource minimization problem. In Sect. 4 we describe the algorithm for
the profit maximization problem and our treatment of the two special cases. In
Sect. 5 we show that the integrality gap is 3.

2 Problem Statement, Notation, and Terms Used

For simplicity, we develop the algorithm in terms of the following discrete bins
formulation, which is essentially the formulation given by Adler et al. [1]. This
formulation is equivalent to the informal description of the ad placement problem
in the previous section. In Sect. 4.2 we discuss briefly how our algorithm may
be adapted to the more general scheduling problem that results when time is
continuous and ad widths are arbitrary rationals.

The discrete bins formulation of the problem follows. The input consists of
L > 0 unit size bins numbered {0, . . . , L− 1}, and n jobs labeled j1, . . . , jn.
Each job ji is defined by a triplet (hi, li, wi), where 0 < hi ≤ 1 is the job’s
height, li ∈ {1, . . . , L} is its length, and wi > 0 is its weight. In terms of the
advertisement scheduling problem discussed earlier, job heights correspond to
ad widths and job lengths correspond to display counts. A feasible solution is
a subset of jobs S ⊆ {j1, . . . , jn} together with a feasible assignment for S. A
feasible assignment for S is defined as an assignment of li bins to each job ji ∈ S,
such that the total height of jobs to which any given bin is assigned does not
exceed 1. More formally, a feasible assignment of S is a mapping α : S → P(L)
(where P(L) is the power set of {0, . . . , L− 1}) such that:

1. For all ji ∈ S, |α(ji)| = li.
2. For all b ∈ {0, . . . , L− 1},

∑

i | ji∈S ∧ b∈α(ji)

hi ≤ 1.

The weight of a feasible solution (S, α) is the total weight of jobs in S, denoted
w(S). The goal is to find a maximum-weight feasible solution.

We will find it convenient to think of feasible assignments as placing copies of
jobs in bins rather than assigning subsets of bins to jobs. In other words, rather
than assigning bins 0, 3, 4, and 7 to job j9 we speak of placing the four copies
of j9 in bins 0, 3, 4, and 7. (Here we have assumed l9 = 4.) Indeed, we formulate
the algorithm in terms of progressively placing job copies in bins. Taking this
metaphor one step further, we introduce the notions of volume and capacity .
The volume of a single copy of job ji is simply its height hi and the volume of
the entire job is hi · li. The capacity of each bin is one volume unit. Also, since
our algorithm places job copies one at a time, it is useful to define the occupancy
of a bin at a given moment as the total volume of job copies present in the bin
at that moment.

3 Elements of the Algorithms

Our algorithm combines two key elements: Knapsack Relaxation and Smallest
Size Least Full (SSLF) heuristic.
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Knapsack Relaxation. Consider a feasible solution. It consists of selecting
a subset of jobs and distributing all of their copies among the available bins.
Clearly, the solution must obey the condition that the total volume of jobs
selected does not exceed the total capacity of all bins, namely L. Thus, the
familiar knapsack problem may be viewed as a relaxation of our problem: for a
given input instance I we define an instance of knapsack in which the knapsack
capacity is L and the objects are the jobs in I. The size and weight of each object
are equal to the volume and weight of the corresponding job, as defined by I.
Every feasible solution to our problem defines a feasible solution with the same
weight to the knapsack instance. Thus, the optimum weight for the knapsack
relaxation is an upper bound on the optimum weight for our problem. It is well
known that a fully polynomial time approximation scheme (FPTAS) exists for
knapsack (see, e.g. [7, Chapter 2, pp. 69–74]). We use this fact in our algorithm.

Smallest Size Least Full (SSLF) Heuristic. The SSLF heuristic actually
consists of two separate heuristics governing the order in which jobs are consid-
ered and the order in which bins are considered.

Smallest Size1 First (SS). Sort the jobs by height in non-decreasing order.
The jobs will be considered for placement in the bins in this order.

Least Full First (LF). When a job is up for placement, place its copies in the
following manner. Let l be the length of the job. Repeat the following l times:
place one copy of the job in the bin with minimum occupancy among the bins
that do not currently contain a copy of the job (breaking ties arbitrarily).

The salient property of the LF heuristic is expressed in the next lemma, which
is implied by the proof of Claim A.3 in [1]. We provide a proof here for com-
pleteness.

Lemma 1. Suppose jobs are placed in bins according to the LF heuristic (re-
gardless of the order in which the jobs are considered, and allowing bins to over-
flow). At any given moment during the assignment let hmax be the maximum
height of a job considered so far, and denote by f(b) the occupancy of bin b.
Then f(b′)− f(b′′) ≤ hmax for all bins b′ and b′′.

Proof. The proof is by induction. Consider a pair of bins b′ and b′′. Initially, both
bins are empty and the claim holds. Suppose the claim is true after the first k−1
jobs are processed, and consider the placement of the kth job, whose height we
denote h. The claim can only be violated if f(b′) − f(b′′) increases (since hmax
can only increase), and this can only happen if the algorithm places a copy of
the kth job in b′ but not in b′′. However, in this case, the LF heuristic implies
that f(b′) ≤ f(b′′) before the assignment, and thus f(b′) − f(b′′) ≤ h ≤ hmax
afterwards. A simple extension of this argument shows that the claim holds at
all times, not just between jobs.

An immediate consequence of Lemma 1 is a 2-approximation algorithm for
the resource minimization problem.
1 Following [1] we use the term size rather than height .
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Theorem 1. Assigning jobs by the SSLF heuristic yields a 2-approximate solu-
tion for the resource minimization problem.

Proof. The LF heuristic does not necessarily place every job copy in a bin of
minimum occupancy, but rather in a bin of minimum occupancy among the bins
not containing a copy of the same job. The SSLF heuristic, on the other hand,
does place every job copy in a bin of minimum occupancy overall, and this is
implied by Lemma 1. Thus the SSLF heuristic can be viewed as an instance of
Graham’s algorithm for scheduling on identical machines [8], which achieves an
approximation guarantee of 2.

4 Algorithms for the Profit Maximization Problem

Our (3 + ε)-approximation algorithm for the general problem proceeds by three
steps.

1. Use an FPTAS to solve the knapsack relaxation, and obtain a set of jobs S
such that w(S) is at least 1/(1+ ε/3) times the optimum value for knapsack.

2. Place the copies of the jobs in S in the bins according to the SSLF heuristic.
Do so until some bin overflows. Let ji be the offending job. Partition S into
three subsets S1 = {all jobs placed successfully}, S2 = {ji}, and S3 = {all
remaining jobs in S}. If no overflow occurs, then define S1 = S and S2 =
S3 = ∅.

3. Return the maximum-weight set among S1, S2, and S3, together with an
assignment. If S1 is returned, the assignment is the one found in Step 2; if
S2 is returned, the assignment is trivial; if S3 is returned, the assignment is
constructed as described below.

To complete the description of the algorithm, it remains to show how to
construct an assignment for S3. Let us examine the state of the bins just before
the algorithm attempts to place job ji (the offending job). Let k be the number
of bins whose occupancy is 1−hi or less. We know that k < li, for otherwise job
ji would not cause an overflow. Furthermore, since the placement of ji does cause
an overflow, we know that the occupancy of at least one bin is strictly greater
than 1−hi. Thus, by Lemma 1, the occupancy of every bin is greater than 1−2hi
(because the SSLF heuristic ensures that jobs are considered in non-decreasing
order of height and thus hmax = hi). Thus, we have k bins with occupancy
greater than 1− 2hi and L− k bins with occupancy greater than 1− hi. Hence
the total volume of the jobs in S1 is more than (L − k)(1 − hi) + k(1 − 2hi) =
L − Lhi − khi > L − Lhi − lihi. Now, the total volume of jobs in S is at most
L (by the knapsack relaxation) and the volume of ji is lihi, so the total volume
of jobs in S3 is less than Lhi. Finally, by the SSLF heuristic, the height of every
job in S3 is at least hi, and thus the total length of these jobs is less than L.
Placing a set of jobs with total length less than L in L bins is easy: simply place
each job copy in a bin of its own.

Theorem 2. The algorithm finds a (3 + ε)-approximate solution.
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Proof. Let OPT and OPTK be the optimum value for our problem and for the
knapsack relaxation, respectively, and let Si be the solution returned by the
algorithm. Then

w(Si) = max {w(S1), w(S2), w(S3)} ,
≥ 1

3
(w(S1) + w(S2) + w(S3)),

=
1
3
w(S),

≥ 1
3
· OPTK

1 + ε/3
,

≥ OPT
3 + ε

.

4.1 Two Special Cases

As we show in Sect. 5, the analysis of our algorithm is tight (up to ε) for general
input. There are, however, special cases in which our algorithm can be used as
a basis to achieving an approximation factor of 2+ ε. We present two such cases
next.

The first special case we consider is the case in which hi ≤ 1/2 for all i.
Suppose we run the algorithm and obtain S1, S2, and S3. Observe that the total
length of jobs in S2 ∪S3 is less than 2L, since the contribution of S3 is less than
L (as we have seen in the previous section) and S2 consists of a single job, whose
length is at most L (by definition). Since no job height is greater than 1/2, we
can construct an assignment for S2∪S3 as follows. Create a list of the job copies
such that the copies of each job appear consecutively and place the ith copy on
the list in bin number i mod L. We obtain a (2 + ε)-approximate solution by
choosing the better solution between S1 and S2 ∪ S3.

The second special case is when every job of height greater than 1/2 has
height 1. We combine our algorithm with the dynamic programming approach
of the standard knapsack FPTAS. The idea is to find a combination of full-height
jobs (i.e., jobs of height 1) and small jobs (jobs of height at most 1/2) that can be
scheduled successfully. Recall that the knapsack FPTAS scales the job weights
and rounds them to integers. It then calculates an upper bound ωmax on the
optimal rounded weight (i.e., the optimum with respect to the new job weights),
and uses dynamic programming to find S(ω) for ω = 0, 1, . . . , ωmax, where S(ω)
is a minimum total-size subset of jobs with total weight precisely ω. (Note that
S(ω) may be undefined for some values of ω.) Let L(S(ω)) be the total size of
the jobs in S(ω). The FPTAS returns S(ω∗), where ω∗ is maximum such that
L(S(ω∗)) does not exceed the knapsack’s capacity.

We are not interested in the solution returned by the FPTAS, but rather
in the sets S(ω) that it generates. The key property of these sets is the fol-
lowing. Let ω1, ω2, . . . , ωk be the sequence of ωs (in ascending order) for which
S(ω) is defined. Let OPTK(c) be the optimum value for the knapsack prob-
lem with a knapsack of capacity c. If the FPTAS is run with a knapsack of
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capacity L, then for all i, w(S(ωi)) ≥ OPTK(c) − OPTK(L) · ε/(1 + ε) for all
c ∈ [L(S(ωi)), L(S(ωi+1))). (We define L(S(ωk+1)) = ∞.) We make use of this
as follows. Let ε′ > 0 be sufficiently small relative to ε. (The exact choice of ε′

is discussed later.) We run the knapsack FPTAS with accuracy parameter ε′ on
the full-height jobs, using a knapsack capacity of L, and obtain the sets S(ωi).
For every ωi we first place the copies of the jobs belonging to S(ωi) in L(S(ωi))
bins, and then run our previously described (2+ ε′)-approximation algorithm on
the small jobs to find a solution using the remaining L − L(S(ωi)) bins. Thus,
we obtain for each ωi a feasible solution that is a combination of full-height jobs
and small jobs. As we show next, an appropriate choice of ε′ ensures that the
best of these solutions is (2 + ε)-approximate.

Consider an optimal solution Sopt = X ∪Y to the knapsack relaxation (with
the original weights, not the scaled and rounded ones) using a knapsack of ca-
pacity L, where X consists of full-height jobs and Y consists of small jobs. Let
x = max {i |L(S(ωi)) ≤ |X|}. Then, L(S(ωx)) ≤ |X| < L(S(ωx+1)), and there-
fore w(S(ωx)) ≥ OPTK(|X|)−OPTK(L)·ε′/(1+ε′) ≥ w(X)−w(Sopt)·ε′/(1+ε′).
(Recall that w(Sopt) = OPTK(L) by definition.) In addition, because the num-
ber of bins used for the jobs in Y is at most L − |X| ≤ L − L(S(ωx)), running
our (2 + ε′)-approximation algorithm on the small jobs with L− L(S(ωx)) bins
will yield a solution whose weight is at least w(Y )/(2 + ε′). Thus, the feasible
solution we construct for ωx has weight at least

w(X)− ε′

1 + ε′
w(Sopt) +

w(Y )
2 + ε′

≥ w(Sopt)
(

1
2 + ε′

− ε′

1 + ε′

)

≥ w(Sopt)
2 + ε

,

where the last inequality holds if ε′ is chosen small enough relative to ε. One can
easily verify that ε′ = ε/8 is sufficient (assuming ε ≤ 1). The solution we find
is therefore (2 + ε)-approximate, since the knapsack optimum value is an upper
bound on the optimum value for the advertisement placement problem.

4.2 Polynomial-Time Implementation

A straightforward implementation of our algorithm runs in super-polynomial
time, since the placement of jobs in bins according to the SSLF heuristic requires
Ω(L) time. This cannot be avoided if the contents of each bin must be specified
explicitly in the output. However, a more compact representation is possible,
which results in a polynomial-time implementation of the algorithm.

Recall that when the algorithm selects a bin according to the LF heuristic,
it chooses the currently least full bin, breaking ties arbitrarily. Let us not break
ties arbitrarily, but rather always select the lowest numbered bin among the
contestants. Doing so leads to each job being placed in “consecutive runs” of
bins. Thus, after processing i − 1 jobs the set of bins can be partitioned into
at most i super-bins, which are simply sets of consecutive bins, such that the
contents of all bins belonging to the same super-bin are identical. Let us define
the occupancy of a super-bin to be the occupancy of any one of its bins. Then, to
assign the ith job we repeatedly select a super-bin of minimum current occupancy
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and place a copy of the job in each of its constituent bins. If necessary, we split
the last super-bin in order to maintain the invariant that all the bins constituting
a given super-bin have identical contents. Thus, we can formulate the algorithm
entirely in terms of super-bins and dispense with the original bins completely.
The running time and output size in a straightforward implementation of this
algorithm depend polynomially on n and 1/ε (the output size depends only on
n), and are independent of L.

It is now clear that the requirement that L and the li’s be integers serves
no real purpose. Our algorithm can deal just as easily with the generalized
problem in which L and the li’s are arbitrary rationals, and jobs may be split
into “pieces” at arbitrary points along their li axis and the resulting pieces may
be placed anywhere in the interval [0, L]. This generalized problem models any
scheduling situation in which jobs require the use of a certain amount of resource
for varying amounts of time, all jobs have a common release-date and a common
due-date, and preemption and migration are allowed at no cost.

5 The Integrality Gap of the Knapsack Relaxation

For simplicity, we return to the discrete bins version of the problem, although
everything we say in this section applies to the general problem (defined at the
end of the previous section) as well.

The feasibility constraints in our problem contain two types of integrality
constraints. (In fact, the problem can be formulated as an integer programming
problem in which these two sets of constraints translate into integrality con-
straints on two different sets of 0-1 variables.) The integrality constraints are:
(1) every job must either be accepted in its entirety or rejected completely, and
(2) every job copy must be either present in its entirety in a given bin or absent
from it completely (e.g., it is impossible to place one half of a job copy in one
bin and the other half in another bin). Relaxing the constraints of the second
type yields the knapsack problem. Hence, the term integrality gap is appropriate
in connection with the knapsack relaxation.

As we have shown in the previous section, the integrality gap is at most 3.
We now demonstrate that it is at least 3 as well. Consider the following problem
instance. The input consists of three identical jobs, each with length L/2 + 1,
height 1/2 + δ, for sufficiently small δ, and weight w. Clearly, the total volume
of all three jobs is roughly 3L/4 (for sufficiently large L) and thus the optimum
for the knapsack relaxation is 3w. On the other hand, no feasible assignment
exists for more than one job, since every such assignment would have to place
at least one pair of job copies in the same bin, and that is not allowed because
their combined height exceeds 1. Thus, the optimum value for our problem is w,
and hence the integrality gap is 3.

The integrality gap of 3 does not necessarily imply that the worst case per-
formance ratio of our algorithm is at least 3, only that no analysis comparing it
against the knapsack optimum can yield a ratio better than 3. To see that our
algorithm’s worst case ratio is indeed greater than or equal to 3, we can extend
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the above example by adding a fourth job of height 1, length L, and weight 3w.
In the first step of the algorithm, the FPTAS might return the first three jobs,
resulting eventually in a solution of weight w, while the optimal solution consists
of the fourth job and has weight 3w.
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Abstract. In this paper we study the following problem. There are n
pages which clients can request at any time. The arrival times of re-
quests for pages are known. Several requests for the same page may
arrive at different times. There is a server that needs to compute a good
broadcast schedule. Outputting a page satisfies all outstanding requests
for the page. The goal is to minimize the average waiting time of a
client. This problem has recently been shown to be NP-hard. For any
fixed α, 0 < α ≤ 1

2 , we give a 1
α
- speed, polynomial time algorithm

with an approximation ratio of 1
1−α

. For example, setting α = 1
2 gives

a 2-speed, 2-approximation algorithm. In addition, we give a 4-speed,
1-approximation algorithm improving the previous bound of 6-speed, 1-
approximation algorithm.

1 Introduction

There has been a lot of interest lately in data dissemination services, where
clients request information from a source. Advances in networking and the need
to provide data to mobile and wired devices have led to the development of large-
scale data dissemination applications (election results, stock market information
etc). While the WWW provides a platform for developing these applications, it
is hard to provide a completely scalable solution. Hence researchers have been
focusing their attention on Data Broadcasting methods.

Broadcasting is an appropriate mechanism to disseminate data since multiple
clients can have their requests satisfied simultaneously. A large amount of work
in the database and algorithms literature has focused on scheduling problems
based on a broadcasting model (including several PhD theses from Maryland and
Brown) [7,9,4,1,5,2,8,23,6]. Broadcasting is used in commercial systems, includ-
ing the Intel Intercast System [15], and the Hughes DirecPC [13]. There are two
primary kinds of models that have been studied – the first kind is a push-based
scheme, where some assumptions are made on the access probability for a cer-
tain data item and a broadcast schedule is generated [3,9,7,17,6]. We focus our
attention on the second kind, namely pull-based schemes, where clients request
� Research supported by NSF Awards CCR-9820965 and NSF CCR-0113192.
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the data that they need (for example via phone lines) and the data is delivered
on a fast broadcast medium (often using satellites) [5]. This model is motivated
by wireless web applications. This work deals entirely with the pull-based model,
where requests for data arrive over time and a good broadcast schedule needs to
be created.

A key consideration is the design of a good broadcast schedule. The challenge
is in designing an algorithm that generates a schedule that provides good average
response time. Several different scheduling policies have been proposed for on-
line data broadcast. Aksoy and Franklin [5] proposed one such online algorithm.
Their algorithm, called RxW , takes the product of the number of outstanding
requests for page with the longest waiting time to compute the “demand” for
a page. The page with the maximum demand is then broadcast. Another rea-
sonable heuristic is to take the sum of waiting times of all outstanding requests
for a page to compute its demand. Tarjan et al [22] have recently shown how to
implement this algorithm efficiently. Not surprisingly, the worst case competitive
ratio of these algorithms is unbounded, as shown in [18].

While the practical problem is clearly online, it is interesting to study the
complexity of the offline problem as well. In trying to evaluate the performance
of online algorithms, it is useful to compare them to an optimal offline solution.
In addition, when the demands are known for a small window of time into the
future (also called the look-ahead model in online algorithms) being able to
quickly compute an optimal offline solution can be extremely useful. Many kinds
of demands for data (e.g., web traffic) exhibit good predictability over the short
term, and thus knowledge of requests in the immediate future leads to a situation
where one is trying to compute a good offline solution.

One could also view the requests in the offline problem as release times of
jobs, and one is interested in minimizing average (weighted) flow time. While
this problem has been very well studied (see [11] and references therein), the
crucial difference between our problem and the problem that has been studied is
the fact that scheduling a job satisfies many requests simultaneously. (The term
“overlapping jobs” has also been used to describe such scheduling problems in
the past.)

The informal description of the problem is as follows. There are n data items,
1, . . . , n, called pages. Time is broken into “slots”. A time slot is defined as the
unit of time to transmit one page on the wireless channel. A request for a page
j arrives at time t and then waits. When page j has been transmitted, this
request has been satisfied. Arrival times of requests for pages is known, and we
wish to find a broadcast schedule that minimizes the average waiting time. There
has been a lot of work on this problem when we assume some knowledge of a
probability distribution for the demand of each page [6,7,17].

In the same model, the paper by Bartal and Muthukrishnan [8] studies the
problem of minimizing the maximum response time. The offline version has a
PTAS, and there is a 2-competitive algorithm for the online version [8]. (They
also credit Charikar, Khanna, Motwani and Naor for some of these results that
were obtained independently.)
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The recent paper by Kalyanasundaram et al. [18] studies this problem as well.
They showed that for any fixed ε, 0 < ε ≤ 1

3 , it is possible to obtain a 1
ε -speed

1
1−2ε -approximation algorithm for minimizing the average response time, where a
k-speed algorithm is one where the server is allowed to broadcast k pages in each
time slot. For example by putting ε = 1

3 they obtain a 3-speed, 3-approximation.
The approximation factor bounds the cost of the k-speed solution compared to
the cost of an optimal 1-speed solution. (This kind of approximation guarantee
is also referred to as a “bicriteria” bound in many papers.) Note that we cannot
set ε = 1

2 to get a 2-speed, constant approximation. Their algorithm is based on
rounding a fractional solution for a “network-flow” like problem that is obtained
from an integer programming formulation. This problem has recently shown to
be NP-hard by Erlebach and Hall [14].
Our Results: We consider a different Integer Program(IP) for this problem,
and show that by relaxing this IP, for any fixed α ∈ (0, 1

2 ], we can obtain a
1
α -speed solution that is a 1

1−α -approximation. For example, by setting α = 1
2

we obtain a 2-speed, 2-approximation. By setting α = 1
3 we obtain a 3-speed,

1.5-approximation. Note that our algorithm improves both the speed and ap-
proximation guarantee of their algorithm [18]. This can be viewed as a step
towards ultimately obtaining a 1-speed algorithm. The rounding method is of
independent interest and quite different from the rounding method proposed
by Kalyanasundaram et al. [18]. Moreover, our formulation draws on round-
ing methods developed for the k-medians problem [10]. This connection with
scheduling is perhaps a surprising aspect of our work. Erlebach and Hall [14]
showed that one can get a 1-approximation via a 6-speed algorithm. Here we
show how to use the method in this paper to get a 1-approximation via a 4-
speed algorithm.

2 Problem

The problem is formally stated in [18], but for the sake of completeness we will
describe it here. There are n possible pages, P = {1, 2, . . . , n}. We assume that
time is discrete and at time t, any subset of pages can be requested. Let (p, t)
represent a request for page p at time t. Let rpt denote number of requests (p, t).
Let T be the time of last request for a page. Without loss of generality, we can
assume that T is polynomially bounded. A time slot t is the window of time
between time t−1 and time t. We also have a k-speed server that can broadcast
up to k pages at any time t. We say that a request (p, t) is satisfied at time Spt ,
if Spt is the first time instance after t when page p is broadcast. In this paper, we
work in the offline setting in which the server is aware of all the future requests.
Our goal is to schedule the broadcast of pages in a way so as to minimize the
total response time of all requests. The total response time is given by

∑

p

∑

t

rpt (S
p
t − t) .

Consider the example shown in Fig. 1. The table on the left shows requests for
the three pages A,B, and C at different times. An optimal schedule for this
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Input:rp
t Response time:rp

t (Sp
t − t)

t=0 t=1 t=2 t=3 t=4 t=0 t=1 t=2 t=3 t=4
page A 3 2 2 0 0 page A 9 4 2 0 0
page B 2 0 2 0 0 page B 2 0 4 0 0
page C 0 2 0 0 2 page C 0 2 0 0 2

Fig. 1. The table on the left is an example input and the table on the right shows the re-
sponse time for each request in an optimal schedule of broadcasting pages B, C, A, B, C
at times 1, 2, 3, 4, 5 respectively

instance broadcasts pages B,C,A,B,C at times 1, 2, 3, 4, 5 respectively. The
table on the right of the figure shows the response time for each request in the
optimal schedule. Adding up the response time of each request gives us the total
response time of 25.

3 Integer Programming Formulation

The Broadcast Scheduling Problem can be formulated as an integer program as
follows. The binary variable ypt′ = 1 iff page p is broadcast at time t′. The binary
variable xptt′ = 1 iff a request (p, t) is satisfied at time t′ > t i.e. ypt′ = 1 and
ypt′′ = 0, t < t′′ < t′. The constraints (2) ensure that whenever a request (p, t) is
satisfied at time t′, page p is broadcast at t′. Constraints (3) ensure that every
request (p, t) is satisfied at some time t′ > t. Constraints (4) ensure that at most
one page is broadcast at any given time.

min
∑

p

∑

t

T+n∑

t′=t+1

(t′ − t) · rpt · xptt′ (1)

subject to
ypt′ − xptt′ ≥ 0, ∀p, t, t′ > t (2)
T+n∑

t′=t+1

xptt′ ≥ 1, ∀p, t (3)

∑

p

ypt′ ≤ 1, ∀t′ (4)

xptt′ ∈ {0, 1}, ∀p, t, t′ (5)
ypt′ ∈ {0, 1}, ∀p, t′ (6)

The corresponding linear programming (LP) relaxation can be obtained by
letting the domain of xptt′ and ypt′ be 0 ≤ xptt′ , y

p
t′ ≤ 1. For the example in

Fig. 1, running an LP solver produces a fractional schedule that broadcasts
pages {A,B}, {A,C}, {A,B}, {A,B}, {C} at times 1, 2, 3, 4, 5 respectively, where
broadcasting {P1, P2} at any time t means that exactly half of page P1 and half
of page P2 are broadcast at time t. The cost of this fractional solution is 24.5.
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Request Consolidation(page p, α)
1 N ′

p ← {tfp}
2 l← fp

3 r′p
tl
← rp

tl

4 for k ← l − 1 down to 1 do
5 ft(α, p, tk)← mint′{∑t′

t=tk+1 xp
tkt ≥ α}

6 if (ft(α, p, tk) ≤ tl) then
7 N ′

p ← N ′
p ∪ {tk}

8 l← k
9 r′p

tl
← rp

tl

10 else
11 g(p, tk)← tl

12 r′p
tl
← r′p

tl
+ rp

tk

13 r′p
tk
← 0

14 return N ′
p

Fig. 2. Algorithm for Consolidating Requests

4 Outline of the Algorithm

Let I be the given instance of the problem. The algorithm solves the LP for I to
obtain an optimal (fractional) solution. It uses the LP solution to create a sim-
plified instance I ′. A 1

α -speed ( 1
α is an integer) fractional solution is constructed

for instance I ′, which is converted into a 1
α -speed integral solution for I ′ using

a min-cost flow computation. The integral solution for I ′ is then converted into
a schedule for I.

5 Algorithm

Step I: Let I be the given instance of the problem. For any page p, let Np =
{t1, t2, . . . , tfp} denote the times at which requests for page p are made in in-
stance I. We first solve the LP for I to obtain an optimal fractional solution
(x, y). Let ft(α, p, t) be the first time instance when α-fraction of request (p, t)
get satisfied in the LP solution, i.e. ft(α, p, t) = min{t′′|∑t′′

t′=t+1 x
p
tt′ ≥ α}.

We consolidate the requests in I, transforming the instance I into a simpli-
fied instance I ′ which has the following property. If N ′

p represents the times of
positive requests for page p in I ′ then for any times {t′u, t′v} ⊆ N ′

p, such that
t′u < t′v, we have ft(α, p, t′u) ≤ t′v, where α is any fixed fraction in (0, 1

2 ]. For
every request (p, t) that is grouped with a request (p, g(p, t)), g(p, t) ≥ t, we have
ft(α, p, t) > g(p, t). Let r′p

g(p,t) denote the number of requests (p, g(p, t)) in I ′.
This transformation is done separately for each page. The pseudo-code for this
transformation is given in Fig. 2.

Step II: Now we find a 1
α -speed fractional solution to instance I ′. Let N ′

p =
{t′1, t′2, . . . , t′fp

} be the times of positive requests for page p in I ′. Note that at
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source sink

[1,1,0]
[0,1/α,0]

(p1,t’j)

(p2,t’j)

X Y

[0,1,r’p1

tj (tx-t’j)] tx

(p3,t’m) ty

(p3,t’k)

[0,1,r’p3

tl (ty-t’m)]

(p4,t’k)

Fig. 3. The minimum cost flow network N . Each edge e ∈ N has a label of the form
[l, u, c], where l and u denote the lower and the upper bounds respectively on the
amount of flow through e and c denotes the cost per unit flow

least α-fraction of each request (p, t′i) ∈ I ′ gets satisfied before t′i+1 in the LP
solution (x, y), i.e. ft(α, p, t′i) ≤ t′i+1. Consider the solution (xα, y), where

xpαtt′ =

⎧
⎨

⎩

xptt′ if t′ < ft(α, p, t)
α−∑t′−1

t′′=t+1 x
p
tt′′ if t′ = ft(α, p, t)

0 otherwise

By scaling all the y values and the xα values by 1
α we obtain a feasible

1
α -speed fractional solution, ( 1

αxα,
1
αy).

Step III: To obtain a 1
α -speed integer solution to instance I ′, we construct a

minimum cost flow network N . N is the flow network that consists of a bipartite
graph G = (X,Y,E). Each node in X corresponds to a request (p, t′) ∈ I ′. Each
node in Y corresponds to a time instance at which a page can be broadcast.
There is an edge between (p, t) ∈ X and t′ ∈ Y if xαtt′ > 0. Note that for any
two nodes in X, say (p1, t

′
1) and (p2, t

′
2), that share a neighbor in Y , p1 �= p2.

This edge has a lower capacity of 0 and an upper capacity of 1 and a cost of
r′p
t (t′ − t). In addition, we have a source and a sink in N . There is an edge of 0

cost from the source to a node (p, t) ∈ X with a lower and upper capacity of 1.
Each edge from a node t ∈ Y to the sink is of 0 cost and has a lower capacity of
0 and an upper capacity of 1

α . Figure 3 illustrates the min-cost flow network N .
A 1

α -speed integral schedule can be obtained by setting ypt′ = f((p, t), t′), where
f(a, b) denotes the flow along edge (a, b) ∈ N .
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6 Analysis

Lemma 1. In Step I, recall that each request (p, t) ∈ I is grouped with a request
(p, g(p, t)) to form instance I ′, where g(p, t) ≥ t. If S and S′ are integral solutions
to instance I and I ′ respectively, then

cost(S) ≤ cost(S′) +
∑

(p,t)∈I
rpt (g(p, t)− t) .

Proof. The inequality follows easily because the additional cost of converting a
solution for request (p, g(p, t)) ∈ I ′ to a solution for request (p, t) ∈ I is exactly
rpt (g(p, t)−t). Summing this over all requests will give us the required inequality.

Recall that (x, y) is an optimal LP solution for I. Define C(p,t) to be the
cost of satisfying one request (p, t) ∈ I in the LP solution (x, y), i.e. C(p,t) =
∑T+n
t′=t+1(t

′ − t)xptt′ . For any fixed fraction α ∈ (0, 1
2 ], let β = 1− α. For any re-

quest (p, g(p, t)) ∈ I ′, define C ′θ
(p,g(p,t)) as the cost of satisfying exactly θ-fraction

of request (p, g(p, t)) ∈ I ′, i.e. C ′θ
(p,g(p,t)) =

∑T+n
t′=g(p,t)+1(t

′ − g(p, t))xpθg(p,t)t′ .
Note that the cost of the 1

α -speed fractional solution for instance I ′ is given
by 1

α

∑
(p,g(p,t))∈I′ r

′p
g(p,t)C

′α
(p,g(p,t)) = 1

α

∑
(p,t)∈I r

p
tC

′α
(p,g(p,t)) and the cost of the

optimal fractional solution for instance I is given by
∑

(p,t)∈I r
p
tC(p,t). Lemma 2

relates the two costs.

Lemma 2. The cost of 1
α -speed fractional solution in I ′ and the cost of an

optimal fractional solution for instance I are related as follows.

1
α

∑

(p,t)∈I
rptC

′α
(p,g(p,t)) ≤

1
β

∑

(p,t)∈I
rptC(p,t) −

∑

(p,t)∈I
rpt (g(p, t)− t) .

Proof. For the case when t = g(p, t), the inequality follows because (g(p, t)−t) =
0 and C(p,t) is the cost of satisfying a complete request whereas C ′α

(p,g(p,t)) is the
cost of satisfying α-fraction of the request. For the case when t < g(p, t), we
know that ft(α, p, t) > g(p, t). This means that at least β = (1 − α)-fraction
of the request (p, t) ∈ I gets satisfied after g(p, t). In other words, broadcast of
page p between g(p, t) and ft(β, p, g(p, t)) partially satisfies request (p, t) and
(p, g(p, t)) in I. Thus we have

C ′β
(p,g(p,t)) + β(g(p, t)− t) ≤ C(p,t) . (7)

Multiplying (7) by 1
β and rearranging the terms gives us

1
β
C ′β

(p,g(p,t)) ≤
1
β
C(p,t) − (g(p, t)− t) . (8)

The left side of (8) represents the average cost of satisfying β-fraction of request
(p, g(p, t)) ∈ I ′. The cost of satisfying exactly α-fraction of the request, C ′α

(p,g(p,t)),
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is upper bounded by α
βC

′β
(p,g(p,t)), which is obtained by multiplying (8) by α, thus

giving us
C ′α

(p,g(p,t)) ≤
α

β
C ′β

(p,g(p,t)) ≤
α

β
C(p,t) − α(g(p, t)− t) . (9)

Multiplying (9) by 1
αr

p
t and summing over all requests gives us the cost of 1

α -
speed fractional solution as required.

Lemma 3. For any feasible flow in the minimum cost flow network, N , there
is a 1

α -speed feasible fractional solution for instance I ′ of the same cost.

Proof. Let f(a, b) denote the flow along edge (a, b) ∈ N . Set xpαtt′ = αf((p, t), t′)
and ypt′ = xpαtt′ . Since we know that for any node (p, t) ∈ X,

∑
t′ f((p, t), t′) = 1,

we have 1
α

∑
t′ x

p
αtt′ = 1. We can show that we have a 1

α -speed solution as follows.
We know that

∑
(p,t) f((p, t), t′) ≤ 1

α , which implies that 1
α

∑
(p,t) x

p
αtt′ ≤ 1

α and
hence 1

α

∑
p y

p
t′ ≤ 1

α . Thus feasibility is ensured. The cost of the 1
α -speed solution

equals

1
α

∑

(p,t)∈I′

∑

t′>t

rpt (t
′ − t)xpαtt′ =

∑

(p,t)∈X

∑

t′∈Y
rpt (t

′ − t)f((p, t), t′) .

This proves that the 1
α -speed solution has the same cost as the flow in N .

Lemma 4. There is a flow in N of the same cost as the 1
α -speed feasible frac-

tional solution.

Proof. Let the flow along an edge ((p, t), t′) equal 1
αx

p
αtt′ . By definition of xα,

the capacity constraint of each edge is satisfied. Since we have a 1
α -speed feasible

solution, 1
α

∑
t′ x

p
αtt′ = 1 and hence the flow is conserved at every node in X

which has an incoming flow of 1 unit. Since our solution is 1
α -speed, 1

α

∑
p y

p
t′ ≤

1
α . Set flow along any edge from node t′ to the sink equal to 1

α

∑
p y

p
t′ . Note that

the flow is also conserved at a node t′ ∈ Y as we know that ypt′ ≥ xpαtt′ . The cost
of the solution equals

∑

(p,t)∈X

∑

t′∈Y
rpt (t

′ − t)f((p, t), t′) =
1
α

∑

(p,t)∈I′

∑

t′
rpt (t

′ − t)xpαtt′ .

Thus the cost of the flow in N is the same as the cost of the 1
α -speed solution.

Lemma 5. There exists a 1
α -speed integral solution for I ′ of the same cost as

the 1
α -speed fractional solution, ( 1

αxα,
1
αy).

Proof. From Lemma 3 and Lemma 4 we know that the minimum cost flow in N
equals the cost of the 1

α -speed fractional solution ( 1
αxα,

1
αy). By the integrality

theorem, we can determine in polynomial time a minimum cost integral flow f∗

in N that satisfies the capacity constraints. Using this integral flow f∗ we can
derive a 1

α -speed integral solution for instance I ′ using Lemma 3.
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Theorem 6. There is a 1
α -speed, 1

1−α -approximation solution for the Broadcast
Scheduling Problem.

Proof. We will prove that the algorithm in Sect. 5 gives a 1
α -speed, 1

1−α -ap-
proximation solution. From Lemma 2 and Lemma 5, we know that the cost of
the 1

α -speed integral solution equals to

1
α

∑

(p,t)∈I
rptC

′α
(p,g(p,t)) ≤

1
β

∑

(p,t)∈I
rptC(p,t) −

∑

(p,t)∈I
rpt (g(p, t)− t) .

Substituting this expression for cost(S′) in Lemma 1, we get

cost(S) ≤ 1
β

∑

(p,t)∈I
rptC(p,t) ≤ 1

β
OPT =

1
1− αOPT .

Corollary 7. There is a 2-speed, 2-approximation solution and a 3-speed, 1.5-
approximation solution for the Broadcast Scheduling Problem.

Proof. The proof follows easily from Theorem 6 by setting α = 1
2 and α = 1

3
respectively for a 2-speed and a 3-speed solution.

7 4-Speed 1-Approximation Algorithm

Erlebach and Hall [14] showed that one can use a 6-speed algorithm to get a 1-
approximation. This is done by taking a fractional solution obtained by solving
a linear program, and then applying randomized rounding to generate schedules
for 2 channels. On the remaining 4 channels they use the 4-speed algorithm by
[18]. They are able to prove that the expected cost of each request is upper
bounded by its fractional cost.

In this section, we show that one can obtain a random fractional schedule
using the approach outlined in our paper. We can establish an upper bound on
the cost of this fractional schedule. Finally, we convert this fractional schedule
to an integral schedule using the network flow approach.

We obtain a 4-speed fractional solution as follows. On two channels, we select
two pages (independently) with probability ypt at each time t. For the remaining
two channels, we take our 2-speed fractional solution constructed in step II of
Sect. 5. Note that in this 2-speed fractional solution, a request (p, t) is satisfied
by the same broadcasting as (p, g(p, t)) because we construct a 2-speed fractional
solution after merging (p, t) to (p, g(p, t)). Therefore the cost of satisfying one
request (p, t) in the 2-speed fractional solution is 2C ′1/2

(p,g(p,t)) + (g(p, t)− t).

Lemma 8. The expected cost of satisfying a request (p, t) by the 4-speed frac-
tional schedule is at most the optimal LP cost for a request (p, t).

Proof. In our 4-speed fractional schedule, each request (p, t) could be satisfied
by either of the two random channels and if it is not satisfied by time g(p, t), the
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2-speed fractional schedule will satisfy it fractionally. Thus the expected cost of
satisfying a request (p, t) by the 4-speed fractional schedule is at most

A =
g(p,t)∑

t′=t+1

((
t′−1∏

t′′=t+1

(1− ypt′′)2)(1− (1− ypt′)2)(t′ − t))+(
g(p,t)∏

t′=t+1

(1− ypt′)2)(t∗−t),

where (t∗ − t) = 2C ′1/2
(p,g(p,t)) + (g(p, t) − t). The optimal LP cost for a request

(p, t) is at least

B =
g(p,t)∑

t′=t+1

ypt′ · (t′ − t) + (1−
g(p,t)∑

t′=t+1

ypt′) · (t∗ − t) .

Because
∑g(p,t)
t′=t+1 y

p
t′ < 1/2 and t∗ > g(p, t), we can get A ≤ B using the same

proof as [14].

Lemma 9. We can find a 4-speed fractional schedule of the cost at most OPT
in polynomial time.

Proof. By Lemma 8 and the linearity of expectation, the expected cost of this
4-speed fractional schedule is at most OPT . Using standard derandomization
techniques, we can obtain a deterministic polynomial-time algorithm that yields
a 4-speed fractional schedule of the cost at most OPT .

Now we convert the 4-speed fractional schedule to a 4-speed integral schedule.
Because the schedule on two random channels is already integral, we only need
to convert the 2-speed fractional schedule to an integral schedule without losing
any cost.

Lemma 10. We can convert the 4-speed fractional schedule to a 4-speed integral
schedule of the same cost.

Proof. By constructing the minimum cost flow network only for the requests
satisfied by the fractional schedule, we can convert the 2-speed fractional solu-
tion to 2-speed integral solution of the same cost. Combining with two random
channels, we have a 4-speed integral solution.

Theorem 11. There is a 4-speed, 1-approximation solution for the Broadcast
Scheduling Problem.

8 Experiments

Although we cannot obtain 1-speed algorithm which has an O(1) approximation
guarantee, we devised several simple heuristics and compared their performance
with LP and IP solutions. The results showed that we can get very close to the
optimal solution for randomly generated instances.

We have two types of heuristics. The first heuristics use the number of out-
standing requests and the time of next request. In the second heuristics, we first
solve LP and use the solution to guide the construction of our schedule.
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8.1 Heuristic 1

Let Np
t be the number of requests for page p which are not yet satisfied at the end

of timeslot t. We may want to broadcast a page with the largest Np
t . Another

useful information to consider is the next request time. Let Cpt be the next
request time for page p after time t. If Cpt is small, it may be better to delay
broadcasting the page till the next request time, by which a single broadcast
satisfies them with a small delay. We tried several heuristics using combinations
of these two values.

One simple heuristic is to compute Np
t (Cpt ) for all pages p at each time t

and broadcast a page j which satisfies N j
t ≥ Nk

t (Cjt ≥ Ckt ) for any page k.
These heuristics which consider one metric (Np

t or Cpt ) did not perform very
well because the other value can be too small.

To reflect both values at the same time, a reasonable metric is Np
t · Cpt . In

addition, if Np
t is very small, then we may ignore the page even if its Cpt value

is large enough to make Np
t · Cpt the largest. At each time t, we compute both

Np
t and Cpt and broadcast a page j which satisfies N j

t · Cjt ≥ Nk
t · Ckt for any

page k of which Nk
t is within top α%. We varied α from 20% to 100% in the

experiments.

8.2 Heuristic 2

In this type of heuristic, we solve LP to get an optimal fractional solution (x, y)
and compute zpt as follows.

zpt =
{
zpt−1 + ypt if Np

t > 0
0 otherwise

zpt can be interpreted as preference to broadcasting page p at time t. Thus we
choose a page with the largest zpt value at each time. We call this heuristic as
Deterministic LP Rounding.

A variation of this heuristic is to use randomization. We normalize zpt by
dividing it by

∑
p z

p
t so that zpt represents the probability to broadcast page p at

time t. Then we choose a page randomly based on zpt distribution. We call this
heuristic as Randomized LP Rounding.

8.3 Settings

We experimented these heuristics with two types of inputs.

– Uniformly random input generator: Over all possible time and possible pages,
there are approximately (density) · n · T uniformly distributed nonzero de-
mands. If a demand is nonzero, it is a random number from 1 to (maximum
demand).

– Zipf Distribution input generator: At every time, the total number of re-
quests, summing over all pages, is a random number from 1 to (density) ·n ·
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Table 1. Percentage change relative to OPT for uniformly distributed input

Different Heuristics Mean Median Min Max S.D. % same as OPT
LP -0.02 0.00 -0.37 0.00 0.06 68.00
Ni 25.76 25.27 10.01 41.40 6.13 0.00
Ci 60.13 57.86 34.26 116.70 16.32 0.00

Ni · Ci 9.57 9.08 3.15 19.61 3.38 0.00
Ni · Ci (top 20%) 12.96 12.60 4.50 27.33 3.99 0.00
Ni · Ci (top 50%) 9.31 8.83 3.15 19.21 3.38 0.00
Ni · Ci (top 80%) 9.57 9.08 3.15 19.61 3.38 0.00

Deterministic LP Rounding 0.90 0.00 0.00 11.47 2.21 68.67
Randomized LP Rounding 7.17 0.00 0.00 39.95 11.61 67.33
Ditto (best over 100 runs) 2.15 0.00 0.00 18.45 4.67 67.33

(maximum demand). Each request has probability of 1
i·H(n) of requesting

page i, where H(n) =
∑n
i=1 1/i. In other words, the choice of pages follows

Zipf distribution [24] with θ = 0. Thus, page 1 has most requests and page
n has least. This corresponds to the measurements performed in [12] (for a
movies-on-demand application).

In our experiment, the uniformly random input consists of 10 pages (n = 10).
The time of last request is 50 (T = 50). The density of demand distribution in
the uniformly random input generator is 0.4. Themaximum demand of a request
is 20.

Similar to the uniformly random input generator, the Zipf distribution input
consists of 10 pages, and the time of last request is 50. The maximum total
number of requests, summing over all pages, is 0.4 · 10 · 20 = 80, so that the
expected total demand is the same as that in the uniformly random input.

To get the expected result of the Randomized LP Rounding heuristic, the re-
sult of this heuristic is the averaged cost over 100 runs. Randomized LP Rounding
(best over 100 run) is the lowest cost over 100 randomized LP rounding.

We ran our experiments on a Sun Ultra-5 workstation, using ILOG CPLEX
6.5.2 to solve LP and IP, and Matlab 5.3 to implement all heuristics.

8.4 Results

Table 1 and 2 shows the ratio of our heuristic solutions to IP optimal solution.
We repeated the experiment 150 times for uniformly random input, and another
150 times for Zipf distribution input and took averages. The Zipf input seems
harder to solve. It takes 1000 to 4000 seconds to find an optimal solution, while it
takes less than 100 seconds to find a LP solution. The uniformly random input
problems are easier to solve. It takes less than 20 seconds to find an optimal
solution for most problems. To find a LP solution, it takes a few seconds.

To find a solution using first set of heuristics, it takes around 0.1 seconds.
LP rounding takes around 0.1 seconds too.
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Table 2. Percentage change relative to OPT for Zipf distribution input

Different Heuristics Mean Median Min Max S.D. % same as OPT
LP -0.08 -0.07 -0.31 0.00 0.08 20.00
Ni 17.82 17.35 13.21 24.54 2.48 0.00
Ci 120.80 109.20 62.86 195.20 34.82 0.00

Ni · Ci 12.81 12.71 8.12 18.18 1.64 0.00
Ni · Ci (top 20%) 15.25 14.97 9.59 19.79 2.49 0.00
Ni · Ci (top 50%) 12.65 12.65 6.25 16.68 1.98 0.00
Ni · Ci (top 80%) 12.61 12.36 8.12 16.55 1.72 0.00

Deterministic LP Rounding 1.54 1.47 0.00 5.29 1.34 22.00
Randomized LP Rounding 19.18 24.63 0.00 30.21 10.41 20.00
Ditto (best over 100 runs) 10.33 12.94 0.00 19.08 6.19 20.00

Deterministic LP rounding method performed best for both uniform and Zipf
inputs. The difference was only about 0.9% for uniform input and 1.6% for Zipf
input. Moreover, in a few cases, deterministic LP rounding can round a non
optimal solution to an optimal solution, as shown from its “% same as OPT” is
higher than that of LP.

As for the first type of heuristics, Ni · Ci metric performed best. Although
it does not perform as good as deterministic LP rounding, it runs much faster
since it needs not to solve a LP. In this method, we only considered the pages
which have large Ni and varied the percentage as 20%, 50%, 80%, 100%. 50%
performed best for the uniform input and 80% for the Zipf input. If the heuristic
considers only the requests with Ni larger than the highest 20-percentile among
allNi, it cuts too many good candidates. If the heuristic simply ranks all requests
by Ni · Ci, it may broadcast a page with small Ni but very large Ci. However,
it is better delay this page and broadcast a page with larger Ni.
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Abstract. We consider the design of resilient networks that are fault
tolerant against single link failures. Resilience against single link failures
can be built into the network by providing backup paths, which are used
when an edge failure occurs on a primary path. We consider several
network design problems in this context: the goal is to provision primary
and backup bandwidth while minimizing cost. Our models are motivated
by current high speed optical networks and we provide approximation
algorithms for the problems below.
The main problem we consider is that of backup allocation. In this prob-
lem, we are given an already provisioned (primary) network, and we want
to reserve backup capacity on the edges of the underlying network so that
all the demand can be routed even in the case of a single edge failure. We
also consider a variant where the primary network has a tree topology
and it is required that the restored network retains the tree topology.
We then address the problem of simultaneous primary and backup allo-
cation, in which we are given specifications of the traffic to be handled,
and we want to both provision the primary as well as the backup net-
work. We also investigate the online model where the primary network is
not known in advance. Demands between source-sink pairs arrive online
and the goal is to provide a primary path and set of backup edges that
can be used for restoring a failure of any of the primary edges.

1 Introduction

Fault tolerance in networks is an important and well studied topic with many
applications. Telephone networks and other proprietary networks adopt a variety
of techniques to provide reliability and resilience to network failures and have
been in use for many years now. On the other hand data networks such as the
Internet have very little centralized fault tolerance. Instead, the network relies
on the routing protocols that adapt to failures by sending traffic on alternate
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paths. This has been acceptable since there are no guarantees on the quality of
service on the Internet. With maturity of the Internet, many applications now
require quality of service guarantees. The emergence of very high capacity optical
networks has enabled the move towards providing users with their own virtual
private networks (VPNs). Several networks are accommodated on the underlying
high capacity optical network by splitting the available bandwidth among them.
Although this approach helps in providing QoS to applications and users, fault
tolerance becomes a very critical issue: failure of a single high capacity link can
disrupt many VPNs that use the link.

One way to provide VPN over optical networks is using MPLS [9]. Surviv-
ability issues of IP over optical networks are discussed in [24] and [12], and
restoration in MPLS tunnels are discussed in [19] and [20]. In many cases the
speed and the capacity of the links do not allow, unlike the Internet, to rely on
the routing protocol to successfully reroute traffic on alternate routes after the
failure. Thus, one needs to provision the network in advance to handle failures.
This places two constraints on these networks: 1) resources for re-routing traffic
should be reserved at the same time the sub-networks are provisioned, and 2)
the routing protocol should be simple both for the regular routing and when a
fault occurs.

For the reasons mentioned above, there has been much recent interest in
obtaining algorithmic solutions for problems of guaranteeing resilience against
failures. A variety of failure and recovery models have been proposed. It is not
feasible to give even an overview of all the models and their intricacies, hence
we mention only a few high level assumptions that we make in this paper. The
precise model is given later in this section. One central assumption we make
is the single link failure assumption, that is we assume that at most one link
can fail at any particular time. This is a common assumption that seems to
work reasonably well in practice. Further, the resulting optimization problems
are already hard and it is useful to obtain insight into this case.

Clearly, resilience against single edge failures can be built into the network
by providing backup paths, which are used when an edge failure occurs on the
primary path. However, note that these backup paths could intersect each other
and share the same amount of bandwidth, provided they are used for the failures
of different edges in the network. This multiplexing is one of the factors that
makes this problem especially difficult; we shall spell out some of the others as
we explain the models and our results.

Finally, most of our results are for an uncapacitated network. In other words,
we assume that capacities of the underlying network are unlimited and there
is a cost on each edge per unit of bandwidth. Although this assumption is not
true for any practical network, we make it for two reasons. First, we believe it
is a reasonable approximation since the capacities of the underlying network are
usually much larger than the capacity of any single VPN. Second, the capacitated
versions are much harder in theory and we believe that the domain in which they
are hard does not apply to real settings. For example, the disjoint paths problem
is notoriously hard for small capacities, but it is much easier if the capacities of
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the edges are sufficiently large compared to the individual demands. See [6,11,17]
for similar assumptions.

We consider several network design problems with the above assumptions.
Though our problems have similarities to traditional network design problems,
they also differ in some respects. Our contributions include providing models and
building upon existing techniques to give algorithms for these new problems. We
hope that our techniques and ideas will be useful in related contexts.

The first problem we consider is that of Backup Allocation. In this problem,
we are given an already provisioned (primary) network, and we want to reserve
backup capacity on the edges of the underlying network so that all the demand
can be routed even in the case of an edge failure. At this point, we point a
requirement of the network: the restoration has to be handled locally; i.e., if
edge e = (i, j) carrying u(e) bandwidth fails, there must be a single path P (e)
in the backup network between i and j with capacity at least u(e), which stands
in for the edge e.

Local restoration is important for timing guarantees, otherwise it could take
too much time before other portions of the network are aware of a failure at e; it
is also useful since it does not require any of the other paths being currently used
in the network to be changed or rerouted. It is imperative that there is a single
path between u and v that routes all of u(e); having a backup network that is
able to push the right amount of “flow” would not suffice. This is necessary in
optical networks, where splitting the traffic is not feasible. This is also the reason
that the traffic between two hosts in the originally provisioned network is routed
on a single path. (As an aside, the reader curious about the actual mechanisms
of efficient local restoration of paths is pointed to the literature on MPLS [9].)

The second problem we consider is that of Primary and Backup Allocation.
In this paper we consider two cases of the problem. In the first case, we are
given specifications of the traffic to be handled, and we want to provision both
the primary as well as the backup network. The second case is related to an
online version of the problem, where demands arrive one by one. Here, we must
find both a primary path and a backup path between a pair of terminals {s, t},
but where some of the edges may have already been chosen as part of a backup
path for previous demands. Since we are allowed to share those edges between
backups of different pairs of terminals, we model this by allowing different costs
for an edge depending on whether it is a part of a primary or a backup path.

1.1 Models and Results

We now give detailed and precise formulations of the problems studied and
results obtained in this paper.

Backup Allocation: In this paper, we look at (undirected) base networks
G = (V,E) with edge costs ce. In backup allocation, we are given a provisioned
network Gp = (V p, Ep), with each edge e ∈ Ep having provisioned capacity
up(e). The objective is to find an edge set Eb ⊆ E (which could intersect with
Ep) and backup capacities ub for these edges, so that for each e = (u, v) ∈ Ep,
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there is a path P (e) ∈ Eb\{e} between its endpoints u and v on edges of capacity
at least up(e). This path P (e) can be used to locally restore e lest it fail.

In Sect. 3, we describe an O(1) approximation algorithm for this problem. We
first examine the uniform capacity case, that is when up(e) = 1 for all e ∈ Ep.
This special case is similar to the Steiner network problem [23,15,18], in that it
prescribes connectivity requirements for vertex pairs, except that now there is a
forbidden edge for each pair. We give an algorithm to handle this in Sect. 2, and
then use scaling to handle the general case with non-uniform primary capacities.

Primary and Backup Allocation: The most common model for specifying
traffic characteristics is the point-to-point demand model, where a demand matrix
D = (dij) gives demands between each pair of terminals, and the objective is
to find the cheapest network capable of sustaining traffic specified by D. In the
uncapacitated case which is of interest here, allocating the primary can be done
trivially by routing flow on shortest-paths between the terminals.

Considering that good estimates are often not known for the pairwise de-
mands in real networks, Duffield et al. [10] proposed an alternate way to specify
traffic patterns, the so-called VPN hose model. In its simplest form, each ter-
minal i is given a threshold b(i), and a symmetric demand matrix D = (dij)
is called valid if it respects all thresholds, i.e., if

∑
j dij ≤ b(i) for all i. The

primary network is specified by a vector up indicating the bandwidth allocated
on the various edges, and also paths Pij on which all the flow between terminals
(i, j) takes place unsplittably. Feasibility of a solution implies that for each valid
demand matrix (dij), ∑

i<j dij χ(Pij) ≤ up,
where χ(P ) is the characteristic vector of P , and the sum is a vector sum. Provi-
sioning the primary network in the hose model was studied in [16], where among
other results, an optimal algorithm was given when the provisioned network was
required to be a tree; it was also shown that this tree is a 2-approximation for
general networks (without the tree restriction).

These are just some ways to specify the traffic requirements; given a primary
network, the backup network is defined just as before. In this paper, we show
that if there is a α-approximation algorithm for allocating the primary, there
is an O(α log n) approximation for both primary and backup allocation. The
simple two-stage algorithm that achieves this first allocates the primary primary
network Gp using the α-approximation algorithm, and then uses the algorithm
of Sect. 3 to find a near-optimal backup network for Gp.

Tree Networks: Simplicity, along with good routing schemes and error recov-
ery, make trees particularly attractive. This prompted [16] to give an algorithm
for primary allocation in the VPN hose model which outputs the optimal tree
(which is within a factor 2 of the optimal network). However, when some edge e
in this tree fails and is locally restored by P (e), the new network may no longer
be a tree. For some applications, and also for simplicity of routing schemes, it
is convenient that the network remains a tree at all times, even after restora-
tion. In Sect. 5, we study the problem of allocating backup while retaining the
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tree topology of a given primary network. We show that this problem is hard to
approximate within Ω(log n). We also give a backup allocation algorithm whose
cost is O(log2n) times the optimal cost of primary and backup allocation.
The Online Problem: In practical applications, the demands often appear
in an online manner, i.e., new demands for both primary and backup paths
between pairs of nodes arrive one by one. Here we need to solve the primary and
backup allocation problem in the point-to-point demand case, i.e., when there
is a single source-sink pair in the network with a given demand. Concretely, the
goal is to construct both a primary path and a set of backup edges that can be
used for restoring a failure of any of the primary edge. As explained before, a
backup edge can be used to back up more than one primary edge, and hence
some edges may have already been paid for by being on a previous backup path.
We model this by allowing different primary costs and backup costs for an edge,
depending on the purpose for which we will use this edge. Clearly, the primary
cost of an edge should be at least as high as the backup cost. We present a
simple 2-approximation algorithm for this case. We then present two natural
linear programming formulations of the problem and show that one formulation
dominates the other for all instances. Note, that we are considering the local
optimization problem that needs to be solved each time a new demand arrives,
and do not aim at performing the usual competitive analysis where the online
algorithm is compared to the best offline solution.
Related Work: There have been several papers on (splittable) flow networks
resilient to edge-failures; see, e.g., [6,7,11]. The papers [19,20] formulate the on-
line restoration problem as an integer program, and give some empirical evidence
in favor of their methods. The paper of [17] considers backup allocation in the
VPN hose model and gives a constant-factor approximation when accounting
only for the cost of edges not used in the primary network. The paper [1] looks
at the problem of limited-delay restoration; however, it does not consider the
question of bandwidth allocation.

The problem of survivable network design has also been investigated exten-
sively (see, e.g., [2] and the references therein). Most of this work has been
focused on obtaining strong relaxations to be used in cutting plane methods.
In fact, the linear programs we use have been studied in these contexts, and
have been found to give good empirical performance. For more details on these,
and on polyhedral results related to them, see [3,4,5,8]. In contrast to most of
these papers, we focus on worst-case approximation guarantees, and our results
perhaps explain the good empirical performance of relaxations considered in the
literature. Our models and assumptions also differ in some ways from those in the
literature. We are interested in local restoration, and not necessarily in end-to-
end restoration. This allows our results to be applicable to the VPN hose model
as well, in contrast to the earlier literature, which is concerned with the point-to-
point model. We also focus on path restoration as opposed to flow restoration.
On the other hand, we do consider a simpler model and limit ourselves only to
the case of uncapacitated networks.
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2 Constrained Steiner Network Problem

Recall that our model assumes the following: when link e = (u, v) fails, the
backup path for (u, v) locally replaces e, i.e, any path that used e now uses the
backup path in place of e without altering the rest of the path. Given provisioned
network Gp, the Backup problem seeks to find a set of edges such that for each
(u, v) ∈ Gp there is a backup path that does not use (u, v) itself. Note that
we can share edges in the backup paths for different edges. If all the capacities
are the same, this is similar in spirit to traditional network design problems.
Motivated by this we study a variant of the Steiner network problem that is
described below.

In the Steiner network problem we are given an undirected graph G = (V,E)
and cost function c : E → IR+. We are given a requirement rij ∈ ZZ+ for pairs
of vertices (i, j) ∈ V . (We can assume that rij = 0 for pairs (i, j) for which there
is no requirement.) The goal is to select a minimum cost set of edges E′ ⊆ E
such that there are rij edge-disjoint paths between i and j in E′. In a seminal
paper, Jain [18] gave a 2-approximation for this problem, improving upon the
earlier 2Hrmax approximation [23] where rmax is the largest requirement.

For our application, we add the constraint that for pairs of vertices (i, j),
E′ − {(i, j)} must support rij edge-disjoint paths between i and j. Note that
though we are not allowing the edge (i, j) to be used in connecting i and j,
(i, j) could be used in E′ to connect some other pair (i′, j′). We will refer to the
Steiner network problem as the SN problem, and our modified problem as the
CSN (constrained SN) problem.

We show that any α-approximation algorithm for SN can be used to solve
the CSN problem with an additional loss of a factor of 2 in the approximation
ratio. The algorithm is simple and is given below.

– Let I1 be the instance of SN with requirement r onG. Solve I1 approximately,
and let E′ be the set of edges chosen.

– Define a new requirement function r′ as follows. For (i, j) ∈ E′ such that
rij > 0, set r′

ij = rij + 1, else set r′
ij = rij .

– Let I2 be the instance of SN on G with requirement function r′ and with
the cost of edges in E′ reduced to zero. Let E′′ be an approximate solution
to I2. Output E′′ ∪ E′.

It is easy to see that the above algorithm produces a feasible solution. Indeed,
if (i, j) �∈ E′ then E′ − {(i, j)} contains rij edge-disjoint paths between i and
j. If (i, j) ∈ E′ then E′′ contains rij + 1 edge-disjoint paths between (i, j), and
hence E′′ − {(i, j)} contains rij edge-disjoint paths.

Lemma 1. The cost of the solution produced is at most 2αopt where α is the
approximation ratio of the algorithm used to solve SN.

Proof. It is easy to see that opt(I1) ≤ opt, and hence c(E′) ≤ αopt. We claim
that opt(I2) ≤ opt. Indeed, if A ⊆ E is an optimal solution to I, then A ∪E′

is feasible for requirements r′. Therefore, c(E′′ −E′) ≤ αopt(I2) ≤ αopt, and
c(E′′ ∪ E′) ≤ 2αopt.
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2.1 Integrality Gap of LP Relaxation for CSN

We used the algorithm for the Steiner network problem as a black box in ob-
taining the above approximation ratios. Consider the following integer linear
programming formulation for CSN, where xe is the indicator variable for picking
edge e in the solution. For compactness we use the following notation to describe
the constraints. We say that a function x̄ on the edges supports a flow of f be-
tween s and t if the maximum flow between s and t in the graph with capacities
on the edges given by x̄ is at least f .

min
∑
e cexe (IP1)

s.t. x̄ ∈ {0, 1}|E| supports rij flow between (i, j) in E − {(i, j)} for all i, j

We relax the integrality constrains to obtain a linear program (LP1), and claim
that the integrality gap is at most 4, the same as the approximation guarantee
for the algorithm above. Jain [18] showed that the integrality gap of the natural
cut formulation for SN is 2. The following linear programming relaxation (LP2)
for SN is flow based and is equivalent to the cut formulation, and hence its
integrality gap is also 2.

min
∑
e cexe (LP2)

s.t. x̄ ∈ [0, 1]|E| supports rij flow between (i, j) in E for all i, j

Note that the optimal solutions to (LP2) for the instances I1 and I2 cost no
more than an optimal solution to (LP1) for I. This, combined with the fact that
(LP2) has an integrality gap of at most 2, gives the following result.

Lemma 2. The integrality gap of (LP1), the LP for the CSN problem is upper
bounded by 4.

3 Backup Allocation

In this section we show an O(1) approximation for the problem of computing the
cheapest backup network for a given network. Let G = (V,E) be the underlying
base network and let Gp = (V p, Ep), a subgraph of G, denote the primary
network. We are also given a real valued function up on the edge set E that
gives the primary bandwidth provisioned on the edges. Our goal is to find an
edge set Eb ⊆ E and a function ub : Eb → IR+ such that Eb backs up the network
Gp for single link failures. Note that we are working in the uncapacitated case
which implies that we can buy as much bandwidth as we want on any edge of
E and the cost for buying b units of bandwidth on edge e is b · ce, where ce is
the cost of e.

Let upmax = maxe∈Ep up(e). Our algorithm for backup allocation given below
is based on scaling the capacities and solving the resulting uniform capacity
problems separately.
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– Let Epi = {e ∈ Ep | up(e) ∈ [2i, 2i+1)}. For all e ∈ Epi , round up up(e) to
2i+1.

– For 1 ≤ i ≤ �log upmax�, independently backup Epi .

Let Ebi be the edges for backing up Epi and ubi be the backup bandwidth
on Ebi . Note that rounding up the bandwidths of Epi causes the the backup
allocation problem on Epi to be a uniform problem. The lemma below states
that solving the problems separately does not cost much in the approximation
ratio.

Lemma 3. Let α be the approximation ratio for the uniform capacity backup
allocation problem. Then there is an approximation algorithm for the backup
allocation problem with ratio 4α.

Proof. Let Er∗ be an optimal solution for backup allocation, with ur∗ being
the bandwidth on Er∗. For 1 ≤ i ≤ �log upmax� construct solutions Er∗i , where
e ∈ Er∗i with capacity ur∗i (e) = 2i+1 if ur∗(e) ≥ 2i. Clearly

∑
i u

r∗
i (e) ≤ 4ur∗(e),

and so
∑
i c(E

r∗
i ) ≤ 4c(Er∗). However, note that Er∗i is a feasible backup for

Epi , since every edge in Er∗ of bandwidth at least 2i lies Er∗i with bandwidth
2i+1. Hence, for each i, using the approximation algorithm for the uniform case
for Epi would give us a solution with cost at most αc(Er∗i ). This completes the
proof.

However, the backup allocation problem for the uniform bandwidth case
can be approximated to within α = 4. Given a set of edges Ep with uniform
bandwidth up(e) = U that need to be backed up, the problem can be scaled so
that up(e) = 1 for e ∈ Ep. This is just a problem of finding, for (i, j) ∈ Ep, a
path between i and j that does not use the edge (i, j) itself, which in turn is
the problem described in Sect. 2 with rij = 1 for (i, j) ∈ Ep. Combining this
with Lemma 3, we get a 16-approximation algorithm for the backup allocation
problem.

The ratio of 4α can be improved to eα by randomness: instead of grouping
by powers of 2, grouping can be done by powers of e (with a randomly chosen
starting point). This technique is fairly standard by now (e.g., [21,13]) and the
details are deferred to the final version.

Theorem 1. Given any Gp, there is a 4e 
 10.87-approximation for the backup
allocation problem for Gp.

3.1 Integrality Gap of an LP Relaxation

We showed an O(1) approximation for the backup allocation problem. We now
analyze the integrality gap of a natural LP relaxation for the problem and show
that it is Θ(log n). This will allow us to analyze an algorithm for simultaneous
allocation of primary and backup networks in the next section. The LP formu-
lation uses variables ye which indicate the backup bandwidth bought on edge e.
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We relax the requirement that the flow uses a single path.

min
∑
e ceye (LP3)

s.t. ȳ supports upe flow between (i, j) in E − {e} for all e ∈ Ep
ye ≥ 0 .

We now analyze the integrality gap. Recall the definition of Epi as the set of
edges in Ep such that up(e) ∈ [2i, 2i+1). As before we round up the bandwidth
of these edges to 2i+1. Let xe(i) = min{1, ye/2i}. Note that xe(i) ∈ [0, 1]. We
claim the following.

Proposition 1. The variables xe(i) are feasible for the uniform bandwidth
backup allocation problem induced by Epi where the bandwidths are scaled to 1.

From the analysis in Sect. 2.1 it follows that the integrality gap of (LP1), the
LP for the uniform bandwidth problem is at most 4. Hence we can find a solution
that backs up the edges in Epi with cost at most 4

∑
e ceye. Since we have to

only look at �log upmax� values of i, there is a solution that backs up all edges in
Ep with cost at most 4 log upmax

∑
e ceye. We can make the upper bound on the

integrality gap O(log n) via a simple argument. We set xe(i) = 0 if ye/2i ≤ 1/n3,
otherwise we set xe(i) = min{1, (1 + 1/n)ye/2i}. It is straightforward to argue
that Proposition 1 still holds for the variables xe(i) defined in this modified
fashion. The cost goes up by a (1 + 1/n) factor. Each edge e participates in the
backup of at most O(log n) groups Epi , hence the overall cost is at most O(log n)
times the LP cost. This gives us the following theorem.

Theorem 2. The integrality gap of (LP3) is O(min{log n, log upmax}).
The following theorem shows that our analysis is tight.

Theorem 3. The integrality gap of (LP3) is Ω(log n).

Proof. We construct a graph G with the required gap as follows. The graph
consists of a binary tree T rooted at r with some additional edges. The cost
of each edge in T is 1. The additional edges go from leaves to the root and
each of them is of cost d, where d is the depth of T . Primary bandwidth is
provisioned only on the edges of T and is given by up(e): for an edge e at depth
d(e), up(e) = 2d/2d(e). Backup bandwidth allocation defined by the following
function ub(e) is feasible for (LP3): ub(e) = 1 for each edge e that goes from a
leaf to the root and ub(e) = up(e) for each edge of T . It is easy to check that the
cost of this solution is O(d2d). We claim that any path solution to the backup
of T in G has a cost of Ω(d22d). To prove this claim we observe that in any
path backup solution the number of edges from the leaves to the root of backup
capacity 2d−i is at least 2i. This follows since there are 2i edges of capacity 2d−i

in T each of which could fail and each of them requires a backup edge from a
leaf in its subtree to the root. The subtrees are disjoint and hence these back up
edges cannot be shared. We set d to be log n to obtain the desired bound.
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We note that the primary network in the above proof is valid for both the
point to point demand model and the VPN hose model. That the former is true
is clear: every edge implicitly defines a point to point demand between its end
points of value equal to the primary bandwidth allocated to the edge. To see
that the above primary network is valid in the VPN hose model consider the
leaves of T as demand points, each with a bandwidth bound of 1.

4 Simultaneous Primary & Backup Allocation

In this section we examine the problem of simultaneously building a primary
network and the backup network of minimum overall cost. We have already
seen an O(1) approximation algorithm to provide backup given the primary
network. We adopt a natural two-phase strategy where we build the primary
network first and then build a backup network for it. If α is the approximation
guarantee for the problem of building the primary network then we obtain an
O(α log n) approximation for building the primary and backup networks. For
the two primary networks of interest, namely the pairwise demand model and
the VPN hose model, we have O(1) approximation algorithms for building the
primary network, hence we obtain an O(log n) approximation for the combined
problem.
An O(log n) approximation: We analyze the two-stage approach for primary
and backup allocation. Let Gp be the subgraph of G that is chosen in this
first step. We provide backup for this network using the algorithm described in
Sect. 3. To analyze this algorithm we use the LP relaxation (LP3) for the backup
allocation problem. In the following lemma we will be using extra capacity on
the edges of provisioned network itself. Note that this is allowed.

Lemma 4. Let up be any solution to the primary problem. Let up∗ and ur∗ be
the primary and backup in some optimal solution. Then, up + up∗ + ur∗ is a
feasible solution for (LP3), the LP relaxation for the backup of up.

Proof. We assume that the solution up is minimal. Let e = (i, j) be such that
up(e) > 0. Since we have a minimal solution it implies that there exists some
traffic between terminals that requires at least up(e) flow on e. Let the flow paths
that use e in that traffic be P1, P2, . . . , Pk and let fi be the flow on Pi. In the
graph Gp, let X be the set of terminals that are connected to i if the edge (i, j)
is removed from the paths, and let Y be those terminals that are connected to
j. Let Ph connect terminal xh to terminal yh where xh ∈ X and yh ∈ Y . We
need to argue that in the graph with out the edge (i, j), we can a send a flow
of value up(e) from i to j with capacities defined by up + up∗ + ur∗. We do this
as follows. We send flow fi from i to each xi using capacities up(e). Since the
optimum solution is resilient against single edge failures, for 1 ≤ i ≤ k, there
must exist flow paths that can route a flow of fi units from xi to yi, none of
which use the edge (i, j). Since

∑
i fi = up(e), it follows that we can route a

flow of up(e) from i to j without using (i, j) in the capacitated graph defined by
up + up∗ + ur∗.
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Theorem 4. The two-stage approach yields an O(α log n) approximation to the
combined primary and backup allocation problem where α is the approximation
ratio for finding the primary allocation.

Proof. Let P be the cost of the primary allocation and B the cost of backup
allocation in the two stage approach. From the approximation guarantee on
finding P , we have P ≤ αopt. From Lemma 4, it follows that there is a feasible
(LP3) relaxation for the backup allocation problem of value at most P + opt,
hence at most (α+1)opt. From Theorem 2, the backup solution we obtain is at
most O(log n) times the LP value. Hence, B = O(α log n)opt and the theorem
follows.

Corollary 1. There is an O(log n) approximation for the combined primary
and backup allocation problems for the pairwise demand model and the VPN
hose model.

It turns out that the two-stage approach loses an Ω(log n) factor even if the
first step obtains a primary network of optimum cost; the example in the proof
of Theorem 3 demonstrates this.

5 Backup for Tree Networks

In this section, we consider the case when the provisioned network T is a tree.
Furthermore, we require that when an edge e fails, the network T − {e}+ P (e)
also be a tree. We show that finding a minimum cost backup network in this
case is at least as hard as the group Steiner problem [14] on trees, which in turn
is Ω(log n)-hard. We also give an algorithm whose approximation ratio is within
constant factors of the approximation ratio for the group Steiner problem on
trees, which at most O(log2 n) due to Garg et al. [14].

There is a slight difference in the manner in which we define the approxima-
tion ratio in this section. Let T = Gp = (V p, Ep) be the provisioned network
as usual, and let Eb be the backup edges, with up and ub be the primary and
backup bandwidths as usual. We shall consider the cost of the solution to be∑
e(u

p(e) + ub(e)), and our approximation will be with respect to this measure.
The problem turns out to be hard, even when the measure of goodness is taken
to be

∑
e u

b(e). We omit the proof of the following theorem.

Theorem 5. The tree backup problem is at least as hard as the group Steiner
problem on trees.

5.1 Approximation Algorithm

Let T = (V,E) be the already provisioned tree. When an edge e fails, it splits
T into two components, and P (e) must be a path between these two compo-
nents which is internally node disjoint from the tree T . We must reserve enough



450 Chandra Chekuri et al.

bandwidth on the edges in the graph such that the tree formed thus can support
traffic between the demand nodes.

Our basic strategy is the same as in Sect. 3: Let Ei be the set of edges in
T on which the bandwidth up lies in the interval [2i, 2i+1). Let upmax lie in the
interval [2s, 2s+1). Our algorithm will proceed in stages — in the ith stage, we
will “protect” the edges in Es+1−i. When we have already protected the edges
in Ei+1, . . . , Es by reserving bandwidth on some edges, we contract edges in
Ei+1 ∪ . . . ∪ Es. This will not affect our performance by more than a constant,
since the bandwidth we may later reserve on some edge e in this set will be at
most

∑
j≤i 2

i+1 ≤ 4up(e). Let Ti and Gi be the resulting tree and base graph
after the contraction. We shall now consider protecting the edges in Ei, using
the edges of Gi.

The procedure has a few conceptual steps, so let us describe these here, with
the intent of convincing the reader. The proofs closely follow the ideas mentioned
here, but are omitted due to lack of space.

– It can be seen that the edges of Ei form a “spider”; i.e., there is a root r, and
a collection of paths {Pi}ki=1 which meet at r but are otherwise node-disjoint.
This is because of the structure of the VPN trees as given in [16], where the
allocated demand on the edges from the root to the leaves is non-increasing.

– The graph Gi can be transformed into a graph G′
i of which Ti is a spanning

tree. All non-Ti edges go between vertices of Ti. This can be done so that
the backup solutions for Ti in Gi and in G′

i can be translated between each
other with only a constant factor difference in cost.
This transformation is based on the following idea: we consider the backup
edges for Ei which do not belong to Ti; these must form a tree (else we
could drop one of the edges). Take an Eulerian tour of this tree and consider
the subpaths between consecutive nodes in Ti; these can be replaced by new
edges with the appropriate weight, and all other vertices can be disposed
off. Note that the optimal solution in this new instance will be at most
twice the optimal solution before, since the Eulerian tour counted every edge
twice. One has to take care that there may be backup edges in Ti itself, and
accounting for these requires a slightly more complicated argument, which
we omit here.

– We now have a simpler problem: a graph G′
i, with a spanning tree Ti in

which we need to find a tree backup for the edges of Ei, which form a spider.
Let ri be the root of Ti, and let Pj ’s be the paths of the spider. Also let Ti,j
be the subtree of Ti hanging off Pj . (See Fig. 1 for a picture.) Call a non-tree
edge a back edge if both its end points belong to the same tree Ti,j , and a
cross edge otherwise. For example, the edge eb is a back edge, and ec a cross
edge in the figure. Now each edge e of Ei has a savior edge sav(e) which is
used to connect the two components formed if e fails. A crucial fact is that
if a cross edge from Ti,j to Ti,j′ is a savior for some edge e in Pj , then it is
a savior for all edges on Pj which are above e. Hence, fixing the lowest edge
e in Pj whose savior is a cross edge implies that all edges above it are also
saved by that same savior edge, and all edges below it on Pj must be saved
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Fig. 1. The tree Ti, with tree edges shown in solid lines and non-tree edges in dotted
ones

by back edges. The cost Q(e) of saving the rest by back edges depends on
the portion of Ti attached to these edges and the back edges between this
portion; note that this is entirely independent of the rest of the problem.
Suppose we know, for each edge e ∈ ∪jPj , the cost Q(e). (We shall discharge
this assumption later.) Then the cost of backing up all the edges in Ei
consists of the following: for each Pj , picking the single cross edge (say going
to Ti,j′) which is going to be savior (and reserving 2i+1 capacity on it), and
reserving 2i+1 capacity on the edges in Ti,j′ from the other end of this edge
to the root ri. Of course, we have to add the cost of saving the edges that
were not saved by these cross edges to the solution.

– We now claim that this can be modeled as a minor variant of the group
Steiner tree problem with vertex costs. Each vertex v ∈ Ti which is the
endpoint of some cross edge e from Ti,j is belongs to the group Sj and has
a “cost” 2i+1ce +Q(e′), where e′ is the lowest edge in Pj that can be saved
by e. (Note that Sj must be a multi-set, with the vertex v occurring several
times in Sj with various costs, if there are several such cross edges.) As a
pedantic aside, there may be no such cross edge, and so ri also belongs to
Sj with cost equal to saving Pj entirely with back edges. This is done for
every vertex and every value of j. Now the objective is to find the minimum
cost subtree of Ti that contains the root and hits every group Sj at least
once, where we also have to pay for the vertex of Sj picked in the tree. It is
fairly easy to see that this can be transformed into a regular group Steiner
tree problem, and the algorithm of Garg et al. [14] then gives us a O(log2 n)
approximation.

– There is one more assumption to be discharged: we have to show how to
compute all the Q(e). We will not be able to do this optimally, but we give a
constant factor approximation for this as well. Since these are independent
problems, let us consider the case when we want to find the cost of backing
up P1 using only back edges. We would like to just use the Eulerian trick
done above to reduce the problem to edges only between vertices of P1, and
then find the least cost augmentation. The technical problem that arises
is that that the optimal solution could be using edges in Ti,j − Pj , and
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doing this trick naively could result in our paying several times for this
reservation, when paying once would have sufficed. We can however show
that we pay for no such edge more than twice, and hence the cost of the
min-cost augmentation is off by a factor of at most 2. Of course, we can only
compute the augmentation within a factor of 2 of optimal, and hence we can
compute Q(e) within a factor 4 of optimal.

6 The Online Optimization Problem

In this section we consider a unit-capacity MPLS primary and backup allocation
problem which is motivated by the online problem of choosing the best primary
and backup paths for demands arriving one by one. Suppose that we are given
source and destination vertices, denoted by s and t, respectively. The goal is
to simultaneously provision a primary path p from s to t and a backup set of
edges q of minimum overall cost. Since we are dealing with a single source-sink
pair we can scale the bandwidth requirement to 1, hence all edges have unit
capacity, i.e., the primary and backup edge sets are disjoint. We require that
for any failure of an edge e ∈ p, q ∪ p − {e} contains a path from s to t. We
call this problem SSSPR (Single Source Sink Provisioning and Restoration).
Note that this requirement is slightly different from the backup model discussed
earlier in the paper; here, we do not insist on local restoration. The backup edges
together with the primary edges are required to provide connectivity from s to
t. This problem is in the spirit of the work of Kodialam and Lakshman [19,20].
As explained before, we model the online nature of the problem by using two
different costs. Formally, there are two non-negative cost functions associated
with the edges: cost function c1 denotes the cost of provisioning a primary edge
the primary, and cost function c2 denotes the cost of an edge when used as a
backup edge. We assume that c1(e) ≥ c2(e) for all edges e ∈ E.

Let p be a primary path from the source s to the destination t. The following
procedure due to Suurballe [22] computes a minimum cost backup set of edges
for a given primary path p. The idea is to direct the edges on the path p in the
“backward” direction, i.e., from t to s and set their cost to be zero. All other
edges are replaced by two anti-symmetric arcs. For each edge e which is replaced
by arcs a and a−, the cost of both a and a− is set to c2(e). We now compute
a shortest path q from s to t. It can be shown that the edges of q that do not
belong to p define a minimum cost local backup [22].

A 2-approximation algorithm for the SSSPR problem can be obtained as
follows. First, find a shortest path p from s to t with respect to the c1-cost
function. Then, use Suurballe’s [22] procedure to compute an optimal backup q
to the path p with respect to the c2-cost function. We show below that p and q
together induce a 2-approximate solution.

Theorem 6. The two stage approach yields a 2-approximation to SSSPR.

Proof Sketch. Let opt be the cost of an optimal primary and backup solution
and let P =

∑
e∈p c1(e) be the cost of p and Q =

∑
e∈q c2(e) be the cost of q. It
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is clear that P ≤ opt since we find the cheapest primary path. We next argue
that Q ≤ opt. Consider Suurballes [22] algorithm to find the optimum backup
path for p. As described earlier, the algorithm finds a shortest path in a directed
graph obtained from G and p. We can express the computation of this shortest
path as a linear program L in a standard way – essentially as a minimum cost
flow computation of sending one unit from s to t. The main observation is that
any primary path p′ and a q′ that backs up p′ yield a feasible solution to linear
program L. We omit the formal proof of this observation but it is not difficult
to see. In particular, this holds for the set of edges of p∗ and q∗, where p∗ is
an optimal primary path and q∗ is a set of edges that back up p∗. Therefore, it
follows that Q ≤∑e∈p∗∪q∗ c2(e) ≤

∑
e∈p∗ c1(e) +

∑
e∈q∗ c2(e). Here is where we

crucially use the assumption that c2(e) ≤ c1(e) for all e. Hence, Q ≤ opt and
the theorem follows.

Although we provide an approximation algorithm, we note that it is not
known whether the problem is NP-hard or not.

6.1 Linear Programming Formulations for SSSPR

We provide two linear programming relaxations of SSSPR. The first formulation
is based on cuts and the second formulation is based on flows. We show that the
second formulation dominates the first one on all instances.

A cut in a graph G is a partition of V into two disjoint sets V1 and V2. The
edges of the cut are those edges that have precisely one endpoint in both V1 and
V2. Let T be a subgraph of G which is a tree. A cut (V1, V2) of G is a canonical
cut of G with respect to T if there exists an edge e ∈ T , decomposing T into T1
and T2, such that T1 ⊆ V1 and T2 ⊆ V2.

Let p be a primary path from the source s to the destination t. It follows from
Suurballe’s [22] procedure that a set of edges q is a backup to a path p if it covers
all the canonical cuts of p. This leads us to the following linear programming
formulation which is based on covering cuts. For an edge e, let x(e) denote the
primary indicator variable and let y(e) denote the backup indicator variable.

min
∑
e∈E c1(e) · x(e) + c2(e) · y(e) (Cut-LP)

s.t.
∑
e∈C(x(e) + y(e)) ≥ 2 for all {s, t}-cuts C

∑
e∈C x(e) ≥ 1 for all {s, t}-cuts C

x(e) + y(e) ≤ 1 for all e ∈ E
x(e), y(e) ≥ 0 for all e ∈ E

It is not hard to see that the value of an optimal (fractional) solution to
Cut-LP is a lower bound on the value of an optimal integral solution to SSSPR.
We now present a second linear programming formulation of SSSPR which is
based on flows. Our formulation relies on the following lemma.

Lemma 5. Let p be a primary path from s to t and let q be a set of backup edges.
Replace each edge from p and q by two parallel anti-symmetric unit capacity arcs.
Then, two units of flow can be sent from s to t.
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This leads us to the following bidirected flow relaxation. We replace each edge
by two parallel anti-symmetric unit capacity arcs. Denote by D = (V,A) the
directed graph obtained. The goal is to send two units of flow inD from s to t, one
from each commodity, while minimizing the cost. Denote the two commodities
by blue and red, corresponding to primary and backup edges, respectively. The
cost of the blue commodity on an arc a (obtained from edge e) is equal to c1(e).
The cost of the red commodity on an arc a (obtained from edge e) is defined as
follows. Suppose there is blue flow on arc a− of value f . Then, red flow on a up
to value of f is free. Beyond f , the cost of the red flow is c2(e).

min
∑
e∈E c1(e) · f1(e) + c2(e) · f2(e) (Flow-LP)

s.t. x̄ supports a unit flow (f1) between s and t
ȳ supports a unit flow (f2) between s and t

f1(e) ≥ max(f1(a), f1(a−)) for all e = (a, a−)

f2(e) ≥ max((f2(a)− f1(a−)), 0) + max((f2(a−)− f1(a)), 0)
for all e = (a, a−)

x(a) + y(a) ≤ 1 for all a ∈ A
x(a), y(a) ≥ 0 for all a ∈ A .

Given a solution to the SSSPR problem, Lemma 5 tells us how to obtain
a two-commodity flow solution from it. We claim that the cost of the two-
commodity flow solution is equal to the cost of the solution to the SSSPR prob-
lem. Notice that the blue flow costs the same as the blue edges in the SSSPR
solution. The cost of the red flow is zero on arcs which are obtained from blue
edges. On other edges, the cost of the red flow and the cost of the SSSPR solu-
tion are the same. Therefore, the value of an optimal (fractional) solution to the
Flow-LP is a lower bound on the value of an optimal integral solution. We now
prove that Flow-LP dominates Cut-LP.

Theorem 7. For any instance of the SSSPR problem, the cost of the optimal
solution produced by Flow-LP is at least as high as the cost of the optimal solution
produced by Cut-LP.

Proof. We show that given a feasible solution to Flow-LP, we can generate a
feasible solution to Cut-LP without increasing the cost. Consider edge e ∈ E
which is replaced by two anti parallel arcs a and a− in Flow-LP. Without loss
of generality, we can assume that at most one of {f1(a), f1(a−)} is non-zero
and at most one of {f2(a), f2(a−)} is non-zero. Define x(e) = f1(e) (or x(e) =
f1(a) + f1(a−)) and y(e) = min(f2(e), 1− f1(e)). We show that {x(e), y(e)}e∈E
defines a feasible solution for Cut-LP. Let the x-capacity (y-capacity) of a cut be
the sum of the variables x(e) (y(e)) taken over the edges e belonging to the cut.
Clearly, the x-capacity of all {s, t}-cuts is at least one, since flow f1 in D sends
one unit of flow from s to t. It remains to show that the x-capacity together
with the y-capacity of all {s, t}-cuts is at least two.

Consider a particular {s, t}-cut C. Decompose flow function f1 in D into
flow paths, each of flow value ε. Let n(k) denote the number of flow paths in the
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decomposition that use precisely 2k+1 edges from C. Clearly,
∑∞
k=0 n(k) ·ε = 1,

and so the contribution of flow f1 in D to the x-capacity of C is

∑∞
k=0(2k + 1) · n(k) · ε = 2

∞∑

k=0

k · n(k) · ε+
∞∑

k=0

n(k) · ε

= 2
∑∞
k=0 k · n(k) · ε+ 1 .

Suppose
∑∞
k=0 k · n(k) · ε < 1/2, otherwise we are done. The red flow in

D, f2, can send for “free” flow of value at most
∑∞
k=0 k · n(k) · ε using arcs

belonging to cut C. (For each arc a carrying blue flow of value ε, red flow of
value ε can be sent on a− for free.) Therefore, the red flow must send flow of
value at least 1 −∑∞

k=0 k · n(k) · ε using capacity “paid” for by f2. (Note that
for this flow we have y(e) = f2(e) for all edges e.) Hence, the y-capacity of C is
at least 1−∑∞

k=0 k ·n(k) · ε, yielding that the capacity of cut C (x-capacity and
y-capacity) is 1 + 2

∑∞
k=0 k · n(k) · ε+ 1−∑∞

k=0 k · n(k) · ε ≥ 2, thus completing
the proof.

Integrality Gap: It is not hard to show that a fractional solution to both for-
mulations can be rounded to an integral solution while increasing the cost by at
most a factor of 2. The proof is along the lines of the proof for the combinatorial
2-approximation algorithm presented earlier.

We also have an example of an instance where there is a (multiplicative)
gap of at least 5/4 between the optimal solution to Flow-LP and any integral
solution.
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Abstract. We examine formulations for the well-known b-matching
problem in the presence of integer demands on the edges. A subset M
of edges is feasible if for each node v, the total demand of edges in M
incident to it is at most bv. We examine the system of star inequalities
for this problem. This system yields an exact linear description for b-
matchings in bipartite graphs. For the demand version, we show that
the integrality gap for this system is at least 2 1

2 and at most 2 13
16 . For

general graphs, the gap lies between 3 and 3 5
16 . A fully polynomial ap-

proximation scheme is also presented for the problem on a tree, thus
generalizing a well-known result for the knapsack problem.

1 Introduction

A combinatorial maximum packing problem is determined by a ground set V ,
each element v of which has an associated profit, denoted pv, and a collection F
of feasible subsets of V . The objective is to find a feasible set F ∈ F inducing
a profit p(F ) ≡ ∑v∈F pv of maximum value. Feasibility for such problems is
often determined by some set of resource capacities into which at most some
bounded number of ground elements can be packed. For instance, in the b-
matching problem on a graph, a subset M of its edges is feasible if each node
v is incident to at most bv edges of M . We are interested in understanding the
relationship of such base problems, where ground elements in effect have a unit
size, to their demand version where the elements each come with an integer
demand value. For instance, in the case of b-matchings, each edge e could be
additionally supplied with a demand de. A set M of edges is then feasible if
for each node v, the total demand of edges in M incident to v does not exceed
the capacity bv. Naturally, this gives rise to a completely different collection of
feasible sets.

A traditional attack in solving such base packing problems is to find a linear
description for the convex hull of incidence vectors of feasible sets. This reduces
the original problem to a linear program of the form max{p ·x : Ax ≤ b,x ≥ 0}
since any basic solution is then a 0−1 vector which identifies an optimal feasible
set. For example, if G is bipartite then its node-edge incidence matrix is totally
unimodular. Hence this matrix immediately yields such a good formulation for
the b-matching problem [9]. The demand version of the problem can then be
expressed as an optimization problem: max{p · x : Ax ≤ b, xi ∈ {0, di}}, where

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 457–474, 2002.
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di ∈ Z is the size, or demand of the element i. However, analysis of the linear
relaxations of these problems seems to require different methods from those used
for the base problem itself. This is largely because the whole demand must be
satisfied before its profit may be reaped. Such “all or nothing” constraints arise
quite naturally in practice; bandwidth trading in communication networks, for
instance, is one such example.

We may equivalently view the demand version of the original packing prob-
lem as optimizing over the set {x : Adx ≤ b, xi ∈ {0, 1}}, where Ad is obtained
from A by multiplying each column i by the value di. One may ask whether ap-
plying this process to well-behaved matrices A leads to linear relaxations whose
integrality gaps are also well bounded in some way. The examples in the present
article, for instance, always have at worst a constant integrality gap. This is not
always the case. Chekuri [5] has shown instances of multicommodity flow in a
path graph which lead to logarithmic integrality gaps. The base problem in this
case is finding stable sets in an interval graph, and hence the original constraint
matrix is totally unimodular.

Theoretical work on “all or nothing” demand versions of combinatorial pack-
ing problems is rather limited. The obvious starting point for problems of this
genre is the knapsack problem; this is the case where A consists of a single row.
Multiple knapsack problems have been studied from the perspective of providing
good approximation algorithms, see [4]. This is the case where all rows of A are
equal. As stated, however, our focus is upon such multiple knapsack problems
that arise from some base combinatorial packing problem.

A demand version of network flows was introduced by Dinitz et el. [6]. Specif-
ically, they develop techniques for the maximum single-source unsplittable flow
problem. There, the base combinatorial problem is that of packing paths into a
capacitated network. In the unsplittable flow setting, one is also given a source
s and a collection of terminals t1, t2, . . . , tk with demands d1, d2, . . . , dk, respec-
tively. The packing problem is to satisfy a maximum number of the demands
subject to the edge capacity constraints. This problem may be viewed in our
present framework as follows. Let each s− ti path have the demand di. If we add
a sink node t and edges tit of capacity di, then the goal is to find a maximum
packing of the weighted s− t flow paths.

In this paper, we focus on the “all-or-nothing” profit model as imposed on
one of the best understood combinatorial optimization problems: b-matchings
[7]. Note that the maximization form of the assignment problem has this form.
Namely, the base problem can be viewed as bipartite b-matching where every
node on one side of the bipartition has the same bv-value as a common demand
value on each of its incident edges. Indeed, our analysis of basic solutions follows
along similar lines to that of [1] for the generalized assignment problem. Results
of Shmoys and Tardos [12] on the generalized assignment problem, although fo-
cused on congestion minimization, also bear resemblance to certain findings in
the present paper. In general, the relationship between the congestion minimiza-
tion problem and the maximization problem is unclear. For multicommodity flow
where the supply graph is a tree, for instance, the congestion problem is trivial.
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Finding a maximum routable (obeying capacities) subset of the commodities,
however, is not. Even the case of unit demands requires an interesting analysis
[8]. We know nothing about the demand version of this problem. Recently, how-
ever, a constant-approximation has been found in the case that the supply graph
is a path [3] (assuming the maximum demand is bounded by the minimum edge
capacity).

1.1 The Demand Matching Problem

Take a graph G = (V,E) and let each node v ∈ V have an integral capacity,
denoted by bv. Let each edge e = uv ∈ E have an integral demand, denoted by
de. In addition, associated with each edge e ∈ E is a profit, denoted by pe. A
demand matching is a subset M ⊆ E such that

∑
e∈δ(v)∩M de ≤ bv for each node

v. Here δ(v) denotes the set of edges of G incident to v. We assume, throughout,
that the demand of any edge is less than the capacities of both its end-vertices;
otherwise such an edge is not contained in any demand matching and may be
discarded. The demand matching problem is to find a demand matching which
maximizes

∑
e∈M pe. We also associate with an edge e a value, πe = pe/de, which

we call the marginal profit of that edge. Marginal profits play an important role
in the understanding of demand matchings. We use them now in a formulation
of the problem.

max
∑

e∈E
πe xe

s. t.
∑

e∈δ(v)
xe ≤ bv ∀ v ∈ V, (1)

xe ∈ {0, de} ∀ e ∈ E .

There are several special cases of the demand matching problem that are
interesting in their own right. We begin by considering specific demand and
profit functions.
(i) Unit Demand Function: the demand of each edge is one. Observe that this
problem is just the familiar b-matching problem. Hence, the unit demand version
can be solved in polynomial time.
(ii) Maximum Cardinality Demand Matching Problem: the profit associated with
each edge is one, and hence the objective is to find a feasible demand matching
containing as many edges as possible.
(iii) Constant Marginal Profit Function: the profit associated with each edge is
proportional to its demand. As a result the marginal profit of each edge is the
same.

Particular underlying graphs also give rise to interesting subproblems. For
example, suppose that the underlying graph is a star, i.e., a tree in which every
node is a leaf except for the root node r. In this case, the demand matching
problem is equivalent to the knapsack problem, where the knapsack capacity is
br and there is an item of weight de for each edge e. In addition, if we have a unit
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marginal profit function, then the demand matching problem on a star includes
the familiar bin-packing problem. As a consequence, we note that the demand
matching problem is NP-hard even where G is a star.

1.2 An Overview of the Paper

The paper is organized as follows. In Sect. 2 we show that the demand match-
ing problem, even in the cardinality case, is MAXSNP complete. In Sect. 3 the
natural linear programming relaxation is presented and studied. Here it is seen
that the integrality gap for the formulation is at least 21

2 for bipartite graphs
(whereas, it is 1 for the unit-demand case) and at least 3 for general graphs. We
are discuss an extension of Berge’s Augmenting Path Theorem which gives an
optimality certificate for fractional demand matchings. Most of the remainder of
the paper seeks upper bounds on this gap by way of approximation algorithms
that turn fractional solutions into integral solutions. The basic scheme uses aug-
menting paths and is introduced in Sect. 4. It yields a 3-approximation for bi-
partite graphs and a 31

2 -approximation for general graphs. In Sect. 4.3 it is seen
that understanding the integrality gap is related to determining the fractional
chromatic number of bipartite graphs where some of the edges have been subdi-
vided. A randomized algorithm is then devised for this problem which improves
the general bound for bipartite graphs to 213

16 (and 3 5
16 for general graphs). In

Sect. 5 algorithms for the cardinality problem are presented with approximation
guarantees that coincide with the lower bounds on the gap of the linear program.
Finally, in Sect. 6 we present a fully polynomial time approximation scheme for
the problem in which the underlying graph is a tree; this generalizes the well
known result for the knapsack problem.

2 Hardness Results

We have already seen that the demand matching problem is hard for instances
with unit marginal profit functions. However, we have also seen that instances
with a unit demand function are polynomially solvable. In this section we exam-
ine the hardness of the demand matching problem in more detail. In particular,
we show that the maximum cardinality demand matching problem (and hence
the general demand matching problem) is MAXSNP-hard. Thus, there exists a
constant ε > 0 such the problem admits no (1− ε)-approximation algorithm un-
less P = NP . We say that 1

1−ε is the inapproximability constant for the problem.

Theorem 1. The cardinality demand matching problem is MAXSNP-complete
(even if the demands are restricted to be 1 or 3).

Proof. We first give a reduction from the the stable set problem to the cardinal-
ity demand matching problem. Let (G, k) be an instance of the stable set prob-
lem. We construct an instance G′ of the (decision) cardinality demand matching
problem such that G has a stable set of size k if and only if G′ has a demand
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Fig. 1. A Gadget

matching of size 2m + k, where m is the number of edges in G. For each node
v in G we have two nodes v and v̄ connected by an edge in G′. In addition, for
each edge uv in G there is a node (u, v) in G′. Between nodes v and (u, v) there
is a path consisting of two edges. Similarly there is a a path consisting of two
edges between the nodes u and (u, v). Thus, for each node v in G we have an
associated gadget in G′; such a gadget is shown in Fig. 1. Here v is adjacent
to u1, u2, . . . , ur in G, where r equals the degree, dv, of v in G. We say that
node v is selected by a demand matching if the matching contains all the dv + 1
“outer” edges from v’s gadget (these outer edges are shown in bold in Fig. 1. If
the demand matching chooses the dv “inner” edges from the gadget, then v is
said to be deselected. If each node is either selected or deselected, then the size
of the demand matching is

∑
v �∈S d(v) +

∑
v∈S(d(v) + 1) =

∑
v d(v) + |S|, where

S is the set of selected nodes.
To enforce these selection rules, we set the capacity of each node in a gadget

to be 1 with the exception of v and v̄ which have capacity dv. In addition, every
edge has demand 1, except for the edges vv̄ which have demand dv. This ensures
that if vv̄ is chosen, then none of the inner edges may be, and that only one of
the two edges on the path from the node v to the node (u, v) may be chosen.
One sees that any demand matching which contains d(v) + 1 edges from a node
v’s gadget must use the edge vv̄. Moreover, take a demand matching of size
2m + k, for some k. Such a matching can easily be transformed into a demand
matching, of the same or greater magnitude, in which each node is either selected
or deselected. By our choice of capacities, we then have that the selected nodes
form a stable set in G. Conversely, suppose S is a stable set of size k in G. Then
the union of the outer edges from gadgets corresponding to nodes in S with the
inner edges from gadgets corresponding to nodes not in S gives a matching of
cardinality 2m+ k. Thus, we have the desired reduction.

We now complete the proof of max-SNP completeness. Consider the maxi-
mum stable set problem in graphs with bounded maximum degree. Inapprox-
imability results are given in [2] for such graphs; for graphs of maximum de-
gree 5 the inapproximability constant is at least 1.003. So, suppose we have
an (1− ε) approximation algorithm for the cardinality demand matching prob-
lem. Now take a graph G of maximum degree 5 with a maximum stable set of
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Fig. 2. Lower bound examples for trees and non-bipartite graphs

size k. Observe that k ≥ n
6 ≥ m

15 . In addition, our reduction produces a graph
G′ with maximum demand matching of cardinality opt = 2m + k. Applying
our approximation algorithm we obtain a demand matching of cardinality at
least (1 − ε)(2m + k). This corresponds to a stable set in G of size at least
(1 − ε)(2m + k) − 2m = (1 − ε)k − ε · 2m ≥ (1 − ε)k − ε · 30k = k(1 − 31ε).
So 1 − 31ε < 0.997 and hence the inapproximability constant for the demand
matching problem is at least 1.000097. ��

We remark that we do not know the problem complexity if the demands are
restricted to be either 1 or 2.

3 A Linear Programming Relaxation

We now consider a linear program relaxation of the formulation (1), i.e. for each
edge we now have the linear constraints 0 ≤ xe ≤ de. We call the solution space
of the resultant linear program the fractional demand matching polytope. We say
the a point x in the polytope is a fractional demand matching. In this section
we investigate the structure of this polytope and its extreme points; we apply
the results later when we return to the integral problem.

3.1 Lower Bounds on the Integrality Gap

We first describe some lower bounds on the integrality gap of the linear program-
ming relaxation. For trees the integrality gap is exactly two. This is well-known
as there is a class of knapsack problems for which the fractional optimum is
twice the integral optimum. An example is shown in Fig. 2a), where the vertices
are labeled by their capacities. For non-bipartite graphs, we now show that the
integrality gap of the linear program is at least three. Consider the simple ex-
ample shown in Fig. 2b). Note that no node can satisfy both of its incident edge
demands. Thus, the optimal integral solution contains exactly one edge from the
triangle. Since each edge has value pe = 1 the optimal integral solution has value
1. However, consider setting each edge weight to be xe = k − 1. This gives a
feasible fractional demand matching with profit 3− 3

k . Thus the integrality gap
is at least three. Finally, for bipartite graphs, Fig. 3 shows that the integrality
gap is at least 2 1

2 . The optimal fractional solution, shown in Fig. 3a), gives a
profit of value 20 − 12(d+1)

k , for some constants d and k. The optimal integral
solutions, shown in shown in Fig. 3i) and 3ii), give a profit of value 8. We obtain
the claimed gap as k becomes large relative to d.
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Fig. 3. A lower bound example for bipartite graphs

3.2 Basic Solutions of the Fractional Demand Matching Polytope

Given a fractional demand matching x we say that a node v is tight if
∑

e∈δ(v)
de xe = bv ;

otherwise the node is termed slack. We say that an edge e is tight if xe = de;
we say that e is fractional if 0 < xe < de. Let F (x) ⊆ E be the set of fractional
edges induced by the fractional demand matching x. Let G(x) denote the graph
induced by F (x).

Lemma 1. Let x be an extreme point of the demand matching polytope. Then
each component of G(x) consists of a tree plus (possibly) one edge. In addition,
any cycle in G(x) has odd length.

Proof. First, suppose that G(x) contains an even cycle C = {e1, e2, . . . , e2k}.
For any ε, we define y by setting yi = xei + (−1)i ε for each i = 1, 2 . . . , 2k and
ye = xe for any other edge e. Similarly we define z := x− (y−x). Observe that,
since the edges on the cycle are fractional, there exists a positive ε such that both
y and z are feasible. We then obtain the contradiction that x = 1

2 (y + z). Next
suppose that some component contains two odd cycles C1 and C2. The cycles
do not share an edge; otherwise they induce an even cycle. Thus C1 and C2 are
edge disjoint and connected by a (possibly empty) path P . Observe that the edge
set C1 ∪ P ∪ C2 ∪ P is an even length circuit. We then obtain a contradiction
by similar reasoning to that given above except that increments along P are by
±2ε. The result follows. ��

3.3 Berge Conditions for Fractional Demand Matchings

Berge’s classic result on matchings asserts that a matching is of maximum car-
dinality if and only if it has no augmenting path. This result does not have a
simple generalization for demand matchings. We can, however, extend this result
to give optimality conditions for the fractional demand matching problem. We
begin with some definitions. Suppose we partition some subset of the edges into
two sets P ∪N . We call the resultant edge sets the positive edge set and the neg-
ative edge set, respectively. The marginal value π(F ) of a set of edges F ⊆ P∪N
is just the sum of the marginal values of its positive edges minus the sum of the
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marginal values of its negative edges i.e., π(C) =
∑
e∈F∩P πe −

∑
e∈F∩N πe. A

balloon is formed by an odd length cycle attached to a (possibly empty) path
known as the string. A dumbbell is formed by two edge-disjoint odd length cycles
connected by a (possibly empty) path known as the rod. A structure is either a
path, an even length cycle, a balloon or a dumbbell.

A path P is called augmenting (with respect to x) if there is a partition
P ∪N of E such that (i) Edges on the path are alternately positive and negative
(or vice versa), (ii) π(P ) > 0, (iii) If an endpoint v of the path is tight, then
its incident edge is negative, (iv) None of the positive edges in P is tight. The
motivation behind this definition is as follows. The first two conditions state
that it is beneficial to augment around the structure i.e., add ε weight to the
positive edges, remove ε weight from the negative edges. Such an augmentation
maintains feasibility with respect to the node constraints at internal nodes in the
path. The third condition ensures that, for small ε, the node constraints remain
satisfied at the end nodes as well. Finally the fourth constraint ensures that, for
small ε, the edge constraints also remain satisfied. Thus if we find an augmenting
path we may improve our current demand matching.

Other structures may also be augmenting. An even length cycle is just a
closed path of even length, and a dumbbell is an even length circuit in which the
edges in the rod are traversed twice. Thus, augmenting cycles (and dumbbells)
can be defined analogously to augmenting paths (and balloons). Here, however,
we may omit condition (iii). This is because in an even circuit all the nodes may
be considered internal to the path. Observe that a balloon is just a closed odd
length path in which edges on the string are traversed twice. Thus, augmenting
balloons can be defined analogously to augmenting paths. Note that as the circuit
is of odd length, some node, say v, is incident only to positive edges (or only to
negative edges). We may think of v as the “endpoint” of the balloon and, thus, in
defining augmenting balloons we do require condition (iii). It is also easy to see
that it is beneficial to augment along any of these other augmenting structures.
We omit a proof of the following result due to space constraints.

Theorem 2. A fractional demand matching is optimal if and only if it induces
no augmenting structure. ��

4 Linear Programming Based Algorithms

4.1 Transforming a Fractional Demand Matching

We now present a procedure which takes a fractional demand matching and
transforms it so as to reveal a two coloring of the edges which can be used later.
The algorithm for trees lies at the heart of the main algorithms so we tackle this
specific case first. The procedure is then used to give an approximation algorithm
for the demand matching problem with a factor 3 1

2 approximation guarantee.
This guarantee can be improved in some special cases. If the underlying graph
is bipartite we obtain a factor 3 guarantee, and if the graph is a tree we obtain
a factor 2 guarantee.
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Consider solving the linear program on a tree. We show how to obtain an
integral demand matching whose profit is at least half of the optimal fractional
demand matching x. To do this we show that T contains two disjoint integral
demand matchings whose combined profit is at least that of x. We may assume
that any edge e with xe = 0 has been discarded. Next, recall that the set of
fractional edges, F (x), induce a forest in T . Call the trees in this forest T1, . . . , Tl.
Let f the vector obtained by setting all components not in F equal to 0; also
let h be associated with the tight components and so x = f + h. Notice that
on its own, f is a feasible, but non-optimal, fractional demand matching. In
particular, between any two leaves in a tree Ti there is an augmenting path P
with respect to the demand matching f . We may augment along such a path in
either direction, and one of these results in an improved demand matching f ′.
Moreover, this can be carried out so that either some edge becomes tight (in
which case be add the edge to h to obtain a new set of tight edges h′) or some
edge becomes zero. Observe that f ′ +h′ is no longer a feasible fractional demand
matching. In particular, the node constraints at the leaf nodes in Ti may now
be violated. This, however, will not cause a problem as we are trying to obtain
two disjoint demand matchings from this union. Note that node constraints at
internal nodes in the path continue to hold.

We repeatedly augment along fractional paths between leaves in the forest
induced by the remaining fractional edges (i.e. induced by f ′) until the set of
fractional edges induce a matching in T . Note that the process terminates since
at each step we either discard an edge or make an edge tight, thus reducing the
number of fractional edges. We call this process of modification of our linear
programming solution the augmenting paths procedure. Since the value of our
(non-feasible) solution improved at each step, the solution at the end of the
augmenting paths procedure has profit at least that of the optimal fractional
demand matching x. Now, divide the support for the final solution into fractional
edges F ∗ (that form a matching) and tight edgesH∗. Next, we partition the edges
into two types. We say that an edge e is bronze with respect to v if e ∈ δ(v) and
either i) e is in F ∗ or ii) v is not incident to an edge in F ∗, and e was the final
edge incident to v to become tight. Otherwise we say that e is a copper edge
with respect to v. We call an edge bronze if it is bronze with respect to either of
its endpoints, and call it copper otherwise.

Lemma 2. The set of copper edges with respect to a node v are collectively
feasible with regards to the associated node constraint.

Proof. If there is no bronze edge with respect to v then all of the incident edges
were tight in the initial linear program solution. Hence they are all collectively
feasible at v. So let b be a bronze edge with respect to v. Let the copper edges
with respect to v, ordered according to the order in which they became tight, be
c1, c2, . . . , ck. Consider the edge ci, and suppose it became tight whilst augment-
ing the path P . Note that the edge b must have been fractional at this time.
Thus v was not a leaf node in some fractional tree. Therefore, v was an internal
node on the path P and the associated node constraint remained satisfied after
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the augmentation. Thus, c1, c2, . . . , ci were collectively feasible with respect to
the node constraint at v. ��

The following theorem now shows that we have a factor 2 approximation al-
gorithm for the case in which the underlying graph is a tree. (This is substantially
improved in Sect. 6.)

Theorem 3. A tree contains two disjoint demand matchings M1 and M2 whose
combined profit is at least that of the optimal fractional demand matching.

Proof. Apply the above procedure to an optimal fractional demand matching.
The edges in the tree can now be partitioned into two feasible demand matchings.
This is achieved by 2-coloring the edges of the tree so that the bronze edge with
respect to a node v receives a different color from any of the copper edges with
respect to that node. This can be done greedily, starting from an arbitrary root
node in the tree, and then working out towards the leaves. Note that by Lemma 2
it follows that the demand matchings induced by each of the two color classes are
feasible. The combined profit of these matchings is at least that of the optimal
fractional demand matching and, therefore, at least that of the optimal demand
matching. ��
Theorem 4. There is a factor 3-approximation algorithm for the demand
matching problem on bipartite graphs.

Proof. Solve the linear programming relaxation. If the tight edges in the linear
program provide at least one third of the profit of the optimal fractional solution
(i.e., the value of the linear program) then we are done. Otherwise the fractional
edges provide two-thirds of the total profit. Since the graph is bipartite, by
Lemma 1, the fractional edges form a tree. Thus we can find an integral demand
matching in the tree with at least half the value of the optimal fractional solution
on that tree. This integral demand matching has, therefore, value at least one
third that of the LP. ��
Theorem 5. There is a factor 3 1

2 -approximation algorithm for the demand
matching problem on non-bipartite graphs.

Proof. We again begin by partitioning the edge set induced by x into fractional
edges and tight edges. We would like fractional edges to induce two demand
matchings as before. However we may not be able to do this since the fractional
edges may, by Lemma 1, induce components that contain a single odd cycle.
Instead we obtain a total of four demand matchings by the following method.
Take any odd cycle C induced by the fractional edges. Let e be the edge in C for
which de−xe is minimized. Let e be incident to e1 and e2 on this cycle. Observe
that if de − xe ≤ min(xe1 , xe2), then the set of tight edges still form a feasible
demand matching even with the addition of e. Thus, we add e to the set of tight
edges. Otherwise, suppose de − xe > xe1 , say. Then, since de − xe ≤ de1 − xe1 ,
we have that xe1 ≤ 1

2de1 . In this case, we place e1 in a special set S.
By this method we remove one edge from each odd cycle, either by adding

an edge to the set S or to the set of tight edges. Note that since the odd cycles
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are vertex disjoint, the set S induces a matching and hence induces a demand
matching. The set of tight edges (plus any edges added during this process) also
form a demand matching. Finally the remaining set of fractional edges induce
a forest, from which we may obtain two demand matchings. Thus, we have
partitioned the support of x into four demand matchings. Moreover, the edges
in S have twice the profit that they contributed to the profit of x. It follows that
one of these demand matchings induces a profit of at least 2

7 that of the linear
programming solution. ��

4.2 Extending the Edge-Coloring

It will be useful in the following sections if we extend our edge coloring of the tree
edges to include all the edges in the linear program solution (except for those
edges that get discarded during the augmenting paths procedure). In particular,
we will generate a 2-coloring of the edges for bipartite graphs, and a 3-coloring
for non-bipartite graphs, Take the optimal fractional demand matching x. So x
induces a set of tight edges and a fractional subgraph. Each fractional component
is a tree together (possibly) with an extra edge that induces an odd cycle. All
of the tight edges induced by x are also termed copper with respect to both
of their endpoints. The fractional edges are colored bronze, copper and red by
the following augmenting paths procedure. We again augment along leaf-to-leaf
fractional paths, with the additional possibility that augments may be from a leaf
to itself, via the odd cycle. Note that non-simple augmentations use increments
of size ±2ε along the stem of the augmenting path, whereas along the odd cycle
the increments are ±ε. As before, we choose the direction of the swaps so as to
improve the profit of the fractional demand matching. In addition, we do not
alter feasibility at a node unless it was the leaf of the augment.

Note that at some point in the process a fractional component may contain
no leaves i.e. it is an odd cycle. If some edge e on the cycle has the property
that xe ≤ 1

2de then we color e red and remove it from the component. We then
continue the augmentation procedure and color the rest of the edges copper or
bronze. If no edge has this property then it can be shown that there is an edge
e with the property that de − xe ≤ min(xe1 , xe2), where e is incident to e1 and
e2 on the cycle. We color e copper with respect to both its endpoints, remove it
from the component and continue the augmentation procedure. The procedure
terminates when the set of fractional edges forms a matching together and all
the edges are colored. It is easy to check that Lemma 2 still holds, even with
respect to the enlarged for the set of copper edges generated by this extended
coloring. This observation will be needed in the subsequent sections.

4.3 To Stable Sets and a Randomized Algorithm

In this section we show that the case of bipartite graphs is qualitatively different
from the case of non-bipartite graphs with respect to the linear programming re-
laxation. In particular, we show that the integrality gap of the linear program is
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strictly less than 3 for bipartite graphs. This we achieve via the use of a random-
ized algorithm. Before presenting the randomized algorithm, we first show how
the edge coloring induced by the linear program allows us to recast our problem
as a stable set problem. Assume that we are in the bipartite case; hence, all the
edges are colored bronze or copper (for the non-bipartite case, remove the red
edges). Our stable set problem will be on a “line graph” G′ whose definition
is based on the copper and bronze edge interactions. The nodes of G′ are the
bronze and copper edges. For simplicity, we also call the nodes in G′ bronze
and copper. Two nodes induce an edge if their corresponding edges can not be
included in the same demand matching i.e., if the edges share an endpoint v and
one of the edges is bronze with respect to v. Note that, the set of bronze edges
also induce a forest in G′. The copper edges induce nodes of degree at most 2
in G′, since a copper edge uv can not be placed in a demand matching with the
edges that are bronze with respect to u and v. It follows from Lemma 2 that a
stable set in G′ corresponds to a demand matching in G.

We now present a randomized algorithm for the general demand matching
problem in bipartite graphs. The algorithm gives an improved approximation
guarantee of 2.8125 for bipartite graphs. We work on the induced stable set
problem in the associated graph G′. The randomized algorithm first selects a
stable set from amongst the bronze nodes. It then greedily adds any copper
node with neither endpoint in the stable set. The algorithm works as follows.
Take the forest induced by the bronze nodes. For each tree in the forest pick an
arbitrary root node r. We now give the nodes in the tree a 0− 1 labeling. First
give r the label 1 with probability 1

5 , otherwise label it 0. We consider the other
bronze nodes in the tree in increasing order of their distance to the root. Take
a node v with parent u. If u has label 1, then give v the label 0. Otherwise, if
u has label 0, then give v the label 1 with probability 1

4 and the label 0 with
probability 3

4 . Observe that, at the end of this labeling process, each bronze node
has a probability 1

5 of being labeled 1. Now the label 1 corresponds to throwing
away the node. The nodes with label 0 form a collection of trees. Since trees are
bipartite we obtain two stable sets from each tree. We chose at random one of
these stable set to be in our final stable set. Finally the copper nodes are added
into the stable set if none of their endpoints is already chosen. We now analyze
the performance of this algorithm.

Theorem 6. A randomized algorithm provides a factor 2 13
16 -approximation

guarantee for the demand matching problem in bipartite graphs.

Proof. To show this we calculate the probability that a given node is chosen
as part of the stable set (i.e., the probability that an edge is in the demand
matching). First, note that each bronze node is not removed with probability 4

5 .
Thus, since its bipartition class is chosen with probability 1

2 , it is in the stable set
with probability 2

5 . We now consider the copper nodes. We may assume that the
copper node is incident to two bronze nodes in the same tree of the bronze forest.
The case in which the bronze nodes are in different trees is more beneficial. Note
that each copper node induces a unique odd cycle with nodes in the bronze tree.
Since our original graph was bipartite, this cycle in G′ must contain at least four
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bronze nodes. The worst case analysis occurs when the cycle contains exactly
four bronze nodes. Take a copper node with bronze neighbors u and v. We have
two situations to deal with. Firstly, without loss of generality u is an ancestor of
v. Secondly u and v share a common ancestor. The first case and all the possible
node labelings are shown in Fig. 4. Associated with each labeling is a pair of
probabilities (p, q), where p is the probability that the labeling occurs and q is
the probability that (given this labeling) the copper node c can be placed in the
resultant stable set. It follows that the overall probability that the copper node
c is placed in the stable set is 11

40 .
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Similarly the second case is shown in Fig. 5. This also gives the same overall
probability of 11

40 . This implies that the randomized algorithm only gives a per-
formance guarantee of 3 7

11 . However a simple modification allows for a better
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guarantee. Observe that the set of copper nodes forms a stable set. Therefore,
run the randomized algorithm with probability 8

9 to obtain a stable set and, with
probability 1

9 , take the set of copper nodes to be our stable set. It now follows
that each node is in the stable set with probability at least 16

45 . Thus we obtain
an approximation guarantee of 213

16 = 2.8125. ��
We remark that slightly better approximation guarantees do arise when more

complex randomization schemes are applied. The randomized method may also
be applied to non-bipartite graphs.

Theorem 7. A randomized algorithm provides a factor 3 5
16 -approximation

guarantee for the demand matching problem in non-bipartite graphs.
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Proof. Recall that, after the generalized augmentation procedure is completed,
the red edges have the property that xe ≤ 1

2de. Let the value of the fractional
solution after augmentation be v∗. If the demand matching induced by the red
edges has value less than 16

53v
∗, then the value of the copper and bronze edges

is at least 45
53v

∗. Applying the randomized algorithm to the stable set problem
induced by the copper and bronze edges then produces a solution whose expected
value is 16

53v
∗. ��

5 The Cardinality Problem

Recall that in the case of unit-profits per edge our goal is to find a maximum
cardinality demand matching. For the maximum cardinality problem we show
that approximation guarantees of 21

2 and 3 are obtainable for bipartite and non-
bipartite graphs, respectively. We begin with the bipartite case. From the results
of the previous section, it is sufficient to find, in polynomial time, a stable set in
G′ that contains at least two-fifths of the nodes of G′. We show this can be done
in a greedy fashion. In what follows we divide the edges of G′ into two classes:
tree edges are those edges in the forest formed by the bronze nodes; the edges
incident to copper nodes are termed non-tree edges.

Theorem 8. In bipartite graphs, a greedy algorithm finds a demand matching
whose profit is at least 2

5 that of the optimal fractional demand matching.

Proof. We build up a stable set iteratively by showing that we we can find a
stable set S in G′ with the following properties. Firstly, |S| ≤ 3. Secondly, the
neighbor set Γ (S) of S has size at most 3

2 |S|. Thirdly, the removal of S ∪ Γ (S)
from G′ induces a graph of the same structure as G′ i.e., the composition of
a forest of bronze nodes with copper nodes of degree two. This final property
allows us to repeatedly find such subsets. The theorem then follows. Naturally,
we may assume that there are no isolated nodes at any stage, as we could add
them directly to our stable set. One of the following five cases arises.
i) Suppose there is a bronze node v incident to two (or more) copper nodes x
and y. Then select x and y to be in the stable set. Recurse on the graph obtained
by removing x and y and their neighbor(s). Note that the induced graph has 5
fewer nodes. This is shown in Fig. 6i).
Suppose there is a leaf node v, with neighbor u, in the bronze tree. Then our
other four cases are
ii) Neither v nor u is not incident to a copper node. Select v to be in the stable
set. Recurse on the graph G′ − {u, v}. See Fig. 6ii).
iii) v is not incident to a copper node but u is. Call this copper node y. Then
select v and y to be in the stable set. Recurse on the graph G′ − {u, v, y, z},
where z is the other neighbor of y. See Fig. 6iii).
iv) Both v and u are incident to copper nodes. Call these copper nodes x and
y, respectively. Select v and w to be in the stable set. Recurse on the graph
G′ − {u, v, x, y, z}, where z is the other neighbor of y. Thus we select two nodes
from five as required. See Fig. 6iv).
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v) v is incident to a copper node x but u is not incident to a copper node. If
none of i) to iv) occur for any leaf node, then we may assume that u has degree
two in the tree (with neighbor w). This follows from the observation that the
number of leaves in a tree is greater than the number of nodes with degree at
least three. Select u and x (and the copper neighbor y of w, if it has one) to be
in the stable set and recurse on the graph obtained by removing u and x (and
y) as well as their neighbors. See Fig. 6v). ��

Applying the techniques presented earlier we obtain the following result for
non-bipartite graphs.

Theorem 9. A greedy algorithm provides a factor 3-approximation guarantee
for the cardinality problem in non-bipartite graphs. ��

6 A FPTAS for the Demand Matching Problem
on a Tree

Recall that the knapsack problem can be formulated as a demand matching
problem on a star. In addition, there exists a fully polynomial time approxi-
mation scheme (FPTAS) for the knapsack problem. In this section we describe
an FPTAS for the demand matching problem when the underlying graph is a
simple tree. As noted in [4], such an FPTAS is not possible for a 2-node instance
with multiple edges between the nodes. Our algorithm, based on a dynamic pro-
gramming approach, turns out to be an exact algorithm in the unit-profits case.

Theorem 10. Dynamic programming gives a FPTAS for the the demand
matching problem on a tree. ��
Proof. Let I = (T = (V,E), d, b, p) be such an instance. First, choose an arbi-
trary root node vn ∈ V and create an arborescence T by orienting all edges away
from vn. Let v1, v2, . . . , vn be an acyclic ordering of the nodes and, for each i,
let Ti denote the subtree of T rooted at node vi. We let hi denote the height of
the tree Ti.

For each i < n, let ei denote the unique arc of T in δ−(vi). Also, from now on
let bi := b(vi). For each i, let Ii denote the instance obtained by restricting to Ti.
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Similarly, let I−
i denote the instance obtained by restricting to Ti and reducing

the capacity bi by dei
. Let αi and βi denote the optima for the instances Ii and

I−
i , respectively. The idea is to build up a solution for the whole problem by

making choices between the optimal solutions to Ii and I−
i at each node. For

motivation, notice that if M is a feasible demand matching for I−
i , then M ∪ ei

is feasible for I. Thus, the choice between the solutions βi and αi corresponds
to the choice of whether or not we include the edge ei.

Consider a non-sink node vi with out-neighbors vij , j = 1, 2, . . . , r. Let

Si = {ij : αij < βij + peij
} .

We now define a “local” knapsack problem at vi. The items consist of the indices
ij ∈ Si and each has demand deij

and profit value βij +peij
−αij . The knapsack

itself has a variable capacity t. Let opt(t) denote the optimum value for this
knapsack problem, and let Γ (t) denote the set of indices chosen in some optimal
solution. We claim that

αi = opt(bi) +
r∑

j=1

αij (2)

βi = opt(bi − dei) +
r∑

j=1

αij .

Suppose that for some j 
∈ Si, eij is in a feasible demand matching M for Ii.
Then, since αij ≥ βij + peij

, we may discard the edge eij and obtain a feasible
demand matching of greater or equal value. It follows that αi ≤ opt(bi)+

∑
j αij .

A similar argument, with respect to I−
i , shows that βi ≤ opt(bi−dei

)+
∑
j αij .

It is clear that the reverse inequalities also hold.
We now describe an algorithm. Take any non-sink node in T and some ε > 0.

Let Γ ′(t) denote a feasible solution of value opt′(t) to the “local” knapsack
problem with opt(t) ≤ (1 + ε)opt′(t). Such a subset can be constructed by
using a FPTAS for the knapsack problem [10]. For each vi we recursively define
two subsets

Ai =
⋃

j∈Γ ′(bi)

(Bj ∪ ej) ∪
⋃

j �∈Γ ′(bi)

Aj

Bi =
⋃

j∈Γ ′(bi−dej
)

(Bj ∪ ej) ∪
⋃

j �∈Γ ′(bi−dej
)

Aj

In particular, if vi is a leaf, then Ai = Bi = ∅.
Note that if we are building up only approximate estimates α′

i and β′
i to the

true values αi and βi, then the sets Si may become distorted as we move up the
tree. In particular, we are concerned when we “lose” indices j, i.e., those j which
become invisible because αj < βj + pej

but α′
j ≥ β′

j + pej
. We call such an index

lost, and denote by Li the set of lost indices for the local problem induced by vi.
We can no longer potentially gain from such lost indices when we solve the local
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knapsack problems. We show, nevertheless, that this loss cannot be too great.
Indeed we show by induction on hi, that

(I) αi ≤ (1 + ε)hi α′
i

(II) βi ≤ (1 + ε)hi β′
i

(III) opt(t) ≤ (1 + ε)opt′(t) +
∑
j∈Li

(1 + ε)hi (α′
j − αj) for t = bi, bi − dei

.

If hi = 0 the result is trivial. Suppose that claims (I), (II) and (III) hold for all
i < k. We first prove (III). Since we apply a PTAS to obtain the set Γ ′(t), we
certainly have that

opt(t) ≤ (1 + ε)opt′(t) +
∑

j∈Lk

βj + pej − αj .

However, for any lost item j ∈ Lk, we have by induction that

βj + pej
− αj = (β′

j + pej
− α′

j) + (βj − β′
j + α′

j − αj)
≤ (βj − β′

j + α′
j − αj)

≤ ((1 + ε)hk−1 − 1)β′
j + α′

j − αj
≤ ((1 + ε)hk−1 − 1)α′

j + α′
j − αj

≤ (1 + ε)hk−1 α′
j − αj .

Thus (III) holds for i = k. Note next that by (III) and (2),

αi ≤ (1 + ε)opt′(bk) +
∑

j∈Lk

(1 + ε)hk−1 α′
j − αj +

∑

j

αj

= (1 + ε)opt′(bk) +
∑

j∈Lk

(1 + ε)hk−1 α′
j +

∑

j �∈Lk

αj

≤ (1 + ε)hk−1 (opt′(bk) +
∑

j

α′
j)

= (1 + ε)hk−1 α′
i .

Thus we obtain (I). The argument for (II) is similar. Thus, An is a feasible
demand matching with profit at least 1

(1+ε)n times that of the optimum demand
matching for I.

Completing the picture, we then generate FPTAS as follows. Now apply the
dynamic programming procedure outlined above with ε = log(1+ε∗)

n . We obtain
a solution of value at least 1

(1+ε)n opt ≥ 1
1+ε∗ opt. The total amount of work

required is evidently bounded by a polynomial in n times the maximum time
spent on one of the individual knapsack problems arising at a node. These, in
turn, take time polynomial in the input size and 1

ε since we invoke an FPTAS for
each knapsack. For small ε∗, we have ε ≥ log(1+ε∗)

n ≥ ε∗
2n and hence the overall

running time of the algorithm is polynomial in n and 1
ε∗ . ��

Corollary 1. There is an exact algorithm for the unit-profits demand matching
problem on a tree. ��
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Proof. Consider the node vi with out-neighbors uj , j = 1, . . . , r. Note that in the
unit-profits case, we may determine opt(t) exactly. Simply consider the edges
e1, . . . , ej by increasing magnitude of demand, and take the largest feasible subset
of the form {ej}rj=1. Then dynamic programming gives an optimal solution for
the whole instance. ��
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The Single-Sink Buy-at-Bulk LP Has Constant
Integrality Gap
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Abstract. The buy-at-bulk network design problem is to design a mini-
mum cost network to satisfy some flow demands, by installing cables from
an available set of cables with different costs per unit length and capac-
ities, where the cable costs obey economies of scale. For the single-sink
buy-at-bulk problem, [10] gave the first constant factor approximation.
In this paper, we use techniques of [9] to get an improved constant fac-
tor approximation. This also shows that the integrality gap of a natural
linear programming formulation is a constant, thus answering the open
question in [9].

1 Introduction

Consider the problem of designing a network to allow routing of a given set of
demands. The solution involves laying cables along some edges so that we can
route the required demands in the resulting capacitated network. The cables
installed can come from a set of available cables, where each cable type has a
fixed cost per unit length and some capacity. Typically, we have economy of
scale so that the cost-capacity ratio is smaller for cables with higher capacity.
The goal is to find the minimum cost feasible network. This problem has been
referred to as the buy-at-bulk network design problem. The single-sink buy-at-
bulk problem is the special case where all flows need to be routed to a single sink.
This problem includes as a special case the steiner tree problem and is therefore
NP-hard.

This and similar network design problems have received attention in [13], [16],
[5], [1], [8], [11], etc. Salman et al [17] gave a constant factor approximation for the
single-sink single cable type case, and the Euclidean single sink case. Awerbuch
and Azar [2] gave an O(log2 n)-approximation for the general problem, using the
tree embedding techniques of Bartal [3]. An improvement to O(log n log log n)
follows from the improved embeddings of [4,6]. On the other hand, [14] looked
at a problem similar to the single cable type case, and gave a constant factor
approximation using the spanner constructions of [7].

For the single sink buy-at-bulk problem, Meyerson et al [15] gave an O(log n)-
approximation algorithm. More recently, Garg et al [9] gave an O(k) approxi-
mation, where k is the number of cable types, and Guha et al [10] gave the first
O(1)-approximation.
� Research partially supported by NSF via grants CCR-0105533 and CCR-9820897.

W.J. Cook and A.S. Schulz (Eds.): IPCO 2002, LNCS 2337, pp. 475–486, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



476 Kunal Talwar

In this paper, we modify the techniques of [9] and give another constant factor
approximation algorithm for the single sink buy-at-bulk problem, improving on
the approximation factor of [10] by one order of magnitude. Since we use a
linear program rounding approach, this also shows that a natural LP formulation
for the problem has a constant integrality gap, thus answering the main open
question in [9].

The rest of the paper is structured as follows. In Sect. 2, we give some pre-
liminary definitions. We give the algorithm in Sect. 3 and the analysis in Sect. 4.
We conclude with some open problems in Sect. 5.

2 Preliminaries

2.1 Definitions

Single sink Buy-at-bulk problem:
Input: A graph G = (V,E), a length function l : E → IR0, a distinguished node
t (the sink), a demand function dem : V → IR0 which specifies the amount of
flow each vertex wants to send to the sink. There are k types of cables, with
costs per unit length σ0 ≤ σ1 ≤ . . . σk−1 and capacities u0 ≤ u1 ≤ . . . uk−1.
Goal: Install zero or more cables on each edge and route flow demv from v to t in
the resulting capacitated network, minimizing the total cost of the installation.

We now define another problem similar to the buy-at-bulk problem with a
slightly different cost function.

Generalized deep-discount problem:
Input: A graph G = (V,E), a length function l : E → IR0, a distinguished node
t (the sink), a demand function dem : V → IR0 which specifies the amount of
flow each vertex wants to send to the sink. There are k kinds of discount types
with fixed costs σ0 ≤ σ1 ≤ . . . σk−1 and incremental costs r0 ≥ r1 ≥ . . . rk−1
where the cost per unit length of routing flow f on discount type q is (σq +frq).
Goal: Choose a subset of edges and a discount type for each chosen edge and
route all demands to the sink (using chosen edges) such that the total cost is
minimized.

2.2 Approximate Equivalence
of Buy-at-Bulk and Generalized Deep-Discount

Given a buy-at-bulk problem, with cables having (cost,capacity) tuples (σi, ui),
the corresponding generalized deep-discount problem has discount types with
(fixed cost, incremental cost) pairs (σi, σi

ui
). Similarly a reverse reduction can

be defined. Note that the cost function using a particular cable type in buy-at-
bulk is a step function (See Fig. 1) and the cost function for the corresponding
deep-discount problem is a straight line that is always within a factor 2 of the
buy-at-bulk cost function. Hence this reduction preserves costs up to a factor of
two. Hence a ρ-approximation to one problem gives a 2ρ-approximation to the
other.
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σ

u
flow

cost

buy−at−bulk cost function

corresponding
deep−discount cost

C(f)

C(f)/2

Fig. 1. Approximate equivalence of single sink buy-at-bulk and deep-discount cost
functions

We shall show how to get a constant factor approximation to the generalized
deep-discount problem. In the rest of the discussion, we shall use the terms cable
type and discount type interchangeably. We shall use the terms thick and thin
cable types to mean high and low capacity cable types respectively. We refer
to the first term in the cost function (contribution from the fixed cost σi’s) as
the building cost, and the second term (contribuition from the incremental cost
fri’s) as the routing cost of a solution.

2.3 Pruning of Cable Types

We first prune the set of cables so that each cable has a substantially higher fixed
cost than the previous one, and a substantially lower incremental cost. This can
be done with a constant factor increase in the cost of a solution. We use the
following theorem from [10].

Theorem 1. We can prune the set of cables such that

– The fixed costs scale, i.e. σq+1 ≥ 1
εσq

– The incremental costs scale, i.e. rq+1 ≤ εrq
– Cost of OPT increases by at most 1

ε

Proof. We briefly outline the proof here. First let us prune the set of cables to
ensure the scaling of the fixed costs. We start with the thickest cable and for
any cable type such that σi > εσi+1, we delete cable type i. In any solution,
we replace cable type i by cable type i + 1. We continue in this manner until
all cable types satisfy fixed cost scaling. In the process, we replaced some cables
by thicker cable types. This increases the building cost by at most a factor of
1
ε and only decreases the routing cost. Similarly, we can prune the set of cables
to ensure that the incremental costs scale, starting with the thinnest cable, and
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deleting any cable i such that ri > εri−1. This process will only decrease the
building cost and increase the routing cost by at most a factor of 1

ε . ��

3 Algorithm

We first formalize the deep-discount problem as an integer linear program. We
solve the LP relaxation and round it to get a solution of cost within a constant
of the LP optimum.

3.1 LP Formulation

It is easy to show the following structural properties of an optimum of the
generalized deep discount problem:

Theorem 2 ([9]). There exists an optimum solution to the generalized deep-
discount problem with the following properties.

– Acyclicity The edges installed form a tree.
– Monotonicity The discount types used by any particular flow are non-

decreasing along any path from a source to the sink.

Using the above theorem, we can now write an ILP as follows1

minimize
∑

e∈E

k−1∑

i=0

σiz
i
ele +

∑

vj∈V

∑

e∈E

k−1∑

i=0

demjf
j
e;irile

subject to:

∑

e∈Out(vj)

k−1∑

i=0

f je;i ≥ 1 ∀vj ∈ V (1)

∑

e∈In(v)

k−1∑

i=0

f je;i =
∑
e∈Out(v)

∑k−1
i=0 f

j
e;i ∀v ∈ V \ {vj , t}, 1 ≤ j ≤ m (2)

∑

e∈In(v)

k−1∑

i=q

f je;i ≤ ∑
e∈Out(v)

∑k−1
i=q f

j
e;i 1 ≤ q ≤ k,∀v ∈ V \ {vj , t} (3)

f je;i ≤ zie ∀e ∈ E, 1 ≤ i ≤ k (4)

zie, f
j
e;i non negative integers . (5)

1 This is the same LP as the one in [9], with the constraint
∑k−1

i=0 zi
e ≥ 1 removed,

since that applies only to the deep discount problem with σ0 = 0. It must be noted
that their algorithm can be modified so that their results hold for the generalized
deep discount problem as well. However, here we further modify their algorithm and
give an improved analysis that shows a constant integrality gap.
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In an integer solution, the variable f je;i is 1 if the flow from source vj uses cable
type i on edge e; zie is 1 if cable type i is installed on edge e. Thus the first term
in the objective function is the total building cost of the cables installed and
the second term is the total routing cost. The constraints (1) make sure that
enough flow leaves the sources. The constraints (2) are the flow conservation
constraints. The constraints (3) impose the monotonicity property in theorem
2. The constraints (4) ensure that we only use pipes that are installed. We relax
the integrality constraints (5) and solve the relaxation. The fractional optimum
guides our algorithm and we compare the cost of our solution against its cost.

3.2 Algorithm

The algorithm is on the same lines as [9]. We build the solution in a top down
manner. Our first tree is just the sink. At each step, we augment the current
tree, and install progressively thinner cables in each stage. We identify the set
of vertices to be connected at each stage based on the LP fractional optimum.

At the top level the algorithm is the following. We start with Tk = {t}. We
derive Ti from Ti+1 as follows:

Identify a set of nodes to be connected: This is done as follows. Using the
LP solution, we estimate the distance that flow from vj travels on cables
of type thinner than i. More formally, define Lqj =

∑
e f

j
e;qle. Let Rij =

∑i−1
q=0 L

q
j . Intuitively, after traveling a distance Rij , flow from vj uses discount

type i or higher in the fractional optimum. For a constant γ to be determined
later, we construct balls B(vj , γRij) around the sources, and select a set of
non-overlapping balls, starting with the smallest ball. Our set of vertices to
be added in this round, Si is precisely the set of the vertices corresponding
to the selected balls. For each source that we do not select, there must be
one close by that we select(since we selected the balls in increasing order of
radii). More precisely, for each vl not selected, we define buddyi(vl) to be
the vertex in Si corresponding to the ball that overlapped with B(vl, Ril). In
our routing cost analysis, we will use the fact that d(vl,buddyi(vl)) ≤ 2γRil .

Build a tree connecting selected nodes: We shrink the current tree Ti+1 to
a single node ti+1. We also shrink the selected balls B(vj , γRij) and build an
approximately optimal steiner tree on these shrunk nodes. We then convert
this tree to a Light approximate shortest path tree(LAST)[12], which increases
the cost of the tree by a factor at most α but guarantees that for every v
in the tree, dT (v, ti+1) ≤ βd(v, ti+1), where d is the shortest distance in the
graph. Khuller et al [12] show how to construct (α, β)-LASTs for any α ≥ 1,
β ≥ α+1

α−1 . This ensures that we do not pay too much for routing the flow. We
install cables of type i on this LAST. This augmentation to Ti+1 gives us
Ti. We note here that in the final iteration, R0

j would be zero for all nodes2

and hence we are guaranteed to connect all sources eventually.
2 Note that this also implies that for the single cable case, our algorithm reduces to

the single cable type algorithm in [17].
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Ti+1

cable type i
proxy(v )1

v1

v v

v = buddy(v )
proxy(v ) = proxy(v )

2
3

4 3

4 3

Fig. 2. Definition of proxy

Find nearby proxies: For the purpose of analysis, for each demand node vl,
we find a nearby node that is in the LAST. First we look at the vj ’s in Si.
For each such node, there must be some node v in the ball B(vj , γRij) such
that v is connected to Ti, since this ball was connected in the steiner tree
step. We call this node the proxy proxyi(vj) of vj . Thus we know that for
any node vj ∈ Si, d(vj ,proxyi(vj)) ≤ γRij . Now for every other source vl,
we define proxyi(vl) = proxyi(buddyi(vl)) (see Fig. 2). Thus

d(vl,proxyi(vl)) ≤ d(vl,buddyi(vl)) + d(buddyi(vl),proxyi(buddyi(vl)))
≤ 2γRil + γRibuddyi(vl)

≤ 2γRil + γRil

= 3γRil ,

where the inequality in step 3 follows from the fact that we chose the balls in
increasing order of radii. We shall use this fact in the routing cost analysis.

A more complete description of the algorithm is given in Fig.3.2. Here α, γ and
ε are constants to be determined later.

4 Analysis

We seperately analyze the building and the routing cost components of our
solution.

4.1 Building Cost

We show that the building cost of our solution is O(OPT b), where OPT b is the
building cost of the optimal fractional solution. The following lemma formalizes
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Algorithm generalized-deep-discount(α, γ, ε)
1. Prune the set of available cables so that both the fixed and the incremental costs

scale by ε
2. Write the integer linear program; Let z∗, f∗ be the optima of the fractional relax-

ation
3. Tk ← {t}
4. for i = k − 1, . . . , 0 do
5. Si = φ

6. For every source vj , define Ri
j =

∑i−1
q=0

∑
e
f j∗

e;qle
7. Define L to be the set of balls B(vj , γRi

j)
8. if B(vj , γRi

j) ∩ Ti+1 �= φ then
9. proxyi(vj)← arbitrary vertex in B(vj , γRi

j) ∩ Ti+1

10. Remove ball B(vj , γRi
j) from L

11. Arrange the balls in L in increasing order of radii
12. for every ball B(vj , γRi

j) in L do
13. Si ← Si ∪ {vj}
14. for every ball B(vl, γRi

l) in L that intersects B(vj , γRi
j) do

15. delete B(vl, γRi
l) from L

16. buddyi(vl)← vj

17. Shrink each ball centered at a node in Si

18. Shrink Ti+1

19. Build a 2-approximate steiner tree on these shrunk nodes
20. Convert it to an (α, β)-LAST(for β = α+1

α−1 )
21. Unshrink Ti+1 and install cable type i on the LAST edges to get Ti

22. for every vj ∈ Si do
23. Unshrink ball B(vj , γRi

j)
24. proxyi(vj)← arbitrary node in B(vj , γRi

j) ∩ Ti

25. for every source vl �∈ Si do
26. proxyi(vl)← proxyi(buddyi(vl))

Fig. 3. Algorithm for the deep discount problem

the intuition that flow from j must use a type i or higher cable, after traveling
a distance γ

∑i−1
q=0 L

q
j , and hence such cables must be built.

Lemma 3. Let S ⊂ V be a set of vertices such that t 	∈ S and B(vj , γRij) ⊂ S.
Then for any feasible solution f,z,

k−1∑

q=i

∑

e∈Out(S)

zqe ≥ 1− 1
γ
.

Proof. Let f jq;S =
∑
e∈Out(S) f

j
q;e. Then constraint (1) and (2) in the LP together

imply that
∑k−1
q=0 f

j
q;S ≥ 1 for any S such that t 	∈ S. Now the flow f jq;S while

traveling from vj to the boundary of S uses cable type q or thinner (constraint
(3)) and travels a distance ≥ γRij . Hence it contributes at least f jq;S · γRij to the
quantity

∑q
p=0 L

p
j . Thus

∑i−1
q=0 L

q
j ≥

∑i−1
q=0 f

j
q;S ·γRij . However,

∑i−1
q=0 L

q
j = Rij by
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definition. It follows that
∑i−1
q=0 f

j
q;S ≤ 1

γ , which implies that
∑k−1
q=i f

j
q;S ≥ 1− 1

γ .
This together with constraint (4) in the LP completes the proof. ��

Now let OPT bq be the building cost the LP optimum pays for cables of type q.
We show that the total building cost is within a constant of OPT b =

∑
q OPT

b
q .

The previous lemma tells us that γ
γ−1

∑k−1
q=i z

q
e is a feasible solution to the

steiner tree linear program on the shrunk nodes in iteration i. Thus the steiner
tree we build has cost at most twice as much. The cost of the ith steiner tree is
therefore bounded by

2
γ

γ − 1
σi

k−1∑

q=i

∑

e

zqe le = 2
γ

γ − 1

k−1∑

q=i

σiOPT
b
q

σq

≤ 2
γ

γ − 1

k−1∑

q=i

εq−iOPT bq .

where the last inequality follows from the scaling property. The total cost of
the LASTi will then be at most α times the above quantity. Summing over all
iterations, we get the following upper bound on the building cost of the solution

i−1∑

i=0

buildingcost(LASTi) ≤
k−1∑

i=0

2
αγ

γ − 1

k−1∑

q=i

εq−iOPT bq

= 2
αγ

γ − 1

i−1∑

q=0

OPT bq

q∑

i=0

εq−i

≤ 2
αγ

γ − 1

i−1∑

q=0

OPT bq
1

1− ε

= 2
αγ

γ − 1
1

1− εOPT
b .

Since α, γ and ε are constants, it follows that:

Theorem 4. The total building cost of the solution is O(OPT b).

4.2 Routing Cost

We now show that the total routing cost is within a constant factor of the cost of
the LP optimum. For each source vj , let Cqj be the amount that the LP optimum
spends on routing one unit of flow on cable type q. Let Cj =

∑
q C

q
j be the total

per unit routing cost of flow from vj . We show that our per unit routing cost for
flow from vj is within a constant of Cj .

Lemma 5. For any source vertex vj, the cost of routing a unit amount of flow
is O(Cj)
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v=u

u

u

u

t=u

proxy (v)

proxy (v)

proxy (v)

0

1

2

3

4

3

2

1

Fig. 4. Routing cost analysis

Proof. Consider the path from vj to t, as made up of sub-paths (ui, ui+1) where
u0 = vj , uk = t and path (ui, ui+1) uses cable type i (see Fig. 4). Thus ui is the
first node in the path from vj to t that lies in Ti. Then the total routing cost per
unit flow is

∑k−1
q=0 rqdT (ui, ui+1) where dT denotes the distance function in the

tree T0 that we output. Note that dT (ui, ui+1) must be bounded by βd(ui, Ti+1),
since we build a LAST at each stage. Moreover, we know that proxyi+1(vj) lies
in Ti+1. Hence we can conclude that dT (ui, ui+1) ≤ βd(ui,proxyi+1(vj)). Also
the way we selected the balls ensures that d(vj ,proxyi+1(vj)) ≤ 3γRij . Moreover,
recall that Rij =

∑i−1
q=0 L

i
j . We now bound the distance dT (ui, ui+1) in terms of

Lij ’s.

Claim. For ui’s defined as above,

dT (ui, ui+1) ≤ 3γβ
i∑

q=0

(1 + β)i−qLqj .

Proof. By induction on i. Base case (i=0) follows from the above discussion. For
the induction step:

dT (ui, ui+1) ≤ βd(ui,proxyi+1(vj)) (by LAST construction)
≤ β[d(ui, ui−1) + . . .+ d(u1, u0) + d(u0,proxyi+1(vj))

]

(by triangle inequality)

≤ β
i−1∑

q=0

d(uq, uq+1) + βd(u0,proxyi+1(vj))

≤ β
i−1∑

q=0

3γβ
q∑

s=0

(1 + β)q−sLsj + β · 3γ
i∑

q=0

Lqj

(by I.H. and def. of proxy)
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= 3γβ
[
β

i−1∑

q=0

q∑

s=0

(1 + β)q−sLsj +
i∑

s=0

Lsj
]

= 3γβ
[ i−1∑

s=0

Lsj(β
i−1∑

q=s

(1 + β)q−s + 1) + Lij
]

(rearranging)

= 3γβ
i∑

s=0

(1 + β)i−sLsj .

Hence the induction holds ��
Thus the per unit cost of routing on cable type i is

ridT (ui, ui+1) ≤ ri · 3γβ
i∑

s=0

(1 + β)i−sLsj

= 3γβ
i∑

s=0

(1 + β)i−s(
ri
rs

)Csj

≤ 3γβ
i∑

s=0

(ε(1 + β))i−sCsj .

Now the total routing cost is given by

k−1∑

i=0

ridT (ui, ui+1) ≤ 3γβ
k−1∑

i=0

i∑

s=0

(ε(1 + β))i−sCsj

= 3γβ
k−1∑

s=0

[
Csj

k−1∑

i=s

(ε(1 + β))i−s
]

= 3γβ
k−1∑

s=0

[
Csj

k−1−s∑

t=0

(ε(1 + β))t
]

≤ 3γβ
1

1− ε(1 + β)

k−1∑

s=0

Csj

=
3γβ

1− ε(1 + β)
Cj .

Hence the lemma holds. ��
Thus it follows that

Theorem 6. The total routing cost of our solution is O(OPT r).

Therefore the algorithm outputs a constant factor approximation to the opti-
mum, and furthermore the integrality gap of the LP is constant.
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5 Conclusion

Plugging values (α, γ, ε) to be (5, 2, 1
4 ), we get an approximation factor of 216 for

the original buy-at-bulk problem. This improves upon the algorithm of [10] where
the constant is roughly 2000. An open problem is to improve the approximation
factor to a more reasonable constant.

Moreover, without the single sink restriction(i.e. for the general buy-at-bulk
problem), the best approximation factor known is O(log n log log n) (O(log n) for
the single cable type case). It would be desirable to get improved approximation
algorithms/hardness results for this problem.
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